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ABSTRACT. This paper concerns the study of the numerical approxima-
tion for the following initial-boundary value problem .

U = (|uz|p72u$)z +(1- u)fh, O<z<l1,t>0,

ue(0,t) =0, wuz(l,t) =—u"91,t), t>0,

u(z,0) =uo(z) >0, 0<z<1,
where p > 2, h > 0, ¢ > 0. uo : [0,1] — (0,1) and satisfies compatiblity
conditions. We find some conditions under which the solution of a discrete
form of above problem quenches in a finite time and estimate its discrete
quenching time. We also establish the convergence of the discrete quench-
ing time to the theoretical one when the mesh size tends to zero. Finally,
we give some numerical experiments for a best illustration of our analysis.
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ing time, Convergence.
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1. INTRODUCTION

In this paper, we consider the following boundary value problem

(1.1) wy = (Jug P 2ug)e + (1—u)™", 0<z<1,t>0,
(1.2) uy(0,8) =0, wu,(1,t)=—u"91,t), t>0,

(1.3) u(z,0) =up(x) >0, 0<x <1,
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where, p > 2, h > 0, ¢ > 0. wug : [0,1] = (0,1) and satisfies some compatibility
conditions such that ug(0) = 0, ug(1) = —ug %(1), ug(z) <0

and (|ug(z)|P2ug(z)) + (1 — uo(x))™™ >0, 0 < # < 1. The quenching behavior
describes the phenomenon that there exists a finite time T}, such that the solution
of the problem (1.1)—(1.3) satisfied the following definition

Definition 1.1. We say that the classical solution u of the problem (1.1)—(1.3)
quenches in a finite time if there exists a finite time 7}, such that ||u(.,t)||e < 1 for
t €[0,7,) but

lim [ju(.,t)]|e =1,

=T,
where ||u(.,t)|lcc = Jmax |u(z,t)|. The time T is called the quenching time of the
solution wu.
The problem (1.1)—(1.3) may be rewritten in the following form
(1.4) up = (p— V|ugP 2upe + (1 —u)™", 0<z<1,t>0,

(1.5) up(0,8) =0, ug(l,t) = —u~U(1,t), t>0,

(1.6) u(z,0) = ug(x) >

() >0, 0O

where, p > 2, h > 0, ¢ > 0. wup : [0,1] = (0,1) and satisfies some compatibility
conditions such that ug(0) = 0, ug(1) = —ugy %(1), ug(z) <0

and (p — 1)]ug(x)[P~2ug (z) + (1 — up(x))™" > 0, 0 < 2 < 1. Equation (1.4) is
known as the classical non-Newtonian filtration equation that incorporates the ef-
fects of nonlinear reaction source and nonlinear boundary outflux. The variable u
representes the speed of the fluid flow. Kawarada first studied the quenching phe-
nomenon for semilinear heart equation us = 1, + (1 —u)~!. He obtained the results
that, when the solution reaches level u = 1, the reaction term and the time derivative
blow up. Since then, the theoretical study of quenching phenomena for semilinear
parabolic equations have been the subject of investigations of many researchers(See
for examples [1, 2, 3, 4, 5, 6, 7, 8,9, 10] and the references therein).

In the problem (1.4)—(1.6), the authors prove under certain conditions that quench-
ing occurs in finite time and they show that the only quenching point is z = 0. They
have also established the bounds for quenching rate and the lower bound for the
quenching time (See [7, 8]).

In this paper, we are interesting in the numerical study of the phenomenon of
quenching using a discrete form of the problem (1.4)—(1.6). This method of study
has been used by many researchers (See [11, 12, 13, 14, 15, 16, 17, 18]). We give some
conditions under which the solution of the discrete form of the problem (1.4)—(1.6)
quenches in finite time and estimate its discrete quinching time. We also prove that
the discrete quenching time converges to the real one when the mesh size goes to
Zero.

This paper is organised as follows. In the next section, we give some properties
concerning our discrete sheme. In section 3, under some conditions, we prove that
the solution of a discrete form of the problem (1.4)-(1.6) quenches in a finite time
and estimate its discrete quenching time. In section 4, we show that the quenching
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time converges to the theoretical one when the mesh size goes to zero. Finally, in
the last section, we give some numerical results to illustrate our analysis.
2. PROPERTIES OF THE DISCRETE SCHEME

In this section, we give some lemmas which will be used later. We start by the
construction of the semidiscrete scheme. Let I > 3 be a positive integer and let
s =1/I. Define the grid z; = is, 0 < i < I. Approximate the solution u of problem

(1.4)~(1.6) by the solution Ul = (Uén)7 Ul(n), ce UI(n))T and the initial condition
up by the initial condition ¢ = (@0, ¢1, .. ., goI)T the following discrete equations

2.1) §U™ = (p— 1)U 252U + (1 - UMY 0<i<I -1,
(2.2) sUM = (p— VU220 + (1 - i)
(2.3) U =p; >0, 0<i<I,

where n >0,p>2,q>0, h >0,
U'(nJrl) . U(n)

s,u™ AL , 0<i<I,
U = ek 2?;”) PUS G cieron
PO 2U1(n)s_22U(§n)7 U _ gyt %(U‘q)g’”, . 2U}">1s_2 2™
UM =0, U™ = U(E%Uﬁ 1<i<I-—1,

0<ps <1, @iy1 <, 0<:<I-—1.
In order to permit the discrete solution to reproduce the properties of the con-
tinuous one when the time t approaches the quenching time 7, , we need to adapt
the size of the time step. We choose

2
At,, = min ( 5

(1 — (n) h+1
2(p—1)max{a(j—1,1)}’ (1 HUs Hoo) >7

[PRE 2RI
with 0 <7< 1 and a(j —1,1) = <ﬁ123‘1> for2<j<I.
S

Let us notice that the restriction on the time step ensures the nonnegativity of
the discrete solution when this one is decreasing.

Lemma 2.1. Let aﬁ”), ai”),yﬁ,") and let Vs(n) be the three sequences with n > 0;
o™ > 0:al" < 0,48 <0 such that

(2.4) sV — oMy oMy >0 0<i<T

(2.5) vi9 >0, o0<i<I
241
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Then we have

82

26) V™ >0,0<i<I,n>0 whenAt, < —>"— 1<i<]I.
' lod™ |
2048"oo

Proof. A straightforward computation shows that for 1 <i <1 —1,

V(”+1)

K3

20t [0 Aty o™ o
s - 28080 g, S0 ) st

)

porD) 5 (1 - IIfz I >V0< ) ||02< oo ) _ Ag gy
S S

V'I(”+1)

> (1= 2Atales”] )v} ) 28008 e oy 2670 0y

S

If VS(") > 0, then using an argument of recursion, we easily see that Vs("+1) >0,

QAthO‘Sn) [l
2

because 1 — > 0, aﬁ") < 0, 75,”) < 0, asn) > (. This ends the
s

proof. O

A direct consequence of the above result is the following comparison Lemma.

Lemma 2.2. Let aﬁ”), ozgn), VS(") and WS(”) be four sequences, with n > 0,
a\™ < 0,0 >0, such that

(27) 5t‘/i(n) _ aE”)éQ‘/’L(”) + a§7l)‘/i(7z) <
sw™ — oMW 4 w0 <<,

(2.8) v <w® o<i<I

Then we have

§2

viM<«w™ 0<i<I n>o0, whenAtnSW, 1<i<I.
2/les™ || o

Proof. Define the sequence Zs(n) = WS(") — Vs(n). A straightforward calculation gives

sw — 5 v — a2 Wi — vy w oMW — vy >0, 0<i <1
which is equivalent to

5,2 —a™Ms2z" 4 a™MzM™M >0, 0<i< 1.

Knowing that VASIBS 0, from Lemma (2.1), we have zM > 0, which implies that
Vi(") < Wi("), 0 <i < I, and the proof is complete. O
Lemma 2.3. Let aﬁ”), agn), Vs(n) and VVs(n) be four sequences, with n > 0,
aﬁ”) <0, aﬁ”) > 0, such that

(2.9) 6tVi(n) _ agn)(SZVZ_(n) + agn)v;(n) <
242
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s —aMs2w™ 4 oMWl 0 <i <1,

(2.10) vi9<w® o<i<I

Then we have
2
v <w™ 0<i<I, n>0, whenAtng%, 1<i<I.
2|es™ oo

The lemma below reveals the positivity of the discrete solution.

Lemma 2.4. Let US("),n > 0, be the solution of the discrete problem (2.1)—(2.3).

Then we have

52

(2.11) U™ >0, 0<i<I, when At, = —
2[|as™ oo

Proof. A routine calculation reveals that for 1 <¢ < T —1,

Ui(”‘f‘l)

20t |0l oo \ o), Atallad oo () L o) (n) 77(n)
2(1—82 U, +T(Ui+1+Ui,1)—Atnai U,

K2

n 248t " w286 0d | n)p 7
Ug+1>z<1— "”802‘ ””)U(SUr "'!:2‘ oo gy _ A, alus™,

U(”H‘l)
I
Z<1 ”§ I ) gy |L2 oo 1) L g0 a0,

If Us(n) > 0, then using an argument of recursion, we easily see that Us(nH) > 0,

2At,[|al" n n n
% >0, ai <0, 7" <0, al™ > 0. This ends the

proof. O

because 1 —

Lemma 2.5. Let U n > 0, be the solution of the discrete problem (2.1)—(2.3).
Then we have

(2.12) Ul <u™ 0<i<1-1.

Proof. Difine the vector Zs(n) such that Zi(n) = Ui(ﬂ — U-(n), 0<i<I-—1. We have

K3

zM=ul o 1<i<r-2, z8=uv™ -ui", zM =ulm Ui
A straightforward computations reveals that
52" = (p = VU252 + (0 = 1)(p - )80 PP U 602

—h(1 =6z — 0 0<i<T -2,

521" — (0 = DIUF |10 2822(, + alp — D(p — 2)(UF) 10770 Uf) 00

_h(1 _ gjn))_h_lei)l =0,
243
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where 6" € (U, U™) and ¢ e (U™, UM,).
Knowing that ZS(") < 0, from Lemma (2.1), we have Zé") < 0, which implies that
Ul-(_t)l < Ui(")7 0 <i<TI-—1,and we obtain the desired result. O

Lemma 2.6. Let Us(n),n > 0, be the solution of the problem (2.1)—(2.3) and the

initial data at (2.3) wverifies some compatibility conditions. Then 5,5Ui(n) > 0 for
0<i< I

Proof. Consider the vector Zs(n) such that Zl(") = 5tUi(n) for0<i<IT

A straightforward calculation gives

5tZ’(n) =(p-1p- 2)50(]»(”) |50U(7l) |p72602(")52U(") +(p- 1)|50U£") ‘1#2522.(")
+h(1 =Tz 0<i< T -,

82" = —q(p —1)(p — 2)(U 1= ZM g2 1 (p — 1) (U2 M2z

2 —1)?
n (J(PS ) (U901 ) g )kt )
We finally have
5tZi(n) —(p-1(p— 2)50Uz‘(n) |50Ui(n) |p—25021(n)§2Ui(n) —(p— 1)|§0Ui(”) |p—252Zi(n)

—h(1—UM)y 1z —00<i<T—1,

82" +q(p — 1)(p — 2) (U921 22y (p — 1)U 122 7

2 -1 2 n n n n
_ q(ps ) (Uap=D=1y(m) 70 g grmy—het g _ g
Knowing that ZZ-(O) = (p—1)]|6%;|P26%p; +(1—¢;)" >0, 0 <i < I, from Lemma
(2.1), we have Z{™ >0, which implies that 5tUi(n) >0, 0 <7 < I, we have the
wished result. O

3. QUENCHING IN THE DISCRETE PROBLEM

In this section, under some assumptions, we show that the solution Us(n) of the
problem (2.1)-(2.3) quenches in a finite time and estimate its discrete quenching
time. To facilitate our discussion, we need to define the notion of numerical quench-
ing.

Definition 3.1. We say that the solution U™ of the problem (2.1)—(2.3) quenches
in a finite time, if ||Us")||Oo <1 for n >0 but Er_irrl U] =1 and

n—1
TA" = lim At; < +00.

S n——+00 4
=0

We call TA* the numerical quenching time of U™,
244
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Now let us set W™ = 1— U™ n > 0. The problem (1.4)—(1.6) may be rewritten
in the following form

(3.1) sW = (p— D)W P22

—WMYy T 0<i<I—1,n>0,

(3.2 WY = (= DI = W) st
2(p — 1) —q(p— n)\—
T ) ) e >0,
(3.3) W =y =1-¢;>00<i<I,

wheren >0, p>2,¢g>0,h>0.

Lemma 3.2. Let Ws(n),n > 0, be a sequence such that Ws(n) > 0. Then we have
for0<i<I,

52(Wi("))7h > 7h(Wi(”))7h7152Wi(")’ n>0.

Proof. Applying Taylor’s expansion, we obtain

2h(h+ 1
S2(W D)k = () -h-152pp () () _ g2 (282+ )
22h(h +1)

252

(9(”))7h72

WL =)

K2

(€My=h=2 1 <i<1-1,n>0,

n)\ — n)\—h— n n n 2h h+1 n)\—h—
S2WY = = _pw{™)=hLa2i ™ o () _ ))2%(98 )=z >0,
, oh(h +1 L
W) = ) i w2 gy ez s,

where 9(()71) is an intermediate value between Wl(n) and Wén), 92@) is an intermediate

value between Wl(iq and WZ-(n)7 for1 <i <1 -1, 9§n) is an intermediate value
between Wl(ﬁ)l and WI("), fi(n) is an intermediate value between Wi(”) and Wi(_ti,

1 <4 < I —1. The result follows taking into account the fact that Ws(n) >0 O

Theorem 3.3. Let U™ be the solution of the problem (2.1)=(2.3) and assume that
there exists a constant A € (0,1] such that the initial data at (3.3) verifies the
hypothesis

(3.4) (p— )]0, [P726%; — ()" < —A(w)™", 0<i<I-1,

35 (- DI )ty ¢ 22Dy

—(v) ™" < —A(w) ™"
245
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Then there exists a finite time T2t such that Us(n) quenches in this time and we have
the following estimate
ar - (L=l
M N (e O Lo

s? ()1
. W™ ] with 0 < 7 < 1,
2(p — 1) max {a(j —1,1)} !

W ing = 1= 10 loos [1slling = 1 = [[@s]lo and

where At, = min

—h—1
inf

2(p — 1)21;1%{&(1' -1,1)}

82 vl

’
7 = Amin T

Proof. Consider the vector Jé(n), n > 0 such that
JM = sw™ L AWMy R 0<i<I
A straightforward computation gives
0" — (p = )| W =252 g
= S7W = RAW) 1 W — (p - D8O P26 (5, W)
+A(p — 1)]°W" P22 (W) h,

From Lemma (3.2), we can show that 62(W.™)=" > —h(W™)=r=152 ™ which
implies that

01" — (p— DI W, ™ 252"
< 5t2Wi(n) _ hA(Wi(n))_h_létWi(n) —(p— 1)|60Wi(n)|p_262(6tWi(n))
—l—hA(p _ 1)|60Wi(n)|p_2(Wi(n))_h_152Wi(n)'
Using(3.1) and (3.2), we arrive at

5,0 — (p— DWW Pp-252 7 < pwMyh-1g™M o <i<T -1,

5T — (p— D)|(1 = W)|male=2)g2 1) _ p(w)y=h=1 gt

12
< JQ(pS 7 () -ato-n-1g(p (),
n n Ah n n —h— .
where g(WI( )) = —6tWI( ) 4 ﬁ(l - WI( ))(WI( )) h=1'>0. It is not hard to
a\p —

see that
5, 0™ — (p— D)W M P=252 7" — (W) <0, 0<i<T—1,

o) = (p = DIL= W02 — R <0,
From (3.4) and (3.5), we see that J{ < 0. We deduce from Lemma (2.1) that
J{" <0, for n > 0, which implies that

(3.6) sWiW < —AW M)y h 0<i<I,
246



Modeste et al. /Ann. Fuzzy Math. Inform. 22 (2021), No. 3, 239-256

These estimate may be rewritten in the following form
Wt < Wi — AAe, (Wi h

Therefore

(3.7) WD < w1 - Adt, (W),

which implies that

WD iy < W [inp (1 = ADL, W51, 0 > 0.
s f s f s inf

From Lemma (2.6), [|[W{" ™ |lin < [W™|lins. By induction, we obtain
W Ning < IW O ling = 11slins,
Then we have

WG = sl

znf inf

and with AAthWS(") Hl_n}}_l > 7, we arrive at
WD ligg < W ling (1= 7).
By induction, we get
s inf > s inf _T/ nan_ )
W g < W ing (1 =7 )", 0 >0
which leads us to
IWE ing < Mlslling (1 =7 )", n > 0.

Since the term on the right hand side of the above inequality tends to zero as n

approaches infinity, we conclude that ||W§n)\|mf tends to zero, therefore, ||U§")||OO
tends to 1. Now, let us estimate the numerical quenching time. It is not hard to see
that

+o00 +o00 +oo , n
> Aty < Y AW < Tllvllit Yo (=)
n=0
: K )" Tllvslliy
Using the fact that the series nz:% ((1 —-7) ) converges towards m
We deduce that
h
s 2 vl
Z = 1 — (1= 7)pt
Since ||Us|ling =1 — ||¢s]|co, We have
ZAt H@ [loc)™
- 1 — )h+1 ’
n=0
We conclude the proof. O

247
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Remark 3.4. Using Taylor’s expansion, we get
A=) =1 (h+1)7 +0(7),

which implies that

T B l 1 < C
I— (-7 7 (h4+1) = (h+1)
s2
If we take 7 = ————, we have
2(p—1)
7-, . ||VS||1,nf
— = Amin G 11)}1 ,
i gty WU
and therefore
1
% = Zmin (Zmax {a(j -1 1)}||Vs||,fb,:}l, ),
then
T C C L
< = i — 1, 1) ||| 1)
=) = (1) A+D) (2??2‘1 {ali =1 DHvslliny - )
‘We conclude that 17(11—7_,)}#1 is bounded.
Remark 3.5.
[WEH D ing < IWE limp (1 —7),
we get

W ing < WD g (1= 7)), forn > q,
which implies that

q

’ n—
ZAt < bl S S (@)

n=q
we deduce that
(n) jh+1 q—1
7| W
TA —t, < H—””}:H with Aty = At;,
1-(1-1") =
and since |W{™ [y =1 — [|U oo, we have
-1
1— U oo)H :
oty o T o0 th At, =S At
K] q = 1_(1_7—’)h+1 w1 q j;o J
52
In the sequel, we take 7 = ———.
2(p—1)
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4. CONVERGENCE OF THE DISCRETE QUENNCHING TIME

In this section, under some assumptions, we show that the discrete quenching
time converges to the real one when the mesh size goes to zero. We denote by :

Us(tn) = (w(o, tn), u(z1,tn), .. u(zr, tn))’ and UM || o = Jnax, |U 2

In order to obtain the convergence of discrete quenching time, we ﬁrstly prove
the following theorem about the convergence of the discrete scheme.

Theorem 4.1. Assume that the problem (1.4)—(1.6) has a solution u € C*2(]0,1] x
[0,T1) such that supyeo 7y [[u(.,t)|ling = A < 1. Suppose that the initial data at (2.3)
satisfies

(4.1) los —us(0)[oc =0(1) as s—0,

Then for s sufficiently small, the problem (2.1)—(2.3) has a unique solution
U§”),0 <n <J such that

(4.2) max UL — ug(tn) oo = O(lps = us(0) oo + 5+ Atn) as s 0.

J—1 n
Where J is such that Z At; <T and t, = Z At;.
Jj=1 ]
Proof. For each s, the discrete problem (2.1)—(2.3) has a unique solution Ul™ | Let

N < J, the greatest value of n. There exists a positive real p (with A < p < 1) such
that

p

—A
(4.3) U — ug(tn)]loo < =2, forn < N.

We know that N > 1 because of (4.1). Due to the fact u € C*2([0,1] x [0,7T]). By
the triangular inequality, we obtain

HUs(n)Hoo < lus(tn)lloo + ”Us(n) — Us(tn)]loo, m < N,

which implies that
- A A
(4.4) \|U§”>||OO§A+”2 %<1 n < N.

Since u € C*+2([0,1] x [0,T]). Applying Taylor’s expansion, we obtain

Seul@i, tn) — (p = 1)]0%u(zs, tn)[P~20%u(i, 1)

— p—2
= (1 - U(Z‘i, tn))_h " ( 1)‘61’;(33“ )| uwxwz(%iatn)
At,
—|—2 (z5,tn), 0<i<I—1,

Souler, tn) — (p — D)lu=9(zs ta) P~26%u(e1, t)
= (1 - uler t) "+ 227D a2 (e 1)
—1
+% ‘u_q(xi; tn)|p_2ua::rz<§1a tn)
249
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h2(p— 1 3

O ) P2t 1)
At it

+T"5ttu(xi,tn)~

Let ™ = U™ — u,(t,) be the error of discretization. Using Taylor’s expansion,
we have for n < N,

s.el™ — oM g2e(m)
( - At ~

= h(l - 01( ))_h_lel(‘ ) + ﬁai )uaca:mc(l'ivtn) - Tnattu(xiatn)y 0<i<T-1,

5te§n) — a(ln) 52 egn)

n —h— n 2 n n —ag— n n ~
= h(1— &) 1ef + g (") el — Bl (F1,1)

h

2 - At ~
+%a§n)uxmx(9ﬁb t) — 2n Seeu(xs, tn),

where 6™ an intermediate value between u(z;,t,) and U™ for i € {0,--- ,I —1}

and ¢ is an intermediate value between u(z;, t,) and U™ Since a/(a, t)tgeq (2, 1),

o, ) Uggrs (2, t), uge (2, t) are bounded, there existes a positive constant K > 0 such
that
(4.5) siel™ — alMe%e™ < (1 - 60")el™ |+

7 %

Ks*+ KAt,, 0<i<I—1,n<N\,

. 2 o
46)  del? e < (=€) + Faaf () ) o

+Ks+ KAt,, n < N.

Set L= (1-22)+ %qagn)(%)_q_lg and introduce the vector W™ defined as
follows

W = T (o, — ug(0)]oo + Ks + KAL), 0<i<I,n<AN.
A direct calculation yields

(4.7) s W™ —aMew > 1 - gMyw ™+

Ks’+ KAt,, 0<i<I—1, n<N,

n n n n 2 n n)\—qg— n
48) 8w — oW > (=) + 2gal (7)) Wl

+Ks+ KAt,,
(4.9) Wi s e wi s e n < N
(4.10) w0 0<i<r

Applying comparison Lemma (2.2), we arrive at

wm s o<i<I
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In the same way, we also prove that
Wi s —e 0<i<l,
which implies that
w™ > e 0<i<I.
We deduce that
(A1) | U = ug(tn)]loo < eEFV(|los — us(0)||oo + K's + KAL), n < N.

Now, let us show that N = J. Suppose that N < J. If we replace n by N in (4.11),
and taking into account the inequality (4.3), we obtain

- A
(4.12) pT < U = ug(tn) oo <

e(L“)T(Hcps —u5(0)]loo + Ks+ KAt,).

Since the term on the right hand side of the above inequality goes to zero as s tends
to zero, we deduce that % < 0, which is impossible. Consequently N = J, and we
conclude the proof. O

Theorem 4.2. Suppose that the solution u of the problem (1.4)—(1.6) quenches in
a finite time T, such that w € C*%([0,1] x [0,T})) and the initial condition at (2.3)
satisfies

s — us(0)|loo = o(1) s — 0.
Under the assumptions of the Theorem (3.3), the discrete problem (2.1)—(2.3) has a

solution Ub(n) which quenches in a finite time T2t and the following relation holds

lim T2t = T,,.
s—0
Proof. The Remark (3.4) allows us to say that ﬁ is bounded. Letting

T,
O<e< ?q. Then exists a positive real v = p — A (with A < p < 1) such that

7(1 — 2)h*t

(4.13) e

< forze[l—~,1).

€
53
€
Since u quenches in a finite time Ty, there exists a time Ty € (T, — §,Tq
so(e) > 0 such that 1 f% < Nultn)lloe < 1 with ¢, € [T1,Ty[, s < sole). Let

) and

T +T,
ngi“gq

qg—1

and ¢ be a positive integer such that ¢, = Z At, € [T1,Ts], for
n=0

s < so(e). We have

1= 2 < uslta)lloo < 1, for n<q, s < so(e).
It follows from Theorem (4.1) that the discrete problem (2.1)—(2.3) has a solution

(") which verifies

JU9 = ws(ta) e < 3, forn <. s < sofe).
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Using the triangle inequality, we get

1082 o > llus (ta) oo = U2 — us(to)lloe = 1= 5 = 5 s < s0(e),

which implies that
||U£q)||oo > 1 -7, S < 80(6).

From Theorem (3.3), U. (") quenches at the time TAt. Tt follows from Remark (3.5)
and (4.13) that
(1= U oo

15
TAY — ¢, < <=
| s q‘ = 17(177.’)h+1 2’

because, we have ||U§q)||Oo >1- %, for s < sp(e). We deduce that for s < so(e),

e

£
|T5At_Tq|§|TsAt_tq|+|tq_Tq|§§+ &

[\V]

which leads us to the desired result. O

5. NUMERICAL EXPERIMENTS

In this section, we present some numerical approximations to the quenching time
of the problem (1.4)—(1.6). We use the following explicit scheme

T+ )
AR
= (p— 1)U P252U" + (1 —U™M)"h, 0<i<I-—1,

U§7l+1)7U§7l)
Ate
_ n)|p— n _ n)|p— _(qu)(n) n)\—
= (= DIV P20 + (o= DU A (=) + (1= U) 7
UY =, >0, 0<i<I,
(n) (n) (n) (n) (n)
) —U. . —2U. ;
wheren >0,p>2,h>0,q >0, 60Ui(n) = %, 52Ui(") = Ui Uzz * Uz_l,
S S

for1 <i<I-—1,

52U1n) = s% (U;ﬂ - Uln)> )

2
Ate — . 1— U(n) h+1
" mm<2(p—1)max{a(j—171)}77-( 15" o)
—2
U(n) . U(n) p
with0<7<landa(j—1,1)= M for2<j<I.

2s
Now, approximate the solution u of the problem (1.4)—(1.6) by the solution

T
Us(”) = (Uon), Ul(n), e 7UI(n)) of the following implicit scheme

n+1 n
Uz( A) _Ui( )
tn
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= (p— DU P22 1 —UM)h 0<i<I-1,

(n+1) (n)
UI _UI
Aty,

n n n —(U~4 (n)
= (- DI P20 4 - i -
LUy,
U =, >0, 0<i<I,
(n) (n)
U7 —U.
where n >0,p>2,h>0,q>0, 60UZ.(") = %7
n+1 n+1 n+1
52U_(n+1) _ Ui(+1 ) - QUZ( ) + UZ-(71 )
i 52 s
n+1 2 n+1 n+1 n
supt = ) (ULT -t )) , Aty = 7(1 — [UM]| )"+

with 0 < 7 < 1. In the following tables, in rows, we present the numerical quenching
times, numbers of iterations, the CPU times and the orders of the approximations
corresponding to meshes of 16, 32, 64, 128, 256, 512, 1024. The numerical time
™ = Z;:Ol At; is computed at the first time when At, = [T — T < 10716,
The order(s) of the method is computed from

o loa((Tus = To,)/(Ths — T3))
o log(2) '

1 i 1

For the numerical value, we take: ¢; = 0.5 + 508 <7T(2ZS)> -3 (i5)4'57
™

fori=0,---,1.

Table 1: Numerical quenching times, numbers of iterations, CPU times (sec-
onds) and orders of the approximations obtained with the explicit Euler
method for ¢ =0,1, p=2, h=3

7

1 ™ n CPU time | s
16 | 0.010005572074890 | 3502 0.07 -
32 | 0.009983606857072 | 13308 0.26 -
64 | 0.009978123925230 | 50402 1.71 2.00

128 1 0.009976753714490 | 190260 14.21 2.00
256 | 0.009976411192172 | 715623 138.75 2.00
512 | 0.009976325554442 | 2680794 692.37 2.00
1024 | 0.009976304108366 | 9996366 | 3910.76 | 2.00

Table 2 : Numerical quenching times, numbers of iterations, CPU times (sec-
onds) and orders of the approximations obtained with the implicit Euler
method for ¢ =0,1, p=2, h=3
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1 T n CPU time | s,
16 | 0.010005572074890 3502 0.29 -
32 | 0.009983606857072 | 13308 1.65 -
64 | 0.009978123925230 | 50402 63.75 2.00
128 | 0.009976753714490 | 190260 539.15 2.00
256 | 0.009976411192172 | 715623 6848.92 2.00
512 | 0.009976325554442 | 2680794 | 72578.25 | 2.00
1024 | 0.009976304108366 | 9996366 | 954792.15 | 2.00

Remark 5.1. The two tables show that the solution of the problem quenches in a

finite time. We estimate this time at 10~2.

In the following, we also give some plots to illustrate our analysis. For the different
plots, we used both explicit and implicit schemes in the case where I = 32 and

(¢,p,h) =(0.1,2,3).

In the figures 1 and 2, we can appreciate the quenching of the discrete solution and
in the figures 3 and 4, we observe that the discrete solution quenches at the finite

time TSAt =10"2.
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6. CONCLUSION

In this paper, we have studied the numerical quenching of the solution of the
non-Newtonian filtration equation with singular boundary flux (1.1)—(1.3) and we
have obtained good approximations of its quenching time.

We have constructed, by the finite difference method, the discrete problem (2.1)—
(2.3) associated to the continuous problem (1.1)—(1.3). We have shown that under
some conditions, the solution of the discrete problem (2.1)—(2.3) quenches in finite
time and we have estimated its discrete quenching time. We have also established
the convergence of the discrete time towards the theoretical time when the spatial
and temporal discretization steps tend towards zero. Finally, we have given some
numerical experiments to illustrate our analysis.
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