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ABSTRACT. The paper at first briefly delineates some properties of
multisets. The notion of multisemigroups and left(right) multi-ideals in
multiset framework are introduced and several properties are investigated.
Relationships between multisemigroups and left(right) multi-ideals are dis-
cussed. Characterizations of left(right) multi-deals, and multi-ideals gen-
erated by multisets are also considered.
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1. INTRODUCTION

The development of multiset theory has provided an avenue to generalize several
basic notions of group theory and algebra in general. Multisets are extension of
classical sets, which accommodate repeated elements unlike the classical sets that
wholly exclude repetition of elements. For more details, we refer the readers to
[1, 2, 3.

Semigroups play an important role in many areas of mathematics, for exam-
ple, coding and language theory, automata theory, combinatorics and mathemat-
ical analysis. Generalization of semigroups owing to classical structures has been
studied by many authors. Among others are the notion of left almost semigroups
(LA-semigroups) introduced by Kazim and Naseeruddin [4]. The structure is also
known as AG-groupoid and modular groupoid and has a variety of applications in
topology, matrices, flock theory, finite mathematics and geometry. In 2013, Akram
et al. [5] discussed some properties of (m,n)-ideals in a locally associative LA-
semigroup. Gulistan et al. [0] introduced H,-LA-semigroups and showed that every
LA-semihypergroup is an H,-LA-semigroup. Kudryavtseva and Mazorchuk [7] was
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motivated by the appearance of multivalued structures and proposed multisemi-
groups as an extension of semigroups. Forsberg [3] presented multisemigroup with
multistructures. Very recently, Chinram et al. [9] presented necessary and sufficient
conditions for elements in semigroups of partial transformations to be left or right
magnifiers.

The algebraic extensions of a semigroup in non-classical structures have also been
studied. Fuzzy semigroups were introduced by Kuroki [10], which is a generalization
of classical semigroups. Extensive studies in this direction have been carried by
several researchers (See [11] for more details). Shabir and Ali [12] defined soft
semigroup and its substructures. In 2015, Khan et al. [13] defined the concept of
generalized cubic subsemigroups (ideals) of a semigroup and investigated some of its
related properties.

Motivated by semigroup theory, the present paper introduces multisemigroups
depicting multiset perspective as different from the concept of multisemigroups dis-
cussed by [8] and [7] and investigates some properties analogous to semigroup con-
cept.

2. PRELIMINARIES

%

A non empty set X together with a binary associative operation is called a
semigroup. A semigroups is said to be commutative, if zy = yx for all z,y € X.
An element 1 € X is called an identity, if for all x € X, we have lx = zl1 = z.
A semigroup containing such an identity element is called a monoid. A monoid in
which, for each € X there exists a unique 7! € X such that zz~! =z 'z =1 is
called a group.

Unlike a group, a semigroup does not necessarily contain an identity element. We
denote the monoid obtained from the semigroup X by adjoining an identity element
1 by X*!. It is routine to verify that X! = X U {1} is a monoid. Identity elements
are necessarily unique.

A semigroup X is said to be left (right) zero, if y € X satisfies yz =y (zy = y)
for all z € X. If X does not have a zero element, we may adjoin one and obtain a
new semigroup X° = X U {0} which satisfies 20 = 0z = 02 = 0 for all z € X.

An idempotent semigroup is a system of elements closed under an associative mul-
tiplication such that, for every element z of the semigroup X, 2 = 2. One-sided
identity and zero elements are idempotent.

A subset S C X is called a subsemigroup of X, denoted S < X, if S forms a
semigroup under the operation inherited from X. A non-empty subsemigroup S
satisfying xy € S for all x € X and y € S is called a left ideal. A right ideal is a
subsemigroup S satisfying yx € S for all x € X and y € S. A subsemigroup which
is both a left and right ideal is called a two-sided ideal or simply an ideal for short.

A semigroup X is said to be left (right) cancellative, provided that zz = yz =
r=y(zr=zy=—x=y) forall z,y,z € X.
206
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If X is both left and right cancellative, then it is said to be cancellative.

3. MULTISET PROPERTIES

Definition 3.1 ([14]). A multiset A is a countable set X together with a func-
tion C4q : X — N>o = NU {0} that defines the count or multiplicity of the
elements of X in A. An expedient notation of A drawn from X = {x1,..,z,}
i [21, - Tal o (41),..Ca () SUCh that Ca(z;) is the number of times z; occurs in

A (i=1,...n

The customary set operations can be carried over to multisets. Let A and B be
multisets over a semigroup X. Then

(i) AL B <= Cu(z) < Cp(z) Vzx e X.
(i) A=B <= Cy(z) =C(z) Ve X.
(i) AUB < Cyyn(z) = Ca(z)\V Cs(z) ¥V z € X.
(iv) ANB <= Cynp(z) = Ca(z) NCp(z) V2 € X.

Definition 3.2. Let A and B be two multisets over a semigroup X such that the
count functions are C4 : X — N>o and Cp : X — N respectively. Then the
product of A and B, denoted by A o B, is defined by: for all € X

Caos (2) = VieyACa(y) NCs(2)}, if 3y,2 € X such that z = yz,
AoB L) = 0, otherwise.

Following Definition 3.2 terminology, the m times multiplication of the multiset
A can be defined as A”™ = Ao Ao ...0 A and its count function is

Cam () = V{Nicqr,..my Calzd)}, if 3@ € X such that T[[Z, @; = x,
AT o 0, otherwise.

We denote the set of all multisets over a semigroup X by M (X).
Proposition 3.3. Let A,B; € M(X) andi=1,..,k. Then
k
(1) AU (N1 Bi) = Ny (AUB),

)
2) AN (UL B:) = UL, (ANB)),
(3) Ao (UL, B) = UL, (A0 By),
(4) Ao (N, B) £ N, (A0 By).

Proof. (1)-(2) immediate.

(1)-(2)
(3) Let z € X. If  # yz, then C, Ao (UL 1B.)(ac) =0=Cyr_ (4o, (®). Thus we
have

o (QB) O Ao B)

207
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If x = yz for some z,y € X, then

Cao(ur, )@ =V ACaw) A Cue_, 5,()}

- ViewA(Veso)
= VAW A (Cs)V -\ ()}
- (VemAe@ V-V (Ve Acs o)

k
= \/ Caaos, () = CUle(.AoBi)(x)'
i=1

Thus Ao (Uﬁll Bi) = U, (Ao B)).
(4) Let x € X. If © # yz for any y, 2z € X, then the result is obvious. Otherwise,
there exist y, z € X such that x = yz. Thus

CAO(ﬂ?=1 B) () = \/ {Caly) /\ Cﬂle 5(2)}

T=yz

k
- ViewmA(Aase)

T=Yyz

= VWA (O @A A0 ()}

=Yz

( V {Caly) /\%(z)}) ACYA ( V {Caly) /\csncz)})

T=yz rT=yz

IA

k
— /\ CaoB, = Crr_ (408, (@)-

i=1
SoAe (NI, B.) ENL, (A0 B)). O
Proposition 3.4. Let A, B,C € M(X). If AC B, then we get

AoCC BoCand Co AC CoB.

Proof. Let x € X. If x # yz for any y,z € X, then Cyoc(z) = 0 < Cioc(x).
Otherwise,

Caon(z)

V {Caly) A\ Ce(2)}

T=yz

\ {Cs(y) \ Ce(2)} [Since Caly) < Cs(y)]

T=yz

= CBoC (.’L‘)

IN

208
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Thus AocCC BoC.
Similarly, we may prove Ceoa C Ceop.

Remark 3.5. If A, B,C € M(X) such that xy = y for every x,y € X, then
AoC =BoC =C. Analogously, Co A= Co B =C is such that xy = x for every
x,y € X.

Proposition 3.6. Let A, B,C € M(X). Then AoC = BoC % A = B and
CoA=CoB# A=5.

Proof. The collection of multisets over a semigroup X is not cancellative because
there may exists y € X such that C4(y) < Cp(y). O

Proposition 3.7. Let A,B € M(X). If AC B, then A™ C B™.

Proof. Let z € X. Suppose z # [[;~, z;. Since A C B implies C4(z) < Cp(z) for
all z € X, Cypm(z) = 0 < Cgm(x). Suppose z =[]/, z; for some z; € X. Then we
have

\/{ /\ Calz;) |z = sz} < \/{ /\ Cp(z;) |z = Hl‘z}

1e{1,...,m} ie{l,...,m}
Thus A™ C B™. O
Definition 3.8. Let A and 55 be multisets over semigroups X; and X5 respectively.
The Cartesian product of A and B, denoted by A x B, is a function
CAXB:Xl X X2 —)NZQ
defined by
Caxs(z,y) ={Calx) ANCs(y) |z € X1, y € Xo}.

Proposition 3.9. Let A,B,C € M(X). Then

(1) Ax(BUC) = (AxB)U(AxC),

(2) Ax (BOC)=(AxB)N(AxC).
Proof. Straightforward. O
Proposition 3.10. Let A € M(X;) and B € M(X5). Then (A x B)™ = A™ x B™.
Proof. Let (z,y) € X1 x Xo. Suppose (z,y) # [[:~, (z;,v:;). Then we get

C(AXB)"” (Qj,y) =0= OAm ($7y) X OBm ($7y)

Thus (A x B)™ = A™ x B™. Suppose (z,y) = [[i~,(zi,y;) for some (z;,y;) €
X1 X X2. Then

Craxpym (2, y)
= V{Aicq1,...my Caxs(@i,vi) | TIL (wi,43) = (2,), @i € X1, y; € Xa}
=V{Aicqr,...my (Calzi) NCs () | TIIL, (@i, yi) = (2, y), @i € X1, yi € X}
~VA(Aietrmy Ca@D) A (Aiegaymy Cow)) | T 22 = o,
H?ll Yi =Y, Ty S Xlayi S X2}

=V{Aicqr,...omy Cal@i) | i € Xy, TIZ, @ = 2}
209
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AV{Aicqr,...my CBWi) | yi € Xa, [T v =y}
= Can () A\ Cion ()
= Camxpn (7,Y).
Thus (A x B)™ = A™ x B™. O

Definition 3.11. Let A be a multiset over a set X and n € Z*T . Then the sets

A, ={z € X |Ca(z) >n} and A, ={z € X | Ca(z) >n}

are called n-level sets and strong n-level sets of A.
Clearly for n > C4(z), A; is always empty.

Proposition 3.12. Let A,B € M(X) and n € Z*. Then (Ao B). = A> - B> for
every n < Ca(z).

Proof. Let z € (Ao B)
< Cyon(x) >n
= Voo (Cala) AC() >
<= C4(a,) \Cg(b,) > n for some a,,b, € X such that z = a,b,
<= C4(a,) > n and Cp(b,) >n
< a, € A and b, € B

=z =a,b, € A;. B;. O
4. MULTISEMIGROUP AND IDEALS

Definition 4.1. Let a map - : X x X — X be a composition law such that (X, -)
forms a semigroup. A multiset A constructed from X is called a multisemigroup, if

Ca(ab) = Ca(a) A\ Ca(b) V a,be X.

Particularly, if C4(z) = 1, V 2 € X, such a multisemigroup is called a semigroup.
Undeniably, every semigroup is a multisemigroup in an obvious manner, however,
not every multisemigroup is a semigroup. The set of all multisemigroups over a
semigroup X is denoted by M S(X).

Example 4.2. Let X = {0,1,2,3,4,5} be a semigroup with the multiplication (See
the below table). Let t; € N>g, 0 < i < 2 be such that ty > t; > to. Define a
multiset
Cy: X — Nyp as follows :
C4(0) =tg, Ca(1) =Ca(5) =11 ,C4(2) = C4(3) = C4(4) =ts.
Then clearly, A is a multisemigroup of X. However, if C4(5) < to, then A is not a
multisemigroup of X.

210
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.01 2 3 4 5
000 0 O0O0O
101 1111
201 2 3 11
301 11 2 3
4 01 4 5 11
5 01 1 1 4 5

Theorem 4.3. Let A€ M(X). Then A€ MS(X) if and only if Ao AT A.

Proof. Let A € MS(X) and a € X. If a # xy for any x,y € X, then Cgou(a) =
0 < Ca(a). If such exists, let a = xy for some z,y € X. Then

Cacala) = \/ {Culz) \Cal)}

a=xy

\V {Calay)}

a=xy

= \/{Cula)} = Cala).

IN

Thus Ao AC A.
Conversely, let Ao AC A and z,y € X. Then zy € X. Let a = xy. Then

Ca(zry) =Cala) > Cacala)
=\ {Cal@) \ Calv)}

a=xy

> Calx) )\ Caly).

Thus A € MS(X). O

Theorem 4.4. Let X be a semigroup with identity e. If A € MS(X) such that
Cale) > Cala) for alla € X, then Ao A= A.

Proof. For any a € X, we have

Cacala) = \/ {Calz) \ Caly)}

a=xy

=V {Cala) \ Cule)}

> Cala) A\ Cale)
= CA((Z).
U

This shows that A C Ao A. Since Ao A C A by Theorem 4.1, we have that
Ao A=A
211
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Remark 4.5. It follows from Definition 3.2 and Theorem 4.3 that A™ = A
VmeZt.

Theorem 4.6. Let A,B € MS(X). Then AN\B e MS(X).
Proof. Let A,B € MS(X) and z,y € X. Then

Canslzy) = Calzy) \ Cs(zy)
[ (@) \ Caly ] A [CB(JJ) /\CB(:U)]
= [ca@ Acs@)] A [caw A\ csw)]

= Cuns(x) ANCansy)
Thus AN B € MS(X). O

Remark 4.7. Let {A; : i € I} be a non-empty family of multisemigroups over a
semigroup X. Then (). ;. A; is a multisemigroup over X.

v

iel
The union of any two multisemigroups may not be a multisemigroup as is shown

in the following.

Example 4.8. By Example 4.1, let A = [1,2 4]3 gpand B=[1,3],,. Then AUB =

[1,2,3,4]3’2’1,2. Clearly, C.AUB(4-3) CAUB —Ozl—CAUB( )/\CAUB(3)-

Proposition 4.9. Let X be a left zero semigroup. If A € MS(X) such that C4(x) >

C4(y) and also interchangeably satisfies the inequality, then A is a constant function.

Proof. Let x,y € X. Then xy = x and yz = y. Thus

Ca(z) = Calzy)
> Caly) (Calz) > Caly))
= Cu(yr)
> Cu(x). (Caly) > Calz))
So Cy(x) = Cx(y) for all z,y € X. Hence the proof is complete.
Similarly, we can prove for right zero semigroup. O

Remark 4.10. If A € MS(X) with a fixed element a € X and setting xy = a for
all z,y € X, then Cy(zy) = C4(yx) for all x,y € X.

Definition 4.11. Let X be a semigroup with identity e and A € MS(X). Then
the subsemigroup A, is a constant function defined as follows:

Ae ={z € X | Ca(x) = Cale)}.

Proposition 4.12. Let X be a semigroup with identity e and A,B € MS(X). Then
A.NB. C (ANB),.

Proof. Let x € A. N B,. Then z € A, and x € B,.

= Cy(x) =Cye) Vo e X and Cp(z) =Cgr(e) Ve e X

— Ca() \Cislr) = Cale) A Cs(e) ¥z € X

- CAmg(m) = CAOB(C) VeeX

=z € (ANB),.

Thus A. N B € (AN B),. O
212
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Theorem 4.13. Let A€ M(X). Then A€ MS(X) if and only if every A, # @ is
a subsemigroup of X.

Proof. Let A€ MS(X) and x,y € A, V¥V n € Z*. Then C4(z) > n and C4(y) > n.
It follows from Definition 4.1 that C4(zy) > Ca(x) ACaly) > n. Thus zy € A,.
So A, is a subsemigroup of X.

Conversely, let n € ZT be such that A, # & and A, is a subsemigroup of
X. Assume that Ca(zy) # Ca(z) ACaly). Then there exist ng € Z* such that
Ca(zy) < ng < Ca(z) A\ Ca(y) for some ng € Z* implies z,y € A,,, but zy ¢ A,,.
This is a contradiction. Thus the proof is complete. O

Proposition 4.14. Let A € MS(X1) and Be MS(Xs3). Then
Ax Be MS(Xl X X2)

Proof. Let (z1,y1), (z2,y2) € X1 X X3. Then
Caxs((z1,y1), (v2,92)) = Caxs(x172,y192)
= Calmr2) )\ Co(y192)
> (Caler) \Cale)) A (Colo) \ Cslwe))

= (Cat@) ACslu)) A\ (Cale) A\ Colw)
= Caxs(er,m1) [\ Caxs(a, 42).
ThuSAXB€MS(X1XX2). O

Remark 4.15. If A4, ..., Ay are multisemigroups over Xy, ..., X respectively, then
A; X ... X Aj is a multisemigroups over X X ... x Xj.

Theorem 4.16. Let A € MS(X;) and B e MS(Xs). If A= B, then AxB = BxA.
Proof. Suppose A =B and z,y € X;. Then

Caxs(z,y) = Calx)\Cs(y)
= Cp(x) \Caly)

= CBXA(LZJ)-
Thus A x B= B x A.

However, the converse problem above does not hold. For example, let

Caxp(z,y) ={Calz) NCs(y) | v € X1, y € X}
and
Coxa(y,z) ={Csy) ANCalz) |z € X1, y € Xa}.
Then
Caxs(r,y) = Cpxaly, ).

Thus we obtain A x B=Bx Abut A#B,if © #y.
213
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Definition 4.17. Let X be a semigroup and A be a multisemigroup over X. A
submultisemigroup J of A is called a left multi-ideal of A, if C7(ab) > C7(b) V a,b €
X. Analogously, J is called a right multi-ideal of A, if C7(ab) > Cz(a).
Equivalently, a submultisemigroup J of A is called a left (right) multi-ideal, if
Ao JC T (Jo AL J).
A submultisemigroup J of A is called a multi-ideal, if it is a left and a right
multi-ideal of A.

Remark 4.18. (1) The union of any collection of left(right) multi-ideals of A

is a left(right) multi-ideal of A.

(2) The product of two left(right) multi-ideals of A is a left(right) multi-ideal
of A.

(3) The intersection of any collection of left(right) multi-ideals of A is also a
left(right) multi-ideal of A.

(4) If J and K are two left(right) multi-ideals of A, then J N K is a left(right)
multi-ideal of A.

(5) If X is a right zero semigroup, then J is a left multi-ideal of .A. However,
J is a right multi-ideal of A if X is a left zero semigroup.

(6) The intersection of a left multi-ideal and a right multi-ideal of A need not
be a multi-ideal of A.

Example 4.19. Let X ={1,2,3,4,5} be a semigroup with the following multipli-
cation table below:

.1 2 3 4 5
111111
211111
311 3 3 5
4 11 3 4 5
5 1 1 3 3 5

Let A=11,2,3,4,5]5 35,4 and J = [1,3,4,5], 5, 3 imply that
Cs(1)=4, Cs7(2)=0, C5(3) =2, Cy(4) =1, Cs(5) =3.
Then it is easy to verify that 7 is a multi ideal of A.

Proposition 4.20. Let X be a semigroup. Then every left(right) multi-ideal is a
multisemigroup.

Proof. Let J be a left(right) multi-ideal of A. Since J C A, we get
JoTJEAoT(JToA).
Then JoJE Ao T (JoA)CJ. Thus JoJ L J. O

The converse of the preceding Proposition may not be true in general. For ex-
ample, let X = {e,«, 8,7} be a semigroup with the following multiplication table
below:

Let J = [5,04,6,7]3’273’1 and let A = [5,04,6,7]4’273’2. Then it is easy to ver-
ify that J is a multisemigroup over X but it is not a left multi-ideal of A, since
Cs(v8) =Cg(a) =2 £ 3=Cg(p). "
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Proposition 4.21. Let X be a semigroup.

only if Ao J C J.

Then J is a left multi-ideal of A if and

Proof. Let J be a left multi-ideal of A and a € X. If a # xy for any x,y € X, then
it is obvious that Ao J C J. Suppose a = xy for some x,y € X. Then

Caog(a)

Thus Ao J C J.

\ {Ca(x) \Cs(y)

\ {Cs(y)}

a=xy

V {Calay)}

a=xy

\V{Cs(a)} = Cy(a).

Conversely, let Ao J C J and x,y € X. Then zy € X. Let a = xzy. Then

Cr(zy) = Cz(a)

Thus J is a left multi-ideal of A.

Similarly, we can prove for right multi-ideal of A.

> C.AOJ()

=\ {Culx) \Cs()
2) \Cr(y)

= Cy(y).

d

Remark 4.22. Let X be a commutative semigroup. If J is a submultisemigroup

of A, then Ao J=Jo0 AL J.

Proposition 4.23. Let X be a semigroup. If J and K are two left(right) multi-
ideals of A, then J x K is a left (right) multi-ideal of A x A.

Proof. Let (z1,2), (y1,y2) € X x X.

Crxx((z1,72), (y1,92))

Then

Crxx(xiy1, T2y2)
Crxx(iyn) N\ Caxx(zaya)

N\ Cx(v2)

= ijic Y1, Y2).-
215
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Similarly,
Crxk((®1,22), (Y1,92)) = Corxx(T1y1,22y2)
Crxr(iyn) \ Caxx(zayn)
(x1) /\CIC (x2)

CJXIC(JU 2).

vV

O

Proposition 4.24. Let X be a semigroup. Then J is a left multi-ideal of A if and
only if 7 x J is a left multi-ideal of A x A.

Proof. Let J be a submultisemigroup of A. If J is a left multi-ideal of A4, then by
Proposition 4.23, J x J is a left multi-ideal of A x A.

Conversely, suppose J x J is a left multi-ideal of A x A and x1,z2,y1,y2 € X.
Then

Cj(xlyl)/\cj(l'QyQ) = Crxg(T1y1,22y2)

OJXJ((xla :172)’ (ylva))
Cj(ylva)
= Ca(y) \Crlya)-
Now, setting ©1 = =, zo = a, y; = y and y2 = a such that aa = a in the above

inequality and noticing that C7(a) > Cy(x) ¥V z € X, we have Cz(xy) > C7(y).
Thus J is a left multi-ideal of A. O

v

Similarly, we can prove for right multi-ideal of A.

Proposition 4.25. Let X be a left zero semigroup. If J is a left multi-ideal of A,
then Cy(z) = Cy(y) for all z,y € X.

Proof. Let z,y € X. Then xy = x and yx = y. Thus

Cz()

|
Q

7(zy)

7 ()

7 (yx)
(

7(2).

VoIV
Q Q Q

So Cz(x) = Cyq(y) for all z,y € X.

Similarly, we can prove for right multi-ideal of A over a right zero semigroup.

Proposition 4.26. Let X be a semigroup and E(X) be the set of all idempotent
elements of X such that ab = a and ba = b. If J is a left multi-ideal of A, then
Cq(a) =Cz(b) for all a,b € E(X).
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Proof. Suppose a,b € E(X). Then ab = a and ba = b. Thus
Cy(a) Cg(ab)
Cz(b)
(ba)
7(a).
So Cj(a) = Cj(b) O

AV | AVAR|
35

Similarly, we can prove for right multi-ideal of A.

Proposition 4.27. Let X be a semigroup. If J is a right multi-ideal and K is a
left multi-ideal of A, then J oK T JNK.

Proof. Let J and K be a right multi-ideal and a left multi-ideal of A, and a € X. If
a # xy for any x,y € X, then Croxc(a) =0 < C7nax(a). Suppose a = xy for some
xz,y € X. Then

Croc(a) = \/ {Cs(x) \ Cxv)}

a=xy

< \/ {Cj(xy)/\CK(my)}

a=xy
= Cy(a) \Cxla)
= ijc(a).

Thus Jo KT I NK. O

Proposition 4.28. Let X be a semigroup. If J is a multi-ideal of A and B is a
submultisemigroup of A, then BN (Ao J) (BN (J o A)) is a multi-ideal of multi-
semigroup B.

Proof. Suppose J is a left multi-ideal of A and B C A. Then we have
Bo(BN(AoJ))=BoB)N(Bo(AoJ))EBN(AcJT).

Thus BN (Ao J) is a left multi-ideal of B. Also, we get
BN(JoA)oB=(BoB)N(JoA)oB)CBN(JoA).

So BN (J o A) is a right multi-ideal of B. O

Proposition 4.29. Let X be a semigroup. If J is a left multi-ideal of A, then
Cr(a") < Cgz(a'™), VneZ".

Proof. For any n € Z*, we have

Cz(a'™") > Casg(a'™™)
=V {Ca@) \Cs()}
altn=zxy
> Cala) \ Cy(a™)
= Cgy(a").
Then the result holds. O
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Similarly, we can prove for right multi-ideal of A.

Proposition 4.30. Let X be a semigroup. If J is a left(right) multi-ideal of A,
then every non-empty Jp, of J is a left(right) ideal of X.

Proof. Suppose J, # @. Let a,b € J, Vn € ZT. Then C7(a) > n and Cz(b) > n
imply C7(ab) > C7(a) AC7(b) > n. Thus ab € J,. So J, is a subsemigroup
of X. Now, let z € X and a € J, Vn € Z*. Then Cy(za) > Cs(a) > n
(C7(ax) > Cg(a) >n). Thus J, is a left (right) ideal of X. O

Proposition 4.31. Let X be a semigroup. If J is a left(right) multi-ideal of A,
then every non-empty J,” of J is a left(right) ideal of X.

Proof. Assume that J is left multi-ideal of A. Let J,” # & be strong n-level sets of
J. We show that J,; is a left ideal of X. Suppose, if possible, 7,7 is not a left ideal
of X. Then X - 7, ¢ J,7. This implies that there exists z € X - J; but z ¢ J,..
Thus let z = zyg for some yo € J; and z € X. Since yg € J,., C7(y0) > n. So
Cq(z) = Cq(zyo) > C7(yo) > n. Hence, z € J;, which is a contradiction. This
shows that 7. is a left ideal of X. O

Remark 4.32. The non-empty 7, J,- of J may not necessarily be an ideal of X.

Proposition 4.33. Let X be a semigroup. Suppose J is a left(right) multi-ideal of
A. Then two n-level left(right) ideals Jp,, Tn, of J with n1 < na2 are equal if and
only if there is no x € X such that n; < Cg(x) < na.

Proof. Assume that J,, = Jn, for n1 < ng and if there exists x € X such that
ny < Cy(x) < ng, then J,, C Jp,. This is a contradiction.

Conversely, suppose there is no € X such that ny < C7(x) < ny. We have that
ny < ng implies Jp, € Jn,. If x € T, then C7(x) > ny. Since C7(x) £ na, we
have C7(x) > ng or € Jn,. Thus Jp, = Jn,. So the result holds. O

Proposition 4.34. Let J be a left(right) multi-ideal of A. If ny,ny € Im(J) such
that Jn, = Jn,, then ny = na.

Proof. Assume that ny # ng, say n; < ng. Then there exists x € X such that
Cy(x) =mny < ng. Thus z € J,, and & Tn,. S0 Tn, # Jns, a contradiction.
Hence the result holds. O

Definition 4.35. Let X be a semigroup and A € M S(X). The smallest left(right)
multi-ideal of A containing J is called the left(right) multi-ideal of A generated by
J.

By Remark 4.18 (3), it follows that the intersection of all multi-ideals of 4 con-
taining J is a multi-ideal generated by J.

Proposition 4.36. Let X be a semigroup. Then J U Ao J is the left multi-ideal
of A generated by J.
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Proof. Let {H;};cr be the collection of all left multi-ideals of A containing 7. Since
CHi (y) < CHi (xy), we get

Cani(a) =\ (Cat@) A Cw.w)

a=xy

a=xy

C’Hi (a)

IN

Since AoH; C H; for each i € I, AoJ E (;c; Hi. Asaresult, TUAoT C (o, Hi.
Since A is a multisemigroup, A o A C A. Then we have

Ao(JUAoT) = Ao JUAo(Ao J) = Ao JU(Ao A)oJ C Ao JUA0T C JUA0T.

Moreover, we get

Cruaog(ab) > Cuoguaos)(ab) = \/ (CA(SE)/\CJUAOJ(y)>

ab=zy

Caa) )\ Cua0(b)
CJUAO.](b)'

v

Thus J U Ao J is a left multi-ideal of A containing 7, that is,

(H:CTUAJ.

iel

SOﬂieIHi:jUAOJ. O

Similarly, we can prove for right multi-ideal of A generated by 7.

Proposition 4.37. Let X be a semigroup. Then JUAoJUTJ o AUAo T oA is
the multi-ideal of A generated by J .

Proof. Let {H;}icr be the collection of all multi-ideals of A containing 7. We can
show AoJ C (,c; Hi and Jo A C [,.; H; by the same way as shown in Proposition
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4.36. Since AoH;0 A= (A
CAO’Hio.A<a) = \/

=Ty

- V(¢ Eonen) can)
V()
(

\ G pq)

T=pq

o

H;) o A, we have

)
(Caores(@) \ Caw)

I
B

IN
L

a=Ty

= (C,(z

a=xy

(O, (zy)) = O, (a).

IA
<!

a=xy

Since Ao J o A C (,c; H; for each i € I, we have
JUAoJUJToAUA0To AL [ H,.

iel
Since A is a multisemigroup, we get
Ao (JUAcJUT o AUA0 T o A)
=AoJUAo(AoJ)UAo(JoA)UAo(AoJoA)
=AoJU(AoAg)oJUAoTJo AU (Ao A)oTo A
CJUAocJUTJoAUA0 T o A.

Moreover, we have
Cr0A070T0AUA0ToA(AD) > Cao(7UA0TUT0AUA0ToA) (D)

= \/ (OA(LE) /\CJUAOJUJOAUAOJOA(y)>

ab=xy

Y

a) /\ CjqujUJoAUAOJOA(b)

= CJUAOJUJOAUAOJOA(b)'

Then JUAoJUJ o AUA0T oA is a left multi-ideal of A. Similarly, we can show that
JUAoJUT o AUA0T oA is aright multi-ideal of A. Thus JUAoJUJ o AUA0 T oA
is a multi-ideal of A containing 7, that is, ();c; Hi T JUAo JUJ o AUA0 T o A.
SoNier Hi=TJUAoJUJoAUA0 T o A O

Example 4.38. Let X = {a,b, ¢, d, e} be a semigroup with the following multiplica-
tion (See the below table). Let A = [a,b,¢,d,€l; 45,5 and J = [a,b,¢,d, €55 45
Then

Cacgla) = \/{OA )\ Cay)

\VACs(@), Cr()} =3,
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o QU0 ool
@ 00 o Q9
QO Qoo
o Qe 00 o
D O S QX
[T T W T I e

Similarly, we can easily check that that
Cuog(b) = Caog(d) =4, Caog(c) =3, Cgonla) = Could) =4,
Croa(b) = Cgoulc) =2, Caog(e) = Cgoale) = 5.
Also, we get

Cacgonla) = \/ {Cu(@) \Croaly)}

a=zy

= \/{Croa(a), Cronle).} = 4
We can analogously show that
Caogoa(b) = Caogonlc) = Caogon(d) =4, Caogoale) =5.
Let G=JUAoJUT o AUAo0 T o A. Then we have
Cg(a) = Cg(b) = Cg(c) = Cg(d) = 4, Cg(e) = 5.

It is easily checked that G is a multi-ideal of A. Let K be a multi-ideal of A containing
J. Then Ck(a) = Cx(dc) > Cx(d) > C7(d) = 4 = Cg(a). Similarly, we can show
that Cg(b) < Cx(b), Cg(c) < Cx(c), Cg(d) < Cx(d), and Cg(e) < Cx(e). Thus
G=JUAoJUJT oAU Ao J o Asuch that Cg(a) = Cg(b) = Cg(c) = Cg(d) = 4,
and Cg(e) =5 is the multi-ideal generated by J.

5. CONCLUSION

Using multiset theory, we introduced the concept of multisemigroups and left(right)
multi-ideals, and several properties were investigated. In addition, we discussed the
relationships between multisemigroups and left(right) multi-ideals, and showed by
an example that every multisemigroup is not a left(right) multi-ideal. Finally, we
described multi-ideals generated by multisets.
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