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ABSTRACT. We prove that commutative quantales can be embedded in
the algebra structures on Alexandrov topologies. Moreover, commutative
frames can be embedded in the frame structures on Alexandrov topologies.
From these results, every commutative quantales and frames are subalge-
bras of algebraic structures on Alexandrov topologies. We study their
properties and give their examples.
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1. INTRODUCTION

M ulvey (See [1, 2]) introduced quantales which are certain partially ordered
algebraic structures that generalize locales (point free topologies) as well as various
multiplicative lattices of ideals from ring theory and functional analysis (C*-algebras,
von Neumann algebras). Hohle [3, 4] developed the algebraic structures and many
valued topologies in a sense of quantales and cqm-lattices.

Discrete duality is a duality between a class of algebras and an associated class
of relational systems without a topology. Dualities are developed between algebras
(resp. Boolean algebras, MV -algebra, Heyting algebra, BL-algebra, MT L-algebras)
and logical relational systems (resp. classical propositional logic, Lukasiewicz logic,
intuitionistic logic, basic fuzzy logics, Monoidal t-norm logics) (See [5, 6, 7, 8, 9, 10]).
Oh and Kim (See [11, 12, 13]) introduced the notion of commutative quantales (resp.
residuated connections) and commutative quantale frames (resp. residuated frames)
in fuzzy logics as a duality between algebras and logical relational systems.

If map f: (X,Sx) — (Y,Sy) is embedding, then some object X is said to be
embedded in another object Y. The embedding is given by some injective and



Oh and Kim /Ann. Fuzzy Math. Inform. 22 (2021), No. 2, 171-185

structure-preserving map f : X — Y. We can consider that (X,Sx) is a sub-
algebraic structure of (Y, Sy). The aim of this paper, we show that every commu-
tative quantales and frames are subalgebras of algebraic structures on Alexandrov
topologies.

In this paper, we introduce embedding maps on commutative quantales and com-
mutative quantale frames. Orlowska and Rewitzky proved that every bounded dis-
tributive lattice with a necessity operator can be embedded in the complex alge-
bra of its canonical frame Theorem 3.3 in [9]. As the extension of this result,
In Theorem 3.2, let (X, A,V,%, 7,0,1) be a c-quantale with r-fuzzy preorder ex
and 7, = {a € L™x | a(4) ®er (A, B) < a(B)}. We show that a map
h : (X,N V%, ,,0,1,ex) — (TeTEX,\/,®,:>,O,1,eTeTeX) defined as h(z)(4) =
Z(A) = A(z) is an embedding map.

Moreover, Theorem 3.4 in [9], every necessity frame can be embedded in the
canonical frame of its complex algebra. As the extension of this result, in Theorem
3.5, let (X, ex, P) be a cg-frame. We show that a map k: X — Ter,, 8S k(x)(A) =

i(A) = A(z). Then k : (X, ex, P) = (7e,, .er, , P) defined as k(z)(A) = #(A) =

A(z) is a frame embedding map. Moreover, we give their examples.

ere

2. PRELIMINARIES

Definition 2.1 ([1]). A triple (L, <, ®) is called a commutative quantale (c-quantale,
for short), if it satisfies the following conditions:

(Ql) L = (L,<,V,A,0,1) is a complete lattice, where 1 is the universal upper
bound and 0 denotes the universal lower bound,

(Q2)a0b=b0aand a® (bOc¢)=(a®b) ®cforall a,b,c € L,

(Q3) @ is distributive over arbitrary joins, i.e.,

(\/ a;) ®b= \/(az ©b).
el iel
A c-quantale is unital, if a = a @ e for each a € L. A unital c-quantale is called a
strictly two-sided, commutative quantale (sc-quantale, for short), if e = 1.

In this paper, we assume (L, A,V,®,—,0,1) is a c-quantale. For « € L, A, B €
LX, we denote (« — A),(A = B),(a ® A),ax € L* as (a« = A)(z) = a —
A(z),(A — B)(z) = (A(z) = B(2)), (0 ® A)(z) =a ® A(z), (A© B)(z) = A(z) ©
B(z), and ax(z) = a.

Lemma 2.2 ([14]). For each x,y, z,x;,y; € L, we have the following properties.
D) Ify<z (z0y)<(z02),z—y<z—zandz >z <y— .

)
) ® = (Nier %) = Nier (@ = vi) and (\jcp i) = y = Njep(w — y)-
)$_> (\/ier yl) > \/ieF(m%yi)
) (Nier i) = v = Vier(zi = y).
Yoy mz=—=(y—=2)=y— (v = 2).
YO (z—=y) <yandz—y<(y—2z)— (r—2).
Yy z<z—= (r0y0z2) andz @ (x0y —2) <y — 2.
Jr—y<(z0z) = (yO=2).
172
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(10) (z = y)O(y = 2) <z — =z
(11) If L is an sc-quantale, then x — y =1 iff x < y.
(12) z = A\yer((z = y) =2 ).

Definition 2.3 ([15]). Let X be a set. A function ex : X x X — L is called:

(E1) reflexive, if ex(x,2) =1 for all z € X,

(E2) transitive, if ex(z,y) © ex(y, 2z) < ex(z,z) for all z,y,z € X,

(E3) anti-symmetric, if ex (z,y) = ex(y,z) = 1 implies that x = y.

If ex satisfies (E1) and (E2), (X,ex) is a fuzzy preordered set. If ex satisfies
(E1), (E2) and (E3), (X, ex) is a fuzzy partially ordered set (simply, fuzzy poset).

Definition 2.4 ([11]). Let (X, ex) be a fuzzy poset.
(i) The triple (X, ex, Px) is called a commutative quantale frame (cq-frame, for
short), if Py : X x X x X — L satisfies the following conditions:
(P1) Px(z,y,2) ©ex(a,x) ©Oex(y',y) @ ex(z,2) < Px(a',y/, 2),
(PQ) Px(l', Y, Z) < PX(yv Z, Z)a
(PS) Px(z,y, z) © PX(Z7 Y z/) < VuGX(PX<y’ Y, u) © Px(CL’, U, Z/))7
(P4) Px(l', Y, Z) © PX(:'E/J 2 Z/) < \/uGX(PX(x/7 €, ’LL) © PX(u7 Y, Z/))
(ii) A cg-frame (X, ex, Px) is called an scg-frame, if satisfies
(P5) \/ueX Px(u,x,x) =1,
(P6) Px(x,y,2) <ex(z,z) ANex(y, 2).

Definition 2.5 ([11]). Let (X,A,V,*, /,0,1) be a c-quantale. A fuzzy poset
(X, ex) is an r-fuzzy poset, if (R) ex(ax*b,c) =ex(a,b 7 c) for each a,b,c € X.

Theorem 2.6 ([11]). Let (X,A,V,*, 7 0,1) be a c-quantale. A pair (X,ex) is an
r-fuzzy poset. We define

PX(Iayaz) :ex(az*y,Z).

Then the following properties hold.

(1) (X,ex, Px) is a cq-frame.

(2) If it is an sc-quantale, ex(x xy,2) < ex(x,z) Nex(y, z) for each x,y,z € X,
then (X, ex, Px) is an scq-frame.

Definition 2.7 ([3]). A subset 7x C L% is called an Alexandrov topology on X, if
it satisfies the following conditions:

(Ol) ax € Tx,

(02) if A; € 7x for all i € I, then \/,.; Ai, \;c; Ai € Tx,

(03)ifAerx anda € L, thena® A, — A € 7x.

The pair (X, 7x) is called an Alezandrov topological space.

Remark 2.8. (1) Let 7x C LX. Define e, : 7x X 7x — L as

erx (A, B) = /\ (A(z) — B(x)).
reX
Then (7x, ery) is a fuzzy poset.
(2) If (X, ex) is a fuzzy poset and we define a function ey' (z,y) = ex(y,z), then
(X, e;{l) is a fuzzy poset.
173
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Theorem 2.9 ([11]). Let (X,ex) be a fuzzy poset. Define 7., = {A € L |
A(z) @ex(z,y) < A(y)}. Then 7oy is an Alexandrov topology on X such that

Tex = { \/ (A@@) O ex(z,-)) [ A e LYY,

zeX
Theorem 2.10 ([11]). Let (X,ex, Px) be a cq-frame. For A, B € 7., , we define

(A® B)(2) =V, yex(Px(2,y,2) © A(z) © B(y)),
(A= B)(@) = A, .ex((Px(z,y,2) © A(y)) = B(2)).
Then we have :
(1) (Tex, VoA, ®,=,0x,1x) is a c-quantale.
(2) If (X,ex, Px) be an scq-frame, then it is an sc-quantale.

Theorem 2.11 ([11]). Let (X,A,V,x*, ,0,1) be a c-quantale with an r-fuzzy poset
(X,ex). For A,B € 7.,,, we define

(A® B)(2) = V, yex(ex(zxy,2) © A(z) © B(y)),
(A= B)(x) = A\, cex((ex (@ xy,2) © Aly)) = B(2)).
Then we have the following properties:
(1) (Tex, VoA, ®,=,0x,1x) is a c-quantale, where
(A® B)(2) = Vyex Aly /" 2) © B(y) = Ve x Alx) © B(z 7 2),
(A= B)(x) = N.ex(Alz 7 2) = B(2)) = \yex (Aly) = Bz *y)).
(2) if it is an sc-quantale and ex (x*y, z) < ex(x,z)Nex(
then (Tey,V, A, ®,=,0x,1x) is an sc-quantale.

y,z) foreachx,y,z € X,

Theorem 2.12 ([11]). Let (X, A, V, %, ,0,1) be a c-quantale and ex is an r-fuzzy
poset on X. Define Prx : LX x LX x LX — L as follows:

Prx(A,B,C) = \ex ((A® B)(z) = C(x)),
(A® B)(z) =V, .ex(A(y) © B(2) © ex (y * 2, z)).
Then

(1) (LX,epx, Prx) is a cq-frame,

(2) if (X,A,V,%,,7,0,1) is a sc-quantale and Py (xy : W(LX) x W(LYX) x
W(L*) — L, where W(LX) = {A € L* | A(1) = 1}, then (W(LX), ew1x), P)
is an scq-frame.

(3) if Pr i Tex X Tex X Tex = L, then (Tey,er. , Pr. ) is a cq-frame.

3. EMBEDDING MAPS ON COMMUTATIVE QUANTALES AND COMMUTATIVE
QUANTALE FRAMES

In this section, we assume (L, A, V,®,—,0,1) is a c-quantale.

Definition 3.1. (i) Let (X,A,V,x, 7,0,1) and (Y,A,V,*,71,0,1) be c-quantales
with preorders ex and ey, respectively. A map k : (X,A,V,*, ~0,1,ex) —
(Y,A, V%, 1,0, 1, ey) is called homomorphism, if

k(z*y) = k(z) xk(y), k(z ~y) = k(@) 1T k(y), ex(z,y) < ey (k(z),k(y)).

If k is injective (resp. bijective), k is an embedding (resp. isomorphism) map.
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(ii) Let (X,ex,Px) and (Y,ey,Py) be cg-frames. A map k : (X,ex,Px) —
(Y, ey, Py) is called frame homomorphism, if

ex(z,y) < ey (k(2), k), Px(2,y,2) = Pr(k(z), k(y), k(2))-

If k is injective (resp. bijective), k is a frame embedding (resp. frame isomorphism)
map.
Theorem 3.2. Let (X,A,V,x, 7,0,1) be a c-quantale with r-fuzzy preorder ex and
Te,,, = f{a € L™x [ a(Ad) ©er, (A, B) < a(B)}. Define a map h: X — 7
as h(x)(A) = #(A) = A(z). Then h : (X,A,V,x, 0,1, ex) — (TeTeX,\/,®,:
,0,1, Cre., ) is an embedding map.

Proof. Let Px(x,y,z) = ex(z * y,2) be given. By Theorem 2.6, (X,ex, Px) is a
cg-frame. For A, B € 7., we define

(A® B)(2) =V, yex (Px(z,y,2) © A(z) © B(y)),

(A= B)(@) = A, .ex((Px(z,,2) © A(y)) = B(2)).
By Theorem 2.11, (7¢y,V,A,®,=,0x,1x) is a c-quantale. By Theorem 2.12 (3),
(Texve'rex  Pr x) is a cg-frame, where PTCX (A,B,C) = /\TGX((A ® B)(z) = C(z))
with (A® B)(z) = \/y (A(y)®B(z)®ex (y*z, ). By Theorem 2.10, <T€reX WV, ®, =
,0,1) is a c-quantale.

Put e,(z) = ex(x, z). Since, for all z € X, e,(z) ©ex(x,y) < e,(y), €, € Tey. If

h(z)(A) = h(y)(A) for each A € 7., , then we get

ex(z,xz) = h(x)(ex) = h(y)(er) = ex(x,y) =1 for e, € 7y
and
ex(y,x) = h(z)(ey) = h(y)(ey) = ex(y,y) = 1 for e, € Te.
Thus By (E3), z = y. So h is injective.
We show h(z) =& € 7, from
H(A) @ er. (A, B)
=7(A) © /\yeX( (y) = B(y))
< A(x) © (A(z) = B(z)) < B(x) = #(B).
For each A € 7., since A(z) ® ex(z,y) < A(y), we have

ex(2,y) < Aaer,  (Alx) = A(y))
= Naer, (@A) = 9(A)) =er | (2,9).
Fore, € 7., forall z € X, Crery (z,9) = /\AETeX( () = A(y)
e-()) = Avex(ex(2,2) = ex(2,) = ex(e,y). Thus, e-.
For each x,y € X, A € 7., since
(h(z) @ h(y))(A) = (@ 7)(A)
~Vicen, (Pry (B.C,A) ©a(B) ©(C))

(@ *7)(A) = Az xy)
(B,C,4) = /\meX((?’?@ C)(x) = A(x)),
5

S /\ E'reX (Bz(m) -
= ex(z,y).

P,

’T'QX
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(h(@) @ h())(4) = V5 cer. . (Prey (B,C.A) 0 2(B) 0 3(0))

Vi cen, ((Mex(BEC)E) ~ A:) © Bo) 0 C)

<Vpoer., ((B@)©CW) o ex(@xy,zxy) = Alw+y) © Blz) © C(y))
< Az *xy).

Put B(z) = ez(2) = ex(z,2) and C(z) = ey(z) = ex(y,2) for z € X. Then
e, €y € Ty because e;(y) @ ex(y, z) < ez(z). Since

ex(2') ©ey(y') O ex(a' xy', 2)
=€X( 7)) @ex(y,y') Oex(a',y N 2)
<ex(wy S 2)0ex(y,y) =ex(y,r 1 2)Oex(y,Y)
<ex(y,z N z) =ex(z*y,2),
we have
(h(z) @ h(y) \/BCET (Pry (B.C.A) 0 2(B) 0 3(0))
—/\zeX (ex ® ey)( z))@e z) O ey(y
= Noex (Vo y ()G%@)Qem*yZDﬁA@DG%@KMﬂw
3>Amx®x@*yz)%fﬂ)) Az * y).

because A(z *xy) @ ex(x *y,2z) < A(z) implies A(x *y) < ex(z *y, 2) — A(z) for
A€ 1.y . Hence h(z xy) = h(z) @ h(y).
Since

Pr,, (4,B,C) 0&(B) < (V,(A@) © B(z) © ex(a’ x2,y)) = C(y)) © B(x)
< A (B@) = (A@) @ ex (@’ x2,y)) > Cy)) © B(x)

< A ((B(x) = (A@) @ ex(a 5 2,9)) = C(y)) © B(x))
< Ao (AW@) @ ex(@’ £ 2,y) > Cy),

(h(x) = h(y))(4) = (& = §)(A)
= Np.cen, (Proy (4, B.C) @ (B) = §(C)
> Noer, (A (A@) @ ex(a’ s 2,y
> Neen, Vo () @ ex(@ s 2,y
>V, AW © ex (@’ < 2,) =V A') © ex(@'0 /' y)
=A@ Sy) =z /y(A) =h(z Sy).

N—

Put B = e, and C(2) = e,'*(z) = ex(z,y) — a. Since (ex(z,9) = a)©
ex(Z,(E) © €X($7y) <a lmphes (eX(Zay) - Oé) © GX(Z,JJ) < €X($7y> - «Q, then
e, ' € Tex. Since \/ o(ex(x,2°) @ ex (¢’ x 2°,y)) = V,o(ex(x,2°) © ex(xo, 2" 7
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Y) = ex (w2’ M y) = ex(a’ z,y), we have

(h(@) = h)(A) = Ap.cer.,, (Pry (AB,C) @ f( )= 3(C))
< Naer ((Acex((A®e)() = €,19(2))) O eala) = €,12(3))
< Ao ((AocxlVar o A © 0a(a) & x(e 29,2 = (ex(es0) a))) > a)
= Naecr ((vx’,x(’,z A" ©ey(z?) Oex(z' * 2% 2) O ex(z,y)) = a
= Nacr ((Vara0 Al@') © ea(2®) © ex(a’ 2%, y) — a)% - a;
= Aaer ((Varao A@') © ea(2%) @ ex (2 # 2%, y) — @)
= Noer ({ Vo A(2") Oex (2" x z,y) — a)) — a) (by Lemma 2.3 (12))
=V, Al) @ ex (@' +3,9) = V0 Ale') @ ex (@' z /y)
=Alx Sy)=x S y(A) =h(z S y)(A).

Therefore h(z 7 y) = h(x) = h(y). O

))) —«

—

Example 3.3. Let (X, A,V,*, 7, 0,1) be a c-quantale. Define ex : X x X — L as
|1, ifx <y,
ex(z,y) = { 0, ifzxLy.

Sincexxy < ziff z <y Mz, ex(zx*y,z) =ex(x,y / z) for each z,y,z € X. Then

(X,ex) is an r-fuzzy poset. Furthermore, define Px(x,y,z) = ex(x *y,z). Then
(X,ex, Px) is a cg-frame. Thus we have

Tex ={A€ L | A(2) Oex(z,y) < Ay)} = {A € LY | A(z) < A(y) if z < y}.
For A, B € 7., we define

(A®B)(z)= \/ (Plr,y,2) © A(x) © B(y)) = \/ (A(z) © B(y)).

z,yeX THy<z

(A= B)(x)= N\ (Plz.y.2) ©Aly) = Bz)) = N (Aly) = B(2)).

y,z€X <y 'z

By Theorem 2.10, (7ey, <, V, A, ®,=,1x,0x) is a c-quantale. Define P, : e, X
Tex X Tex — L as follows:

P, (A,B,0)= /\ (A® B)(z) = =N A « z)) = C(x)).

zeX zeX yxz<a
Then (7ey,e€r, , Pr. ) is a cg- frame.
For z,y € X and A € LX,
(h(w) & ) (A4) = Vi cer., (Proy (BCA) @ 3(B) 0 9(C))
=Vicer, |(Nex(B@C)(2) = A(2))) © B(z) © (y))
<Vipcen, (BEO(@ry) = Alwy) © < ) Cy))

<Vpcer, ((B@)©Cly) = Alz+y)) © B(z) © C(y)
< A(xxy) =T*y(A) = h(xl%y)-
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Since z < y and y < z implies x < z, e, (y) ©ex (v, 2) < ez(z). Thus e, € T, . Since
(ez ® ey)(z) = Vm’*y’gz em(x') © ey(y/) < \/z/*y’gz eff*y(‘r/ * y/) = ew*y(z)a we have
(h(z) © h(w))(A) = Vi cer,  (Proy (B,C.A)00(B) ©3(C))
cex (62 ©€)(2) = A)) © e(@) © 1)

=\
> Noex(ex(@xy,2) = A2) = Apuy< A(2)
= A(z*y) =7 y(A) = h(z * y).

<

because A(x) < A(y) for x <y and A € 7.

(h(x) = hy)(A) = (@ = §)(A)
= Npoen, (Proy (4 B,C) 0 (B) = §(C))
o (A B.C) 0 3(B) < (Ve (AG) © B(@)) = C(y) ) © Blx)
Voo g A@)) = Cly) = Alw 7 y) = Cly)
(h(@) = h)A) = Apcer, (Proy (4.B.C) 02(B) = §(C))
> Npcer., (Al /9) = Cw) > Cw))
> Alx My) =z S y(A) =h(z 7y).
Put B =¢, and C(2) = e;la(z) =ex(z,y) = « as

’10‘(,2) _{ a, ifz <y,

P,
<

€y 1, ifzLy.

If z <z <y, then e, '*(z) = o implies e, '*(z) = a. Thus (ex(z,y) = a) ©
ex(z,2) < ex(z,y) = «; ie. ey_la € Tey. Since Vo ex(z,2%) ©ex(a' x 2% y) =
ex(a' xx,y) and \/,, A(2") @ ex(a’ xx,y) = A(x " y), we have
(h(x) = hW)(A) = Apcer,, (Pr.y (4. B,C)@2(B) - §(C))
< Naer ((Aex (A e)(2) = €,1%()) © ealw) = 6,1(1))
< Naer ((Varan A@) © €0(a%) @ ex (@’ +20y) — a)) = a)
= Naer (Vo AG) © ex(a’ x2.9) = ) = a)
=A@ My) =2 S y(A) = hiz y).
Example 3.4. Let (X = [0,00], <op, Vop, +, Aop; 20,0) be an sc-quantale, where
<op=2,Vop = N; Nop =V and
m/‘y:\/op{ze[07oo]|x+Z§Opy}
=Mzel0,00][ 2> -z +y}=(y—2) VO,

0 _ 07 ifx Z Y,
ex(@,y) = { oo, ifx<uy.
Define Px (z,y, 2) = €% (z+y, 2) for each z,y, z € [0, 00]. By Theorem 2.6, ([0, o0}, €%, Px)
is a cg-frame. Then we get
T, = {A € [0,00]0 | A(z) + % (2,1) <op Aly)}
={A€[0,00] 0 | A5, Alz) <op Ay)}
178
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= {A €[0,00]0T | A(z) > A(y),z > y},
because A(z) > A,s., A(z) > A(y) for y < x.
For A,B € e, v?ze define

B)(2) = (Voplayex (P(z,y,2) + A(x) + B(y)) = Ay, (A(2) + B(y))
ex(Al(z—y) VO) + By )) Neex (Alx) + B((z = z) v 0)),
)()Z(/\opyzex P(z,y,2) + Ay)) /* B(2))

>(—ytrovol(B(2) = Ay)) v ):\/zex<( (2) = A((z =) v 0)) V0)
(( (z+y) = Ay)) v 0).

A A
<<@E®

Then (Teg(,Sopzz,\/op,/\op,®,2>7oox,ox) is a c-quantale, where Ox(z) = 0 and
oox (z) = oo for each z € [0, 00].
Define P, , : T,o X Teo X Teo — [0,00] as follows:
ex X X X

P(A,B,C) = (\):ex(A@B)(2) /1 C(2)) = \/ (C(2)= A\ (A(@)+B(y)))V0).
op ze€X T+y>z
Then (7. ,er, , Pr, ) is a cg-frame.

Since €% (z,u) + €% (y,v) > & (z + y,u +v) = % (z +y,u+v) + X (u+v,2) >
e (z +y, 2) for each u +v > 2,

(h(z) @ h(y))(A) = (& @9)(A) = (Vop)B.cerg (Pry (B, C,A) +&(B) +§(C))
= Np.cery Voex((A(2) = Ayyy>.(Blu )+ C(0))) V0) + B(x) + C(y))

°xX

>/\B(Jerg ((A( y) — (B(x) + C(y))) vV 0) + B(z) + C(y))

°xX

Viex ((A(2) = Ayyoz-(B(w) + C(v))) V 0) + B(z) + C(y))

Nuroz: (X )a () + (X )y (1)) V 0) + (€5 )2 (@) + (€5 )y (¥))
/\u+v2ze (m—l—y,u—i—v))\/O)
%(@+y,2))VO< Al +y).

For A,B,C € Tel s

Pry (A, B,C) +i(B) op (CO) = (Varian,Jop(A') + B(@))) + Bla)
<op C(y) = Ao I>y—z A(2") <op Cly) — Aly — ),

(h(w) = h(y))(4) = (& = §)(4)
= (Aop)B.cer,y (Priq (A,B,C) +2(B) 7 §(C))
:ww@AW@—< MBO>um>)

<Vicerg (C(y) ) Ay h(z 7y),
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(h(w) = h(y))(4) = (& = §)(4)
= (Aop)B.Ceng (Pry (A,B.C) + <> @ )

> Voo, (Pry (AiennC) +i(es) 7 G(C
(C=A®e,)
2 (A®ex)(y) = N.jwsy (A2) +ec(w)) = Aly — 2).
Theorem 3.5. Let (X,ex,P) be a cg-frame and 7., = {a € L™x | a(A) ©

er. (A, B) < «(B)}. Define a map k : X — Tero, as k(x)(A) = #(A) = A(x).
Then k: (X,ex,P) — (TeTEX ser,.
Crer, (k(z),k(y)) and P(z,§,2) = P(x,y,z), where

P&,9,2) = /\ (2@)(A)) = (4))).

AGTeX

. P) is a frame embedding map with ex (x,y) =
X

Proof. Let (X, ex, P) be a cg-frame. By Theorem 2.10, (7e,,V, A, ®,=,0x,1x) is
a c-quantale. By Theorem 2.12 (3), (TeTeX ,er , P) is a cg-frame, where

eTex

P(0,8,7) = Aaer, (0 ® B)(A) = A(A)).
By Theorem 3.2, e(x,y) = e, (,7).
ex
Since (B®C)(z) =V, , Bz)©C(y)©P(z,y,z) and (BRC) € e, from Theorem
2.10, we have

#(B)©§(C) @, (BEC,A) < B@)oCy) o (B)®Cly) © Pa.y.2) — Al))

B
P(z,y,z) = A(z),

> P(z,y, 2).

For CF ,(y) = P(z,y,2) — aforeach y € X, since P(z,y,2)Oex(w,y) < P(x,w, 2),
we have

P(z,y,2) © (P(z,w,2) = a) © ex(w,y))

< P(zyw,2) © (P(z,w, z) > a) < a.

Then CY,(w) ® ex(w,y) < O (y). Thus CF, € 7ey. For A= ((e;') = ) € 7y,
B=1€7., and Cg, € 1oy, L(z) © Cg (y) = P(z,y,2) — . Since
e, (1®CY ., (e51) = a))
= Nwex Vo yex(1(z) © C2.(y) © Pa,y,w) = ((ez1)(w) = a))
= Nwex Asyex (C2-(6) © Pla,y.w) = (1) (w) — )
= Nwex /\m,yGX Ce.(y) = (P(z,y,w) O ex(w,2) = a)
= Nwex Aagex ((P(@,9,2) = @) = (P(z,y,w) @ ex(w,2) = a)) (P1)

> Awex Aoex ((P@:2) = ) = (P(z,9,2) = a)) =1,
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we have

P(,9.2) = Aaer, (Vpcer, #(B) 0 (C) ®epx(B® C,A)) = £(4)))
< (Ux) 0 C.(y) Oer, (1R CF ., (e71) = a)) = ((e21)(2) = a))
< (P(z,y,2) > a) = a.

So ]3(56,;&,2) < Naer(P(z,y,2) = a) = a) = P(z,y, 2). O

Example 3.6. Let (X,ex, P) be a cg-frame in Example 3.3. For A,B € 7., we
define

(A®B)(2)= \/ (P(r,y,2) ©A2) ©B(y)) = \/ (A(2) ® B(y)),

z,yeX rry<z
(A= B)(z)= N\ (Pz.,y,2) 0 Aly) = B) = N (Aly) = B(2)).
y,z€X <y 'z

By Example 3.3, (Tey, <,V,A,®,=,1x,0x, €, X) is a c-quantale.
Let 7e,, = {a € LTx [ a(A) ©®er, (A, B) < a(B)} be given. By Example 3.3,

(TeTeX Jer,. ,P) is a cg-frame, where for (o ® B)(A) = VB,CeTeX a(B) © B(C) ®
er. (B®C,A),

P(a,8,7) = Nuer, (0 ® B)(A) = 7(4)).

For each &, 9 € 7, since (B®C)(2) =V, uy<.(B(x) © C(y)) from Example 3.3,
we have

#(B)®§(C) @ e, (B®C,A)

< B(x) 0 Cy) © (B(a) © Cy)  Alw +1)) < Ala +y).
Since A(x xy) Oex(z*xy,z) < A(z) iff ex(x xy,2) < A(z xy) — A(z),

P(2,9:2) = Naer, (& ©9)(A) = 2(A))
Naer. Ve ol® (B) @ (C) ©er, (B®C,A)) = 2(4)))
/\AeTe (A(zxy) = A(2)) Z ex(z *y,2) = P(z,y,2).

For e;;z(y) =ex(y,x /' z) = a for each y € X, since ex(y,z  z) ® ex(w,y) <
ex(w,z 7 z), we have

ex(y,x /1 2) O (ex(w,z /' z) = @) © ex(w,y))

<ex(w,z N 2)0 (ex(w,z S z) = a)<a.
Then e, %, (w)©ex(w,y) < e, % (y). Thuse, %, € 7. For A= ((ez1) = Q) € Tey,
B=1€T, ande, %, €Ty, 1(z) @€, % (y) = ex(y,x /' 2) = a. Since

e (18 €5 (7)) = @) = Aex (Vo (1@) © €% (0)) = (1)) = )
= Nwex Nawyeu (2.0 © (2 H)(w) - a)
= Auex Asryes Auea(€75.0) = )

= /\x*ygz(ex(y,x Sz)—=a) s a)=1,
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we have

o

(#.9:2) = Aacr. (Vi cen #(B) 09(0) @ epx (B C,A)) = 2(4)))

<S(U@)0e 5 W) Oer, (1@e %, (e21) = a) = ((e21)(2) = a))
<(ex(y,x S z) = a) = a.

So P(,§,2) < Naerlex(y, @ /1 2) = @) = a) =ex(y,z /' 2) = P(z,y, 2).

Example 3.7. Let (X, €%, Px) be a cg-frame in Example 3.4. For A € Teo» Alz) +
e (2, y) <op Aly) iff A(z) > A(y) for each z > y. For A, B € 7,9 , we define

(A® B)(2) = (\)ayex (P(z.y,2) © A(x) © Bly)) =\ (A(x) + B(y)),

op T+y>z
(A= B)(@) = (\)y:ex(Plx,y,2)0Ay) /' Bz)) = \/ (B(z)-A»)V0).
op z>(—y+2z)Vv0

By Example 3.4, (7, 0., Sop=2=, Vop, Nop, ®, =, 0x,00x, €74 ) is a c-quantale, where
°x
Ox(z) = 0, cox(z) = oo for each z € [0,00]. Moreover, (7, Jere, ,P) is a
9 .

X
cg-frame, where

P(a, 8,7) = (Aop) aer,q (a2 ® B(A)) 7 7(4))).

From Theorem 3.5,

P(,9.2) = (Aoplaerg (F@9)(A) 7 2(4))
(Aopacrg (Vop)B.c(@(B) +9(C) + er (B&C,A)) /2(4)))
Zop (Nop)acrg (P(@.y,2) /S A(2) /7 A(2))
Zop P(2,y,2)-

Put C2.(y) = % (v +1.2) /o and (5 )2 (y) = % (y,2) 7 a for each y € X.

Then
« _ «, 1f$+y22a 0—1\« _ @, lfyZZ7
C"”*Z(w_{ 0, ifzx+y<z, (ex )Z(y)_{ 0, ify<z.

If +y > zand w > y, then 2 + w > z. Thus CF,(w) + X (w,y) <op C. ().
Thus Cy , ETeo.Ify>zandw>y, then w > z. Thus( % (w) + €% (w, y) <op

z

(e% 1)Z( ). So (X e, o . Moreover, we have
eTO <O®C§z7( O 1)z)
= (Nophwex (Vo leyex (00) + C.(0) + Pl w) 7 (57)2)
= (Aoplwex (Nopleaex (Co(y) + Pla,y,w) 7 (572 (w)

)
because w > z, x +y > w implies z + y > z. So we get

P(&,9,2) = (Aop)aerg (Vop)B.cery #(B) +9(C) +er o (B®C,A)) 7 2(A)))
<op (0(z )+0§‘z( ) +er, (00 C5. (ex % 1)z)/(63< H2(2))
(x,9,2) /' a) S a.

= (P
Hence P(2,9,2) <op (Aopacio,) (P(2,y,2) /@) /@) = P(z,y,2).
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Since P(m,y,z) SO;D ((P(x,y,z) /‘ a) /‘ a)? P(x»yvz) SOP (/\op)aGL((P(xayvz) /(
a) S a). Put P(z,y,2) = Cg ,(y) = aforeachy € X. Then (A\,,)acr((P(z,y,2)
a) /‘ a) Sop (a /‘ a) / Oé) = Qo= P(gc,y,z). Thus (/\op)QG[O,oo]((P(xayaz) /‘
a) /‘ a) = P('I’ y’ Z)' SO P("i:’ :g7 2) = P(I’ y’ Z)'

Example 3.8. Let L = {0,x,y, 1} be such that 0 < < y < 1. Define ® and — as
follows:

Ol0lz|y|1l = (0|lz|y|1
0]0]0]0|0 O|1j1]1|1
z|0|0|x|x z |x|1|1]1
y|10lx|lyl|ly y | 0lx|1]1
1|0z |y|1 1|0fxz|y|1
Then (L,A,V,®,—,0,1) is a c-quantale. Define ey (z,y) =z — y and P(z,y,z2) =

(
(z,9,9,y), since A(1) @er(l,y) =yoOy =y £ A(y) = 0 and B(x
y®1:y$B(y):x’A€TCL7B€T5LandC:\/aﬁEL( )®L s
D=V, (Alx) ©ep(z,—)) = (0,z,y,y) € T, and E=\/ ., (B(z) e
(¥, 9,9,y) € Te,. Since C @ D(2) = V, o (((zo0y) = 2)0C
(C®D)=(2,y,y,y) =C.

Since (C = D)(z) = A
(x,2,1,1) € 7o, .

By Theorem 2.10, (7, ,V,A,®,=,0r,11) is a c-quantale with r-fuzzy preorder

(z = (y = 2) = (Cly) = D(2)), (C = D) =

y,z€EL

[
Define P :Tep, X Tey X Te, — L as follows:
L
P, (A,B.C) = \ ((A® B)(z) = C(x))

reL
where (A®B)(z) =V, . (A(y)©B(2)®eL(y©z, ). By Theorem 2.12 (3), (7, , er, , , P)
is a cg-frame. By Theorem 2.10, (TSTFL ,V,®,=,0,1,e,, ) is a c-quantale.

: or

By Theorem 2.12 (3), (7e, e , P) is a cg-frame, where
e *Ter,

P(a, 8,7) = Naer,, (@ ® B(A)) = 7(A))).

Since (B®C)(z) =V, , B(z)©C(y)© P(z,y, 2) and (BRC) € 7, from Theorem
2.10, we have

#(B)©§(C) @er,, (B C,A) < Bx)©Cly) o (Blx) © Cy) © Pla,y,0) = A())
P(z,y,0) — A(0).
&
O]

p(iagaﬁ) = /\AETeL (& (A) = O(A))
= Aaer.,, Vp,c(@(B) ©§(C) @er,, (B®C,A)) = 0(4)))
> Naer,, (P(z,y,0) = A(0)) = A(0))
> P(z,y,0) =20y —0=u=z.
Put B = e, = er(z,—) = (z,1,1,1) and C = ey = er(y,—) = (0,2,1,1) for
x,y € L. Then ey, e, € 7, because e;(y) @er(y,z) < ex(z). Since ez (x') ©e,(y') <
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exsy(2’ % y'), we have

P(iagv()) = /\AETEL z
(@(B) ©9(C) ©er,, (B@C,A)) — 0(4)))

< Zler) ©g(ey) © er,, (e ® ey, A)) — 2(A)))

< i(ex) ©7(ey) © Cre,, (ex ® €y, €2 ® €y) = Z(ez D €y)

= (€2 ®ey)(0) =V, ,er(z’ 0y, 0) O ex(r") ©ey(y')

< \/x’,y’ eL(ZL’/ © yla 0) © EL(IL’ Oy, O] y/)

= eL(x © yao) = P(iL’,y,O)

Thus P(:ﬁ7 j,0) = P(x,4,0). So (L,A,V,®,—,0,1,er) is a c-quantale.

4. CONCLUSION

In this paper, we prove two main theorems. Let (X,A,V,%, 7 0,1) be a c-
quantale with r-fuzzy preorder ex and 7, = {a € L7x | a(A) ©er, (A, B) <
a(B)}. Then a map h : (X,A,V,%, /,0,1,ex) — (TSTGX,\/,®,:>,O,1,6TET€X) de-
fined as h(z)(A) = 2(A) = A(z) is a embedding map.

Let (X, ex, P) be a cg-frame. A map k: X — Te,,, 88 k(x)(A) = ) .
Then k : (X,ex,P) — (TeTEX Yere, , P) defined as k(z)(A) = #(A) = A(z) is a
frame embedding map.

From the above results, left continuous ¢t-norms and complete residuated lattices
( complete BL-algebra, complete MV-algebra, complete Boolean algebra) can be
embedded in above space.

In the future, by using the concepts of embedding maps, we must find the the
problems for information systems and decision rules on commutative quantales can
be solved on the Alexandrov fuzzy topologies.
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