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ABSTRACT. In this paper, we redefine an intuitionistic neutrosophic set
and study some of its properties. Next, we newly define the correlation
coefficient and the cosine similarity measure based on intuitionistic neu-
trosophic sets and deal with some of their properties. Finally, by using
the correlation coefficient and the cosine similarity measure which we pro-
pose, we propose an algorithms solving decision-making problems and give
examples.
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1. INTRODUCTION

In 1965, Zadeh [1] had initially introduced the notion of fuzzy sets as the gen-
eralization of classical sets in order to express the real world as it is. After then,
numerous mathematicians have been trying to find a mathematical expression of
uncertainties and ambiguities which can be applied not only to Mathematics but
also to engineering, medicine and social sciences, etc. For examples, an interval-
valued fuzzy set (Zadeh [2], 1975 and Gorzalczany [3],1987), a rough set (Pawlak [1],
1982), an intuitionistic fuzzy set (Atanassov [5], 1983), an interval-valued intuition-
istic fuzzy set (Atanassov and Gargov [0], 1989), a vague set (Gau and Buchrer [7],
1993), a neutrosophic set (Smarandache [8], 1998), a bipolar fuzzy set (Zhang [9],
1998), a soft set (Molodtsov [10],1999), etc. Wang et al. [11] defined a single-valued
neutrosophic set as an instance of neutrosophic set which can be used in real scien-
tific and engineering applications. Moreover, Jun et al. [12] proposed the concept of
cubic sets composed of an interval-valued fuzzy set and a fuzzy set. Smarandache
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et al. [13] extended a cubic set to a neutrosophic cubic set. Jun [14] defined a
cubic intuionistic set as a pair of an interval-valued intuitionistic fuzzy set and an
intuitionistic fuzzy set. Recently, Lee et al. [15] introduced the notion of octahedron
sets composed of three components: an interval-valued fuzzy set, an intuitionistic
fuzzy set and a fuzzy set, which will provide more information about ambiguity and
uncertainty common in everyday life as the generalization of a cubic set [12] and a
cubic interval-valued intuitionistic fuzzy set [16] (See [17, 18, 19] for research articles
to which an octahedron set was applied).

Decision-making problems are very important in establishing foreign policy, na-
tional defense policy, economic policy, various election strategies, and prevention
policy of the recent worldwide coronavirus, etc. So, many mathematicians have
dealt with decision-making problems using the above-mentioned various kinds of
fuzzy concepts or fused fuzzy concepts. Mainly, they presented algorithms for deci-
sion making in three directions: aggregation operators, similarity measures and cor-
relation coefficients based on various fuzzy sets. We can see that many researchers
[20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30] have dealt with decision making problems
by using the correlation coefficients and cosine similarity measures. In particular,
Broumi et al. [31] defined the distance between n-valued interval neutrosophic sets
and applied it to medical diagnosis problems. Deli et al. [32] defined some dis-
tances between neutrosophic redefined sets and applied them to medical diagnosis
problems. Moreover, Ye [33] dealt with multicriteria decision-making problems by
using the correlation coefficient for single valued neutrosophic sets. Broumi and Deli
[34] defined the correlation measure for neutrosophic sets and applied it to medical
dignosis problems.

The aim of this paper is to define the correlation coefficient and cosine similarity
measure based on intuitionistic single-valued neutrosophic sets and propose an al-
gorithm to use multicriteria decision-making problems. In order to accomplish such
research, this paper is composed of six sections: In Section 2, we recall some defi-
nitions related to intuitionistic fuzzy sets and single-valued neutrosophic sets. Also
we recall the definitions of the correlation coefficient between intuitionistic fuzzy
sets. In Section 3, we redefine an intuitionistic single-valued neutrosophic set and
deal with some of its properties, and give some examples. In Section 4, we define
the correlation coefficient and the cosine similarity measure between intuitionistic
single-valued neutrosophic sets and study some of their properties. In Section 5,
we propose the algorithms of the weighted correlation coefficient and the weighted
cosine similarity measure between each alternative and the ideal alternative which
are utilized to rank the alternatives and to determine the best one(s). They can
handle not only incomplete information but also the indeterminate information and
inconsistent information which exist commonly in real situations. And we give an
illustrative example as the application of the proposed decision-making method. In
Section 6, we propose the algorithm of pattern recognition for the correlation coeffi-
cient and cosine similarity measure between intuitionistic single-valued neutrosophic
sets and give an illustrative example.
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2. PRELIMINARIES

In this section, we list some basic definitions and notations needed in the next
sections. Throughout this paper, I denotes the unit closed interval [0,1] in the set
of real numbers R.

Let I®I={a=(a%a%) €l x1I:a+a? <1}. Then each member @ of I & I
is called an intuitionistic point or intuitionistic number. In particuar, we denote
(0,1) and (1,0) as 0 and 1, respectively. Refer to [35] for the definitions of < and
=on I @ I, the complement of an intuitionistic number, and the infimum and the
supremum of any intuitionistic numbers.

For a set X, a mapping A : X — [ is called a fuzzy set in X and the set of all
fuzzy sets in X is denoted by IX or F'S(X). Refer [1, 36] to basic operations on IX.

Definition 2.1 ([37]). For a nonempty set X, a mapping A : X — I &1 is
called an intuitionistic fuzzy set (briefly, IFS) in X, where for each z € X, A(x) =
(AS(z), A%(z)), and AS(z) and A% (z) represent the degree of membership and the
degree of nonmembership of an element z to A, respectively. Let (IS1)X or IFS(X)
denote the set of all IFSs in X and for each A € (I & I)X, we write A = (A€, A%).
In particular, 0 and 1 denote the IF empty set and the IF whole set in X defined
by, respectively: for each x € X,

0(z) =0 and 1(z) = 1.
For each A € IFS(X) and each = € X,
m(z) =1— AS(z) — A% (z)

is called the intuitionistic index of x in A. It is hesitancy degree of x to X (See
[37, 38, 39, 40]). It is clear that 0 < w(x) <1 for each x € X.

Definition 2.2 ([11]). Let X be a nonempty set. Then a mapping A = (AT, AT, AT")
X — I xIxIis called a single-valued neutrosophic set (briefly, SVNS) in X,
where AT [resp. Al and AF] is called the truth-membership [resp. indeterminacy-
membership and falsity-membership] function of A. We denote the set of all SVNSs
in X as SVNS(X).

Definition 2.3 ([11]). Let X be a nonempty set and let A, B € SVNS(X).
(i) We say that A is contained in B or A is subset of B, denoted by A C B, if

AT(z) < BT (z), Al(z) < BY(z), A¥ (z) > BY (x) for each z € X.
(ii) We say that A and B are equal, denoted by A = B, if A C B and B C A.

Definition 2.4 ([11]). Let X be a nonempty set and let A, B € SVNS(X).
(i) The union of A and B, denoted by AU B, is a single-valued neutrosophic set
in X defined as: for each z € X,

(AUB)T(2) = A7(x) v BT (2),
(AUuB)(z) = Al(z) v Bl (),

(AU B)F(z) §4F(x) A B ().

o |
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(ii) The intersection of A and B, denoted by ANB, is a single-valued neutrosophic
set in X defined as: for each x € X,

(AN B)T(z) = AT () A BT (2),
(AN B)!(x) = A(z) A B (x),
(AN B)F(z) = A (z) v BY (2).
Definition 2.5 ([11]). Let X be a nonempty set and let A, B € SVNS(X).

(i) The complement of A, denoted by c¢(A), is a single-valued neutrosophic set in
X defined as: for each z € X,

(A) (@) = A" (@), e(A) (@) = 1 - Al(2), (A" (2) = A (a).

(ii) The difference of A and B, denoted by A\ B, is a single-valued neutrosophic
set in X defined as: for each x € X,

(A\ B)T(z) = AT (2) A B" (x),
(A\ B)!(2) = A'(x) A (1 - B'(x)),
(A\ B)f (z) = A" (z) v BT (x).

It is obvious that A\ B = ANc¢(B).

Now we recall some definitions of correlation coefficients for intuitionistic fuzzy
sets.

Definition 2.6 ([41, 42]). Let X = {zy,29, -+ ,x,} be a universe set and let
A € IFS(X). Then the average of A, denoted by E(A), is defined by:

B(A) = (4%, 4%) = (231, A%(0), LS A% )

Definition 2.7. Let X = {1, 22, -+ ,x,} be a universe set and let A, B € IFS(X).
Then the correlation coefficient of A and B, denoted by p(A, B), is defined as:

(i) the correlation coefficient by Gerstenkorn and Mansko (See [20])
C(A, B)
AB) = 22
SN

where  C(A, B) = X7, [A€(2;) BE (2;) + A% () B (x;)],
T(A) = iy [(AC (@))% + (A% (2:))?),
T(B) = i, [(BS (2:))? + (B (2:))?],
(ii) the correlation coefficient by Hung (See [43])

1
pu(A, B) = 5(01 + p2),

= DA% AP @) BE)

VET (AE(2;)—A€)2\/Er_ (BE(2;)—B€)?’
gy = DAt DB @) BE)

VI (A% (20) —A7)2\ /S, (B (24)~ BF)?
(iil) the correlation coefficient by Park et al. (See [44])

where

1
pp(A,B) = §(p1 + p2 + p3),
84
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p3 = S (ma(zi)—7a)(rp(x:) —7B)
VEL (ra (@) —7a)2 /S, (78 () —75)2
(iv) the correlation coeflicient by Xu (See [45])

where

1 AAS,, + NAS NAZ L+ NAE
A B — 72”_ min max min max
pX( ) ) m i=1 AAE+AA7€71ax AA¢+AAmaz )
where, AAS =| AS(z;) — BE(x;) |, AAF =| A% (2;) — B%(xy) |,
VAS 0w = mazAf, VAmaz = mazA?,
VAS . = mmAe VAZ = minAf.
(v) the correlation coefﬁment by Liu et al. (See [12])
C(A,B
(A B) = S4B
D(A)D(B)
where  C(A, B) = 53 d;(A)d;(B),
D(4) = E? 1d2( ), D(B) = ;5 51L,d}(B),
dz(A) (Ae(%) AE) — (A% (2;) — A7),
i

i(B) = (B€(x;) — B) — (B%(x;) — B¥) foralli=1,2,--- ,n

Definition 2.8 ([27]). Let X = {x1,29, -+ ,z,} be a universe set and let A, B €
IFS(X). Forall i =1,2,--- ,n, let us denote d;(A) and d;(B) as follows:

di(A) = (AS(x;) — A%) — (A%(x;) — A%), di(B) = (BS(x;) — BE) — (B*(w;) — B¥).
(i) The variance of A, denoted by D(A), is defined by:

D(A) = L0 [(A (a7) — AP + (A (27) — AF)? + dE(A)].

(ii) The covariance of A and B, denoted by COU(A B), is defined by:
Cov(A, B) = 155, [(AS(2:) — A€)(BE(x;) — BE)
+(A? (z;) — A%)(B% (2;) — B%) + di(A)d;(B)].
(iii) The correlation coefficient of A and B, denoted by p(A, B), is defined by:

~ Cov(A,B)
B = S

3. INTUITIONISTIC SINGLE-VALUED NEUTROSOPHIC SETS

In this section, first of all, we recall the concept of an intuitionistic neutrosophic
set proposed by Bhowmik and Pal [46].

Definition 3.1. Let X be a nonempty set. Then a mapping A = <AT, AI,AF> :
X — I x I x1is called an intuitionistic neutrosophic set (briefly, INS) in X, if it
satisfies the following conditions: for each x € X,

AT(z) N AT () < 0.5, AT (z) A Al(z) < 0.5, AT (2) A Al(z) < 0.5.
It is obvious that 0 < AT (z) + Al(z) + AF(z) < 1 for each x € X.
For operations for intuitionistic neutrosophic sets and their properties, see [40].
Now contrary to the definition introduced by Bhowmik and Pal, we define an

intuitionistic single-valued neutrosophic set as follows.
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Definition 3.2. Let X be a nonempty set. Then a mapping A = <AT,AI7AF> :
X)) x({Iael)x (IalI)is called an intuitionistic single-valued neutrosophic
set (briefly, ISVNS) in X, where

AT = (AT AT#) Al = (AT€ ALE) AT = (AT AT¥) e TFS(X)

and AT [resp. Al and AY] is called the intuitionistic truth-membership [resp. intu-
itionistic indeterminacy-membership and intuitionistic falsity-membership] function
of A. In particular, 0 [resp. i] denotes the intuitionistic single-valued neutrosophic
empty [resp. whole] set in X and defined by: for each z € X,

0(z) = (0,0,1) [resp. 1(z) = (1,1,0])].
We will denote the set of all ISVNSs in X as ISV NS(X).

When X is continuous, an ISVNS A in X can be written by
A= [ (AT (@), AT (@), (AP (@), A1 (@), (A7 (@), A7 (@)
X

where z € X.
When X is discrete, an ISVNS A in X can be written by: for each z; € X,

A= S (AT (@), ATE (), (ADE (@), ADE (), (AT (w3), ATE (20))) [,

where z; € X.

In an election, polls of voters about each candidate are mainly conducted from the
perspective of a neutrosophic set (i.e., truth-membership, indeterminacy-membership,
falsity-membership). The results of these polls and votes may not generally match.
It is believed to be due to the choice of indeterminacy-membership on the day of vot-
ing. Therefore, it is necessary to understand the voting propensity of indeterminacy-
membership by conducting an opinion poll from the perspective of the intuitionistic
single-valued netrosophic set proposed by us.

Example 3.3. (1) Suppose X = {x1, 2,23}, where x; is the capability, zo is the
trustworthness and x5 is the price of sementic web services. The membership values
of x1, ro and x3 are in I & I. Each member of X is commonly used to define
the quality of service of sementic web services (See [17]) and is obtained from the
questionnaire of some domain experts. Each option could be a degree of “good
service”, a degree of indeterminacy and a degree of “poor service”. Let us consider
two ISVNSs A and B given by:
A ={(0.3,0.6),(0.4,0.5), (0.5, 0.
+((0.7,0.2),(0.2,0.7),(0.2,0.7)) /a3,
B ={(0.6,0.3),(0.1,0.8),(0.2,0.7)) /21 + {(0.3,0.6), (0.2,0.7), (0.6,0.2)) /x2
+((0.4,0.5),(0.2,0.7),(0.5,0.4)) /z5.
(2) Let A € IFS(X). Then it is clear that (4,0, A°) € ISVNS(X).
(3) Let A € ISVNS(X). Then it is obvious that AT, Al AF € IFS(X).
(4) Let A = (AT, AT, AF") be a single-valued neutrosophic set in X. Then it is
casily check that (AT, AT®), (Af, AT%), (AT, AF)) € ISVNS(X).
86
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(5). Let X = {a,b,c} and consider the mapping A : X — I x [ x I in X defined
as follows:

A(a) = (0.7,0.3,0.5), A(b) = (0.6,0.4,0.3), A(c) = (0.4,0.5,0.8) .

Then we can easily check that A is an intuitionistic neutrosophis set in X in the
sense of Bhowmik and Pal. Moreover, we can see that
A ={(0.7,0.3),(0.3,0.7),(0.5,0.5)) /a + ((0.6,0.4), (0.4,0.6), (0.3,0.7)) /b
+((0.4,0.6), (0.5,0.5), (0.7,0.3)) /c
is an intuitionistic single-valued neutrosophic set in X.

From (2), (3) and (4), we can consider an ISVNS as the generalization of both an
IFS and a SVNS. Also, from (5), we can consider an ISVNS as the generalization of
an INS.

Definition 3.4. Let X be a nonempty set and let A, B € SVNS(X).
(i) We say that A is contained in B or A is subset of B, denoted by A C B, if for
each r € X,

AT(z) < BT (), ie., ATS(z

IN

(2) < BT (), AT#(2) > BT¥(x),
Al(z) < Bl(x), ie., ALS(2z) < BE
A (z) > BF (2), ie., APS(x
l

(ii) We say that A and B are equal,

IN

S(x), AV¥(x) > B"¥(x),
) > B"E(x), A% (x) < B (x).
denoted by A= B, if AC B and B C A.

Example 3.5. Let A, B € ISVNS(X) given in Example 3.3 (1). Then we can
easily check that A ¢ B and B ¢ A.

From Definitions 3.2 and 3.4, we get the following.
Proposition 3.6. For any A€ ISVNS(X),0C AcC 1.

Definition 3.7. Let X be a nonempty set, let A, B € ISV NS(X) and let (4;),ecs
be a family of ISVNSs in X indexed by J.

(i) The intersection of A and B, denoted by AN B, is an ISVNS in X defined as
follows: for each x € X,

(AN B)(z) = <AT(9U) A BT (z), Al (z) A B (z), AT () v BF(x)> ,
where
AT (z) A BT (x) = (AT (x) A BT S (2), AT (2) v BT¥(2)),
Al(z) A B! (z) = (A" (2) A B (2), A# (2) v B'#(2)),
A (z) v B (x) = (A" (2) v BPS(2), AT# (x) A BR# (2)).

(i) The intersection of (A;);es, denoted by (.. ; A;, is an ISVNS in X defined
as follows: for each x € X,

Ny | ) - < A AT (), \ Al@), \/ Af(x)>,
jeJ JjeJ JjeJ JjeJ
87
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where
/\ A?(aj) = /\ A?7€($)7 \/ A?’g(x)) 7
jeJ jeJ jeJg
N Al@) = N\ AS@). A§’¢(x)) ,
je€J jeJ jeJ
\/ Af(a:) = \/ Af’e(m), /\ Af&(x)) '
jed jeJ jeJ

(iii) The union of A and B, denoted by A U B, is an ISVNS in X defined as
follows: for each x € X,

(AUB)(z) = (A" (z) v BT (z), A" (z) v B! (z), A¥ (z) A B (z)),

where
AT(z) v BT (z) = (AT (2) v BT'S(z), AT#(2) A BT'#(z)),

Al(z) v BI(z) = (A€ (x) v B S (2), AL9 (2) A BL9 (1)),
AF(z) A BF (z) = (AT (2) A BFS(2), AP (2) v BP? (1)),

(iv) The union of (A;);jes, denoted by |J..; Aj, is an ISVNS in X defined as
follows: for each x € X,

(U Aj) (@) = <v AT\ AL, A Af(a:)> |

JjeJ JjeJ jeJ JjeJ

jeJ

where

jeJ jeJ jeJ

V A7 @) = |\ 47 @), A Af’g(x)) :

JjeJ jeJ jeJ

V Aj@) = [ V 475 @). \ A§’€(w)) ,

A AT @ = N4 @,V Af&(x)) .

JjE€J JjE€J JjeJ

Example 3.8. Let A, B € ISVNS(X) given in Example 3.3 (1). Then we have

ANB =(0.3,0.6),(0.1,0.8),(0.5,0.4)) /x1 + ((0.3,0.6), (0.2,0.7),(0.6,0.2)) /2
+((0.4,0.5),(0.2,0.7), (0.5,0.4)) /x3,

AUB = ((0.6,0.3),(0.4,0.5),(0.2,0.7)) /21 + ((0.5,0.3),(0.2,0.7),(0.3,0.6)) /2
+((0.7,0.2), (0.2,0.7), (0.2,0.7)) /5.

From Definitions 3.4 and 3.7, we get the followings.
88
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Proposition 3.9. Let A, B, C € ISVNS(X). Then
(1) if ACBand BC C, then ACC,
(2) ACAUB and BC AUB,
(3) ANBC Aand ANB C B,
(4) AC B if and only if ANB = A,
(5) AC B if and only if AUB = B.
Proposition 3.10. Let A, B, C € ISVNS(X) and let (A;)jes be a family of
SVNSs in X indexed by J. Then
(1) (Idempotent laws) AUA=A, ANA=A,
(2) (Commutative laws) AUB=BUA, ANB=DBnNA,
(3) (Associative laws) AU (BUC) = (AUB)UC, AN(BNC)=(AN'B)N‘C,
(4) (Distributive laws) AU(BNC)=(AUB)N(AUC),
AN(BUC)=(ANB)U(ANCQO),
Uje,](Aj NnB)= (UjeJ A]) N B,
ﬂjeJ(Aj UB) = (ﬂje] 4;) U B,
(5) (Absorption laws) AU(ANB)=A, AN(AUB) = A.

Definition 3.11. Let A, B € ISVNS(X). Then
(i) the complement of A, denoted by ¢(A), is an ISVNS in X defined as follows:
for each x € X,

o(A)(@) = (AT (@), AT (2), AT ()

where A”%(z) = (ADZ, AL€),
(ii) the difference of A and B, denoted by A\ B, is an ISVNS in X defined as
follows: for each x € X,

(A\ B)(z) = <AT(x) A AF (2), AL (z) A AT (z), AT (z) v AT(x)> .
From Definitions 3.7 and 3.11, it is clear that A\ B = AN ¢(B).

Example 3.12. Let A, B € ISV NS(X) given in Example 3.3 (1). Then we have
(A) = ((0.5,0.4)(0.3,0.6), (0.5,0.4), (0.3,0.6)) /z,+((0.3,0.6), (0.7,0.2), (0.5,0.3)) />
+((0.2,0.7),(0.7,0.2),(0.7,0.2)) /x3,
A\ B ={(0.2,0.7),(0.4,0.5), (0.6,0.3)) /1 + {(0.5,0.3), (0.2,0.7), (0.3,0.6)) /x4
+((0.5,0.4), (0.2,0.7), (0.4,0.5)) /5.

From Definitions 3.4, 3.7 and 3.11, we have the following properties.

Proposition 3.13. Let A, B, C € ISVNS(X) and let (A;);es be a family of
SVNSs in X indexed by J. Then
(1) (DeMorgan’s laws) ¢c(AU B) = c¢(A) Ne(B), c(ANB) =c(A)Uc(B),
C(Uje.] 4j) = njeJ c(4;), C(ﬂje] Aj) = UjeJ c(4;),

(2) c(c(A)) = A,
(3) (34) AUO=A, AN0=0,
(3,) Aui=1, Ani=A4,
(36) C(l) =0, C(O) =1,
(34) AUc(A) # 1, Anc(A) # 0 in general (See Example 3.14).

89
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Example 3.14. Let A be the ISVNS in X given in Example 3.3 (1). Then we can
easily check that AU c(A) # 1, Anc(A) # 0.

From Propositions 3.10 and 3.13, we can see that (ISVNS(X),U,N,¢, 1,0) forms
a Boolean algebra except the condition (3).

Definition 3.15. Let X, Y be non-empty universe sets, A € ISVNS(X), B €
ISVNS(Y) and let f: X — Y be a mapping.

(i) The preimage of B under f, denoted by f~!(B), is the ISVNS in X defined
as: for each x € X,

“H(B)(x) = (BT (f(2)), B (f (), B (f(2))),
where BT (f(z)) = (BTE( Ex 4 =

), BL2(f())), B! (f(2)) = (B"<(f(x)), BY#(f(2))),
BY (f(x)) = (BFE( f(x)), B”(f(fv)))
In fact, f~1(B) = (f~1(BT), f~1(B"), f~1(B")).

(ii) The image of A under f, denoted by f(A), is the ISVNS in Y defined as: for

eachyeY,

), F(AT)(y))
)
Y),
®))-

FA) ) = (F(AT) (), F(AD(y
where  f(AT)(y) = (f(AT)(y),1 - f(1 - AT%)
FAND () = (F(A")(y),1 - f(1 —A”Z)(
FAT)(y) = (f(A"S)(y),1 - f(1 - A1F)

In fact, f(A) = (f(AT), f(B'), f(B)).

Example 3.16. Let X = {x1, 20,23}, Y = {y1,y2,¥y3,v4} and let f: X = Y be
the mapping given by f(z1) = f(x2) = y1, f(x3) = y2. Let us consider an ISVNS A
in X and an ISVNS B in Y respectively given by:
A= ((0.3,0.6), (0.4,0.5), (0.5,0.4)) /z1 + ((0.5,0.3), (0.2,0.7), (0.3,0.6)) /o
+((0.7,0.2), (0.2,0.7), (0.2,0.7)) /3,
B = {(0.6,0.3), (0.1,0.8), (0.2,0.7)) /31 + ((0.3,0. 6), (0.2,0.7), (0.6,0.2)) /y
+((0.4,0.5), (0.2,0.7), (0.5,0.4)) /y3 + ((0.5,0.4), (0.7,0.2), (0.4,0.5)) /ys.
Then we can easily obtain the followings:
F71(B) = ((0.6,0.3), (0.1,0.8), (0.2,0.7)) /z14+((0.6,0.3), (0.1,0.8), (0.2,0.7)) /a2
+((0.3,0.6), (0.2,0.7), (0.6,0.2)) /3,
F(A) = ((0.5,0.3), (0.4,0.5), (0.5,0.4)) /yr + ((0.7,0.2), (0.2,0.7), (0.2,0.7)) /yn
+((0,1),(0,1),(0,1)) /y3 +((0,1),(0,1),(0,1)) /ya.

Proposition 3.17. Let A, Ay, Ay € ISVNS(X), (Aj)jes C ISVNS(X), let
B, Bi, B, € ISVNS(Y), (Bj)jeqs CISVNS(Y) and let f : X — Y be a mapping.
Then we have

(1) 41 A, then S(40) C S(4o)
Zf By C BQ, then f (Bl) C f_l(BQ),
A C f7YHf(A)) and if f is injective, then A = f~1(f(A)),
f(f~X(B)) C B and if f is surjective, f(f~1(B)) = B,
I~ 1(UjeJ Bj) = UjeJ f7H(By),
I~ 1(ﬂjeJ Bj) = ﬂjeJ fH(By),
f
f

)

(UjeJA’) Ugelf( )

(n]eJ i) C ﬂ]EJ f(A;j) andif f is injective, then f(ﬂ]EJ j) = njeJ f(A;),
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9) sz is surjective, then f(c(A)) C f(c(A)),
(10) 174((3)) = 17 ()
(11) £-1(0) = 0, /(1) =

(12) £(0) =0 and if f is surjectwe then f(1) =

Proof. From Definition 3.15, the proofs are straightforward. O

4. A CORRELATION COEFFICIENT AND COSINE MEASURE FOR ISVNSs

We can think that an ISVNS is a generalization of classic set, fuzzy set, intu-
itionistic set and single-valued set. In this section, first of all, as the extension of
the correlation of intuitionistic fuzzy sets (See Gerstenkorn and Mariko [20] and Ye
[22]) and single-valued neutrosophic sets (See Ye [33]), we introduce the concepts
of the informational energy of an ISVNS, the correlation of two ISVNSs and the
correlation coefficient of two ISVNSs which may be in real scientific and engineering
applications. Next, by modifying a cosine measure for IFSs proposed by Ye [29],
we define a cosine measure for ISVNSs. Finally, we propose a correlation coefficient
between ISVNSs by modifying a correlation coefficient for IFSs introduced by Thao

[27]-

Definition 4.1 (See [33]). Let X = {x1,22, -+ ,z,} be the universe set and let
A, Be€ SVNS(X). Then
(i) the informational energy of A, denoted by E, ,<(A), is defined as:

Egyns(A) = SP[(AT (20) + (A" (20)) + (A7 (2))7),

(ii) the correlation between A and B, denoted by C A, B), is defined as:

SVNS(

SVNS(

Covws (A B) = iy [AT () B (2:) + Al () BY () + AT (25) BT (x4)),

SVNS(

(iii) the correlation coefficient between A and B, denoted by pg, vs(A, B), i
defined as:

C A B
(4'1) Psvns (A’ B) = SVNS( ) :
VEsyns(A)Egyys(B)
Definition 4.2 (See [33]). Let X = {z1, 22, ,z,} be the universe set, let A, B €
SVNS(X)andlet w = (wq, ws, -+ ,w,) be the weighting vector z; (i =1, 2, ,---, n),

where w; > 0 and X7 ;w; = 1. Then

(i) the weighted informational energy of A, denoted by F (A), is defined as:

WSV NS

By oy s (A) = Sy wil (AT (20))? + (AT (20))? + (A7 (2:))?],

(ii) the weighted correlation between A and B, denoted by C
defined as:

A, B), is

WSVNS(

A, B) = 21 jwi[AT () B (2;) + A" (2:) B (w;) + A" () BY ()],
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(iil) the weighted correlation coefficient between A and B, denoted by p,, v v s (4, B),
is defined as:

C’WSVZVS (A’ B) .
\/EWSVNS (A)EWSVNS (B)
It is clear that if w = (1/n,1/n,--- ,1/n), then p,, ¢, ns(4, B) = pgyns (4, B).

(4.2) A, B) =

pWSVNS(

Now by combining Definitions 3.2 and 4.1, we can define the correlation coefficient
between two ISVNSs as follows.

Definition 4.3. Let X = {x1,22, -+ ,z,} be the universe set and let A, B €
ISVNS(X). Then

(i) the informational energy of A, denoted by E

E

Lsvns (A), is defined as:
A) = B, [(ATE(20)? + (AT (@))% + (A€ (@)
+H(ADE(2))? + (ATE(24))? + (AT (@))%,
(ii) the correlation between A and B, denoted by C, ., vs(A, B), is defined as:
c (A, B) = Sy [ATS (2y) BT E (27) + AT (2) BT # ()
+ADE () BE () + AT () BV # ()
+APE (@) BPE () + ATE (2) BR# (a,)],
(iii) the correlation coefficient between A and B, denoted by p,., s (A, B), is
defined as:

(4'3) Prsvns (AvB) =

ISVNS(

ISVNS

CISVNS (A7 B) .
\/EISVNS (A)EISVNS (B)

Proposition 4.4. Let X = {1,292, -+ ,x,} be the universe set and let A, B €
ISVNS(X). Then we have

(1) Pisvns (A7A) = EISVNS (A)7

(2) Prsvns (Av B) = Prsvns (Ba A)v

(3) pISVNS(A7B) =1,ifA=DB

(4) O S pISVNS(A7 B) S 1'

Proof. From Definition 4.3, the proofs of (1), (2) and (3) are obvious.

(4) Tt is clear that 0 < p, ., vs(4, B). We recall the Cauchy-Schwarz inequality:
for any (.’1/'17.'172, T 7xn)a (ylay27 e >yn) S Rn7

(44)  (myr+ 2oy + -+ aayn)’ < (2] + a3+ 22 Wiy 4+ YD)

Then by (4.4), we get easily the following inequality: for each z; € X,
AT’E(.’EZ‘)BT’E(.’EZ‘) + AT’Q(ZZZI)BT’Q(JZJ -+ Al’e(mi)Bl’e(l’i)
-+ AI’Q(xl)Blg(ﬂfl) + AF’G(xi)BF’E(ZL'i) + AF’€(1'2)BF’€(.’£1)
AT )24 (AT )24 (AL (00) 2o (AT () 24+ (A ()24 (AP ()2
BT )2 (BT (02) - (B (1) o (B )+ (BF (20) o (BF# (1)

Thus we have CISVNS (A’ B) S \/EISVNS (A)EISVNS (B)' SO pISVNS (A7 B) S 1' D

In a general way, if decision makers give different weight value to each element
in the given universe set, then the result of decision may be different. Thus in
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particular, it is very important to consider the weight of element in decision-making
problems. By modifying Definition 4.2, we have the following definition.

Definition 4.5. Let X = {21, 2, -+ ,z,} be the universe set, let A, B € ISVNS(X)
and let w = (wq,wa, -+ ,w,) be the weighting vector z; (i =1, 2, ,---, n), where
w; > 0 and X7 jw; = 1. Then

(i) the wezghted informational energy of A, denoted by E
as:

wisvns (A), is defined
Eywisvns (A) = E?:lwi[(AT&(‘ri))Q + (AT7€($i)) (AI E( ))2
+H(AD (2:))? + (AF’E(%')) + (AT (2))?],
(ii) the weighted correlation between A and B, denoted by C|,, ., ns(4,B), i
defined as:
C A, B) = X7 w;[AT€ (2;) BT € (1) + AT#(2;) BT-% ()
+ADE () B S () + AL (25) BD# ()
+APE () BEE (27) + AT (1) BR# (2,)],
(iil) the weighted correlation coefficient between A and B, denoted by p,,, ;51 ns (4, B),
is defined as:

WISVNS(

C(WISVNS (A’B) .
\/EWISVNS (A)EWISVNS (B)

(4'5) Pwrsvns (AvB) =

It is obvious that if w = (1/n,1/n,--- ,1/n), then p,, ;ovns (4, B) = prsvns (4, B).

From Definition 4.5, we have the similar properties of Proposition 4.4.

Proposition 4.6. Let X = {x1,za, -+ ,x,} be the universe set, let A, B € ISVNS(X)
and let w = (w1, ws, -+ ,wy) be the weighting vector of x; (i =1, 2, ,---, n), where
w; > 0 and X7 w; = 1. Then

) Pwisvns (AvA) = EWISVNS (A)v

) Pwrsvns (A7 B) = Pwrsvns (B7 A),

) pWISVNS(A7B) =1,ifA=B

) O S pWISVNS(A7 B) S 1'

Next, we define a cosine measure for ISVNSs.

Definition 4.7. Let X = {x1,22, -+ ,z,} be the universe set and let A, B €
ISV NS(X). Then the cosine measure between A and B, denoted by C'M, (A, B),
is defined by:

SV NS

(46)  OM,s,,s(A.B)
Lo AT BT (@) + 4@ B (@) + A (@)B" )
T AT @)+ AT(@)? + AT ()2 /BT (@)® + BT(w)? + BT (1)
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where
AT () BT () = AT (i) BT () + AT (1) BN (2)),
Al(aq) B (;) = AV (2:) B () + AT (23) BY# (),
AT () BY (1) = AT (2) B (w7) + AT (1) B (a7),
AT () = AT (2,)? + AT (2;)%, Al(2:)? = ADS(23)® + AV (23)?,

AP (2;)? = APS(2;)? + AP%(2,)?, BT (2:)? = B"(2:)” + B"% ()%,
B'(2;)* = B"S(2;)* + B"#(2,)*,  B"(2:)? = B"(2:)? + B"% ().
From Definitions 4.2 and 4.7, it is obvious that if n = 1 in (4.6), then we have

A,B)=CM,,,..(A,B).
CM, ., s (A, B) has similar properties to Proposition 4.4.

Ly

pWSVNS(

Proposition 4.8. Let X = {x1,x9, - ,x,} be the universe set and let A, B €
ISVNS(X). Then

(1) CMISVNS (Av B) = CISyNS (Bv A)v

(2) OM, 4y ys(A,B)=1,if A=DB

(3) 0 < CM, 5, ys(A,B) <1
Proof. The proof is similar to one of Proposition 4.4. O
Definition 4.9. Let X = {x1, x2, ---, z,} be the universe set and let A, B €
ISVNS(X). Let w = (wy, wa, -+, wy) be the weight vector of the element A(x;)
and B(z;) (i =1, 2, ---, n) with w; € I and ¥ ;w; = 1. Then the weighted cosine
measure between A and B, denoted by CM,, 4, vs (A4, B), is defined by:
(4'7) CMWISVNS (A7 B)

1, A7) 7o) + A1) B a) + A" () B )

Hizi® CVAT (202 + Al ()2 + AP (3)2\/BT (22)2 + B (202 + BF (2;)?

CM,,,svns(A, B) has similar properties of Proposition 4.8.
Proposition 4.10. Let X = {x1,x2, -+ ,x,} be the universe set and let A, B €
ISVNS(X). Let w= (w1, wa, -+, wy) be the weight vector of the element A(x;)
and B(x;) (i=1, 2, -+, n) withw; € I and X _jw; =1. Then

( ) CMy svns (A7 B) = CW_ISVNS (B7 A)?

(2) CMWISVNS(A’ B)=1,iff A=B

( ) O < CMWISVNS(A’ B) S 1
Proof. The proof is similar to one of Proposition 4.8. O

Finally, we define correlation coefficients between ISVNSs different from Defini-
tions 4.3 and 4.5 and study some of their properties.

Definition 4.11. Let X = {z1,z9, -+ ,x,} be a universe set and let A, B €
ISVNS(X).
(i) The average of A, denoted by E(A), is defined by:
E(A) = (AT, Al AF),
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where, AT = (AT:€, AT#) = (1xn AT (z;), 157 AT¢ (a;)),
AT = (AT AT%) = (11, AV (2), 121, AT (21))
AT = (AF€, ARF) = (G5, AP (@), 181, AT (1))

(ii) The variance of A, denoted by D(A), is defined by:

D(A) = 51, [(ATE (@) — AT€)? 4 (AT (2) — AT

#)?
H(ADE (2;) — ALE)? 4 (A1 (2;) — ATE)?
AF2

H(AFE(2;) — APE)2 4 (AFE (2) — ARE)? 4 d(A)],
where d;(A) = (AT€(2;) — AT-€) — (AT¥(z;) — AT-Z)
+(ALE () — ALE) — (ATE(z;) — ATE)

+(AFE(2;) — AFE) — (AFE(2;) — APE) fori =1, 2, -+, n.

(iii) The covariance of A and B, denoted by Cov(A, B), is defined by:

Cou(A, B) = 1551, [(AT € (2;) — AT€)(B"<(x;) — BT€)

( ) — AT#)(BT%(z;) — BT¥)

( ) — ALE)(BYE (ay) — BI€)

(AL (2;) — AT 9—‘)(3]’5(%) — B#)

( ) — ABE) (BT (x;) — B€)

( ) — APE) (BT (2;) — BRE) + di(A)d;(B)].

\
a~ D>

(iv) The correlation coefficient of A and B, denoted by p(A4, B), is defined by:

Cov(A, B
(45) p(4,B) = 2ot D)
D(A)D(B)
Proposition 4.12. Let A, B € ISVNS(X). Then we get
(1) Cov(A, B) = Cou(B, A),
(2) Cou(A. A) = D(A),
(3) | Cov(A, B) |< /DIAVD(E).
Proof. From Definition 4.11, the proofs of (1) and (2) are easy.
(3) From (4.4), we can easily see that the following inequality holds:

Cov(A, B)? < D(A)D(B).
Then we get | Cov(A, B) |< \/D(A)D(B). O

Example 4.13. Let X = {1, 22,23} and let A, B € ISVNS(X) given by:
A = ((0.6,0.3), (0.4,0.2), (0.1,0.8)) /a1 + ((0.7,0.2), (0.8,0.1), (0.3,0.6)) /s
1 ((0.8,0.1), (0.3,0.5), (0.2,0.7)) /3,
= ((0.3,0.6), (0.5,0.2), (0.6,0.3)) /21 + ((0.5,0.4), (0.7,0.2), (0.4,0.3)) /o
+((0.7,0.2), (0.4,0.2), (0.3,0.5)) /3.
Then we have

AT = (0.7,0.2), AT =(0.5,0.27), AF =(0.2,0.7),

BT =(0.5,0.4), B! =(0.4,0.53), BF = (0.43,0.37).
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Thus we get

E(A) = ((0.7,0.2), (0.5,0.27), (0.2,0.7)) ,

E(B) = ((0.5,0.4), (0.4,0.53), (0.43,0.37)) .
On the other hand, we obtain the followings:
di(A) = —0.43, dy(A) = 0.67, d3(A) = —0.23,

di(B) = —0.2, dy(B) = 0.2, d3(B) =0,
D(A) = 0.496666667, D(B) = 0.18.
So Cov(A, B) = 0.18. Hence p(A, B) = 0.602010056. Furthermore, we have

prsvs(A, B) = 0.872843844, CM;psy ns(A, B) = 0.998534048.

Proposition 4.14. Let A, B € ISVNS(X) and let us A = kB + b mean that
ATE = ;BT€ +b, AT? = kBT? 1,
A€ =kB'E +b, ALE = kBYE 41,
APE = kBFC 4 b, AT = kBFE b,
where k, b are any real numbers. Then we get
(1) p(A, B) = p(B, A),
(2) =1 <p(4,B) <1,
(3) p(A,B) =1 [resp. p(A,B) = —1], if k > 0 [resp. k < 0].
Proof. (1) The proof is straightforward.

(2) From Proposition 4.12 (3), the proof is clear.
(3) Suppose A = kB + b. Then by Definition 4.11 ((iii), we have

Cov(A, B) = Ly By [(ATE (27) — AT€)(BTS (a;) — BT<)

H(ATE(z;) — AT)(BT¥ (@) - BT)

(AT ;) — AT€)(BLE (@) — BL<)

+(AT#(z;) — ALF)(B"#(2;) — B19)

HAPE(a) — AP)(BRE (@) — BPe)

(AP (2) — APE)(BF(w) ~ BP%) + di(A)ds(B)
= L.y [(kBT€(x;) — kBT:€)(BT-€(x;) — BT€)

n—1

)~
+(kBT# (x;) — kBT-¢)(BT# (2;) — BT9)
+(kB!E (@;) — kBLE) (B (2;) — B€)
+ #) (B (2;) = BI)
+

D(4) = 7B [(AT€(@) = AT)? + (AT (@) — AT4)?
AT (@) = AT 1 (A1 (z) — A7)
AT () = AP 4 (AT () = ARE)P + ()
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= 2550 (kBT € (2;) — kBT€)? + (kBT (2;) — kBT:¢)?
(kBIE( ) — k‘BTe) (kBIQ( 2 — Lg)
+(kBPE () — kBFE)? + (kB (2;) — kBF€

= DI (BT () - BT€) 4 (BT (2,) - BT%)?
+(BLE(z;) — BT€)2 + (BL¥ () — ijz)Q
H(BPE (1) = BRE)? 4 (B (x;) — BR)? + d2(B)

)? + k*d (B))

= k*D(B).
Thus we get
(A - CouAB) kDB _ kD(B)
P VDADB) kDB)DB) |kDB)|

So the result holds. O
Definition 4.15. Let X = {x1,22, - ,2,} be a universe set and let A, B €
ISVNS(X). Let w = (wy, wa, -+, wy) be the weight vector of the element A(x;)
and B(x;) (i =1, 2, --+, n) with w; € I and X" jw; = 1.

(i) The weighted average of A, denoted by FE,,(A), is defined by:
E,(A) = (AT, AL, ALY,

where, A (AEG,A”) ( 2w AT (zy), 121 1Wi ATE (z ))7
Aty = (AL ATE) = (L0, ALE (2,), T8I i AT (1),
AE = <A5’€7A5’€) (3 Efwi AP (), 2w AP (2;)) .

(ii) The weighted variance of A, denoted by D,,(A), is defined by:

Du(A) = 150 [(wi AT (27) — AL + (i ATE () — ALF)?
(Wi ADE (25) — AGE)? + (i ADE () — ALF)?
Wi AP (1) — AW€)? + (wiAPE (2;) — AGF)? + d2, 4 (A),
where dy, ;(A) = (w; AT (2;) — ALE) — (0 AT#(2;) — ALF)
(Wi ADE (25) — AGE) — (i AV (2;) — ALF)
F(w AP () — ADS) — (w APE (2;) — ABF) fori=1, 2, -+, n.

(iii) The weighted covariance of A and B, denoted by Cov,, (A, B), is defined by:

Covy (A, B) = -5 [(w; AT (2;) — ALS) (w; BT (2;) — BLS)
+(w AT# () — AL?) (w; BT# () — BL'#)
+(w; ATE () — AG ) (w; BE (2;) — Bi©)
+(w; AV (2;) — Ay®) (w; BY# () — Bi®)
i AP () — AGE) (B (2) — BF<)
+(APE (2;) — APZ) (w; B (2;) = Biy®) + du i(A)du 4(B)]
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(iv) The weighted correlation coefficient of A and B, denoted by py (A4, B), is
defined by:

Covy (A, B)

(4.9) puw(A, B) = Du(A)D (B)

Covy, (A, B) has the similar properties of Proposition 4.12.

Proposition 4.16. Let A, B € ISVNS(X), let w = (w1, wa, -+, wy) be the
weight vector of the element A(xz;) and B(x;) (i =1, 2, -+, n) with w; € I and
3 jw; = 1. Then we have

(1) Covy (A, B) = Covy (B, A),

(2) Covy (A, A) = Dy (A),

(3) | Covu(A, B) |< /D {A)Du(B).

Also, py (A, B) has the similar properties of Proposition 4.14.

Proposition 4.17. Let A, B € ISVNS(X) and let A = kB + b for any real
numbers k, b.m. Then we get

(1) pw(A, B) = pu(B, A),

(2) =1 < pu(A,B) <1,

(3) pw(A,B) =1 [resp. pu(A,B) =—1], if k > 0 [resp. k < 0].

In the next two sections, we propose an MADM method by using the correlation
coefficient and cosine measur between ISVNSs respectively. Since an ISVNS is a
generalization of a classical set, an intuitionistic fuzzy set and single-valued neutro-
sophic set, it is moe general and can handle not only incomplete informations but also
the indeterminate informations and inconsistent informations which are commonly
in real world. Then we expect that the intuitionistic single-valued neutrosophic
decision-making is more suitable for real scientific and engineering applications.

5. MULTICRITERIA DECISION-MAKING METHOD VIA THE CORRELATION
COEFFICIENT AND COSINE MEASURE BETWEEN ISVNSs

In this section, we present a handling method for the multicriteria decision-making
problem based on intuitionistic single-valued neutrosophic environment by means of
the weighted correlation coefficient and the cosine measure between ISVNSs respec-
tively.

Let A ={A1, As, -+, Ay} be a set of alternatives, let C' = {C1,Cs, - ,Cn} be a

set of criteria and let the weight of the criterion C; (j =1, 2, ---, n), entered by the
decision-maker, is w;, where w; € I and X7_;w; = 1. In this case, the characteristic
of the alternative A; (i =1, 2, ---, m) is given by the following ISVNS:

(TS, AT9), (A]S, A, (A<, AT%))
(5.1) A =374 c; , Cjed,
where (flgfp’e,fllr’gz)7 (Af’e, A;-”g), (Af’e, Af’g) clol, i=1,2 ---, m and

j=1,2 -, n.
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Each member of (I @) x (I ® 1) x (I ®I) will be called an intuitionistic single-
valued neutrosophic number (briefly, ISVNN) and denoted by

a={(a"%,(a™%),(a"c, (a"%), (a"F, (a™F)).

Here, an ISVNS is usually derived from the evaluation of an alternative A; with
respect to a criterion C; by means of a score law and data processing in practice.
Thus we can elicit an intuitionistic single-valued neutrosophic decision matrix D =
(@ij)mxn, where a;; is an ISVNN.

In MADM problems, we can use the ideal alternative to select the best one in
all alternatives. Although the ideal alternative does not exist in real world, it does
provide a useful theoretical construct against which to evaluate alternatives (See
[22]). The best alternative is selected according to the degree of correlation between
known and ideal solution. The selection process is as follows.

MADM method by the correlation coefficient

Step 1. Construct the intuitionistic single-valued neutrosophic decision matrix
D = (aij)mxn based on decision information.

Step 2. Set up the ideal alternative A* = {A}, A5,---, A} with respect to a;;
(j=1, 2, -+, n) by the following cases: for each j,
A = <(max(aiTj’€), min(aiTj’g)), (min(afj’»e), max(afj’.g)), (min(af;’e), max(aﬂ’g))>

corresponding benefit type of an criterion,

A = <(min(az;’€), max(ag;’g)), (max(afje), min(afje)), (max(af;’e), min(af;’e))>

corresponding benefit type of an criterion.
Step 3. Calculate the weighted correlation coefficient between A; and A*,
pWISVNs(AivA*) and pw(AivA*) (Z =12 -, m)

by using the equations (4.5) and (4.9) respectively.
Step 4. Rank all of the weighted correlation coefficient between ISVNSs and
select the best one.
MADM method by the cosine measure

Step 1. Construct the intuitionistic single-valued neutrosophic decision matrix
D = (aij)mxn based on decision information.

99



Baek et al./Ann. Fuzzy Math. Inform. 23 (2022), No. 1, 81-105

Step 2. Set up the ideal alternative A* = {A}, A5,--- , A%} with respect to a;;
(j=1, 2, -+, n) by the following cases: for each j,
T, . T, C T, I, . ( F, F,
45 = ((max(a];<), min(a];#)), (min(af; ), max(al;#)), (min(af}<), max(af%)))
corresponding benefit type of an criterion,
. (T, T, I, T, F, . [ F,
A = <(m1n(aije),max(aij€)), (max(aije),mm(aijg)), (max(aije),mln(aijg)»

corresponding benefit type of an criterion.

Step 3. Calculate the weighted cosine measure between A; and A*,

CcM, (A A*) (i=1,2, -, m)

WISV NS

by using the equation (4.7).

Step 4. Rank all of the the weighted cosine measure between ISVNSs and select
the best one.

Now we give an example to demonstrate the application of the proposed MADM
methods with intuitionistic single-valued neutrosophic information.

Example 5.1. Let us consider the decision-making problem adapted from Lu and
Ye [30]. There is an investment company, which wants to invest a sum of money in
the best option.
There is a panel with four possible alternatives to invest the money:
(1) A is a textile company, (2) Ay is an automobile company,
(3) As is a computer company, (4) Ay is a software company.
The evaluation requirements of the four alternatives are on the basis of three
criteria:
(1) C; is the risk, (2) Cq is the growth, (3) Cj is the environmental impact,
where the criteria C7 and Cs are benefit types and the criterion C5 is a cost type.
Let the weight vector of three criteria is given by w = (0.32,0.38,0.30).
For the evaluation of an alternative A; with respect to a criterion C; (i =
1, 2, 3, 4; 5 =1, 2, 3), it is obtained from the questionnaire of a domain expert.
When the four possible alternatives with respect to the above three criteria are eval-
uated by the expert, suppose the characteristic of the alternative 4; (i = 1, 2, 3, 4)
is given by the following ISVNS:
(5.2)
A ={a11,a12,a13}, Az = {ag1,a22,a23}, A3 = {as1, a3z, a3z}, Ay = {a41, 42, a43},

where a;; = A;(C;) is an ISVNS and a;; is given:

a11 = ((0.5,0.4),(0.1,0.7), (0.2,0.6)), a1o = ((0.5,0.4), (0.1,0.7), (0.2,0.6)),
a13 = ((0.6,0.2),(0.2,0.7), (0.1,0.8)), az; = ((0.6,0.2), (0.1,0.8), (0.2,0.7)),
ass = {(0.6,0.3),(0.1,0.8), (0.2,0.7)), ass = ((0.6,0.3), (0.3,0.6), (0.1,0.8))
az = ((0.4,0.4),(0.2,0.7), (0.1,0.7)), ass = ((0.5,0.4), (0.2,0.7), (0.3,0.6))
ass = ((0.5,0.3),(0.2,0.7), (0.3,0.6)), ag = ((0.7,0.2),(0.1,0.8), (0.1,0.8)),
a2 = ((0.6,0.3),(0.1,0.8), (0.1,0.7)), as3 = ((0.6,0.3), (0.3,0.6), (0.2,0.7))

100



Baek et al./Ann. Fuzzy Math. Inform. 23 (2022), No. 1, 81-105

Step 1. According to the aforementioned four alternatives, i.e., (5.2), we obtain
the following intuitionistic single-valued neutrosophic decision matrix D:

Ci Cy Cs
Ar ann aie ais
(53) D = AQ asy a9 ags

As as1 asz  as3
Ay an as2  as3

Step 2. Set up the ideal alternative A* with respect to a;; (j =1, 2, 3):
(5.4) A* = {A], A5 A%

where A% = ((0.7,0.2), (0.1,0.8), (0.1,0.8)), A% = ((0.6,0.3), (0.1,0.8), (0.1,0.7)),,
Az = ((0.5,0.3), (0.3,0.6), (0.3,0.6)).

Step 3. Calculate weight correlation coefficient between A; and A*, p,, oy ns (A, A%),
CM,,, ovns(Aiy A%) and p, (A, A*) (i = 1, 2, 3, 4) by using the equations (4.5),

(4.7) and (4.9) respectively:
Purrovne (A1, A%) = 0.967934278,  pu,1ouns (A2, A¥) = 0.987226876,
Ay, A*) = 0.971215363, Ay, A*) = 0.997336497,

pWISVNS( pWISVNS(

CM,, o ne (A1, AY) = 0324899044, CM,,,., s (A, A*) = 0329670651,
CM,, o ne(As, A¥) = 0324899219, CM,,,cyns(As, A*) = 0.332461043,

puw(A1, A%) = 0.06266888, p, Az, A*) = 0.783755949,
pu(As, A¥) = 0.580284884, p,, (A4, A*) = 0.986574767.

Step 4. Rank all of the weighted correlation coefficient and the weighted cosine
measure between ISVNSs: From Step 3, we get the following rank.

Pwirsvns (A4’ A*) > Pwrsvns <A27 A*) > Pwrsvis (A37A*) > Pwrsvns (Ah A*)’
CMWISVNS (A4’ A*) > CMWISVNS (A27 A*) > CMWISVNS (A37 A*) > CMWISVNS(

Puw(Aa; A7) > pu(Az, A7) > pu(As; A7) > po (A1, A7)

Then in either case, Ay is selected as the best alternative.

AlaA*)a

6. PATTERN RECOGNITION BASED ON THE CORRELATION COEFFICIENT AND
COSINE MEASURE BETWEEN ISVNSSs

In this section, we propose a recognition method based on the correlation coeffi-
cient [resp. cosine measure] between ISVNSs. According to the maximum correla-
tion principle in mathematical statistics, we assume that if the correlation coefficient
[resp. cosine measure] of ideal pattern with sample pattern is greater than or equal
to 0.6, we consider that the sample model belongs to a group of ideal model. The
algorithm of pattern recognition with respect to the correlation coefficient [resp. co-
sine measure] is as follows.

Step 1. Construct the ideal ISVNS A* on a universe set X.
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Step 2. Construct ISVNSs A;, i =1, 2, ---, n as the sample pattern that is
recognized.

Step 3. Calculate the correlation coefficient [resp. the cosine measure] between
Al' and A*,

Prsvns (AiﬂA*> [resp. Crsvns (AHA*)] (Z =12, -, TL)

by using the equation (4.3) [resp. (4.6)].

Step 4. If p, s (Ai, A*) > 0.7 [resp. Cqyns(Aiy A¥) > 0.7], then A; belongs
to the ideal pattern A* and if p, o, vs(Aiy A*) < 0.7 [resp. C,qp v (4, A%) < 0.7],
then A; does not belong to the ideal pattern A*.

In the following, we give an examples to illustrate the utility of the correlation
coefficient [resp. the cosine measure] between ISVNSs in pattern recognition.

Example 6.1. Let X = {x1, 22,23} be a universe set, let A* € ISVNS(X) be an
ideal pattern and let A; € ISVNS(X), ¢ =1, 2, 3, be a sample pattern.
Step 1. Construct the ideal ISVNS A* on X as:
A* = ((0.2,0.6), (0.3,0.5), (0.3,0.5)) /a1 + ((0.5,0.3), (0.0,0.5), (0.2,0.7)) /a5
+((0.6,0.2), (0.0,0.1), (0.3,0.6)) /3.

Step 2. Construct ISVNSs A4;, i =1, 2, 3 on X for the sample patterns as:
A; ={(0.2,0.5),(0.4,0.5), (0.3,0.5)) /z1 + ((0.7,0.3), (0.1,0.7), (0.1,0.7)) /22
+((0.6,0.2),(0.5,0.4),(0.3,0.6)) /xs,

5),(0.3,0.1)) /z1 + ((0.6,0.3), (0.1,0.2), (0.2,0.7)) /a2
(0.3,0.6)) /x3,

1,0.8), (0.8,0.1)) /a1 + ((0.1,0.8), (0.8,0.1), (0.3,0.1)) /a2
1 (0.4,0.3)) /5.

Step 3. Calculate the correlation coefficient and the cosine measure between A;
and A* by using the equation (4.3) and (4.6) respectively:
Provns (A1, A%) = 0.940304326, p, oy ns (A2, A*) = 0.811214095,
Prsvns(As, A%) = 0.589901964, C, o\ v (A1, A*) = 0.940990597,
Cloyns (A, AY) = 0.843526611, C Az, A*) = 0.650069089.

ISVNS(

Step 4. From Step 3, we can see that A; and As belong to the ideal pattern A*
but A3 does not belong to A*.

7. CONCLUSIONS

We introduced the concept of intuitionistic neutrosophic sets and dealt with some
of its properties. We defined the correlation coefficient and cosine similarity measure
be between intuitionistic neutrosophic sets. Also, we proposed the algorithms for
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the correlation coefficient and cosine similarity measure in order to apply them to
decision-making problems and gave examples.

In the future, we expect that one can apply the notion of intuitionistic neutro-
sophic sets to group and ring theory, BC'K-algebra and category theory, decision-
making problems, etc. Moreover, we expect that one can define an octahedron
neutrosophic set as the generalization of an interval-valued neutrosophic set and an
intuitionistic neutrosophic set.
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