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ABSTRACT. In this paper, the concept of pairwise fuzzy almost P-space
is introduced by means of pairwise fuzzy Gs-sets. Several characterizations
of pairwise fuzzy almost P-spaces are obtained. The conditions for the pair-
wise fuzzy submaximal spaces to become pairwise fuzzy almost P-spaces
are established. It is shown that the pairwise fuzzy strongly irresolvable
and pairwise fuzzy almost P-spaces are pairwise fuzzy irresolvable spaces.
The condition for the pairwise fuzzy almost P-spaces to become pairwise
fuzzy o-second category spaces and pairwise fuzzy weakly Volterra spaces
are also established.
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1. INTRODUCTION

The concept of fuzzy set as a new approach for modelling uncertainties was

introduced by Zadeh [1] in his classic paper. Chang [2] introduced the notion of
fuzzy topological space. Almost P-spaces in classical topology were introduced by
Veksler [3] and were also studied further by R.Levy [1]. Kim [5] studied several

characterizations of almost P-spaces. Weak P-spaces and almost P-spaces are the
two most popular weakenings of P-spaces and weak P-spaces may fail to be weakly
Volterra and every almost P-space in classical topology is dense-hereditarily Volterra
and open hereditarily Volterra. In recent years, the topological space theory has been
embedding in the soft set theory to obtain some interesting applications [7, 8, 9, 10].
Recently, Senel et al. [6] applied the concept of Octahedron Sets to multi-criteria
group decision-making problems.
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Kandil [11] introduced the concept of fuzzy bitopological space as a generaliza-
tion of fuzzy topological space. Since then several bitopological notions are being
generalised to the setting of fuzzy bitopological spaces. The concept of pairwise
fuzzy P-space was introduced by Thangaraj and Chandiran in [12]. Several char-
acterizations of pairwise fuzzy P-spaces are established by the authors in [13]. In
this paper, the concept of pairwise fuzzy almost P-space is introduced by means of
pairwise fuzzy Ggs-set. Several characterizations of pairwise fuzzy almost P-spaces
are obtained. The conditions for all pairwise fuzzy submaximal spaces and pairwise
fuzzy open hereditarily irresolvable spaces to become pairwise fuzzy almost P-spaces
are established. Also the conditions for all pairwise fuzzy strongly irresolvable and
pairwise fuzzy nodec spaces to become pairwise fuzzy almost P-spaces are estab-
lished. It is shown that the pairwise fuzzy strongly irresolvable and pairwise fuzzy
almost P-spaces are pairwise fuzzy irresolvable spaces. The condition for pairwise
fuzzy almost P-space to become pairwise fuzzy o-second category space and pairwise
fuzzy weakly Volterra space is also established. There is need and scope of investiga-
tion considering different types of pairwise fuzzy P-spaces and pairwise fuzzy Baire
and pairwise fuzzy Volterra spaces by applying the notion of pairwise fuzzy Ggs-sets
having pairwise fuzzy denseness so that these results may contribute to both theory
and application in various areas of sciences.

2. PRELIMINARIES

In order to make the exposition self-contained, some basic notions and results
used in the sequel are given. In this work by (X,T") or simply by X, we will denote
a fuzzy topological space due to Chang (1968). Let X be a non-empty set and I, the
unit interval [0,1]. A fuzzy set A in X is a function from X into I. The null set Ox
is the function from X into I which assumes only the value 0 and the whole fuzzy
set 1x is the function from X into I which takes 1 only. By a fuzzy bitopological
space (Kandil, 1989), we mean an ordered triple (X,77,7%), where T7 and T, are
fuzzy topologies on the non-empty set X.

Definition 2.1 ([2]). Let A and p be fuzzy sets in X. Then for all z € X,

~

§=AAp e 6(z) =min{A(z),u(z)},
(V) n=X<n(r)=1-Axz).
For a family {\; | ¢ € I} of fuzzy sets in (X, T), the union » = V;()\;) and the
intersection 6 = A;()\;) are defined respectively as

(vi) ¥(z) =sup{Ai(z) | =€ X},
(Vii) (5(33) = infi{)\i(x) | x € X}

ii)
11; 1/1 AV < Y(x) = max{\(z), u(z)},
)

Definition 2.2 ([14]). Let (X,T) be a fuzzy topological space and A be any fuzzy
set in (X, T). The interior and the closure of A are defined respectively as follows:

(i) int(A) =V{p|p <A peT}
(i) d\) =Mp|A<p, 1-peT}
116
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Lemma 2.3 ([14]). For a fuzzy set A of a fuzzy topological space X,
(1) 1 —int(\) =cl(1 = N),
(2) 1 —cl(A) =int(1 = N).

Definition 2.4 ([12]). A fuzzy set A in a fuzzy bitopological space (X,T3,Ts) is
called a pairwise fuzzy open set, if A € T; (i =1,2).

The complement of pairwise fuzzy open set in (X, 77, T») is called a pairwise fuzzy
closed set.

Definition 2.5 ([15]). A fuzzy set X in a fuzzy bitopological space (X,T7,T3) is
called a pairwise fuzzy dense set, if clp, clr, (N) = clp,clpy, (A) =1 in (X, Ty, To).

Definition 2.6 ([16]). A fuzzy set A in a fuzzy bitopological space (X,T3,Ts) is
called a pairwise fuzzy nowhere dense set, if intp, clp,(N) = intp,clpy, (A) = 0 in
(X, 11, T3).

Definition 2.7 ([16]). Let (X, T, Ts) be the fuzzy bitopological space. A fuzzy set
A defined on X is called a pairwise fuzzy first category set, if A = V§2 (), where
(Ag)’s are pairwise fuzzy nowhere dense sets in (X, T1,75).

Any other fuzzy set in (X,T1,T3) is said to be a pairwise fuzzy second category
set in (X, T1,T3).

Definition 2.8 ([16]). If A is a pairwise fuzzy first category set in a fuzzy bitopo-
logical space (X,T1,T5), then the fuzzy set 1 — X is called a pairwise fuzzy residual
set in (X, Tl, Tg)

Definition 2.9 ([12]). A fuzzy set A defined on X in a fuzzy bitopological space
(X,T1,T3) is called a pairwise fuzzy Gs-set, if A = A2, (Ag), where (A\g)’s are pair-
wise fuzzy open sets in (X, Ty, T5).

Definition 2.10 ([12]). A fuzzy set A defined on X in the fuzzy bitopological
space (X, T1,T») is called a pairwise fuzzy Fy-set, it A = V2 | (A), where (A;)’s are
pairwise fuzzy closed sets in (X, T}, T5).

Definition 2.11 ([17]). A fuzzy set A\ in a fuzzy bitopological space is called a
pairwise fuzzy reqular Gs-set, if A = A2, (intTiclTj(/\k)) , (i #jand i,j =1,2),
where (A,)’s are fuzzy sets defined on X.

Definition 2.12 ([17]). A fuzzy set p in a fuzzy bitopological space is called a
pairwise fuzzy regular Fy-set, if p = V2, (clpintr, (uk)), (i # j and i,j = 1,2),
where (u)’s are fuzzy sets defined on X.

Definition 2.13 ([12]). A fuzzy set A\ defined on X in the fuzzy bitopological
space (X,T1,T,) is called a pairwise fuzzy somewhere dense set in (X,Ty,T5), if
intr,clr;(\) #0 (i # j and i,j = 1,2). That is, X is a pairwise fuzzy somewhere
dense set in (X, Ty, T»), if intp, clr, (A) # 0 and intp,cly, (A) # 0 in (X, Ty, To).

Definition 2.14 ([12]). A fuzzy bitopological space (X,T7,T?) is called a pairwise

fuzzy P-space, if every non-zero pairwise fuzzy Gs-set in (X,T7,7T3) is a pairwise

fuzzy open set in (X,T7,T>). That is, if A = A2, (Ag), where (Ax)’s are pairwise

fuzzy open sets in (X, T3, T»), then A is a pairwise fuzzy open set in (X, Ty, Ts).
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Definition 2.15 ([18]). A fuzzy bitopological space (X, Ty, T>) is called a pairwise
fuzzy submazimal space, if each pairwise fuzzy dense set in (X,7T7,7T%) is a pairwise
fuzzy open set in (X,T7,T). That is, if A is a pairwise fuzzy dense set in a fuzzy
bitopological space (X, Ty, T»), then A € T; (i = 1,2).

Definition 2.16 ([18]). A fuzzy bitopological space (X,T7,T3) is said to be a pair-
wise fuzzy strongly irresolvable space, if clp inty,(A) = 1 = clpintp, (\) for each
pairwise fuzzy dense set X in (X, T}, T3).

Definition 2.17 ([18]). A fuzzy bitopological space (X, Ty, T5) is called a pairwise
fuzzy nodec space, if every non-zero pairwise fuzzy nowhere dense set in (X, Ty, Ts)
is a pairwise fuzzy closed set in (X, T7,7%).

Definition 2.18 ([19]). A fuzzy set A in the fuzzy bitopological space (X, Ty, Ts)
is called a pairwise fuzzy o-nowhere dense set, if )\ is a pairwise fuzzy F,-set in
(X,T1,Ty) such that intp inty, (A) = intpinty, (M) =0, in (X, Ty, Ts).

Definition 2.19 ([15]). A fuzzy bitopological space (X,T1,T5) is called a pair-
wise fuzzy irresolvable space, if for each pairwise fuzzy dense set A\ in (X, T1,T5),
e cr, (1 —X) # 1 and clpelr, (1 —X) #1in (X, Ty, Ts).

Definition 2.20 ([16]). A fuzzy bitopological space (X, Ty, T5) is called a pairwise
fuzzy Baire space, if intp, (V72 (Ag)) =0 (i = 1,2), where (A\g)’s are pairwise fuzzy
nowhere dense sets in (X, 77, T»).

Definition 2.21 ([16]). A fuzzy bitopological space (X, Ty, T5) is called a pairwise
fuzzy first category space, if the fuzzy set 1x is a pairwise fuzzy first category set in
(X,T1,T3). That is, 1x = V{2, (Ag), where (Ag)’s are pairwise fuzzy nowhere dense
sets in (X, Ty, ).

Otherwise, (X, T7,T3) will be called a pairwise fuzzy second category space.

Definition 2.22 ([19]). Let (X, T, T») be a fuzzy bitopological space. A fuzzy set
Ain (X, Ty, T5) is called a pairwise fuzzy o-first category set, it X = V2 (\x), where
(A\k)’s are pairwise fuzzy o-nowhere dense sets in (X, 77, T»).

Any other fuzzy set in (X, Ty, T») is said to be a pairwise fuzzy o-second category
set in (X, T1,T3).

Definition 2.23 ([19]). A fuzzy bitopological space (X, Ty, T5) is called a pairwise
fuzzy o-first category space, if the fuzzy set 1x is a pairwise fuzzy o-first category set
in (X,T3,T>). That is, 1x = V{2 ,(Ax), where (A\g)’s are pairwise fuzzy o-nowhere
dense sets in (X, Ty, Ts).

Otherwise, (X,T71,Ts) will be called a pairwise fuzzy o-second category space.

Definition 2.24 ([20]). A fuzzy bitopological space (X, Ty, T5) is called a pairwise
fuzzy globally disconnected space, if each pairwise fuzzy semi-open set is a pairwise
fuzzy open set in (X, T, T3).

Definition 2.25 ([21]). A fuzzy bitopological space (X,T7,T3) is called a pairwise
fuzzy open hereditarily irresolvable space, if intr clp,(A) # 0 and intp,clp, (A) #
0, then intp, inty, (A) # 0 and intpinty, (A) # 0 for any non-zero fuzzy set A in
(X, Th, o).
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Definition 2.26 ([22]). A fuzzy bitopological space (X, Ty, T>) is called a pairwise
hyperconnected space, if every pairwise fuzzy open set is a pairwise fuzzy dense set
in (X,Tl,TQ).

Definition 2.27 ([12]). A fuzzy bitopological space (X, Ty, T5) is called a pairwise
fuzzy weakly Volterra space, if A2 (M) # 0, where (Ag)’s are the pairwise fuzzy
dense and pairwise fuzzy Gs-sets in (X, Ty, T5).

Theorem 2.28 ([17]). If X is a pairwise fuzzy reqular Gs-set in a fuzzy bitopological
space (X, T1,Ts), then X is a pairwise fuzzy Gs-set in (X, T1,T5).

Theorem 2.29 ([17]). If A is a pairwise fuzzy regular F,-set in a fuzzy bitopological
space (X,T1,T), then A is a pairwise fuzzy F,-set in (X, T1,Ts).

Theorem 2.30 ([22]). In a fuzzy bitopological space (X, Ty, Ts), the fuzzy set \ is
a pairwise fuzzy o-nowhere dense set in (X, Ty, Ts) if and only if 1 — X is a pairwise
fuzzy dense and pairwise fuzzy Gs-set in (X, T1,T5).

Theorem 2.31 ([16]). If A is a pairwise fuzzy nowhere dense set in a fuzzy bitopo-
logical space (X, T1,Ts), then 1 — X is a pairwise fuzzy dense set in (X, T1,T5).

Theorem 2.32 ([20]). If X is a pairwise fuzzy residual set in a pairwise fuzzy globally
disconnected space (X, Ty, Ts), then X is a pairwise fuzzy Gg-set in (X, Ty, T3).

Theorem 2.33 ([23]). If a fuzzy bitopological space (X, Ty, Ts) is a pairwise fuzzy
strongly irresolvable space and if clp, intr,(X) # 1 and clp,intp, (N) # 1 for a fuzzy
set X in (X, T1,Ts), then clp,cly,(A) # 1 and clpyclr, (N) # 1, in (X, T1,T3).

Theorem 2.34 ([18]). If X is a pairwise fuzzy dense and pairwise fuzzy Gs-set in a
pairwise fuzzy strongly irresolvable space (X,Th,Ts), then 1 — X\ is a pairwise fuzzy
first category set in (X, Ty, T5).

Theorem 2.35 ([24]). If a fuzzy bitopological space (X,T1,T5) is a pairwise fuzzy
submazimal space and X is a pairwise fuzzy first category set in (X,T1,Ts), then
1— X\ is a pairwise fuzzy Gs-set in (X, Ty, T3).

Theorem 2.36 ([24]). If a fuzzy bitopological space (X, T, Ts) is a pairwise fuzzy
submazimal space, then every pairwise fuzzy residual set is a pairwise fuzzy Gs-set
m (X,Tl,TQ).

Theorem 2.37 ([24]). If a fuzzy bitopological space (X,T1,T5) is a pairwise fuzzy
strongly irresolvable and pairwise fuzzy nodec space, then (X,T1,Ts) is a pairwise
fuzzy submazimal space.

Theorem 2.38 ([24]). If every pairwise fuzzy Gs-set is a pairwise fuzzy dense
set in a pairwise fuzzy submaximal and pairwise fuzzy strongly irresolvable space
(X,T1,Ts), then (X,T1,Ts) is a pairwise fuzzy Baire space.

Theorem 2.39 ([24]). If every pairwise fuzzy Gs-set is a fuzzy pairwise fuzzy dense
set in a pairwise fuzzy strongly irresolvable and pairwise fuzzy nodec space (X, Th, Ts),
then (X,T1,T5) is a pairwise fuzzy Baire space.

Theorem 2.40 ([20]). If X is a pairwise fuzzy first category set in a pairwise
fuzzy globally disconnected space (X,T1,Ts), then X is a pairwise fuzzy F,-set in
(X7 TlaTQ)'
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Theorem 2.41 ([16]). If a fuzzy bitopological space (X,T1,T5) is a pairwise fuzzy
Baire space, then (X,T1,T5) is a pairwise fuzzy second category space.

Theorem 2.42 ([25]). If X is a pairwise fuzzy o-first category set in (X, Ty, Ts),
then there is a pairwise fuzzy Fy-set § in (X, T1,Ts) such that A < 4.

Theorem 2.43 ([25]). If AS2, A # 0, where A\i’s are pairwise fuzzy dense and
pairwise fuzzy Gs-sets in a fuzzy bitopological space (X, T1,Ts), then (X,T1,Ts) is a
pairwise fuzzy o-second category space.

Theorem 2.44 ([26]). If a fuzzy bitopological space (X,T1,T5) is a pairwise fuzzy
o-second category space, then (X, Ty, T3) is a pairwise fuzzy weakly Volterra space.

3. PAIRWISE FUZZY ALMOST P-SPACES

Definition 3.1. A fuzzy bitopological space (X,T1,7T3) is said to be a pairwise
fuzzy almost P-space, if for each non-zero pairwise fuzzy Gs-set A in (X, Ty, T5),
’LTLtTZ’LTLtTJ(/\) 7& 07 (Z 7& j and ’L,] = 1,2) in (X,Tl,TQ). That iS, (X, T17T2) is a
pairwise fuzzy almost P-space, if intp intp,(A) # 0 and intpintp, (A) # 0 for a
pairwise fuzzy Gs-set A in (X, T1,T5).

Example 3.2. Let X = {a,b,c}. Consider the fuzzy sets A, y, 7, § and « defined
on X as follows:

A: X —[0,1] is defined as A(a) = 0.6, A(b) =04, A(c)=0.5;
p: X —[0,1] is defined as p(a) = 0.4, () =0.7, pu(c) =0.6;
v:X —[0,1] is defined as v(a) = 0.5, ~(b) =0.3, ~(c)=0.7T;
B :X —[0,1] is defined as f(a) = 0.5, B(b) =0.2, B(c)=0.7;
a: X —[0,1] is defined as a(a) = 0.5, adb) =04, «afc)=0.6.
Then Ty = {0, A, p, ¥, AV b, AV AV Y AN AN Y Ay YA AV ), A (AV

VANV, YV AN,V AAY)AV (BAY)AA LAY AV pVy,1} and
Ty = {0, A 4, B, AV i, AV BV ByAN i, AN By A By BA ANV ), A AV B), AN (v
B), BV AAL), uVAAB), AV (LAB),ANAuAB,AV VYV B,1} are fuzzy topologies on
X. By computation, A, p, AV i, AV, uNV Ay, AN, pAAVA), AN (uVy), vV (AA L),
NV AAY), AV (BAY), AV VY, AV B, uV B, AV B), AN (Vv B), BV (AA p),
wVAANB), AV (pAB), AV uV B are pairwise fuzzy open sets in (X,T7,7T5). By
computation a = [AV (uAY)]A[V AAVA[YV AARIAAV 1wV BIA AV ] ATAV B]
and AAp = AV AAVBIA[LVAIAAA (V) A[pA AV B)]. Then o and AA p
are pairwise fuzzy Gs-sets in (X, Ty, Ts). Also,

inthintTl( ) = inth([)‘ N (H \/’Y)] =AA(pV /8) # 0,

intyyintr, (o) = intr, (AN (uV B)] = AN (1 Vy) #0,

intpinty, (A A p) = intp,(AA ) = AA p#0,

intp, intp, (A A p) = intp, (A A p) = A A p # 0.
Thus for the pairwise fuzzy Gs-sets o and A A p in (X, Ty, T), intg,inty, (o) # 0
and intp,inty;(AAp) #0 (i # j and 4, j = 1,2) implies that (X, T1,T5) is a pairwise
fuzzy almost P-space.

Remark 3.3. Clearly, each pairwise fuzzy P-space is a pairwise fuzzy almost P-

space. For, if A is a non-zero pairwise fuzzy Gs-set in a pairwise fuzzy P-space

(X,T1,T»), then X is a pairwise fuzzy open set in (X, Ty, Ts) and intr,(A) = A, (i =

1,2) and hence intr,intr,(A\) = XA # 0 (i # j and i,j = 1,2) in (X,T1,T>). But
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the converse need not be true. That is, pairwise fuzzy almost P-spaces need not
be pairwise fuzzy P-spaces. For, in Example 3.2, « is a pairwise fuzzy Ggs-set in
(X,T1,T). But « is not a pairwise fuzzy open set in (X, T1, T2) and hence (X, T1,T5)
is not a pairwise fuzzy P-space.

Proposition 3.4. If u is a pairwise fuzzy F,-set in a pairwise fuzzy almost P-space
(X,T1,Ts), then p is not a pairwise fuzzy dense set in (X, Ty, Ts).

Proof. Let p be a pairwise fuzzy F,-set in (X,T1,73). Then 1 — p is a pairwise
fuzzy Gs-set in (X,T1,T5). Since (X,T1,T3) is a pairwise fuzzy almost P-space, for
a pairwise fuzzy Gs-set 1—pin (X, Th,Ty), intr,intr, (1—p) # 0 (i # jandd,j = 1,2)
in (X, Ty, Ts). This implies that 1 —clr,clz; (1) # 0in (X, T1,Ts). Thus clr,clr, (1) #
1in (X,T1,T3). So u is not a pairwise fuzzy dense set in (X, T3, T3). O

Proposition 3.5. If a fuzzy bitopological space (X, T1,Ts) is a pairwise fuzzy almost
P-space, then there is no pairwise fuzzy nowhere dense and pairwise fuzzy Ggs-set in
(X, Ty, T3).

Proof. Suppose that there exists a pairwise fuzzy nowhere dense and pairwise fuzzy
Gs-set A in (X, T1,Ty). Since A is a pairwise fuzzy nowhere dense set, intr,clr, (\) =
0, (i # j and 4,5 = 1,2) in (X, T3, Ts). But intr,intr;(\) < intr,cly;()), implies
that intr,intr,(\) = 0, a contradiction to (X, T1,T5) being the pairwise fuzzy almost
P-space in which for a pairwise fuzzy Gs-set A in (X, T1,T3), intr,intr; (A) # 0, in
(X, Ty, Ts). Then there is no pairwise fuzzy nowhere dense and pairwise fuzzy Gs-set
in a pairwise fuzzy almost P-space (X, T}, T3). O

Remark 3.6. In view of Proposition 3.5, one will have the following result: “In
pairwise fuzzy almost P-spaces, the pairwise fuzzy Ggs-sets are not pairwise fuzzy
nowhere dense sets”.

Proposition 3.7. If )\ is a pairwise fuzzy regular Gs-set in a pairwise fuzzy almost
P-space (X, T1,Tz), then inty,inty;(\) # 0, (i # j and i,j = 1,2) in (X, T1,T3).

Proof. Suppose A is a pairwise fuzzy regular Gs-set in (X,71,75). By Theorem
2.28, the pairwise fuzzy regular Gs-set A is a pairwise fuzzy Gs-set in (X, Ty, Ts).
Since (X, T1,T5) is a pairwise fuzzy almost P-space, for a pairwise fuzzy Gs-set A in
()(7 Tl,Tg), intTii’l’LtTj ()\) 7é O, (Z #] and Z,j = 1,2) in (X, T17T2). Il

Proposition 3.8. If u is a pairwise fuzzy reqular F,-set in (X, Ty, Ts), then p is
not a pairwise fuzzy dense set in (X, Ty, Ts).

Proof. Suppose p is a pairwise fuzzy regular F,-set in (X, T}, T5). By Theorem 2.29,
the pairwise fuzzy regular F,-set p is a pairwise fuzzy F,-set in (X,Ty,T%). Since
(X,T1,T») is a pairwise fuzzy almost P-space and by Proposition 3.4, for a pairwise
fuzzy F,-set p in (X, Ty, Ts), u is not a pairwise fuzzy dense set in (X,T1,T3). O

Proposition 3.9. If A is a pairwise fuzzy Gg-set in a pairwise fuzzy almost P-space
(X,T1,Ts), then X is a pairwise fuzzy somewhere dense set in (X, Ty, Ts).

Proof. Suppose A is a pairwise fuzzy Gg-set in (X, Ty, Ts). Since (X, Ty, T5) is a pair-
wise fuzzy almost P-space, for a pairwise fuzzy Gs-set X in (X, T, Ty), inty,int, (X) #
121
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0, (i # j and i,j = 1,2) in (X,T1,T). Now intr,inty;(\) < intr,cly;(\), im-
plies that intr,cly;(\) # 0. Then X is a pairwise fuzzy somewhere dense set in
(X7 TlaTQ)- O

Proposition 3.10. If A is a pairwise fuzzy Gs-set in a pairwise fuzzy almost P-space
(X,T1,Ts), then clyyintr, (1 —X) # 1, (i # j and i,j = 1,2), in (X, T1,T3).

Proof. Suppose that A is a pairwise fuzzy Gs-set in (X, T1,T5). Since (X,T1,T3) is
a pairwise fuzzy almost P-space, by Proposition 3.9, the pairwise fuzzy Ggs-set A is
a pairwise fuzzy somewhere dense set in (X,T1,T). Then intr,cly;(\) # 0, (i #
jandi,j=1,2) in (X,T1,T3). Thus 1 —intr,clr,(N) # 1. So clrintr, (1 —X) # 1
in (X,Tl,TQ). O

Proposition 3.11. If A is a non-zero pairwise fuzzy dense and pairwise fuzzy G-
set in a pairwise fuzzy almost P-space (X,T1,Tz), then 1 — X is not a pairwise fuzzy
dense set in (X, Ty, Ts).

Proof. Suppose that \ is a pairwise fuzzy dense and pairwise fuzzy Gs-set in (X, 11, Ts).
Then by Theorem 2.30, 1 — X is a pairwise fuzzy o-nowhere dense set in (X, T3, 73).
Since (X,T31,T3) is a pairwise fuzzy almost P-space, for a pairwise fuzzy Gj-set
Ain (X, Th,T3), intrintr,(A) # 0, (i # j and 4,5 = 1,2) in (X,T1,T5). Now
clr,cly;(1—X) = 1 —intg,inty;(\) # 1. Thus 1 — X is not a pairwise fuzzy dense set
n (X,Tl,TQ). O

Proposition 3.12. If i is a pairwise fuzzy F,-set in a pairwise fuzzy almost P-space
(X,T1,Ts), then X is a pairwise fuzzy cs dense set in (X, T1,Ts).

Proof. Suppose that p is a pairwise fuzzy F,-set in (X,T7,7). Then 1 — p is a
pairwise fuzzy Gs-set in (X,Ty,T). Since (X,T1,T) is a pairwise fuzzy almost
P-space,and by Proposition 3.9, 1 — p is a pairwise fuzzy somewhere dense set in
(X,T1,T5). Thus u is a pairwise fuzzy cs dense set in (X, T, 7T3). d

Proposition 3.13. If (A\x)’s (k = 1 to 00) are pairwise fuzzy dense and pairwise
fuzzy Gs-sets in a pairwise fuzzy almost P-space (X,T1,Tz), then A2 (Ag) # 0, in
(X,T1,Ty).

Proof. Suppose that (A;)’s (k=1 to co) are pairwise fuzzy dense sets and pairwise
fuzzy Gs-sets in (X,T1,T5). Then by Theorem 2.30, (1 — Ag)’s are pairwise fuzzy
o-nowhere dense sets in (X, T1,T5). Thus V2 (1 — A) is a pairwise fuzzy o-first
category set in (X,T1,T2). By Theorem 2.42, there is a pairwise fuzzy F,-set ¢ in
(X,T1,T3) such that V2, (1 — A;) < 6. This implies that 1 — A2 ;(A;) < ¢ and
(1—=10) < AR (k). So intr, (1 —9) < inty, [AFZ,(Ag)]. Since 1 — ¢ is a pairwise
fuzzy Gs-set in a pairwise fuzzy almost P-space (X, T1,T%), intr,intr,(1 —J) # 0,
(i # jand 4,5 = 1,2) in (X,T1,T2). Hence intg, inty,(1 —3§) < intp, (1 — &). This
implies that intr, (1 — 6) # 0. Therefore intr, [N, (Ax)] # 0 in (X,T1,T>). Now
intr, [N (Ak)] < A2 (Ag), implies that AR, (Ag) # 0 in (X, Th,T%). O

4. PAIRWISE FUZZY ALMOST P-SPACES AND OTHER FUZZY BITOPOLOGICAL
SPACES

The following propositions give the conditions for the pairwise fuzzy submaximal
spaces to become pairwise fuzzy almost P-spaces.
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Proposition 4.1. If the pairwise fuzzy Gs-sets are pairwise fuzzy dense sets in
a pairwise fuzzy submazimal space (X, Ty, Ts), then (X,T1,Ts) is a pairwise fuzzy
almost P-space.

Proof. Suppose A is a pairwise fuzzy Gs-set in (X,T1,T5). Then X is a pairwise
fuzzy dense set in (X,T1,T3). Since (X,Ty,T») is a pairwise fuzzy submaximal
space, the pairwise fuzzy dense set A is a pairwise fuzzy open set in (X,T1,T5) and
intr, () = A, i = 1,2. Thus intr,intr, (\) = int7,(\) = X #0, (1 # jand i,j = 1,2)
in (X,T1,T5). So (X,T1,T») is a pairwise fuzzy almost P-space. O

Proposition 4.2. If the pairwise fuzzy F,-sets are pairwise fuzzy nowhere dense
sets in a patrwise fuzzy submaximal space (X, T1,T5), then (X,T1,T3) is a pairwise
fuzzy almost P-space.

Proof. Let A be a pairwise fuzzy Gs-set in (X, T1,T3). Then 1— X is a pairwise fuzzy
F,-set in (X,Ty,T>). By hypothesis, 1 — X is a pairwise fuzzy nowhere dense set
in (X,Ty,T). Thus by Theorem 2.31, 1 — (1 — A) is a pairwise fuzzy dense set in
(X,T1,T5). That is, A is a pairwise fuzzy dense set in (X, T1,T5). Since (X, T1,Ts) is
a pairwise fuzzy submaximal space, the pairwise fuzzy dense set A is a pairwise fuzzy
open set in (X,T1,T3) and intr,(\) = A, i = 1,2. So intrintr,(A) = intr,(\) =
A#0, (i #jand i,j =1,2) in (X,T1,T2). Hence (X,T,T») is a pairwise fuzzy
almost P-space. O

Proposition 4.3. If )\ is a pairwise fuzzy residual set in a pairwise fuzzy globally
disconnected and pairwise fuzzy almost P-space (X, T1,Ts), then A is a pairwise fuzzy
somewhere dense set in (X,T1,T5).

Proof. Let A be a pairwise fuzzy residual set in (X, 77, T»). Since (X, Ty, T») is a pair-
wise fuzzy globally disconnected space, by Theorem 2.32, A is a pairwise fuzzy Gs-set
in (X, T1,T3). Since (X, T1,T5) is a pairwise fuzzy almost P-space, intr,intr, (\) # 0,
(i #jandi,j=1,2)in (X,T1,T2). Now intyintr, () < intr,clr; (M), implies that
intr,cly; # 0. Then \ is a pairwise fuzzy somewhere dense set in (X, Ty, T5). O

Proposition 4.4. If \ is a pairwise fuzzy first category set in a pairwise fuzzy glob-
ally disconnected and pairwise fuzzy almost P-space (X,T1,T3), then X is a pairwise
fuzzy cs dense set in (X,T1,T5).

Proof. Let A be a pairwise fuzzy first category set in (X,7T7,72). Then 1 — A is
a pairwise fuzzy residual set in (X,Ty,T3). Since (X,T1,T5) is a pairwise fuzzy
globally disconnected and pairwise fuzzy almost P-space, by Proposition 4.3, 1 — A
is a pairwise fuzzy somewhere dense set in (X,7T7,7). Then X is a pairwise fuzzy
cs dense set in (X, T7,7Ts). O

Proposition 4.5. If \ is a pairwise fuzzy dense and pairwise fuzzy Ggs-set in a
pairwise fuzzy strongly irresolvable and pairwise fuzzy almost P-space (X,T1,T3),
then 1 — X is not a pairwise fuzzy dense set in (X, Ty, T5).

Proof. Let A be a pairwise fuzzy dense and pairwise fuzzy Gs-set in (X, T1,T»). Since

(X,T1,T>,) is a pairwise fuzzy strongly irresolvable space, by Theorem 2.34, 1 — X is

a pairwise fuzzy first category set in (X, Ty, 7). Also, since (X, Ty, T5) is a pairwise

fuzzy almost P-space, for a pairwise fuzzy Gs-set X in (X, T, Ty), intr,intr; (A) # 0,
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(i #jand i,j = 1,2) in (X,T1,T5). Now clr,cly;(1 — X) = 1 —intryinty, (\) # 1.
Then 1 — X is not a pairwise fuzzy dense set in (X, T, T3). O

Proposition 4.6. If X is a pairwise fuzzy Gs-set in a pairwise fuzzy strongly irre-
solvable and pairwise fuzzy almost P-space (X,T1,Ts), then 1 — X is not a pairwise
fuzzy dense set in (X,T1,Ts).

Proof. Let A be a pairwise fuzzy Gs-set in (X, T1,T3). Since (X, Ty, T») is a pairwise
fuzzy almost P-space, by Proposition 3.10, clrintr; (1 —X) # 1, (i # j and 4,5 =
1,2) in (X,T1,T5). Also, since (X,Ty,T») is a pairwise fuzzy strongly irresolvable
space,and by Theorem 2.33, clr,clr,(1 — A) # 1. Then 1 — X is not a pairwise fuzzy
dense set in (X, T1,Ts). O

Proposition 4.7. If \ is a pairwise fuzzy dense and pairwise fuzzy Ggs-set in a
pairwise fuzzy strongly irresolvable and pairwise fuzzy almost P-space (X,T1,T3),
then X is a pairwise fuzzy residual set in (X, Ty, Ts) such that intr,intr,(\) # 0, in
(X, Ty, T3).

Proof. Let X\ be a pairwise fuzzy dense and pairwise fuzzy Ggs-set in (X, Ty,Ts).
Since (X,T1,T5) is a pairwise fuzzy strongly irresolvable space, by Theorem 2.34,
1 — X is a pairwise fuzzy first category set in (X,T1,7%). Then X is a pairwise fuzzy
residual set in (X, T7,Ty). Also, since (X, Ty, T5) is a pairwise fuzzy almost P-space,
for a pairwise fuzzy Gs-set \ in (X,Ty,Ts), intrintr,(A) # 0, (i # j and i,j =
1,2) in (X,T1,T>). Thus A is a pairwise fuzzy residual set in (X, Ty, T») such that
inty,inty, () # 0 in (X, T1,T3). O

The following proposition shows that all pairwise fuzzy strongly irresolvable and
pairwise fuzzy almost P-spaces are pairwise fuzzy irresolvable spaces.

Proposition 4.8. If a fuzzy bitopological space (X, Ty, Ts) is a pairwise fuzzy strongly
irresolvable and pairwise fuzzy almost P-space, then (X,T1,Ts) is a pairwise fuzzy
irresolvable space.

Proof. Let A be a pairwise fuzzy dense and pairwise fuzzy Gs-set in (X,Ty,T»).
Since (X, T7,T») is a pairwise fuzzy strongly irresolvable and pairwise fuzzy almost
P-space, by Proposition 4.5, 1 — X is not a pairwise fuzzy dense set in (X, T3,7T5).
Then for a pairwise fuzzy dense set A in (X,77,7T%), 1 — A is not a pairwise fuzzy
dense set in (X, T7,T3). Thus (X, T1,Ts) is a pairwise fuzzy irresolvable space. [

Proposition 4.9. If \ is a pairwise fuzzy first category set in a pairwise fuzzy
submazimal and pairwise fuzzy almost P-space (X,T1,T5), then X is not a pairwise
fuzzy dense set in (X, T, Ts).

Proof. Let X be a pairwise fuzzy first category set in (X,T1,7Tz). Since (X,T1,T5)

is a pairwise fuzzy submaximal space, by Theorem 2.35, 1 — X is a pairwise fuzzy

Gs-set in (X, T1,Ty). Also, since (X,T1,T5) is a pairwise fuzzy almost P-space, for

a pairwise fuzzy Gs-set 1 — A, intpintr;(1 —X) # 0, (i # j and 4,5 = 1,2) in

(X,T1,Tz). Then 1 —cly,cly; (M) # 0 in (X, T1,T3). So hence clr,clz; (\) # 1. Hence

A is not a pairwise fuzzy dense set in (X, Ty, Ts). O
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Proposition 4.10. If )\ is a pairwise fuzzy residual set in a pairwise fuzzy sub-
mazimal and pairwise fuzzy almost P-space (X,Ty1,T2), then intrintr,(A) # 0,
(i # j and 4,5 = 1,2), in (X, T1,Ts).

Proof. Let X\ be a pairwise fuzzy residual set in (X, T},T%). Since (X,T3,T») is a
pairwise fuzzy submaximal space, by Theorem 2.36, A is a pairwise fuzzy Ggs-set in
(X,T1,Tz). Since (X,T1,T) is a pairwise fuzzy almost P-space, intr,intr, (\) # 0,
(i#jandi,j=1,2)in (X,T1,Th). O

The following propositions give the conditions for all pairwise fuzzy strongly irre-
solvable and pairwise fuzzy nodec spaces to become pairwise fuzzy almost P-spaces.

Proposition 4.11. If pairwise fuzzy Gs-set is a pairwise fuzzy dense set in a
pairwise fuzzy strongly irresolvable and pairwise fuzzy nodec space (X,T1,Ts), then
(X,T1,Ts) is a pairwise fuzzy almost P-space.

Proof. Let X be a pairwise fuzzy Gs-set in (X, T1,T»). By hypothesis, A is a pairwise
fuzzy dense set in (X, T1,Ts). Since (X, Ty, T») is a pairwise fuzzy strongly irresolv-
able and pairwise fuzzy nodec space, by Theorem 2.37, (X, T7,T%) is a pairwise fuzzy
submaximal space. Then the pairwise fuzzy Ggs-sets are pairwise fuzzy dense sets in
a pairwise fuzzy submaximal space (X, Ty, T>). Thus by Proposition 4.1, (X, Ty, Ts)
is a pairwise fuzzy almost P-space. O

Proposition 4.12. If pairwise fuzzy F,-set is a pairwise fuzzy nowhere dense set
in a pairwise fuzzy strongly irresolvable and pairwise fuzzy nodec space (X,T1,Ts),
then (X,T1,Tz) is a pairwise fuzzy almost P-space.

Proof. Let A be a pairwise fuzzy Gs-set in (X, T7,T»). Then 1— )\ is a pairwise fuzzy
Fy-set in (X,T1,T%). By hypothesis, 1 — A is a pairwise fuzzy nowhere dense set
in (X,T1,T»). Thus by Theorem 2.31, 1 — (1 — \) is a pairwise fuzzy dense set in
(X,T1,T). That is, A is a pairwise fuzzy dense set in (X, T, Tz). Since (X,T1,7T3)
is a pairwise fuzzy strongly irresolvable and pairwise fuzzy nodec space, by Theorem
2.37, (X, T1,T3) is a pairwise fuzzy submaximal space. So all pairwise fuzzy Gs-sets
are pairwise fuzzy dense sets in a pairwise fuzzy submaximal space (X, T1,T»). Since
(X,T1,Ts) is a pairwise fuzzy submaximal space, the pairwise fuzzy dense set A is
a pairwise fuzzy open set in (X,Ty,T2). Hence by Proposition 4.1, (X,Ty,T5) is a
pairwise fuzzy almost P-space. O

Proposition 4.13. If each pairwise fuzzy Gs-set is a pairwise fuzzy dense set in a
pairwise fuzzy submazimal and pairwise fuzzy strongly irresolvable space (X, Ty1,Ts),
then (X,T1,T5) is a pairwise fuzzy Baire and pairwise fuzzy almost P-space.

Proof. Let X\ be a pairwise fuzzy Gs-set in (X,T7,72). Then by hypothesis, A is a
pairwise fuzzy dense set in (X, T7,T»). Since (X,T1,T?) is a pairwise fuzzy strongly
irresolvable and pairwise fuzzy submaximal space, by Theorem 2.38, (X,T1,T3) is
a pairwise fuzzy Baire space. Also, since (X,T1,T5) is a pairwise fuzzy submaximal
space, by Proposition 4.1, (X,T1,Ts) is a pairwise fuzzy almost P-space. Thus
(X,T1,T>) is a pairwise fuzzy Baire and pairwise fuzzy almost P-space. O
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Proposition 4.14. If each pairwise fuzzy Gs-set is a pairwise fuzzy dense set in a
pairwise fuzzy strongly irresolvable and pairwise fuzzy nodec space (X,T1,Ts), then
(X,T1,Ts) is a pairwise fuzzy Baire and pairwise fuzzy almost P-space.

Proof. Let A be a pairwise fuzzy Gs-set in (X,T1,T). Then by hypothesis, A is a
pairwise fuzzy dense set in (X, Ty, Ts). Since (X, T1,T5) is a pairwise fuzzy strongly
irresolvable and pairwise fuzzy nodec space, by Theorem 2.39, (X, Ty,T3) is a pair-
wise fuzzy Baire space. Also by Proposition 4.11, (X,Ty,T») is a pairwise fuzzy
almost P-space. Thus (X,T3,T3) is a pairwise fuzzy Baire and pairwise fuzzy al-
most P-space. O

Proposition 4.15. If each pairwise fuzzy Ggs-set is a pairwise fuzzy dense set in a
pairwise fuzzy submazimal and pairwise fuzzy strongly irresolvable space (X, Ty, Ts),
then (X,T1,T) is a pairwise fuzzy second category and pairwise fuzzy almost P-
space.

Proof. The proof follows from Proposition 4.13 and Theorem 2.41. 0

Proposition 4.16. If each pairwise fuzzy Gs-set is a pairwise fuzzy dense set in a
pairwise fuzzy strongly irresolvable and pairwise fuzzy nodec space (X, Ty, Ts), then
(X,T1,Ts) is a pairwise fuzzy second category and pairwise fuzzy almost P-space.

Proof. The proof follows from Proposition 4.14 and Theorem 2.41. O

Proposition 4.17. If A is a pairwise fuzzy first category set in a pairwise fuzzy
globally disconnected and pairwise fuzzy almost P-space, them X\ is a not pairwise
fuzzy dense set in (X, Ty, Ts).

Proof. Suppose that A is a pairwise fuzzy first category set in a pairwise fuzzy
globally disconnected space (X,7T7,7%). Then by Theorem 2.40, A is a pairwise
fuzzy F,-set in (X,T1,T5). Since (X,T1,T3) is a pairwise fuzzy almost P-space, by
Proposition 3.4, A is not a pairwise fuzzy dense set in (X, T3, T3). O

The following proposition gives the condition for the pairwise fuzzy almost P-
spaces to become pairwise fuzzy o-second category spaces.

Proposition 4.18. If there are pairwise fuzzy dense and pairwise fuzzy Gg-sets
(Ag)’s (k=1 to 00) in a pairwise fuzzy almost P-space (X, T1,Ts), then (X,T1,T3)
is a pairwise fuzzy o-second category space.

Proof. Suppose (A;)’s (k = 1 to o) are the pairwise fuzzy dense and pairwise
fuzzy Gs-sets in (X, Ty, Ts). Since (X, T, T?) is a pairwise fuzzy almost P-space, by
Proposition 3.13, A2 ;(Ax) # 0, in (X,T1,T5). Then by Theorem 2.43, (X, T4, T5)
is a pairwise fuzzy o-second category space. O

The following proposition gives the condition for the pairwise fuzzy open heredi-
tarily irresolvable spaces to become pairwise fuzzy almost P-spaces.

Proposition 4.19. If a pairwise fuzzy Gg-set is a pairwise fuzzy somewhere dense
set in a pairwise fuzzy open hereditarily irresolvable space (X, Ty, Ts), then (X, Ty, Ts)
s a pairwise fuzzy almost P-space.
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Proof. Let X be a pairwise fuzzy Gs-set in (X,T1,72). Then by hypothesis, A is
a pairwise fuzzy somewhere dense set in (X,T1,73). Thus intp, clr,(A) # 0 and
intr,clr, (\) # 0, in (X, Th,Tz). Since (X, Ty, T») is a pairwise fuzzy open hereditar-
ily irresolvable space, intr, intr,(A\) # 0 and intr,intr, (A) # 0, for the fuzzy set A
in (X,T1,T3). So (X,T1,T5) is a pairwise fuzzy almost P-space. O

The following proposition gives the condition for the pairwise fuzzy almost P-
spaces to become pairwise fuzzy weakly Volterra spaces.

Proposition 4.20. If there are pairwise fuzzy dense and pairwise fuzzy Gg-sets
(Ak)’s (k=1 to 00) in a pairwise fuzzy almost P-space (X, T1,T5), then (X, T1,T5)
is a pairwise fuzzy weakly Volterra space.

Proof. The proof follows from Proposition 4.18 and Theorem 2.44. g

5. CONCLUSION

In this paper, the concept of pairwise fuzzy almost P-space is introduced by means
of pairwise fuzzy Gs-set. It is established that pairwise fuzzy Gs-sets are not pair-
wise fuzzy nowhere dense sets in pairwise fuzzy almost P-spaces. The conditions for
all pairwise fuzzy submaximal spaces and all pairwise fuzzy open hereditarily irre-
solvable spaces to become pairwise fuzzy almost P-spaces are established. Also, the
conditions for pairwise fuzzy strongly irresolvable and pairwise fuzzy nodec spaces to
become pairwise fuzzy almost P-spaces are established. It is shown that all pairwise
fuzzy strongly irresolvable and pairwise fuzzy almost P-spaces are pairwise fuzzy ir-
resolvable spaces. Moreover, the condition for all pairwise fuzzy almost P-spaces to
become pairwise fuzzy o-second category spaces and pairwise fuzzy weakly Volterra
spaces are also established. This work may be extended to study fuzzy Lindeloff-
ness of pairwise fuzzy Baire spaces and study fuzzy Volterraness, fuzzy basically
disconnectedness of fuzzy bitopological spaces and fuzzy soft bitopological spaces.
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