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Abstract. We prove that commutative quantales can be embedded in
the algebra structures on Alexandrov topologies. Moreover, commutative
frames can be embedded in the frame structures on Alexandrov topologies.
From these results, every commutative quantales and frames are subalge-
bras of algebraic structures on Alexandrov topologies. We study their
properties and give their examples.
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1. Introduction

M ulvey (See [1, 2]) introduced quantales which are certain partially ordered
algebraic structures that generalize locales (point free topologies) as well as various
multiplicative lattices of ideals from ring theory and functional analysis (C∗-algebras,
von Neumann algebras). Höhle [3, 4] developed the algebraic structures and many
valued topologies in a sense of quantales and cqm-lattices.

Discrete duality is a duality between a class of algebras and an associated class
of relational systems without a topology. Dualities are developed between algebras
(resp. Boolean algebras, MV -algebra, Heyting algebra, BL-algebra, MTL-algebras)
and logical relational systems (resp. classical propositional logic, Lukasiewicz logic,
intuitionistic logic, basic fuzzy logics, Monoidal t-norm logics) (See [5, 6, 7, 8, 9, 10]).
Oh and Kim (See [11, 12, 13]) introduced the notion of commutative quantales (resp.
residuated connections) and commutative quantale frames (resp. residuated frames)
in fuzzy logics as a duality between algebras and logical relational systems.

If map f : (X,SX) → (Y, SY ) is embedding, then some object X is said to be
embedded in another object Y . The embedding is given by some injective and



Oh and Kim /Ann. Fuzzy Math. Inform. 22 (2021), No. 2, 171–185

structure-preserving map f : X → Y . We can consider that (X,SX) is a sub-
algebraic structure of (Y, SY ). The aim of this paper, we show that every commu-
tative quantales and frames are subalgebras of algebraic structures on Alexandrov
topologies.

In this paper, we introduce embedding maps on commutative quantales and com-
mutative quantale frames. Or lowska and Rewitzky proved that every bounded dis-
tributive lattice with a necessity operator can be embedded in the complex alge-
bra of its canonical frame Theorem 3.3 in [9]. As the extension of this result,
In Theorem 3.2, let (X,∧,∨, ∗,↗, 0, 1) be a c-quantale with r-fuzzy preorder eX
and τeτeX

= {α ∈ LτeX | α(A) � eτeX (A,B) ≤ α(B)}. We show that a map

h : (X,∧,∨, ∗,↗, 0, 1, eX) → (τeτeX
,∨,⊗,⇒, 0, 1, eτeτeX ) defined as h(x)(A) =

x̂(A) = A(x) is an embedding map.
Moreover, Theorem 3.4 in [9], every necessity frame can be embedded in the

canonical frame of its complex algebra. As the extension of this result, in Theorem
3.5, let (X, eX , P ) be a cq-frame. We show that a map k : X → τeτeX

as k(x)(A) =

x̂(A) = A(x). Then k : (X, eX , P )→ (τeτeX
, eτeτeX

, P̂ ) defined as k(x)(A) = x̂(A) =

A(x) is a frame embedding map. Moreover, we give their examples.

2. Preliminaries

Definition 2.1 ([1]). A triple (L,≤,�) is called a commutative quantale (c-quantale,
for short), if it satisfies the following conditions:

(Q1) L = (L,≤,∨,∧, 0, 1) is a complete lattice, where 1 is the universal upper
bound and 0 denotes the universal lower bound,

(Q2) a� b = b� a and a� (b� c) = (a� b)� c for all a, b, c ∈ L,
(Q3) � is distributive over arbitrary joins, i.e.,

(
∨
i∈Γ

ai)� b =
∨
i∈Γ

(ai � b).

A c-quantale is unital, if a = a� e for each a ∈ L. A unital c-quantale is called a
strictly two-sided, commutative quantale (sc-quantale, for short), if e = 1.

In this paper, we assume (L,∧,∨,�,→, 0, 1) is a c-quantale. For α ∈ L,A,B ∈
LX , we denote (α → A), (A → B), (α � A), αX ∈ LX as (α → A)(x) = α →
A(x), (A → B)(x) = (A(x) → B(x)), (α � A)(x) = α � A(x), (A � B)(x) = A(x) �
B(x), and αX(x) = α.

Lemma 2.2 ([14]). For each x, y, z, xi, yi ∈ L, we have the following properties.
(1) If y ≤ z, (x� y) ≤ (x� z), x→ y ≤ x→ z and z → x ≤ y → x.
(2) If L is an sc-quantale, then x� y ≤ x ∧ y ≤ x ∨ y.
(3) x→ (

∧
i∈Γ yi) =

∧
i∈Γ(x→ yi) and (

∨
i∈Γ xi)→ y =

∧
i∈Γ(xi → y).

(4) x→ (
∨
i∈Γ yi) ≥

∨
i∈Γ(x→ yi)

(5) (
∧
i∈Γ xi)→ y ≥

∨
i∈Γ(xi → y).

(6) (x� y)→ z = x→ (y → z) = y → (x→ z).
(7) x� (x→ y) ≤ y and x→ y ≤ (y → z)→ (x→ z).
(8) y � z ≤ x→ (x� y � z) and x� (x� y → z) ≤ y → z.
(9) x→ y ≤ (x� z)→ (y � z).
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(10) (x→ y)� (y → z) ≤ x→ z.
(11) If L is an sc-quantale, then x→ y = 1 iff x ≤ y.
(12) x =

∧
y∈L((x→ y)→ y).

Definition 2.3 ([15]). Let X be a set. A function eX : X ×X → L is called:
(E1) reflexive, if eX(x, x) = 1 for all x ∈ X,
(E2) transitive, if eX(x, y)� eX(y, z) ≤ eX(x, z) for all x, y, z ∈ X,
(E3) anti-symmetric, if eX(x, y) = eX(y, x) = 1 implies that x = y.
If eX satisfies (E1) and (E2), (X, eX) is a fuzzy preordered set. If eX satisfies

(E1), (E2) and (E3), (X, eX) is a fuzzy partially ordered set (simply, fuzzy poset).

Definition 2.4 ([11]). Let (X, eX) be a fuzzy poset.
(i) The triple (X, eX , PX) is called a commutative quantale frame (cq-frame, for

short), if PX : X ×X ×X → L satisfies the following conditions:
(P1) PX(x, y, z)� eX(x′, x)� eX(y′, y)� eX(z, z′) ≤ PX(x′, y′, z′),
(P2) PX(x, y, z) ≤ PX(y, x, z),
(P3) PX(x, y, z)� PX(z, y′, z′) ≤

∨
u∈X(PX(y, y′, u)� PX(x, u, z′)),

(P4) PX(x, y, z)� PX(x′, z, z′) ≤
∨
u∈X(PX(x′, x, u)� PX(u, y, z′)).

(ii) A cq-frame (X, eX , PX) is called an scq-frame, if satisfies
(P5)

∨
u∈X PX(u, x, x) = 1,

(P6) PX(x, y, z) ≤ eX(x, z) ∧ eX(y, z).

Definition 2.5 ([11]). Let (X,∧,∨, ∗,↗, 0, 1) be a c-quantale. A fuzzy poset
(X, eX) is an r-fuzzy poset, if (R) eX(a ∗ b, c) = eX(a, b↗ c) for each a, b, c ∈ X.

Theorem 2.6 ([11]). Let (X,∧,∨, ∗,↗, 0, 1) be a c-quantale. A pair (X, eX) is an
r-fuzzy poset. We define

PX(x, y, z) = eX(x ∗ y, z).

Then the following properties hold.
(1) (X, eX , PX) is a cq-frame.
(2) If it is an sc-quantale, eX(x ∗ y, z) ≤ eX(x, z) ∧ eX(y, z) for each x, y, z ∈ X,

then (X, eX , PX) is an scq-frame.

Definition 2.7 ([3]). A subset τX ⊂ LX is called an Alexandrov topology on X, if
it satisfies the following conditions:

(O1) αX ∈ τX ,
(O2) if Ai ∈ τX for all i ∈ I, then

∨
i∈I Ai,

∧
i∈I Ai ∈ τX ,

(O3) if A ∈ τX and α ∈ L, then α�A,α→ A ∈ τX .
The pair (X, τX) is called an Alexandrov topological space.

Remark 2.8. (1) Let τX ⊂ LX . Define eτX : τX × τX → L as

eτX (A,B) =
∧
x∈X

(A(x)→ B(x)).

Then (τX , eτX ) is a fuzzy poset.
(2) If (X, eX) is a fuzzy poset and we define a function e−1

X (x, y) = eX(y, x), then

(X, e−1
X ) is a fuzzy poset.
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Theorem 2.9 ([11]). Let (X, eX) be a fuzzy poset. Define τeX = {A ∈ LX |
A(x)� eX(x, y) ≤ A(y)}. Then τeX is an Alexandrov topology on X such that

τeX = {
∨
x∈X

(A(x)� eX(x,−)) | A ∈ LX}.

Theorem 2.10 ([11]). Let (X, eX , PX) be a cq-frame. For A,B ∈ τeX , we define

(A⊗B)(z) =
∨
x,y∈X(PX(x, y, z)�A(x)�B(y)),

(A⇒ B)(x) =
∧
y,z∈X((PX(x, y, z)�A(y))→ B(z)).

Then we have :
(1) (τeX ,∨,∧,⊗,⇒, 0X , 1X) is a c-quantale.
(2) If (X, eX , PX) be an scq-frame, then it is an sc-quantale.

Theorem 2.11 ([11]). Let (X,∧,∨, ∗,↗, 0, 1) be a c-quantale with an r-fuzzy poset
(X, eX). For A,B ∈ τeX , we define

(A⊗B)(z) =
∨
x,y∈X(eX(x ∗ y, z)�A(x)�B(y)),

(A⇒ B)(x) =
∧
y,z∈X((eX(x ∗ y, z)�A(y))→ B(z)).

Then we have the following properties:
(1) (τeX ,∨,∧,⊗,⇒, 0X , 1X) is a c-quantale, where

(A⊗B)(z) =
∨
y∈X A(y ↗ z)�B(y) =

∨
x∈X A(x)�B(x↗ z),

(A⇒ B)(x) =
∧
z∈X(A(x↗ z)→ B(z)) =

∧
y∈X(A(y)→ B(x ∗ y)).

(2) if it is an sc-quantale and eX(x∗y, z) ≤ eX(x, z)∧eX(y, z) for each x, y, z ∈ X,
then (τeX ,∨,∧,⊗,⇒, 0X , 1X) is an sc-quantale.

Theorem 2.12 ([11]). Let (X,∧,∨, ∗,↗, 0, 1) be a c-quantale and eX is an r-fuzzy
poset on X. Define PLX : LX × LX × LX → L as follows:

PLX (A,B,C) =
∧
x∈X((A⊗B)(x)→ C(x)),

(A⊗B)(x) =
∨
y,z∈X(A(y)�B(z)� eX(y ∗ z, x)).

Then
(1) (LX , eLX , PLX ) is a cq-frame,
(2) if (X,∧,∨, ∗,↗, 0, 1) is a sc-quantale and PW (LX) : W (LX) × W (LX) ×

W (LX) → L, where W (LX) = {A ∈ LX | A(1) = 1}, then (W (LX), eW (LX), P )
is an scq-frame.

(3) if PτeX : τeX × τeX × τeX → L, then (τeX , eτeX , PτeX ) is a cq-frame.

3. Embedding maps on commutative quantales and commutative
quantale frames

In this section, we assume (L,∧,∨,�,→, 0, 1) is a c-quantale.

Definition 3.1. (i) Let (X,∧,∨, ∗,↗, 0, 1) and (Y,∧,∨, ?, ↑, 0, 1) be c-quantales
with preorders eX and eY , respectively. A map k : (X,∧,∨, ∗,↗, 0, 1, eX) →
(Y,∧,∨, ?, ↑, 0, 1, eY ) is called homomorphism, if

k(x ∗ y) = k(x) ? k(y), k(x↗ y) = k(x) ↑ k(y), eX(x, y) ≤ eY (k(x), k(y)).

If k is injective (resp. bijective), k is an embedding (resp. isomorphism) map.
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(ii) Let (X, eX , PX) and (Y, eY , PY ) be cq-frames. A map k : (X, eX , PX) →
(Y, eY , PY ) is called frame homomorphism, if

eX(x, y) ≤ eY (k(x), k(y)), PX(x, y, z) = PY (k(x), k(y), k(z)).

If k is injective (resp. bijective), k is a frame embedding (resp. frame isomorphism)
map.

Theorem 3.2. Let (X,∧,∨, ∗,↗, 0, 1) be a c-quantale with r-fuzzy preorder eX and
τeτeX

= {α ∈ LτeX | α(A) � eτeX (A,B) ≤ α(B)}. Define a map h : X → τeτeX
as h(x)(A) = x̂(A) = A(x). Then h : (X,∧,∨, ∗,↗, 0, 1, eX) → (τeτeX

,∨,⊗,⇒
, 0, 1, eτeτeX

) is an embedding map.

Proof. Let PX(x, y, z) = eX(x ∗ y, z) be given. By Theorem 2.6, (X, eX , PX) is a
cq-frame. For A,B ∈ τeX , we define

(A⊗B)(z) =
∨
x,y∈X(PX(x, y, z)�A(x)�B(y)),

(A⇒ B)(x) =
∧
y,z∈X((PX(x, y, z)�A(y))→ B(z)).

By Theorem 2.11, (τeX ,∨,∧,⊗,⇒, 0X , 1X) is a c-quantale. By Theorem 2.12 (3),
(τeX , eτeX , PτeX ) is a cq-frame, where PτeX (A,B,C) =

∧
x∈X((A ⊗ B)(x) → C(x))

with (A⊗B)(x) =
∨
y,z(A(y)�B(z)�eX(y∗z, x). By Theorem 2.10, (τeτeX

,∨,⊗,⇒
, 0, 1) is a c-quantale.

Put ez(x) = eX(x, z). Since, for all z ∈ X, ez(x)� eX(x, y) ≤ ez(y), ez ∈ τeX . If
h(x)(A) = h(y)(A) for each A ∈ τeX , then we get

eX(x, x) = h(x)(ex) = h(y)(ex) = eX(x, y) = 1 for ex ∈ τeX
and

eX(y, x) = h(x)(ey) = h(y)(ey) = eX(y, y) = 1 for ey ∈ τeX .
Thus By (E3), x = y. So h is injective.

We show h(x) = x̂ ∈ τeτeX from

x̂(A)� eτeX (A,B)

= x̂(A)�
∧
y∈X(A(y)→ B(y))

≤ A(x)� (A(x)→ B(x)) ≤ B(x) = x̂(B).

For each A ∈ τeX , since A(x)� eX(x, y) ≤ A(y), we have

eX(x, y) ≤
∧
A∈τeX

(A(x)→ A(y))

=
∧
A∈τeX

(x̂(A)→ ŷ(A)) = eτeτeX
(x̂, ŷ).

For ez ∈ τeX for all z ∈ X, eτeτeX
(x̂, ŷ) =

∧
A∈τeX

(A(x)→ A(y)) ≤
∧
ez∈τeX

(ez(x)→
ez(y)) =

∧
z∈X(eX(z, x)→ eX(z, y)) = eX(x, y). Thus, eτeτeX

(x̂, ŷ) = eX(x, y).

For each x, y ∈ X,A ∈ τeX , since

(h(x)⊗ h(y))(A) = (x̂⊗ ŷ)(A)

=
∨
B,C∈τeX

(
PτeX (B,C,A)� x̂(B)� ŷ(C)

)
(x̂ ∗ y)(A) = A(x ∗ y)

PτeX (B,C,A) =
∧
x∈X((B ⊗ C)(x)→ A(x)),
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(h(x)⊗ h(y))(A) =
∨
B,C∈τeX

(
PτeX (B,C,A)� x̂(B)� ŷ(C)

)
≤
∨
B,C∈τeX

(
(
∧
z∈X((B ⊗ C)(z)→ A(z)))�B(x)� C(y)

)
≤
∨
B,C∈τeX

(
(B(x)� C(y)� eX(x ∗ y, x ∗ y)→ A(x ∗ y))�B(x)� C(y)

)
≤ A(x ∗ y).

Put B(z) = ex(z) = eX(x, z) and C(z) = ey(z) = eX(y, z) for x ∈ X. Then
ex, ey ∈ τeX because ex(y)� eX(y, z) ≤ ex(z). Since

ex(x′)� ey(y′)� eX(x′ ∗ y′, z)
= eX(x, x′)� eX(y, y′)� eX(x′, y′ ↗ z)
≤ eX(x, y′ ↗ z)� eX(y, y′) = eX(y′, x↗ z)� eX(y, y′)
≤ eX(y, x↗ z) = eX(x ∗ y, z),

we have

(h(x)⊗ h(y))(A) =
∨
B,C∈τeX

(
PτeX (B,C,A)� x̂(B)� ŷ(C)

)
≥
∧
z∈X

(
(ex ⊗ ey)(z)→ A(z)

)
� ex(x)� ey(y)

=
∧
z∈X

(
(
∨
x′,y′ ex(x′)� ey(y′)� eX(x′ ∗ y′, z))→ A(z)

)
� ex(x)� ey(y)

≥
∧
z∈X(eX(x ∗ y, z)→ A(z)) = A(x ∗ y).

because A(x ∗ y) � eX(x ∗ y, z) ≤ A(z) implies A(x ∗ y) ≤ eX(x ∗ y, z) → A(z) for
A ∈ τeX . Hence h(x ∗ y) = h(x)⊗ h(y).

Since

PτeX (A,B,C)� x̂(B) ≤
(∨

x′(A(x′)�B(x)� eX(x′ ∗ x, y))→ C(y)
)
�B(x)

≤
∧
x′

(
B(x)→ (A(x′)� eX(x′ ∗ x, y))→ C(y)

)
�B(x)

≤
∧
x′

(
(B(x)→ (A(x′)� eX(x′ ∗ x, y))→ C(y))�B(x)

)
≤
∧
x′(A(x′)� eX(x′ ∗ x, y)→ C(y)),

(h(x)⇒ h(y))(A) = (x̂⇒ ŷ)(A)

=
∧
B,C∈τeX

(
PτeX (A,B,C)� x̂(B)→ ŷ(C)

)
≥
∧
C∈τeX

(∧
x′(A(x′)� eX(x′ ∗ x, y)→ C(y))→ C(y)

)
≥
∧
C∈τeX

∨
x′

(
(A(x′)� eX(x′ ∗ x, y)→ C(y))→ C(y)

)
≥
∨
x′ A(x′)� eX(x′ ∗ x, y) =

∨
x′ A(x′)� eX(x′, x↗ y)

= A(x↗ y) = x̂↗ y(A) = h(x↗ y).

Put B = ex and C(z) = e−1α
y (z) = eX(z, y) → α. Since (eX(z, y) → α) �

eX(z, x) � eX(x, y) ≤ α implies (eX(z, y) → α) � eX(z, x) ≤ eX(x, y) → α, then
e−1α
y ∈ τeX . Since

∨
x0(eX(x, x0) � eX(x′ ∗ x0, y)) =

∨
x0(eX(x, x0) � eX(x0, x

′ ↗
176
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y)) = eX(x, x′ ↗ y) = eX(x′ ∗ x, y), we have

(h(x)⇒ h(y))(A) =
∧
B,C∈τeX

(
PτeX (A,B,C)� x̂(B)→ ŷ(C)

)
≤
∧
α∈L

((∧
z∈X((A⊗ ex)(z)→ e−1α

y (z))
)
� ex(x)→ e−1α

y (y)
)

≤
∧
α∈L

((∧
z∈X(

∨
x′,x0 A(x′)� ex(x0)� eX(x′ ∗ x0, z)→ (eX(z, y)→ α))

)
→ α

)
=
∧
α∈L

(
((
∨
x′,x0,z A(x′)� ex(x0)� eX(x′ ∗ x0, z)� eX(z, y))→ α))

)
→ α

)
=
∧
α∈L

((∨
x′,x0 A(x′)� ex(x0)� eX(x′ ∗ x0, y)→ α)

)
→ α

)
=
∧
α∈L

((∨
x′,x0 A(x′)� ex(x0)� eX(x′ ∗ x0, y)→ α)

)
→ α

)
=
∧
α∈L

((∨
x′ A(x′)� eX(x′ ∗ x, y)→ α)

)
→ α

)
(by Lemma 2.3 (12))

=
∨
x′ A(x′)� eX(x′ ∗ x, y) =

∨
x′ A(x′)� eX(x′, x↗ y)

= A(x↗ y) = x̂↗ y(A) = h(x↗ y)(A).

Therefore h(x↗ y) = h(x)⇒ h(y). �

Example 3.3. Let (X,∧,∨, ∗,↗, 0, 1) be a c-quantale. Define eX : X ×X → L as

eX(x, y) =

{
1, if x ≤ y,
0, if x 6≤ y.

Since x ∗ y ≤ z iff x ≤ y ↗ z, eX(x ∗ y, z) = eX(x, y ↗ z) for each x, y, z ∈ X. Then
(X, eX) is an r-fuzzy poset. Furthermore, define PX(x, y, z) = eX(x ∗ y, z). Then
(X, eX , PX) is a cq-frame. Thus we have

τeX = {A ∈ LX | A(x)� eX(x, y) ≤ A(y)} = {A ∈ LX | A(x) ≤ A(y) if x ≤ y}.

For A,B ∈ τeX , we define

(A⊗B)(z) =
∨

x,y∈X
(P (x, y, z)�A(x)�B(y)) =

∨
x∗y≤z

(A(x)�B(y)).

(A⇒ B)(x) =
∧

y,z∈X
(P (x, y, z)�A(y)→ B(z)) =

∧
x≤y↗z

(A(y)→ B(z)).

By Theorem 2.10, (τeX ,≤,∨,∧,⊗,⇒, 1X , 0X) is a c-quantale. Define PτeX : τeX ×
τeX × τeX → L as follows:

PτeX (A,B,C) =
∧
x∈X

((A⊗B)(x)→ C(x)) =
∧
x∈X

∧
y∗z≤x

((A(y)�B(z))→ C(x)).

Then (τeX , eτeX , PτeX ) is a cq- frame.

For x, y ∈ X and A ∈ LX ,

(h(x)⊗ h(y))(A) =
∨
B,C∈τeX

(
PτeX (B,C,A)� x̂(B)� ŷ(C)

)
=
∨
B,C∈τeX

(
(
∧
z∈X(B ⊗ C)(z)→ A(z)))�B(x)� C(y)

)
≤
∨
B,C∈τeX

(
(B ⊗ C)(x ∗ y)→ A(x ∗ y)))�B(x)� C(y)

)
≤
∨
B,C∈τeX

(
(B(x)� C(y)→ A(x ∗ y)))�B(x)� C(y)

)
≤ A(x ∗ y) = x̂ ∗ y(A) = h(x ∗ y).
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Since x ≤ y and y ≤ z implies x ≤ z, ex(y)�eX(y, z) ≤ ex(z). Thus ex ∈ τeX . Since
(ex ⊗ ey)(z) =

∨
x′∗y′≤z ex(x′)� ey(y′) ≤

∨
x′∗y′≤z ex∗y(x′ ∗ y′) = ex∗y(z), we have

(h(x)⊗ h(y))(A) =
∨
B,C∈τeX

(
PτeX (B,C,A)� x̂(B)� ŷ(C)

)
≥
∧
z∈X

(
(ex ⊗ ey)(z)→ A(z)

)
� ex(x)� ey(y)

≥
∧
z∈X(eX(x ∗ y, z)→ A(z)) =

∧
x∗y≤z A(z)

= A(x ∗ y) = x̂ ∗ y(A) = h(x ∗ y).

because A(x) ≤ A(y) for x ≤ y and A ∈ τeX .

(h(x)⇒ h(y))(A) = (x̂⇒ ŷ)(A)

=
∧
B,C∈τeX

(
PτeX (A,B,C)� x̂(B)→ ŷ(C)

)
PτeX (A,B,C)� x̂(B) ≤

(∨
x′∗x≤y(A(x′)�B(x))→ C(y)

)
�B(x)

≤ (
∨
x′≤x↗y A(x′))→ C(y) = A(x↗ y)→ C(y)

(h(x)⇒ h(y))(A) =
∧
B,C∈τeX

(
PτeX (A,B,C)� x̂(B)→ ŷ(C)

)
≥
∧
B,C∈τeX

(
(A(x↗ y)→ C(y))→ C(y)

)
≥ A(x↗ y) = x̂↗ y(A) = h(x↗ y).

Put B = ex and C(z) = e−1α
y (z) = eX(z, y)→ α as

e−1α
y (z) =

{
α, if z ≤ y,
1, if z 6≤ y.

If z ≤ x ≤ y, then e−1α
y (x) = α implies e−1α

y (z) = α. Thus (eX(z, y) → α) �
eX(z, x) ≤ eX(x, y) → α; i.e. e−1α

y ∈ τeX . Since
∨
x0 eX(x, x0) � eX(x′ ∗ x0, y) =

eX(x′ ∗ x, y) and
∨
x′ A(x′)� eX(x′ ∗ x, y) = A(x↗ y), we have

(h(x)⇒ h(y))(A) =
∧
B,C∈τeX

(
PτeX (A,B,C)� x̂(B)→ ŷ(C)

)
≤
∧
α∈L

((∧
z∈X((A⊗ ex)(z)→ e−1α

y (z))
)
� ex(x)→ e−1α

y (y)
)

≤
∧
α∈L

((∨
x′,x0 A(x′)� ex(x0)� eX(x′ ∗ x0, y)→ α)

)
→ α

)
=
∧
α∈L

((∨
x′ A(x′)� eX(x′ ∗ x, y)→ α)

)
→ α

)
= A(x↗ y) = x̂↗ y(A) = h(x↗ y).

Example 3.4. Let (X = [0,∞],≤op,∨op,+,∧op,∞, 0) be an sc-quantale, where
≤op=≥,∨op = ∧,∧op = ∨ and

x↗ y =
∨
op{z ∈ [0,∞] | x+ z ≤op y}

=
∧
{z ∈ [0,∞] | z ≥ −x+ y} = (y − x) ∨ 0,

e0
X(x, y) =

{
0, if x ≥ y,
∞, if x < y.

Define PX(x, y, z) = e0
X(x+y, z) for each x, y, z ∈ [0,∞]. By Theorem 2.6, ([0,∞], e0

X , PX)
is a cq-frame. Then we get

τe0X = {A ∈ [0,∞][0,∞] | A(x) + e0
X(x, y) ≤op A(y)}

= {A ∈ [0,∞][0,∞] |
∧
x≥y A(x) ≤op A(y)}
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= {A ∈ [0,∞][0,∞] | A(x) ≥ A(y), x ≥ y},
because A(x) ≥

∧
x≥y A(x) ≥ A(y) for y ≤ x.

For A,B ∈ τe0X , we define

(A⊗B)(z) = (
∨
op)x,y∈X(P (x, y, z) +A(x) +B(y)) =

∧
x+y≥z(A(x) +B(y))

=
∧
y∈X(A((z − y) ∨ 0) +B(y)) =

∧
x∈X(A(x) +B((z − x) ∨ 0)),

(A⇒ B)(x) = (
∧
op)y,z∈X(P (x, y, z) +A(y))↗ B(z))

=
∨
x≥(−y+z)∨0((B(z)−A(y)) ∨ 0) =

∨
z∈X((B(z)−A((z − x) ∨ 0)) ∨ 0)

=
∨
y∈X((B(x+ y)−A(y)) ∨ 0).

Then (τe0X ,≤op=≥,∨op,∧op,⊗,⇒,∞X , 0X) is a c-quantale, where 0X(x) = 0 and

∞X(x) =∞ for each x ∈ [0,∞].
Define Pτ

e0
X

: τe0X × τe0X × τe0X → [0,∞] as follows:

P (A,B,C) = (
∧
op

)z∈X((A⊗B)(z)↗ C(z)) =
∨
z∈X

((C(z)−
∧

x+y≥z

(A(x)+B(y)))∨0).

Then (τe0X , eτe0X
, Pτ

e0
X

) is a cq-frame.

Since e0
X(x, u) + e0

X(y, v) ≥ e0
X(x+ y, u+ v) = e0

X(x+ y, u+ v) + e0
X(u+ v, z) ≥

e0
X(x+ y, z) for each u+ v ≥ z,

(h(x)⊗ h(y))(A) = (x̂⊗ ŷ)(A) = (
∨
op)B,C∈τe0

X

(Pτ
e0
X

(B,C,A) + x̂(B) + ŷ(C))

=
∧
B,C∈τ

e0
X

(
∨
z∈X((A(z)−

∧
u+v≥z(B(u) + C(v))) ∨ 0) +B(x) + C(y))

≥
∧
B,C∈τ

e0
X

((A(x+ y)− (B(x) + C(y))) ∨ 0) +B(x) + C(y))

= A(x+ y) = x̂+ y(A),
(h(x)⊗ h(y))(A)
=
∧
B,C∈τ

e0
X

(
∨
z∈X((A(z)−

∧
u+v≥z(B(u) + C(v))) ∨ 0) +B(x) + C(y))

≤
∨
z∈X((A(z)−

∧
u+v≥z((e

0
X)x(u) + (e0

X)y(v))) ∨ 0) + (e0
X)x(x) + (e0

X)y(y))

≤
∨
z∈X((A(z)−

∧
u+v≥z e

0
X(x+ y, u+ v)) ∨ 0)

≤
∨
z∈X(A(z)− e0

X(x+ y, z)) ∨ 0 ≤ A(x+ y).

For A,B,C ∈ τe0X ,

Pτ
e0
X

(A,B,C) + x̂(B) ≤op
(
C(y)− (

∨
x′+x≥y)op(A(x′) +B(x))

)
+B(x)

≤op C(y)−
∧
x′≥y−xA(x′) ≤op C(y)−A(y − x),

(h(x)⇒ h(y))(A) = (x̂⇒ ŷ)(A)

= (
∧
op)B,C∈τe0

X

(
Pτ

e0
X

(A,B,C) + x̂(B)↗ ŷ(C)
)

=
∨
B,C∈τ

e0
X

(
(C(y)− (Pτ

e0
X

(A,B,C) + x̂(B)) ∨ 0
)

≤
∨
B,C∈τ

e0
X

(
C(y)− (C(y)−A(y − x))

)
= A(y − x) = h(x↗ y),
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(h(x)⇒ h(y))(A) = (x̂⇒ ŷ)(A)

= (
∧
op)B,C∈τe0

X

(
Pτ

e0
X

(A,B,C) + x̂(B)↗ ŷ(C)
)

≥
∨
C∈τ

e0
X

(
Pτ

e0
X

(A, ex, C) + x̂(ex)↗ ŷ(C)
)

(C = A⊗ ex)
≥ (A⊗ ex)(y) =

∧
z+w≥y(A(z) + ex(w)) = A(y − x).

Theorem 3.5. Let (X, eX , P ) be a cq-frame and τeτeX
= {α ∈ LτeX | α(A) �

eτeX (A,B) ≤ α(B)}. Define a map k : X → τeτeX
as k(x)(A) = x̂(A) = A(x).

Then k : (X, eX , P )→ (τeτeX
, eτeτeX

, P̂ ) is a frame embedding map with eX(x, y) =

eτeτeX
(k(x), k(y)) and P̂ (x̂, ŷ, ẑ) = P (x, y, z), where

P̂ (x̂, ŷ, ẑ) =
∧

A∈τeX

((x̂⊗ ŷ)(A))→ ẑ(A))).

Proof. Let (X, eX , P ) be a cq-frame. By Theorem 2.10, (τeX ,∨,∧,⊗,⇒, 0X , 1X) is

a c-quantale. By Theorem 2.12 (3), (τeτeX
, eτeτeX

, P̂ ) is a cq-frame, where

P̂ (α, β, γ) =
∧
A∈τeX

((α⊗ β)(A)→ γ(A)).

By Theorem 3.2, e(x, y) = eτeτeX
(x̂, ŷ).

Since (B⊗C)(z) =
∨
x,y B(x)�C(y)�P (x, y, z) and (B⊗C) ∈ τeX from Theorem

2.10, we have

x̂(B)� ŷ(C)� eτeX (B ⊗ C,A) ≤ B(x)� C(y)�
(
B(x)� C(y)� P (x, y, z)→ A(z)

)
≤ P (x, y, z)→ A(z),

P̂ (x̂, ŷ, ẑ) =
∧
A∈τeX

(x̂⊗ ŷ)(A)→ ẑ(A))

=
∧
A∈τeX

(
∨
B,C(x̂(B)� ŷ(C)� eτeX (B ⊗ C,A))→ ẑ(A)))

≥
∧
A∈τeX

((P (x, y, z)→ A(z))→ A(z))

≥ P (x, y, z).

For Cαx,z(y) = P (x, y, z)→ α for each y ∈ X, since P (x, y, z)�eX(w, y) ≤ P (x,w, z),
we have

P (x, y, z)� (P (x,w, z)→ α)� eX(w, y))
≤ P (x,w, z)� (P (x,w, z)→ α) ≤ α.

Then Cαx,z(w)� eX(w, y) ≤ Cαx,z(y). Thus Cαx,z ∈ τeX . For A = ((e−1
z )→ α) ∈ τeX ,

B = 1 ∈ τeX and Cαx,z ∈ τeX , 1(x)� Cαx,z(y) = P (x, y, z)→ α. Since

eτeX (1⊗ Cαx,z, (e−1
z )→ α))

=
∧
w∈X(

∨
x,y∈X(1(x)� Cαx,z(y)� P (x, y, w)→ ((e−1

z )(w)→ α))

=
∧
w∈X

∧
x,y∈X

(
Cαx,z(y)� P (x, y, w)→ ((e−1

z )(w)→ α)
)

=
∧
w∈X

∧
x,y∈X

(
Cαx,z(y)→ (P (x, y, w)� eX(w, z)→ α)

)
=
∧
w∈X

∧
x,y∈X

(
(P (x, y, z)→ α)→ (P (x, y, w)� eX(w, z)→ α)

)
(P1)

≥
∧
w∈X

∧
x,y∈X

(
(P (x, y, z)→ α)→ (P (x, y, z)→ α)

)
= 1,
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we have

P̂ (x̂, ŷ, ẑ) =
∧
A∈τeX

(
∨
B,C∈τeX

x̂(B)� ŷ(C)� eLX (B ⊗ C,A))→ ẑ(A)))

≤ (1(x)� Cαx,z(y)� eτeX (1⊗ Cαx,z, (e−1
z )→ α))→ ((e−1

z )(z)→ α))

≤ (P (x, y, z)→ α)→ α.

So P̂ (x̂, ŷ, ẑ) ≤
∧
α∈L((P (x, y, z)→ α)→ α) = P (x, y, z). �

Example 3.6. Let (X, eX , P ) be a cq-frame in Example 3.3. For A,B ∈ τeX , we
define

(A⊗B)(z) =
∨

x,y∈X
(P (x, y, z)�A(x)�B(y)) =

∨
x∗y≤z

(A(x)�B(y)),

(A⇒ B)(x) =
∧

y,z∈X
(P (x, y, z)�A(y)→ B(z)) =

∧
x≤y↗z

(A(y)→ B(z)).

By Example 3.3, (τeX ,≤,∨,∧,⊗,⇒, 1X , 0X , eτeX ) is a c-quantale.

Let τeτeX
= {α ∈ LτeX | α(A)� eτeX (A,B) ≤ α(B)} be given. By Example 3.3,

(τeτeX
, eτeτeX

, P̂ ) is a cq-frame, where for (α ⊗ β)(A) =
∨
B,C∈τeX

α(B) � β(C) �
eτeX (B ⊗ C,A),

P̂ (α, β, γ) =
∧
A∈τeX

((α⊗ β)(A)→ γ(A)).

For each x̂, ŷ ∈ τeτeX , since (B ⊗ C)(z) =
∨
x∗y≤z(B(x)� C(y)) from Example 3.3,

we have

x̂(B)� ŷ(C)� eτeX (B ⊗ C,A)

≤ B(x)� C(y)�
(
B(x)� C(y)→ A(x ∗ y)

)
≤ A(x ∗ y).

Since A(x ∗ y)� eX(x ∗ y, z) ≤ A(z) iff eX(x ∗ y, z) ≤ A(x ∗ y)→ A(z),

P̂ (x̂, ŷ, ẑ) =
∧
A∈τeX

(x̂⊗ ŷ)(A)→ ẑ(A))

=
∧
A∈τeX

(
∨
B,C(x̂(B)� ŷ(C)� eτeX (B ⊗ C,A))→ ẑ(A)))

≥
∧
A∈τeX

(A(x ∗ y)→ A(z)) ≥ eX(x ∗ y, z) = P (x, y, z).

For e−αx↗z(y) = eX(y, x ↗ z) → α for each y ∈ X, since eX(y, x ↗ z) � eX(w, y) ≤
eX(w, x↗ z), we have

eX(y, x↗ z)� (eX(w, x↗ z)→ α)� eX(w, y))
≤ eX(w, x↗ z)� (eX(w, x↗ z)→ α) ≤ α.

Then e−αx↗z(w)�eX(w, y) ≤ e−αx↗z(y). Thus e−αx↗z ∈ τeX . For A = ((e−1
z )→ α) ∈ τeX ,

B = 1 ∈ τeX and e−αx↗z ∈ τeX , 1(x)� e−αx↗z(y) = eX(y, x↗ z)→ α. Since

eτeX (1⊗ e−αx↗z, (e−1
z )→ α)) =

∧
w∈X(

∨
x∗y≤w(1(x)� e−αx↗z(y))→ ((e−1

z )(w)→ α))

=
∧
w∈X

∧
x∗y≤w

(
e−αx↗z(y)� (e−1

z )(w)→ α
)

=
∧
w∈X

∧
x∗y≤z

∧
w≤z(e

−α
x↗z(y)→ α)

=
∧
x∗y≤z(eX(y, x↗ z)→ α)→ α) = 1,
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we have

P̂ (x̂, ŷ, ẑ) =
∧
A∈τeX

(
∨
B,C∈τeX

x̂(B)� ŷ(C)� eLX (B ⊗ C,A))→ ẑ(A)))

≤ (1(x)� e−αx↗z(y)� eτeX (1⊗ e−αx↗z, (e−1
z )→ α))→ ((e−1

z )(z)→ α))

≤ (eX(y, x↗ z)→ α)→ α.

So P̂ (x̂, ŷ, ẑ) ≤
∧
α∈L((eX(y, x↗ z)→ α)→ α) = eX(y, x↗ z) = P (x, y, z).

Example 3.7. Let (X, e0
X , PX) be a cq-frame in Example 3.4. For A ∈ τe0X , A(x) +

e0
X(x, y) ≤op A(y) iff A(x) ≥ A(y) for each x ≥ y. For A,B ∈ τe0X , we define

(A⊗B)(z) = (
∨
op

)x,y∈X(P (x, y, z)�A(x)�B(y)) =
∧

x+y≥z

(A(x) +B(y)),

(A⇒ B)(x) = (
∧
op

)y,z∈X(P (x, y, z)�A(y)↗ B(z)) =
∨

x≥(−y+z)∨0

((B(z)−A(y))∨0).

By Example 3.4, (τe0X ,≤op=≥,∨op,∧op,⊗,⇒, 0X ,∞X , eτ
e0
X

) is a c-quantale, where

0X(x) = 0, ∞X(x) = ∞ for each x ∈ [0,∞]. Moreover, (τeτ
e0
X

, eτeτ
e0
X

, P̂ ) is a

cq-frame, where

P̂ (α, β, γ) = (
∧
op)A∈τe0

X

(α⊗ β(A))↗ γ(A))).

From Theorem 3.5,

P̂ (x̂, ŷ, ẑ) = (
∧
op)A∈τe0

X

(x̂⊗ ŷ)(A)↗ ẑ(A))

= (
∧
op)A∈τe0

X

((
∨
op)B,C(x̂(B) + ŷ(C) + eτ

e0
X

(B ⊗ C,A))↗ ẑ(A)))

≥op (
∧
op)A∈τe0

X

((P (x, y, z)↗ A(z))↗ A(z))

≥op P (x, y, z).

Put Cαx,z(y) = e0
X(x+ y, z) ↗ α and (e0−1

X )αz (y) = e0
X(y, z) ↗ α for each y ∈ X.

Then

Cαx,z(y) =

{
α, if x+ y ≥ z,
0, if x+ y < z,

(e0−1
X )αz (y) =

{
α, if y ≥ z,
0, if y < z.

If x + y ≥ z and w ≥ y, then x + w ≥ z. Thus Cαx,z(w) + e0
X(w, y) ≤op Cαx,z(y).

Thus Cαx,z ∈ τe0X . If y ≥ z and w ≥ y, then w ≥ z. Thus (e0−1
X )αz (w) + e0

X(w, y) ≤op
(e0−1
X )αz (y). So (e0−1

X )αz ∈ τe0X . Moreover, we have

eτ
e0
X

(0⊗ Cαx,z, (e0−1
X )αz )

= (
∧
op)w∈X((

∨
op)x,y∈X(0(x) + Cαx,z(y) + P (x, y, w)↗ (e0−1

X )αz )

= (
∧
op)w∈X(

∧
op)x,y∈X

(
Cαx,z(y) + P (x, y, w)↗ (e0−1

X )αz (w)
)

= 0,
because w ≥ z, x+ y ≥ w implies x+ y ≥ z. So we get

P̂ (x̂, ŷ, ẑ) = (
∧
op)A∈τe0

X

((
∨
op)B,C∈τe0

X

x̂(B) + ŷ(C) + eτ
e0
X

(B ⊗ C,A))↗ ẑ(A)))

≤op (0(x) + Cαx,z(y) + eτ
e0
X

(0⊗ Cαx,z, (e0−1
X )αz )↗ (e0−1

X )αz (z))

= (P (x, y, z)↗ α)↗ α.

Hence P̂ (x̂, ŷ, ẑ) ≤op (
∧
op)α∈[0,∞]((P (x, y, z)↗ α)↗ α) = P (x, y, z).
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Since P (x, y, z) ≤op ((P (x, y, z)↗ α)↗ α), P (x, y, z) ≤op (
∧
op)α∈L((P (x, y, z)↗

α)↗ α). Put P (x, y, z) = Cαα,α(y) = α for each y ∈ X. Then (
∧
op)α∈L((P (x, y, z)↗

α) ↗ α) ≤op (α ↗ α) ↗ α) = α = P (x, y, z). Thus (
∧
op)α∈[0,∞]((P (x, y, z) ↗

α)↗ α) = P (x, y, z). So P̂ (x̂, ŷ, ẑ) = P (x, y, z).

Example 3.8. Let L = {0, x, y, 1} be such that 0 < x < y < 1. Define � and → as
follows:

� 0 x y 1
0 0 0 0 0
x 0 0 x x
y 0 x y y
1 0 x y 1

→ 0 x y 1
0 1 1 1 1
x x 1 1 1
y 0 x 1 1
1 0 x y 1

Then (L,∧,∨,�,→, 0, 1) is a c-quantale. Define eL(x, y) = x → y and P (x, y, z) =
(x�y)→ z for each x, y, z ∈ L. Then (L, eL, P ) is a cq-frame. ForA = (A(0), A(x), A(y), A(1)) =
(0, x, 0, y), B = (B(0), B(x), B(y), B(1)) = (y, y, x, x), C = (C(0), C(x), C(y), C(1)) =
(x, y, y, y), since A(1) � eL(1, y) = y � y = y 6≤ A(y) = 0 and B(x) � eL(x, y) =
y � 1 = y 6≤ B(y) = x, A 6∈ τeL , B 6∈ τeL and C =

∨
x∈L(A(x) � eL(x,−)) ∈ τeL .

D =
∨
x∈L(A(x)� eL(x,−)) = (0, x, y, y) ∈ τeL and E =

∨
x∈L(B(x)� eL(x,−)) =

(y, y, y, y) ∈ τeL . Since C ⊗ D(z) =
∨
x,y∈L(((x � y) → z) � C(x) � D(y)),

(C ⊗D) = (x, y, y, y) = C.
Since (C ⇒ D)(x) =

∧
y,z∈L(x → (y → z)) → (C(y) → D(z)), (C ⇒ D) =

(x, x, 1, 1) ∈ τeL .
By Theorem 2.10, (τeL ,∨,∧,⊗,⇒, 0L, 1L) is a c-quantale with r-fuzzy preorder

eτeL .
Define PτeL : τeL × τeL × τeL → L as follows:

PτeL (A,B,C) =
∧
x∈L

((A⊗B)(x)→ C(x))

where (A⊗B)(x) =
∨
y,z(A(y)�B(z)�eL(y�z, x). By Theorem 2.12 (3), (τeL , eτeL , P )

is a cq-frame. By Theorem 2.10, (τeτeL
,∨,⊗,⇒, 0, 1, eτeτeL ) is a c-quantale.

By Theorem 2.12 (3), (τeτeL
, eτeτeL

, P̂ ) is a cq-frame, where

P̂ (α, β, γ) =
∧
A∈τeL

(α⊗ β(A))→ γ(A))).

Since (B⊗C)(z) =
∨
x,y B(x)�C(y)�P (x, y, z) and (B⊗C) ∈ τeL from Theorem

2.10, we have

x̂(B)� ŷ(C)� eτeL (B ⊗ C,A) ≤ B(x)� C(y)�
(
B(x)� C(y)� P (x, y, 0)→ A(0)

)
≤ P (x, y, 0)→ A(0).

P̂ (x̂, ŷ, 0̂) =
∧
A∈τeL

(x̂⊗ ŷ)(A)→ 0̂(A))

=
∧
A∈τeL

(
∨
B,C(x̂(B)� ŷ(C)� eτeL (B ⊗ C,A))→ 0̂(A)))

≥
∧
A∈τeL

((P (x, y, 0)→ A(0))→ A(0))

≥ P (x, y, 0) = x� y → 0 = x.

Put B = ex = eL(x,−) = (x, 1, 1, 1) and C = ey = eL(y,−) = (0, x, 1, 1) for
x, y ∈ L. Then ex, ey ∈ τeL because ex(y)� eL(y, z) ≤ ex(z). Since ex(x′)� ey(y′) ≤
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ex∗y(x′ ∗ y′), we have

P̂ (x̂, ŷ, 0̂) =
∧
A∈τeL

(x̂⊗ ŷ)(A)→ 0̂(A))

=
∧
A∈τeL

(
∨
B,C(x̂(B)� ŷ(C)� eτeL (B ⊗ C,A))→ 0̂(A)))

≤
∧
A∈τeL

(x̂(eL)� ŷ(ey)� eτeL (ex ⊗ ey, A))→ ẑ(A)))

≤ x̂(ex)� ŷ(ey)� eτeL (ex ⊗ ey, ex ⊗ ey)→ ẑ(ex ⊗ ey)

= (ex ⊗ ey)(0) =
∨
x′,y′ eL(x′ � y′, 0)� ex(x′)� ey(y′)

≤
∨
x′,y′ eL(x′ � y′, 0)� eL(x� y, x′ � y′)

= eL(x� y, 0) = P (x, y, 0).

Thus P̂ (x̂, ŷ, 0̂) = P (x, y, 0). So (L,∧,∨,�,→, 0, 1, eL) is a c-quantale.

4. Conclusion

In this paper, we prove two main theorems. Let (X,∧,∨, ∗,↗, 0, 1) be a c-
quantale with r-fuzzy preorder eX and τeτeX

= {α ∈ LτeX | α(A) � eτeX (A,B) ≤
α(B)}. Then a map h : (X,∧,∨, ∗,↗, 0, 1, eX) → (τeτeX

,∨,⊗,⇒, 0, 1, eτeτeX ) de-

fined as h(x)(A) = x̂(A) = A(x) is a embedding map.
Let (X, eX , P ) be a cq-frame. A map k : X → τeτeX

as k(x)(A) = x̂(A) = A(x).

Then k : (X, eX , P ) → (τeτeX
, eτeτeX

, P̂ ) defined as k(x)(A) = x̂(A) = A(x) is a

frame embedding map.
From the above results, left continuous t-norms and complete residuated lattices

( complete BL-algebra, complete MV -algebra, complete Boolean algebra) can be
embedded in above space.

In the future, by using the concepts of embedding maps, we must find the the
problems for information systems and decision rules on commutative quantales can
be solved on the Alexandrov fuzzy topologies.
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[14] R. Bělohlávek, Fuzzy Relational Systems, Kluwer Academic Publishers, New York 2002.
[15] E. Turunen, Mathematics Behind Fuzzy Logic; A Springer-Verlag Co. 1999.

Ju-mok Oh (jumokoh@gwnu.ac.kr)
Department of Mathematics, Faculty of Natural Science, University of Gangneung-
Wonju, Gangneung, Gangwondo, 25457, Korea

Yong Chan Kim (yck@gwnu.ac.kr)
Department of Mathematics, Faculty of Natural Science, University of Gangneung-
Wonju, Gangneung, Gangwondo, 25457, Korea

185


	Embedding maps on commutative quantales . By 
	Embedding maps on commutative quantales . By 

