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1. INTRODUCTION

Semiring is the best algebraic structure which is a common generalization of rings
and distributive lattices, was first introduced by Vandiver [1] in 1934 but non-trivial
examples of semirings had appeared in the studies on the theory of commutative
ideals of rings by Dedekind in 19th century. Semiring is an universal algebra with
two binary operations called addition and multiplication, where one of them dis-
tributive over the other. A natural example of semiring is the set of all natural
numbers under usual addition and multiplication of numbers. In particular, if I is
the unit interval on the real line, then (7, max, min) is a semiring in which 0 is the
additive identity and 1 is the mutiplicative identity. The theory of rings and the
theory of semigroups have considerable impact on the development of the theory of
semirings. In structure, semirings lie between semigroups and rings. Additive and
multiplicative structures of a semiring play an important role in determining the
structure of a semiring. Semiring as the basic algebraic structure was used in the
areas of theoretical computer science as well as in the solutions of graph theory, op-
timization theory and in particular for studying automata, coding theory and formal
languages. Semiring theory has many applications in other branches. In 1995, Mu-
rali Krishna Rao [2, 3, 4] introduced the notion of a I'-semiring as a generalization
of a I'-ring, ring, ternary semiring and semiring. In structure, semirings lie between
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semigroups and rings. Historically semirings first appear implicitly in Dedekind and
later in Macaulay, Neither and Lorenzen in connection with the study of a ring.
However semirings first appear explicitly in Vandiver, also in connection with the
axiomatization of Arithmetic of natural numbers. Semirings have been studied by
various researchers in an attempt to broaden techniques coming from semigroup the-
ory, ring theory or in connection with applications. The developments of the theory
in semirings have been taking place since 1950. The results which hold in rings but
not in semigroups hold in semirings, since semiring is a generalization of a ring. The
study of rings shows that multiplicative structure of a ring is independent of additive
structure whereas in a semiring multiplicative structure depends on additive struc-
ture. The theory of rings and the theory of semigroups have considerable impact
on the development of the theory of semirings. Semirings play an important role in
studying matrices and determinants. Semirings are useful in the areas of theoretical
computer science as well as in the solution of graph theory, optimization theory, in
particular for studying automata, coding theory and formal languages. Semiring
theory has many applications in other branches of mathematics.

We know that the notion of a one sided ideal of any algebraic structure is a
generalization of the notion of an ideal. The quasi ideals are generalization of left
ideals and right ideals whereas the bi-ideals are generalization of quasi ideals. In
1952, the concept of bi-ideals was introduced by Good and Hughes [5] for semigroups.
The notion of bi-ideals in rings and semirings were introduced by Lajos and Szasz
[6, 7]. In 1956, Steinfeld [3] first introduced the notion of quasi ideals for semigroups

and then for rings. Iseki [9, 10, 11] introduced the concept of quasi ideal for a
semiring. Henriksen [12] studied ideals in semirings. Quasi ideals in I'-semirings
studied by Jagtap and Pawar [13]. Rao [I14, 15, 16, 17, 18, 19, 20] introduced

and studied bi-quasi-ideals in semirings, bi-quasi-ideals and fuzzy bi-quasi ideals
in I'-semigroups. In this paper, as a further generalization of ideals, the notion of
quasi-interior ideal of I'-semiring, as a generalization of ideal, left ideal, right ideal,
bi-ideal, quasi ideal and interior ideal of I'-semiring. Further the notion of fuzzy
quasi-interior ideal of I'-semiring and we characterize the regular I'-semiring in terms
of fuzzy quasi-interior ideal of I'-semiring and studied some of their properties.

The fuzzy set theory was developed by Zadeh [21] in 1965. Many papers on fuzzy
sets appeared showing the importance of the concept and its applications to logic, set
theory, group theory, ring theory, real analysis, topology, measure theory etc. The
fuzzification of algebraic structure was introduced by Rosenfeld and he introduced
the notion of fuzzy subgroups in 1971. Swamy and Swamy [22]studied fuzzy prime
ideals in rings in 1988. In 1982, Liu [23] defined and studied fuzzy subrings as well
as fuzzy ideals in rings. Mandal [24] studied fuzzy ideals and fuzzy interior ideals in
an ordered semiring. Rao [25] studied fuzzy soft I'-semiring and fuzzy soft k-ideal
over I'-semiring. Jun et al. [26] and Muhiudin et al. [27, 28, 29] studied soft sets
and ideals overs soft serts in ordered semigroups. Kuroki [30] studied fuzzy interior
ideals in semigroups. Rao [17] studied T-fuzzy ideals of ordered I'-semirings.

In this paper, we introduce the notion of quasi-interior ideal and fuzzy soft quasi-
interior ideal of I'-semiring and we characterize the regular I'—semiring in terms of
fuzzy soft quasi-interior ideal of I'-semiring.
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2. PRELIMINARIES

In this section, we recall some of the fundamental concepts and definitions which
are necessary for this paper.

Definition 2.1 ([14]). A set S together with two associative binary operations
called addition and multiplication (denoted by + and - respectively) will be called
semiring, provided that
(i) addition is a commutative operation,
(ii) multiplication distributes over addition both from the left and from the right,
(iii) there exists 0 € S such that t+ 0=z and z-0=0-z =0 for all z € S.

Definition 2.2 ([14]). Let M and I' be two non-empty sets. Then M is called a
I'-semigroup, if it satisfies the following:

(i) zay € M,

(il) za(yBz) = (xay)Bz for all x,y,z € M, a,B €T.

Definition 2.3 ([14]). Let (M,+) and (T',+) be commutative semigroups. A T-
semigroup M is said to be I'-semiring, if it satisfies the following axioms: for all
z,y,z € M and o, B €T,
(i) za(y + 2z) = zay + zaz,
(i) (z+y)az = zaz + yaz,
(iii) z(a+ B)y = xzay + zBy.

Every semiring M is a I'-semiring with I' = M and ternary operation as the usual
semiring multiplication

Definition 2.4 ([14]). A I'-semiring M is said to have zero element, if there exists
an element 0 € M such that 0 +2 =2 = 2 + 0 and Oax = za0 = 0, for all x € M.

Example 2.5. Let M be the additive semi group of all m X n matrices over the
set of non negative rational numbers and I" be the additive semigroup of all n x m
matrices over the set of non negative integers, then with respect to usual matrix
multiplication M is a I'-semiring.

Definition 2.6 ([15]). Let M be a I'-semiring and A be a non-empty subset of M.
A is called a I'-subsemiring of M, if A is a sub-semigroup of (M, +) and AT'A C A.

Definition 2.7 ([15]). Let M be a I'-semiring. A subset A of M is called a left
(right) ideal of M, if A is closed under addition and MT'A C A (ATM C A). Ais
called an ideal of M, if it is both a left ideal and a right ideal of M .

Definition 2.8 ([14]). Let M be a I'-semiring. An element a € M is said to be a
reqular element of M, if there exist x € M, a, 8 € I" such that a = aazSa.

Definition 2.9 ([14]). Let M be a I'-semiring. If every element of M is a regular,
then M is said to be a regular T'-semiring.

Definition 2.10 ([14]). An element a € M is said to be idempotent of M if a = aca
foralla € T.

Definition 2.11 ([15]). Every element of M is an idempotent of M then M is said
to be an idempotent I'-semiring M.
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Definition 2.12 ([19]). A non-empty subset A of I'-semiring M is called:

(i) a I'-subsemiring of M, if (A, +) is a subsemigroup of (M, +) and ATA C A,
(ii) a quasi ideal of M, if A is a T-subsemiring of M and ATM N MT A C A,
(iii) a bi-ideal of M, if A is a I-subsemiring of M and ATMTA C A,

(iv) an interior ideal of M, if A is a I'-subsemiring of M and MTAT'M C A,

(v) a left (right) ideal of M, if A is a T'-subsemiring of M and MTA C

A(ATM C A),
(vi) an ideal, if A is a I-subsemiring of M, ATM C A and MTA C A,

(vil) a k-ideal, if A is a I'-subsemiring of M, ATM C A, MTA C A and =z €
M, x+yeAjye Aimply x € A,

(viil) a left(right) bi-quasi ideal of M, if A is a I'-subsemiring of M and AT M N
MTMTA(ATM N MTATM) C A,

(ix) a bi- quasi ideal of M, if A is a left bi- quasi ideal and a right bi- quasi ideal
of M.

Definition 2.13 ([19]). Let M be a non-empty set. A mapping f : M — [0,1] is
called a fuzzy subset of I'-semiring M. If f is not a constant function then f is called
a non-empty fuzzy subset.

Definition 2.14 ([19]). Let f be a fuzzy subset of a non-empty set M. Then for
t €[0,1], the set f; = {x € M | f(x) >t} is called a level subset of M with respect

to f.

Definition 2.15 ([19]). Let M be a I'-semiring. A fuzzy subset p of M is called a
fuzzy T-subsemiring of M, if it satisfies the following conditions:

(i) p(z +y) = min {u(2), p(y)},
(ii) p(zay) > min {u(z), p(y)} for all x,y € M, €T

Definition 2.16 ([19]). A fuzzy subset p of I'-semiring M is called a fuzzy left
(right) ideal of M, if it satisfies the following conditions: for all z,y € M,« € T,
(1) plz +y) = min{pu(z), p(y)},
(i) p(zay) > p(y) (@)
Definition 2.17 ([19]). A fuzzy subset p of I'-semiring M is called a fuzzy ideal of
M, if it satisfies the following conditions: for all x,y € M,«a € T,
(1) p(z +y) = min{u(@), u(y)},
(i) p(ray) = maz {u(z), u(y)}-

Definition 2.18. For any two fuzzy subsets A and p of M, A C pmeans \(z) < p(z)
for all z € M.

Definition 2.19 ([19]). Let f and g be fuzzy subsets of I'-semiring M. Then f o
g, f+9g,fUg, fNg, are defined by: for all z € M,
sup {min{f(z),g(y)}}, sup {min{f(x),9(y)}},
foglz) =9 zmvav frg(z)=q zmery
0, otherwise. 0, otherwise
fUg(z) =maz{f(2),9(z)} ; fNg(z)=min{f(z),9(z)},
where z,y € M,a €T.
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Definition 2.20 ([19]). A function f: R — M, where R and M are I'-semirings.
Then f is called a I'-semiring homomorphism, if f(a+b) = f(a)+ f(b) and f(aad) =
f(a)af(b) for all a,b € R,a €T.

Definition 2.21 ([19]). Let A be a non-empty subset of M. The characteristic
function of A is a fuzzy subset of M, defined by

() = 1, ifze A,
X = 0, ifxd A
3. QUASI-INTERIOR IDEALS OF I'-SEMIRINGS

In this section, we introduce the notion of quasi-interior ideal as a generalization
of quasi-ideal and interior ideal of I'-semiring and study the properties of quasi-
interior ideal of I'-semiring. Throughout this paper, M is a I'-semiring with unity
element.

Definition 3.1. A non-empty subset B of M is called a left quasi-interior ideal of
M, if B is a I'-subsemiring of M and MI'BI'MT'B C B.

Definition 3.2. A non-empty subset B of M is called a right quasi-interior ideal
of M, if B is a I'-subsemiring of M and BTMTBI'M C B.

Definition 3.3. A non-empty subset B of M is called a quasi-interior ideal of M,
if B is a I'-subsemiring of M and Bis left and right quasi-interior ideal of M.

Remark 3.4. A quasi-interior ideal of a I'-semiring M need not be quasi-ideal,
interior ideal, bi-interior ideal. and bi-quasi ideal of I'-semiring M.

Example 3.5. Let @ be the set of all rational numbers and let

M:{(g i)a,b,cEQ}.

Then M is a I'-semiring with respect to usual addition of matrices and ternary opera-

tion is defined as the usual matrix multiplication. If A = { < 8 2 ) |a,0#£b¢€ Q} ,

then A is a right quasi-interior ideal but not a bi-ideal of M.

In the following theorem, we mention some important properties and we omit the
proofs since they are straight forward.

Theorem 3.6. Let M be a I'-semring. Then the following are hold.
(1) Every left ideal is a left quasi-interior ideal of M.
(2) Every right ideal is a right quasi-interior ideal of M.
(3) Every quasi ideal is a quasi-interior ideal of M.
(4) Ewery ideal is a quasi-interior ideal of M.
(5) Intersection of a right ideal and a left ideal of M is a quasi-interior ideal of
M.
(6) If L is a left ideal and R is a right ideal of M then B = RU'L is a quasi-
interior ideal of M.
(7) If B is a quasi-interior ideal and T is a T'-subsemiring of M, then BNT is
a quasi-interior ideal of ring M.
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(8) Let B be a I'-subsemiring of M. If MUMTMTB C B, then B is a left
quasi-interior ideal of M.
(9) Let B be a I'-subsemiring of M. If MTMTMTB C B and BTMTMT'M C
B, then B is a quasi-interior ideal of M.
(10) Intersection of a right quasi-interior ideal and a left quasi-interior ideal of
M is a quasi-interior ideal of M.
(11) If L is a left ideal and R is a right ideal of M, then B = RN L is a quasi-
interior ideal of M.

Theorem 3.7. If B be a left quasi-interior ideal of a I'-semiring M, then B is a
left bi-quasi ideal of M.

Proof. Suppose B is a left quasi-interior ideal of M. Then MTBI'MT'B C B.Thus
we have BITMT'B C MT'BI'MT'B. So we get

MT'BNBI'MT'B C BTMI'B C MI'BTMTB C B.
Hence B is a left bi-quasi ideal of M. O

Corollary 3.8. If B be a right quasi-interior ideal of a I'-semiring M, then B is a
right bi-quasi ideal of M.

Corollary 3.9. If B be a quasi-interior ideal of a I'-semiring M, then B is a bi-quasi
ideal of M.

Theorem 3.10. If B be a left quasi-interior ideal T'-semiring of M, then B is a
bi-interior ideal of M.

Proof. Suppose B is a left quasi-interior ideal of M. Then we have
MTBTMTB C B.
Thus we get
MTBTM NBTMT'B C BTMT'B C MI'BTMTB C B.
So B is a bi-interior ideal of M. O

Corollary 3.11. If B be a right quasi-interior ideal of a I'-semiring M, then B is
a bi-interior ideal of M.

Corollary 3.12. If B be a quasi-interior ideal of a I'-semiring M, then B is a
bi-interior ideal of M.

Theorem 3.13. FEvery left quasi-interior ideal of a I'-semiring M is a bi-ideal of
M.

Proof. Let B be a left quasi-interior ideal of M. Then we have
BTMTB C MI'BTMTB C B.
Thus BITMT'B C B. So B is a bi-ideal of M. O

Corollary 3.14. Every right quasi-interior ideal of a I'-semiring M is a bi-ideal of
M.

Corollary 3.15. Fvery quasi-interior ideal of a I'-semiring M is a bi-ideal of M.
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4. Fuzzy SOFT QUASI INTERIOR IDEALS OF I'-SEMIRING M

In this section, we introduce the notion of fuzzy soft right(left) quasi-interior ideals
and fuzzy soft interior ideal and study the properties of fuzzy soft quasi ideals.

Definition 4.1. Let U be an initial Universe set and E be the set of parameters.
Let P(U) denotes the power set of U. A pair (f, E) is called a soft set over U, where
f is a mapping given by f: E — P(U).

Definition 4.2. For a soft set (f, A), the set {x € A | f(x) # @} is called the
support of (f, A) denoted by Supp(f, A). If Supp(f, A) # &, then (f, A) is called a
non null soft set.

Definition 4.3. Let U be an initial Universe set and F be the set of parameters.
Let A C E. A pair (f, A) is called a fuzzy soft set over U, where f : A — IV and
IY denotes the collection of all fuzzy subsets of U.

Definition 4.4. Let (f, A), (g, B) be fuzzy soft sets over U. Then (f, A) is said to
be a fuzzy soft subset of (g, B), denoted by (f, A) C (g, B), if A C B and f(a) C g(a)
for all a € A.

Definition 4.5. Let (f, A), (g, B) be fuzzy soft sets. The intersection of (f, A)
and (g, B), denoted by (f, A) N (g, B) = (h,C), where C = AU B, is defined as:

Jes if ce A\ B;
he =< 9e, if ce B\ 4;
feNge, ifce ANB.

Definition 4.6. Let (f, A), (g, B) be fuzzy soft sets over U. “(f, A) and (g, B)”,
denoted by “(f, A)A (g, B)” is defined by (f, A)A (g, B) = (h,C), where C = A x B.
he(z) = min {fo(z), gp(x)} for all ¢ = (a,b) € A x B and z € U.

Definition 4.7. Let S be a I'-semiring and E be a parameter set and A C F. Let
f: A— [0,1)° be a mapping, where [0, 1]° denotes the collection of all fuzzy subsets
of S. Then (f, A) is called a fuzzy soft left (right) ideal over S, if for each a € A, the
corresponding fuzzy subset f, : S — [0,1] is a fuzzy left(right) ideal of S, i.e., for
all z,y € S,a,p €T,

(i) fa(z +y) = min {fo(2), fa(y)},

(i) fa(zay) = fa(y)(fa(®)).

Definition 4.8. Let S be a I'-semiring, let E' be a parameter set, let A C E and
let f: A — [0,1]° be a mapping. Then (f, A) is called a fuzzy soft ideal over S, if
for each a € A, the corresponding fuzzy subset f, : S — [0,1] is a fuzzy ideal of S,
ie, forall z,y € S,a,8 €T,

(i) fa(z +y) = min {fa(z), fa(y)},

(i) fa(zay) = max {fa(2), fa(y)}-

Definition 4.9. Let S be a I'-semiring, let E be a parameter set, A C F and let
f:A— [0,1]° be a mapping. Then (f, A) is called a fuzzy soft interor ideal over S,
if for each a € A, the corresponding fuzzy subset f, : S — [0, 1] is a fuzzy interior
ideal of S, i.e., for all z,y € S,, 8 €T,

() fa(z +y) = min {fa(2), fa(y)},

(i) fa(zayBz) > max {fa(y)}-
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Definition 4.10. Let S be a I'-semiring, E' be a parameter set, let A C E and let
f:A— [0,1]° be a mapping. Then (f, A) is called a fuzzy soft quasi ideal over S,
if for each a € A, the corresponding fuzzy subset f, : S — [0,1] is a fuzzy quasi
ideal of S, i.e. for all z,y € S,

(i) fulw+ 1) = min(fa(@), faly)),

(i) faoxs Axso fa C fa-

Definition 4.11. Let (f, A), (g, B) be fuzzy soft ideals over a I'-semiring S. The
product of (f, A) and (g, B), denoted by ((f o g),C), where C = AU B, is defined
as: forallce AUB and x € S,a €T,

fe(z), if ce A\ B;
0g)e(z) = ¢ 9e(@), if c€ B\ 4;
(fog)e(x) iupb{mm{fc(@, ge()}}, ifce ANB.

Definition 4.12. Let M be I'-semiring, E be a parameter set, A C E and let
p:A— [0,1]° be a mapping. Then (u, A) is called a fuzzy soft left (right) quasi-
interior ideal over M, if for each a € A, and for all z,y € M,

(i) pa(z +y) = min{pa(z), ta(y)},

(il) X2z © fta © X01 © fta S fa(pa © X1 © pa © X1 C fa)-

A fuzzy soft set (u, A) of I-semiring M is called a fuzzy soft quasi-interior ideal,
if it is both fuzzy soft left and right quasi-interior ideal of M.

Example 4.13. Let @ be the set of all rational numbers and let

M:{<8 i)a,b,cEQ}.

Then M is a I'-semiring with respect to usual addition of matrices and ternary opera-

tion is defined as the usual matrix multiplication. If A = 8 2 |a,0#£b¢€ Q} ,

then A is a right quasi-interior ideal but not a bi-ideal of I'-semiring M. Define
1 ifzeA,

0, otherwise.
Then p is a fuzzy right quasi-interior ideal of M.

@ M — [0,1] such that pu(z) ==

Theorem 4.14. Let M be a I'-semiring, let E be a parameter set and let A C E. If
(1, A) is a fuzzy soft right ideal over M, then (u, A) is a fuzzy soft right quasi-interior
ideal over M.

Proof. Let (u, A) be a fuzzy soft right ideal over M. Then for each a € A, p, is a
fuzzy soft right ideal of the I'-semiring. Let x € M. Then we have
to © Xm(z) = sup min{u,(b), xam(c)}b,c € M,a €T

|
w
=i
e}
=
S
=

< sup g (bac)

Thus pg o xa(x) < pe(x). Now we get
Ha © XM © Ha o Xm(2) = sup  min{pu, o xar(uaw), pa © xar(s)}

r=uavfs
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< sup  min{pu(uav), u(s)}

rz=uavfBs
= fta ().
So (i, A) is a fuzzy soft right quasi-interior ideal of M. O

Corollary 4.15. Every fuzzy soft left ideal of a I'-semiring M is a fuzzy soft left
quasi-interior ideal of M.

Corollary 4.16. FEvery fuzzy soft ideal of a I'-semiring M is a fuzzy soft quasi-
interior ideal of M.

Theorem 4.17. Let M be a I'-semiring and let p be a non-empty fuzzy subset of
M. Then u is a fuzzy left quasi-interior ideal of M if and only if the level subset
of 1 is a left quasi-interior ideal of M for every t € [0,1], where py # .

Proof. Let M be a I'-semiring and p be a non-empty fuzzy subset of M. Suppose p
is a fuzzy left quasi-interior ideal of a I'—semiring M, p; # ¢,t € [0,1] and a,b € .
Then p(a) > t, u(b) > ¢. Thus p(a + b) > min{u(a), u(b)} >t. Soa+b € .

Now let x € MT ;' MT s. Then z = baaSdyc, where b,d € M, a,c € ug, o, Bandy €
I. Thus xar o o xar o u(x) >t So p(x) > xar 0o xa ou(x) > t. Hence x € py.
Therefore p; is a left quasi-interior ideal of M.

Conversely, suppose that i, is a left quasi-interior ideal of the I'— semiring M for
allt € Im(u). Let z,y € M, € T, p(x) = t1, u(y) = t2 and t1 > to and let z,y € puy,.
Then x4y € py, and zay € py,. Thus p(z+y) > to = min{ty, to} = min{p(x), u(y)}.
So p(z +y) > to = min{u(x), u(y)}. Moreover, We have MT 1y I'MTu; C py for all
I € Im(p). Let t = min{Im(u)}. Then MTpu; MT ;I C py. Thus xaropoxpopn C p.
So p is a fuzzy left quasi-interior ideal of M. O

Corollary 4.18. Let M be a I'-semiring and let p be a non-empty fuzzy subset of
M. Then p is a fuzzy right quasi-interior ideal of a I'-semiring if and only if the level
subset py of p is a right quasi-interior ideal of M for every t € [0, 1], where ps # .

Theorem 4.19. Let M be a I'-semiring, let E be a parameter set and let A C E.
Then (I, A) is a soft right quasi-interior ideal of M if and only if (x1,A) is a fuzzy
soft right quasi-interior ideal of M.

Proof. Suppose (I, A) is a soft right quasi-interior ideal of M. Then for each a € A,
1, is a right quasi-interior ideal of M.
Obviously, x7 is a fuzzy I'-subsemiring of M. We have I, I’'MT1,I'M C I,. Then
XIOXMOXIOXM = XI,TMTI,TM
= XI,TMI'I,I'M
C xI-
Thus x; is a fuzzy right quasi-interior ideal of M. So (x1, A) is a fuzzy soft quasi-
interior ideal of M.
Conversely, suppose that (xr, A) is a fuzzy soft quasi-interior ideal of M. Then
X7 is a fuzzy right quasi-interior ideal of M. Since [ is a I'—subsemiring of M,

XIOXMOXIoxXMm < Xi-

Thus xr,rmrr,rm C {Xxr}ta- So I,TMTI,I'M C I,. Hence I, is a right quasi-interior
ideal of M. Therefore (I, A) is a fuzzy soft right quasi-interior ideal of M. O
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Theorem 4.20. If p and A are fuzzy left quasi-interior ideals of M, then p N\ is
a fuzzy left quasi-interior ideal of M.

Proof. Let p and A be fuzzy left quasi-interior ideals of M, let z,y € M and let
o, €T'. Then
pN Az +y) = min{u(z +y), Nz +y)}
> min{min{u(z), x(y)}, min{\(z), A(y)}}
= min{min{p(x), \(z)}, min{pu(y), A(y)}}
=min{g N A(z), uNA(y)}
a0 pNA(z) = s:upbmin{xM(a% [OYA(D)}
= zszligb min{x s (a), min{u(b), A(b)} }
b)}, min{xar(a), A(b)}}
)

sup min{min{xs(a), u(
= min{ sup min{xar(a), u(b)}, sup min{xar(a), A(b)}}

r=aab
r=aab r=aab
— min{xar o (). xar 0 A(2)}
= XM ° LN Xnm o A(T).
Thus we have
XM O N Xm oA
=XMOpuNXMOA
=xmopNAoxnopNA(z)
= sup min{xn o xNxam oA (@), xar o N A(bBe)}

- i_sgézzmin{w o 1N (@), xar © 110 xar 0 A(bBE)}

- xzsrill))ﬁcmm{XM o pu(a), xar o Ma)}}, min{xar o u(bBe), xar o A(bBe)}}

B x:si%bcmin{min{XM o pu(a) xar © p(bBe) }, min{xar o A(a), xar © A(bBe)}}
=min{ sup min{xarou(a), xapropu(bfc)}, sup min{xaror(a), xaroA(bBc)}}

rz=aabBc rz=aabBc
— min{xar © 410 xar © (), Xa1 0 Ao xar 0 A(w)}
= XM O @O XM O N XM OAO XM 0 A(T).
SoxmopNAoxpouNA=xpopmoxmopuNxa odoxy oA Hence

XM OpNAoXMopuNA=xXpmopoxmopuNXmoAoxyoAS A
Therefore uN A is a left fuzzy quasi-interior ideal of M. This completes the proof. [

Theorem 4.21. Let M be a I'—semiring, let E be a parameter set and let A C
E, BCE. If(f,A) and (g, B) are fuzzy soft left quasi-interior ideals of M, then
(f,A)N (g, B) is a fuzzy soft left quasi-interior ideal of M.

Proof. Let (f,A) and (g, B) are fuzzy soft left quasi-interior ideals of M. By Defini-
tion 4.9, we have that (f, A) N (g, B) = (h,C), where C = AU B.
Case (i): If ¢ € A\ B, then h. = f.. Thus h. is a left quasi-interior ideal of S,
since (f, A) is a fuzzy soft left quasi-interior ideal over M.
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Case (ii): If c € B\ A, then h. = g.. Thus h, is a fuzzy left quasi-interior ideal of
M, since (g, B)is a fuzzy soft left quasi-interior ideal over M.

Case (iii): If c€e ANB and z,y € M, €T, then h. = f.Ng.. Thus by Theorem
4.20, h, is a fuzzy left quasi-interior ideal of M. So (f, A)N (g, B) is a fuzzy soft left
quasi-interior ideal over M. O

Corollary 4.22. If (f, A) and (g, B) are fuzzy soft right quasi-interior ideals of M,
then (f, A) N (g, B) is a fuzzy soft right quasi-interior ideal of M.

Corollary 4.23. Let (f, A) and (g, B) be fuzzy soft right ideal and fuzzy soft left
ideal of M respectively. Then (f, A) N (g, B) is a fuzzy soft quasi-interior ideal of
M.

Corollary 4.24. Let (f, A) and (g, B) be fuzzy right ideal and fuzzy left ideal of M
respectively. Then (f, A) N (g, B) is a right fuzzy quasi-interior ideal of M.

Proof of the following theorems are similar to theorems in [27]. Then we omit the
proofs.

Theorem 4.25. If (f, A) is a fuzzy soft quasi-ideal of regular T-semiring M, then
(f,A) is a fuzzy soft ideal of M.

Theorem 4.26. A I'-semiring M is a regular if and only if foog, = (f, A)N (g, B)
for any fuzzy soft right ideal (f, A) and fuzzy soft left ideal (g, B) of M.

Theorem 4.27. Let M be a regular T-semiring. Then (u, A) is a fuzzy soft left
quasi-interior ideal of M if and only if p is a fuzzy soft quasi ideal of M.

Proof. Let (u, A) be a fuzzy soft left quasi-interior ideal of M and let € M. Then
for each a € A, xpr 0 g © X1 © fia C flg.
Suppose X © pa () > pa(x) and pg 0 xar(z) > pa(z). Since M is a regular, there
exist y € M, a, 8 € T such that © = zayfz, we have
ta o xym(x) = sup min{ua(z), xp(yBz)}

r=zxayfx

= sup min{p.(x),1}
r=zayfc

= sup fiq(7)
r=zayfc

> pig ().

On the other hand, we get
Ha © XM © po 0o Xm(z) = sup  min{uq o X (@), pa © XM (yB2)})

r=zayBx

> sup  min{ue(2), pa(yBr)}

r=zayfzr
= pta(),
which is a contradiction. Then u, is a fuzzy quasi ideal of M. Thus (u, A) is a fuzzy
soft. quasi-interior ideal of M. O

Corollary 4.28. Let M be a reqular T'-semiring. Then (u, A) is a fuzzy soft right
quasi-interior ideal of M if and only if (1, A) is a fuzzy soft quasi-interior ideal of
M.

Theorem 4.29. Let M be a I'-semiring. Then M is regular if and only if ATB =
AN B for any right ideal A and left ideal B of M.
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Theorem 4.30. Let M be a I'-semiring. Then M is regular if and only if
MTBTMTB = B(BTMTBT'M = B) is a left(right) quasi-interior ideal of M.

Proof. Let M be a regular I'-semiring. Suppose B is a left quasi-interior ideal of M
and let z € B. Then MT'BI'MT B C B and there exist y € M, «, 8 € such that

x = zayPrayfr € MBI MT'B.

Thus x € MT'BI'MT'B. So MI'BTMT'B = B.
Similarly for right quasi interior ideal of M, we can prove BTMTBI'M = B.
Conversely, suppose that MT'BTMT'B = B for all left quasi-interior ideals B of
M. Let B=RNL and C' = RI'L, where R is a right ideal and L is a left ideal of M.
Then B and C are quasi-interior ideals of M. Thus (RNL)ITMT(RNL)YI'M = RN L.
On the other hand, we get
RNL=(RNL)TMI(RNL)YIT'M
C RTMTLTM
C RTLTM
RNL=(RNLITMT(RNL)ITM
C RTLTMTRULTM
C RT'L
C RN L [Since RT'L C L and RT'L C R).

So RN L = RIT'L. Hence M is a regular I'-semiring. O

Theorem 4.31. Let M be a I'—semiring. Then M is a reqular if and only if
La = XM © [a © XM © la for any fuzzy soft left quasi-interior ideal (1, A) of M.

Proof. Suppose M is regular. Let (u, A) be a fuzzy soft left quasi-interior ideal of
M and let x,y € M,a, 3 € I'. Then xps 0 ptg © X © pha € ptq. Thus we get
XM © Ha © XM © Ma(x) = sup {min{XM © Na(m)’ XM © Ma(yﬂx)}}

r=zayfz

> sup {min{ﬂa(x)vﬂa(x)}}

r=zayfx
= fta ().
SO pta € X © fta © Xar- Hence Xz © fia © X0 © fa = fa-
Conversely, suppose fi, = X © fhq © XM © ig Tor any fuzzy soft quasi-interior ideal
(1, A) of the I'-semiring M. Let B be a quasi-interior ideal of the I'-semiring M.
Then by Theorem 4.19, xp is a fuzzy quasi-interior ideal of M. Thus

Therefore xp = xar © XB © XA © XB
= XMTBTMTB,
B = MI'BT'MTB.

So by Theorem 4.30, M is a regular I'— semiring . O

Theorem 4.32. Let M be a I'-semiring. Then M is a reqular if and only if paNyp C
La © Vb O fha © Vo, for all a € A;b € B, fuzzy soft left quasi-interior ideal (u, A) and
every fuzzy soft ideal (v, B) of M.
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Proof. Suppose M be regular and let © € M. Then there exist y € M, «, f € T such

that = = xayBz. Thus we have
[a © Vb © Ha © Yb(2) = Sup {min{sa o y(zay), pa © () }}
r=zayfx
= min{ sup {min{pa(2), v (yBzay)},
ray=zrayfray
sup {min{pa(x), w(yBzay)}}}
ray=rayfray
> min{min{pa(2), ()}, min{pa(x), v (x)}}
= min{ya (), %(2)} = pra N ().
So (pa) N (Y8) € Ha © Vb © fa © V-
Conversely, suppose that the necessary condition holds. Let (u, A) be a fuzzy soft
left quasi-interior ideal of M. Then we get

ta NV XM € XM O Ha © XM © fay ba © XM © fha © XM O Hq-
Thus by Theorem 4.31, M is regular. d

Corollary 4.33. Let M be aT'-semiring . Then M is reqular if and only if paN7yp C
Lha © Vb O g © Y for all a € A,b € B, fuzzy soft right quasi-interior ideal (u, A) and
every fuzzy soft ideal (v, B) of M.

5. CONCLUSION

In this paper, we introduced the notion of fuzzy soft right (left) quasi-interior
ideal, fuzzy soft quasi-interior ideals and studied the properties of fuzzy soft quasi-
interior ideals ideals of I'-semiring . Further we discussed relation between these
ideals. Characterized the regular I'-semiring in terms of fuzzy soft right(left)quasi-
interior ideals of a I'-semiring and studied some of their algebraical properties.

REFERENCES

[1] H. S. Vandiver, Note on a simple type of algebra in which cancellation law of addition does
not hold, Bull. Amer. Math. Soc.(N.S., 40 (1934) 914-920.
[2] M. Murali Krishna Rao, I'-semirings-I, Southeast Asian Bull. Math. 19 (1) (1995) 49-54.
[3] M. Murali Krishna Rao, I'-semirings-II, Southeast Asian Bulletin of Mathematics 21 (3) (1997)
281-287.
[4] M. Murali Krishna Rao, The Jacobson radical of I'-semiring, South east Asian Bulletin of
Mathematics 23 (1999) 127-134.
[5] R. A. Good and D. R. Hughes, Associated groups for a semigroup, Bull. Amer. Math. Soc. 58
(1952) 624-625.
[6] S. Lajos, On the bi-ideals in semigroups, Proc. Japan Acad. 45 (1969) 710-712.
[7] S. Lajos and F. A. Szasz, On the bi-ideals in associative ring, Proc. Japan Acad. 46 (1970)
505-507.
[8] O. Steinfeld, Uher die quasi ideals, Von halbgruppend Publ. Math. Debrecen 4 (1956) 262-275.
[9] K. Iseki, Quasi-ideals in semirings without zero, Proc. Japan Acad. 34 (1958) 79-84.
[10] K. Iseki, Ideal theory of semiring, Proc. Japan Acad. 32 (1956) 554-559.
[11] K. Iseki, Ideal in semirings Proc. Japan Acad. 34 (1958) 29-31.
[12] M. Henriksen, Ideals in semirings with commutative addition, Amer. Math. Soc. Notices 5
(1958) 321.
[13] R. D. Jagatap and Y. S. Pawar, Quasi-ideals and minimal quasi-ideals in I'-semirings, Novi
Sad J. Math. 39 (2) (2009) 79-87.
[14] M. Murali Krishna Rao, I'-semiring with identity, Discussiones Mathematicae General Algebra
and Applications 37 (2017) 189-2071.

323



M. M. K. Rao /Ann. Fuzzy Math. Inform. 22 (2021), No. 3, 311-324

(15]
(16]
(17)
(18]
(19]
[20]

(21]
(22]

23]
24]
[25]
[26]
27]
(28]
29]

(30]

M.

M. Murali Krishna Rao, Ideals in ordered I'-semirings, Discussiones Mathematicae General
Algebra and Applications 38 (2018) 47-68.

M. Murali Krishna Rao, bi-interior Ideals in semigroups, Discussiones Mathematicae General
Algebra and Applications 38 (2018) 69-78.

M. Murali Krishna Rao, T-fuzzy ideals in ordered I'-semirings, Ann. Fuzzy Math.Inform. 13
(2) (2017) 253-276.

M. Murali Krishna Rao, Left bi-quasi ideals of semirings, Bull. Int. Math. Virtual Inst. 8
(2018) 45-53.

M. Murali Krishna Rao. Bi-quasi-ideals and fuzzy bi-quasi ideals of I'-semigroups, Bull. Int.
Math. Virtual Inst. 7 (2) (2017) 231-242.

M. Murali Krishna Rao, B. Venkateswarlu and N. Rafi, Left bi-quasi-ideals of I'-semirings,
Asia Pacific Journal of Mathematics 4 (2) (2017) 144-153.

L. A. Zadeh, Fuzzy sets, Information and control 8 (1965) 338-353.

U. M. Swamy and K. L. N. Swamy, Fuzzy prime ideals of rings, Jour. Math. Anal. Appl. 134
(1988) 94-103.

W. J. Liu, Fuzzy invariant subgroups and fuzzy ideals, Fuzzy sets and Systems 8 (1982) 133—
139.

D. Mandal, Fuzzy ideals and fuzzy interior ideals in ordered semirings, Fuzzy info. and Engg.
6 (2014) 101-114.

M. Murali Krishna Rao, Fuzzy soft I'-semiring and fuzzy soft k ideal over I'-semiring, Ann.
Fuzzy Math. Inform. 9 (2) (2015) 12-25.

Y. B. Jun, S. Z. Song and G. Muhiuddin, Concave soft sets, Critical Soft Points and union-soft
ideals of ordered semigroups, The Sci. World J. 2014 (2014) Article ID 467968 11 pages.

G. Muhiuddin, Intersectional soft sets theory applied to generalized hypervector spaces, Ana.
Stii. ale Univ. Ovid. Cons.-Seria Math. 28 (3) (2020) 171-191.

G. Muhiuddin and A. Mahboob, Int-soft ideals over the soft sets in ordered semigroups, AIMS
Mathematics 5 (3) (2020) 2412-2423.

G. Muhiuddin, F. Feng and Y. B. Jun, Subalgebras of BCK/BCI-algebras based on cubic
soft sets, The Sci. World J. 2014 (2014) Article ID 458638 9 pages.

N. Kuroki, On fuzzy semigroups, Inform Sci. 53 (3) (1991) 203-236.

MuURALI KRISHNA RAO (mmarapureddy@gmail.com )

Department of Mathematics, GIS, GITAM University, Visakhapatnam- 530 045,
A.P., India

324



	Fuzzy soft quasi-interior ideals of -semirings . By 
	Fuzzy soft quasi-interior ideals of -semirings . By 

