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1. INTRODUCTION

The theory of fuzzy sets was introduced by Zadeh [I] in 1965. Matloka [2]
introduced in 1986 the class of bounded and convergent sequences of fuzzy numbers
with respect to the Hausdorff metric. Recently, Zararsiz [3] introduced and studied
the sequence spaces of fuzzy numbers.

Katsaras [1] first introduced in 1984 the idea of fuzzy norm on a linear space.
After that, Felbin [5], Cheng and Moderson [6] introduced the definition of fuzzy
norm on a linear space in different approach. Following Cheng and Moderson [0],
Bag and Samanta [7] introduced the definition of fuzzy norm on a linear space. The
different types of convergent sequences are investigated by Cho and Lee [8, 9] and
some geometric properties are studied in fuzzy setting [10]. Fuzzy radius, fuzzy
normal structure and fuzzy uniform convexity were studied in [10]. Mukherjee and
Bag [11] introduced the idea of strictly convex and strong strictly convex fuzzy
normed linear spaces and studied some properties of such spaces.

In this paper, we introduce the notion of uniform nonsquareness, property (By)
and B-convexity in fuzzy normed linear spaces and their implications.

This paper is organized, as follows. Section 2 provides some preliminary results.
In Section 3, we introduce the definition of uniform nonsquareness in fuzzy setting.
We also show that fuzzy uniform convexity implies fuzzy uniform nonsquareness
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and the converse does not hold, in general. In Section 4, we give the definitions of
property (By) and B-convexity in fuzzy setting and study their implications.

2. PRELIMINARIES

Let us recall [12] that a continuous ¢-norms is a binary operation * : [0, 1] x [0, 1] —
[0, 1] such that ([0,1], <,x) is an ordered Abelian topological monoid with unit 1.
The continuous t-norms frequently used are the minimum, a * b = min {a, b}, the
usual product, a * b = ab and the bounded difference, a * b = max {0,a + b — 1}.

Various definitions of fuzzy normed spaces have been investigated by several au-
thors. In this paper, we take the definition of fuzzy normed spaces introduced by
Bag and Samanta [7].

Definition 2.1. Let X be a linear space over a field F (F =R or C). Let N be a
fuzzy subset of X x R and * be a continuous ¢t-norm. Then N is called a fuzzy norm
on X, if forall z,y € X and c € F,

(N1) for all t <0, N(z,t) =0,

(N2) for all ¢ > 0, N(z,t) =1 if and only if x = 0,

(N3) for all t >0 and ¢ # 0, N(cx,t) = N (x, ﬁ),

(N4) for all s,t € R, N(zx+y,s+t) > N(z,s)*N(y,t),

(N5) N(z,-) is a non-decreasing function of R such that tli}m N(z,t) =1.

The pair (X, N, ) will be referred to as a fuzzy normed linear space.

In Definition 2.1, it is stated that N(z,-) is a non-decreasing function of R. But
the following inequality from (IN4) shows that N(x,-) is non-decreasing: For ¢t > s,

N(x,t) > N(z,s) * N(0,t —s) = N(z,s) x1 = N(x,s).

In this paper, R, C and N denote the set of real numbers, complex numbers and
positive integers, respectively.

3. FUuzzy UNIFORM NONSQUARENESS

Let (X,| - ||) be a real Banach space and X* the dual space of X. By Bx and
Sx, we denote the closed unit ball and the unit sphere of X, respectively. (X, | -|)
is said to be uniformly convex (UC) if for all € > 0, there exists a § > 0 such
that for x, y € Bx with ||z — y|| > ¢, %(J;—!—y)H <1-46. (X,] -] is said to be
uniformly nonsquare (UNS) if there exists a § > 0 such that for z, y € Bx with
|3(x—y)| >1-46, ||3(z+y)|| <1—0 An uniformly convex Banach space is
uniformly nonsquare and the converse does not hold, in general [13, 14, 15]. The
modulus of convexity a normed space X is defined by

. z+y
o0 =int {1 - M ol <1, gyl <1, o= 2

The coefficient of convexity of a Banach space X is the number
eo(X) =sup{e>0:0(e) =0}.

It is well known fact that a Banach space X is uniformly nonsquare if and only if
e0(X) < 2. The following example is found in [15].
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Example 3.1. Let Q;, i = 1,2,3,4, denote the ith quadrant in R?, and for z =
(71,22) € R?, set

|z = {(:z:%—kz%)é ifxe @ UQs
lz1| + |z2|  ifz€QaUQs

|zl ifxy-22>0
HJEHl lf A R ) S O

Let (R2, || - ||) be denoted by X¢. Then eo(X¢g) < 22 [15]. This implies that X
is uniformly nonsquare. For x = e; = (1,0) and y = —ex = (0, —1) in Xg,

e —yll = 2% and |z +y| = 2.
This means that X is not uniformly convex.
The definition of uniform convexity in fuzzy setting is found in [10].

Definition 3.2 ([10]). A fuzzy normed space (X, N, %) is said to be uniformly con-
vex, if for 0 < e < 2, there exists 0 < & < 1 such that for z,y € X,

sup inf{t>0:N(z,t) >a} <1, sup inf{t >0: N(y,t) >a} <1
a€e(0,1) ae(0,1)

and

sup inf{t>0:N(z—y,t) >a}>e¢
a€e(0,1)

imply that

sup inf{t>O:N<I+y,t> za} <1-6.
@e(0,1) 2

We now define uniform nonsquareness in fuzzy normed spaces.

Definition 3.3. A fuzzy normed space (X, N, *) is said to be uniformly nonsquare
if there exists 0 < § < 1 such that for z,y € X,

sup inf{t>0:N(z,t) >a} <1, sup inf{t >0:N(y,t)>a} <1

a€e(0,1) ae(0,1)
and
sup inf{t>O:N<H,t> Za} >1-4§
a€(0,1) 2
imply that
sup inf{t>O:N<m+y,t>2a}§1—6.
ae(0,1) 2

We need the following lemmas which will be used in this paper.

Lemma 3.4. Let (X, N,*) be a fuzzy normed space. Then for A € R and z,y € X,
SUPqe(0,1) Inf {t > 0: N(Az,t) > a} = [A[sup,e(o,1) inf {t > 0: N(z,t) > o}
327
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Proof. If A =0, then
sup inf{t >0: N(A\z,t) >a}=0=|A| sup inf{t>0:N(z,t)>a}.

ae(0,1) ae(0,1)
For A # 0,
[A| sup inf{t>0:N(z,t)>a} = sup inf{|]A|t>0:N(z,t)>a}
ae(0,1) ae(0,1)
= sup inf{s>0:N(m,s)2a}
a€(0,1) Al
= sup inf{s>0:N (A\z,s) > a}.
a€(0,1)

O

Lemma 3.5. Let (X, N, %) be a fuzzy normed space and o x « = « for all a € R.
Then — supaeqyinf {t >0: N(z+y,t) > a}
< SUPye(o,1) inf {t>0:N(z,t) > a}+ SUP e (0,1 inf {t>0:N(y,t) > a}.

Proof. Since N(z+y,s+1t) > N(x,t) * N(y,s) > axa = q,
sup inf {t>0:N(z,t)>a}l+ sup inf{s>0:N(y,s)>a}

ae(0,1) ag(0,1)

>  sup (inf{t>0:N(x,t)>a}l+inf{s>0:N(y,s) > a})
ac(0,1)

>  sup inf{s+¢>0:N(z,t)>a, N(y,s) >a}
a€e(0,1)

>  sup inf{s+¢t>0:N(zx+y,s+t)>a}
a€e(0,1)

= sup inf{t>0:N(z+uy,t)>a}.
a€e(0,1)

O

We now investigate the relationship between uniform convexity and unform non-
squareness in fuzzy normed spaces.

Theorem 3.6. Uniform convexity implies unform monsquareness in fuzzy normed
spaces.

Proof. Suppose that a fuzzy normed space (X, N, *) is uniformly convex. Then for
€p = 1, there exists 0 < Jp < 1 such that for z,y € X,

sup inf{t>0:N(z,t) >a} <1, sup inf{t >0: N(y,t)>a} <1

a€e(0,1) a€e(0,1)
and
sup inf{t >0:N(z—y,t)>a} > ¢
a€(0,1)
imply that
sup inf{t>0:N<x+y,t) >a} <1-—4p.
ae(0,1) 2
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Let 5:inf{%,60}. If for z,y € X,

sup inf{t>0:N(z,t) >a} <1, sup inf{t >0:N(y,t) >a} <1
«€(0,1) ae(0,1)

sup inf{t>0:N<x_y,t> Za}>15,
ac(0,1) 2

and

then

sup inf{t>0:N(z—y,t) > a} >2(1—-0) > e,
ae(0,1)

by Lemma 3.4. This implies that

sup inf{t>O:N<m+y,t> 2a}§1—50§1—6.
ae(0,1) 2

This completes the proof. O
The converse of Theorem 3.6 does not hold, in general.

Example 3.7. Let Xs be the uniformly nonsquare normed space which is not
uniformly convex (Example 3.1). Define a function N : X¢ x R — [0, 1] by

it t > |||
if0<t< |z
if ¢t <0.

N(z,t) =

Onl=

Then (X¢, N, min) is a fuzzy normed space. We note that
sup inf{t > 0: N(z,t) > a} = ||z|.
a€e(0,1)
Since X is the uniformly nonsquare normed space which is not uniformly con-

vex, the fuzzy normed space (X¢, N,min) is not uniformly convex but uniformly
nonsquare.

By Theorem 3.6 and Example 3.7, we can get that Uniform convexity implies
unform nonsquareness in fuzzy normed spaces and the converse does not hold, in
general.

4. THE PROPERTY (Bjy)

For k > 2 and 6 > 0, a normed space X is said to be (k,d)-convex if for all
Z1,%9, - , Tk in By, there exist ¢; € {1,—1},4=1,2,--- , k such that ||e;z1 +---+
exrr| < k(1 —J). X is B-convex if there exists k¥ > 2 and 6 > 0 for which X is
(k,d)-convex. We now define the following.

Definition 4.1. A Banach space X has the property (By) for k > 2, if there exists
d > 0 such that for x1,z9, -,z € Bx, there exist ¢; € { 1, -1}, i =1,--- , k with

llerzr + -« + exx|| < k(1 —9).

We note that X is B-convex if it has property (By) for some k and uniformly
nonsquare if it has property (Bs).

We now define the property (By) in fuzzy normed spaces.
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Definition 4.2. A fuzzy normed space (X, N,x*) has the property (By), k > 2, if

there exists § > 0 such that for x1,x2, -,z € X,
sup inf{t>0:N(z;t)>a} <1, fori=1,2,--- k
a€(0,1)

there exist ¢; € { 1,—1}, i =1,--- ,k with
1k
sup inf<t>0:N qu:ri,t >ap<1-0.
ae(0,1) k i—

A fuzzy normed space (X, N, x*) is said to be B-convex if it has property (By) for
some k. We note that A fuzzy normed space (X, N, ) is uniformly nonsquare if it
has property (Bs).

Theorem 4.3. Let (X, N, *) be a fuzzy normed space and o x o = « for all a € R.
Then the property (By) in fuzzy normed spaces implies (Bi41) for k > 2.

Proof. The proof is by contradiction. Assume the assertion were false, i.e., suppose
(X, N, %) has no the property (Bg41). Then for alln € N, there exist x&"), xén), S x}!j_)l €

X with sup,¢ (g, Inf {t >0: N(xgn),t) > a} <1lfori=1,2,---,k+ 1 such that
|k 1
azl(lol,)l)inf {t >0: N (M;tht) > a} >1- -
foralle; € {1,—-1}, i=1,--- ;k+ 1. By Lemma 3.4 and Lemma 3.5,

k
sup inf {t >0:N (Z eixgn),t> > a}

a€(0,1) i1

k+1
> sup inf {t >0:N (Z eixgn),t> > a} — sup {t >0:N (ek+1x,g?1,t) > oz}
)

ae(0,1) i—1 ae(0,1

> (k+1)(1i)12k(12).

This implies that (X, N, *) has no the property (By). We get the contradiction. 0O
Corollary 4.4. The property (By) in normed spaces implies (Byy1) for k > 2.

Proof. Let X be a normed space. Suppose that X has the property (By). Define a
function N : X x R — [0, 1] by

1 ift > |z
N(z,t)=4¢ & if0<t< ||z
0 ift<0.
Then (X, N, min) is a fuzzy normed space. We note that
(4.1) sup inf{t > 0: N(z,t) > a} = ||z|.
a€e(0,1)

Thus (X, N,min) has the property (Bj). By Theorem 4.3, it has the property
(Bg+1)- Therefore a normed space X has the property (Bj11) by (4.1). O
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We now consider the converse of Corollary 4.4.

Example 4.5. Consider If = (R¥, | -[|1). Then If does not have the property (By),
since

llerer + - +exerllr =1

for all ¢, = £1, where e; is usual unit vector of l’f.
We show that I} has the property (Bji1). Let @y, ,Tpi1 € By We may

assume z; # 0 fori = 1,--- |k + 1. Since dim I¥ = k, there exist not all zero scalars

a1, ,a,+1 such that Zfill a;z; = 0. Without loss of generality, we may assume

k1
maxi<i<k+1 |ai| = ags+1. Let b, = \a:+1| then |b;| <1 and >, 7 bjz; = 0.

Let ¢; = sgn(b;), where sgn(-) is the sign function defined by

= ifa#0
Sgn(“):{ " it

Then we have

k+1 k+1 k+1
Z €T; < Z bix; + Z(ez —bi)z;
i—1 1 i=1 i=1 1
k+1
i=1 1
k
= Z(Ez —bi)z|| <k,
i=1 1
since €x+1 = br41 and 0 < ¢; —b; < 1. Thus we get
k+1
1 1
— il <1———.
E+1 ;61%1— E+1

This implies that I} has the property (Byy1).
The converse of Theorem 4.3 does not hold.

Example 4.6. We note that If = (R, || - ||1) has the property (Bj1) but not (By),
for k > 2. Define a function N : I¥ x R — [0, 1] by

it t > |||
it0<t< |z
if ¢t <0.

N(z,t) =

O

Then (1§, N, min) is a fuzzy normed space. We note that

sup inf{t>0:N(z,t) > a}=|z|.
ae(0,1)
Since If = (R¥,|| - ||l1) has the property (Bj41) but not (By) for k > 2, the fuzzy

normed space (I¥, N, min) has the property (Bj1) but not (By,) for k > 2.
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By Theorem 4.3 and Example 4.6, if (X, N,*) be a fuzzy normed space and
a*a = q, for all @ € R, then the property (Bj) implies the property (Bgy1) and
the converse does not hold, in general.

Acknowledgment. The author is grateful to the referee for very valuable comments
and suggestions.

(1]
2]
(3]
(4]
(5]
(6]
(7]
(8]
(9]
[10]
(11]

[12]
(13]

(14]

(15]

REFERENCES

L. A. Zadeh, Fuzzy sets, Information and Control 8 (1965) 338-353.

M. Matloka, Sequences of fuzzy numbers, BUSEFAL 28 (2011) 28-37.

7. Zararsiz, A contribution to the algebraic structure of fuzzy numbers, Ann. Fuzzy Math.
Inform. 12 (2) (2016) 205-219.

A. K. Katsaras, Fuzzy topological vector spaces II, Fuzzy Sets Syst. 12 (1984) 143-154.

C. Felbin, Finite dimensional fuzzy normed linear spaces, Fuzzy Sets Syst. 48 (1992) 239-248.
S. C. Cheng and J. N. Mordeson, Fuzzy linear operator and fuzzy normed linear spaces, Bull.
Cal. Math. Soc. 86 (1994) 429-436.

T. Bag and S. K. Samanta, Finite dimensional fuzzy normed linear spaces, J. Fuzzy Math. 11
(3) (2003) 687-705.

K. Cho and C. Lee, On convergences in fuzzy normed spaces, Far East J. Math. Soc. 109 (1)
(2018) 129-141.

K. Cho and C. Lee, Some results on convergences in fuzzy metric spaces and fuzzy normed
spaces, Commun. Korean Math. Soc. 35 (2020) 185-199.

T. Bag and S. K. Samanta, Fixed point theorems on fuzzy normed linear spaces, Inf. Sci. 176
(2006) 2910-2931.

S. Mukherjee and T. Bag, Strictly convex fuzzy normed linear spaces, J. Fuzzy Math. 19 (2)
(2011) 483-492.

G. J. Klir and B. Yuan, Fuzzy Sets and Fuzzy Logic: Prentice Hall 1995.

D. P. Giesy, A study of convexity in normed linear spaces, (dissertation), University of Wis-
consin 1964.

D. P. Giesy, On a convex condition in normed linear spaces, Trans. Amer. Math. Soc. 125 (1)
(1966) 114-146.

K. Goebel and W. A. Kirk, Topics in metric fixed point theory, Cambridge University Press
1990.

KYUGEUN CHO (kgjo@mju.ac.kr)
Bangmok College of General Education, Myong Ji University postal code 17058,
Yong-In, Korea

332



	On a convexity in fuzzy normed linear spaces. By 
	On a convexity in fuzzy normed linear spaces. By 

