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ABSTRACT. In this paper, we introduce a new class of topology called
an LM-fuzzy bitopological spaces. Also we introduces the closure operator
7172 — Cl(A, r), and interior operator 7172 — Int(A,r) in LM-fuzzy bitopo-
logical spaces as an extension of them in mated fuzzy bitopological spaces
and establishes the relationship between 7172 — CI(A,r) and the smooth
closure 1172 — cl(A,r). Furthermore, we introduce different concepts of
closed sets and open sets in double fuzzy bitopological spaces are extended
to LM-fuzzy bitopological spaces and the algebraic structures associated
with the families of these sets are investigated. As a result, certain monoids
(denoted by 7172 — Oy, 1172 — Cr, 7172 — Ly, 7172 — ROy, 172 — RC,,
T1T2 — Sor,7'17'2 — SC,«, T1T2 — bOr, T1T2 — bCr, T1T2 — GOT7 T1T2 — GCT,
7172 — RGOy, 12 — RGC\, 172 — GSO,, 1172 — GSC, 7172 — GbO, and
7172 — GbC}) contained in LX are identified. Finally, the study associates
a lattice of monoids to each element of M, which is associative, comple-
mented but not modular.
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1. INTRODUCTION

The concept of fuzzy sets was first presented in 1965 by Zadeh [1]. After that,
Chang in 1968 [2] introduced the concept of fuzzy topology. The concept of LM-
fuzzy topology was introduced by Kubiak [3] and Sostak [4], since that many authors
have contributed to the development of the theory of LM-fuzzy topological spaces.
Kelly first proposed the concept of a bitopological space in 1963 [5]. In an ideal
topological space, he also introduced local function. In 1995, Kandil et al. [6] intro-
duced a concept of fuzzy bitopological spaces.
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In this paper, we introduce a new class of topology called an LM-fuzzy bitopological
spaces. Also we introduces the closure operator 7175 —CI(A, r), and interior operator
7172 — Int(A,r) in LM-fuzzy bitopological spaces as an extension of them in mated
fuzzy bitopological spaces and establishes the relationship between m11m5 — Cl(A,r)
and the smooth closure 7175 — cl(A4, r). Furthermore, we introduce different concepts
of closed sets and open sets in double fuzzy bitopological spaces are extended to LM-
fuzzy bitopological spaces and the algebraic structures associated with the families
of these sets are investigated. As a result, certain monoids (denoted by 7175 — O,.,
179 — Cy, 1172 — L., 1170 — RO,., 7179 — RC,., 7172 — SO,.,7179 — SC,., 7172 — bO,.,
T1T2 — bCT, T1T2 — GOT, T1T2 — GCT, T1T2 — RGOT, T1T2 — RGCT, T1T2 — GSOT,
7179 — GSC, 7173 — GbO, and 7175 — GbC,.) contained in LX are identified. Finally,
the study associates a lattice of monoids to each element of M, which is associative,
complemented but not modular.

2. PRELIMINARIES

Throughout this paper, X denotes a non-empty set, I = [0,1]. The constant
L-set having the value «a is denoted by a.

Definition 2.1 ([7]). Let L be a poset. Then L is called:
(i) a join-semilattice, if a Vb € L for every a,b € L,
(ii) a meet-semilattice, if a Ab € L for every a,b € L.
L is called a lattice, if it is both a join-semilattice and a meet-semilattice.

Definition 2.2 ([8]). Let L be a lattice. Then a € L is called:
(i) a minimal element of L, if $b € L such that b < a and b # a,
(ii) a mazimal element of L, if #Ib € L such that b > a and b # a,
(iii) an atom of L, if a is a minimal element in L\{0},
(iv) a dual atom of L, if a is a maximal element in L\{1}.

Definition 2.3 ([3]). A completely distributive lattice L is a called a F -lattice, if
L has an order reversing involution ' : L — L.

Definition 2.4 ([3]). Let L be a poset. Then L is called:
(i) a complete join-semilattice, if every join for an arbitrary subset of L exists,
(ii) a complete meet-semilattice, if every meet for an arbitrary subset of L exists,
(iii) a complete lattice, if it is both a complete join-semilattice and a complete
meet-semilattice.

Definition 2.5. A monoid is a set X with a binary operation * : X x X — X
which is associative and has an identity element.

Definition 2.6 ([7]). A DeMorgan algebra is a structure A = (A,V,A,0,1,) such
that

(i) (A,V,A,0,1) is a bounded distributive lattice,

(i) / is a De Morgan involution: (a Ab) =a’ Vb and (a') = a.
Definition 2.7 ([3]). For every A € LX, A’ is defined by A'(z) = (A(z)) for every

zeX.
112



Abbas /Ann. Fuzzy Math. Inform. 22 (2021), No. 2, 111-122

Definition 2.8 ([3]). An L-fuzzy point x, is an L-fuzzy set A € L¥ such that
A(z) = a # 0 and A(y) = 0 for  # y. The set of all L-fuzzy points z,, is denoted
by pt(LX).

Definition 2.9 ([3]). Let A, B € LX. Then A quasi coincides with B at =, if A(z) £
B(z). Also, A is said to be quasi coincident with B, if A quasi coincides with B at
some x € X and is denoted by AgB.

Definition 2.10 ([3, 4]). Let L be an lattice and Mis a completely distributive
lattice. Then an LM-fuzzy topology on a set X is defined to be a mapping 7 : LX —
M satistying:

(i) 7(0) = 7(1) = 1,

(ii) 7(A A B) > 7(A) A 7(B) for every A, B € L¥,

(i) 7(Ves 45) = A\, T(4;) for every {A;}jes € Lx.
The pair (X, 7) is called an LM-fuzzy topological space (LM-fts, for short). The
elements of 7 are called LM-fuzzy open sets and the complement of LM-fuzzy open
sets are called LM-fuzzy closed sets.

Definition 2.11 ([J]). Let 7 be a map from LX to M. Then for r € M, the r-level
decomposition of T is defined as {A € LX : 7(A) > r}.

Definition 2.12 ([10]). Let (X,7) be an LM-fts. The closure of A denoted by
cl(A) is defined as

c(A) = N{F e LY : A< F,r(F') > 0}.

Definition 2.13 ([10]). Let (X,7) be an LM-fts. The interior of A denoted by
int(A) is defined as

int(A) =\/{U e LX : A> U, 7(U) > 0}.
3. LM-FUZzY BITOPOLOGICAL SPACES

In this section, we define the concept of an LM-fuzzy bitopological space on set
X and we define closure and interior operators in LM-fuzzy topological spaces. Also
we define a base and subbase of 7;,7 € {1,2}.

Definition 3.1. Let (X, 71) and (X, 72) be a two LM-fuzzy topological spaces. Then
the triple (X, 1, 72) is called an LM-fuzzy bitopological space on set X (LM-fbts, for
short).

Definition 3.2. Let (X, 71,72) be an LM-fbts and let A € LX. Then A is called
T17o-LM-fuzzy open set, if A CUUV for every U € 71 and V € 5. The complement
T1To- LM -fuzzy open set is called 7 mo- LM-fuzzy closed set.

Remark 3.3. (1) The union of any family of 7179-LM-fuzzy open sets is a 717o-
LM-fuzzy open set.

(2) The intersection of any family of 71 7o-LM-fuzzy open sets is a 71 79-LM-fuzzy
open set.

Definition 3.4. Let (X, 71, 72) be an LM-fbts and let A € LX. Then 7 7o-closure
of A denoted by m172 — cl(A) is defied as
nir —c(A) = N{F € LX { A< F,ry(F) > 0,i € {1,2}}.
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Definition 3.5. Let (X, 7, 72) be an LM-fbts and let A € LX. Then 7 mo-interior
of A denoted by 7172 — int(A) is defied as

nimy —int(A) = \/{U € L* : A>U,7(U') > 0,0 € {1,2}}.

Definition 3.6. Let (X, 71, 72) be an LM-fbts. For r € M the operator 775 — Cl :
LX x M — LX defined by

nimy— Cl(A,r) = N{F € L* t A< Fory(F') > ryi € {1,2}}
is called the 7 7o-LM-fuzzy closure operator on (X, 11, 72).

Definition 3.7. Let (X, 71, 72) be an LM-fbts. For r € M the operator 7179 — Int :
LX x M — LX defined by

7o — Int(A,r) = \/{U e LX: A>U7(U) >rie{1,2}}
is called the 7y 7o- LM-fuzzy interior operator on (X, 11, 72).

Theorem 3.8. Let (X, 71, 72) be an LM-fbts, let A, B € LX and let r,s € M. Then
(].) T1T2 — CZ(A,Q) =A= T1T2 — Int(A,Q)7
(2) A< i1 —cl(A) < e — Cl(A, 1),
(3) T2 — Cl(AV B,r) = i1 — Cl(A,7) V 1i72 — CU(B, 1),
(4) 1172 — Cl(A, 1) < i1 — CU(A, s), if r < s,
(5) T2 — Cl(my12 — Cl(A, 1), 1) = T2 — CU(A, 1),
(6) i — Int(A',r) = (72 — CL(A, 7)),
(7) e — Int(A,r) < 2 —int(A) < A,
(8) T2 — Int(A A B,r) = 1172 — Int(A,r) A2 — Int(B, 1),
(9) 12 — Int(A,r) > 1110 — Int(A, s), if r < s,
(10) T1T9 — Int(TlTQ — Int(A,r),r) = T1T2 — I’I‘Lt(A,T’),
(11) if A = 7yro — Int(rymo — CU(A, 1), 1), then Ty70 — Cl(mima — Int(A',r),r) = A

Definition 3.9. Let (X, 7y, 7) be an LM-fbts and let 8 : LX — M with 8 <
71 V 72. Then f is called a base of 7;, if

vAe ¥ n(4) = \/ ) B(B.),

Vaea Ba=Aa€A

VA B(B.)

Vaca Ba=Aa€A

where

will be denoted by 3 (A).

Definition 3.10. Let (X, 71,72) be an LM-fbts and let ¢ : LX — M, with ¢ <
71 V 7. Then ¢ is called a subbase of 7; if ¢('_') : LX —» M is a base of 7; where

oM = /A éBa)
(MacsBa=Aac]

for every A € L with () standing for finite intersection.

Lemma 3.11. Let (X, 71, 72) be an LM-fbts. Then ¢ : LX — M with ¢ < 11 V T2
is the base of 7; iff () (1x) = 1.
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4. DIFFERENT TYPES OF T|To-OPEN SETS AND T|T2-CLOSED SETS

In this section, we introduces different types of closed and open sets in an LM-
fuzzy bitopological space and studies the interrelations between them. Also, the
algebraic structures associated with the collections of these sets are investigated.

Definition 4.1. Let (X, 71,72) be an LM-fbts. For r € M, a fuzzy set A is called
(i) 71 7e--fuzzy open, if 7,(A) > r,i € {1,2},
(ii) 7y 7o-r-fuzzy closed, if ;(A"),i € {1,2}. is 7 7o-r-fuzzy open.
The family of all 73 7o-r-fuzzy open sets are denoted by 779 — O, and the family
of all 7y 7o-r-fuzzy closed sets are denoted by 7175 — C,.

Theorem 4.2. Let 7; : LX — M,i € {1,2} be a function. Then 7; is an LM-fuzzy
bitopology on X iff 1o — O, is an L-bitopology on X for every r € M.

Remark 4.3. Clearly, 7172—CI(A, r) gives the 71 7o—-closure of A in the L-bitopology
T1T2 — Or .

Theorem 4.4. Let (X,71,72) be an LM-fbts. Then

(1) 7172 — O, and 11172 — C,. are lattices,

(2) T2 — O, is a complete join-semilattice and 1172 — C,. is a complete meet-
semilattice,

(3) 1172 — O, and 1179 — C,. are monoids.

Remark 4.5. However, 7175 — O, need not be a complete meet-semilattice and
7172 — C, need not be a complete join-semilattice. Let X = L =1, M = I x I with
partial ordering defined by 1 < rgp and s; < ssand V={a:a= i—l—%,n e N\{1}}.
Now, consider the LM-fuzzy bitopology 7; defined by
(L1) if Be{ol}
71(B) = 75(B) = (a,%) if B=aeV
0 otherwise

Then for r = (i, i), 7172 — O, = VU {0,1} which is not closed under arbitrary
meet since A\poy B = (i) ¢ 1179 — O,. Hence, 1172 — O, is not a complete meet-

semilattice and consequéntly, 7179 — C). is not a complete join-semilattice.

For any r € M, let 79 — L. = 1172 — O, N 71172 — C,.. Then, 775 — L, is a lattice
containing 0 and 1 and if A € 7y75 — L, then A € 7179 — L.

Theorem 4.6. Let (X,71,72) be an LM-fbts. Then for any r € M, 179 — L, =
1179 — Op NT179 — C} is a De Morgan algebra.

Theorem 4.7. Let (X, 71,72) be an LM-fbts where L is a chain. Then 1179 — L, is
a Boolean algebra iff i — L, C {x¢ : G C X}.

Proof. Suppose 7175 — L, is a Boolean algebra and let A € 7175 — L,.. If there exists
x € X such that 0 < A(z) < 1, then for every B € L¥, either (AV B) = 1 or
(A A B) = 0 which contradicts the existence of complement for A in 7175 — L.
Consequently, 772 — L, C {x¢ : G C X}.
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Conversely, suppose 1172 — L C {x¢ : G € X} By Theorem 4.3, 1y75 — L, is a
De-Morgan algebra with an order reversing involution . Also, 0,1 € Ty — L, with
ANl=Aand AV (0= A for every A € 1175 — L,. O

Remark 4.8. Though 775 — L. is a lattice, it is is neither atomic nor dual atomic.
Besides, it need not be a complete lattice.

Theorem 4.9. Let (X, 71, 72) be an LM-fbts. If 1170 — O, is closed under the order
reversing involution defined in LX then 719 — L, is a complete lattice and hence an
L-bitopology.

Remark 4.10. The converse of the above Theorem 4.5 is not true.

Theorem 4.11. Let G C LX be a complete De Morgan algebra. Then for any non-
trivial completely distributive lattice M, there exists an LM-fuzzy bitopology 7; on X
such that G = my79 — L, for some non-zero r € M.

Proof. Let M be any non-trivial completely distributive lattice and 0 # r € M.
Then, define an LM-fuzzy bitopology 7; on X as follows:

1 if Ae{o,1}
T(A) =7m(4) =<{r if BeA\{01}
0 otherwise

Clearly, 179 — O, =479 — Cr. = 7172 — L, = A. 0

Definition 4.12. Let (X, 7, 7) be an LM-fbts, A € LX and r» € M. Then A is
called

(i) Timo-r-regular fuzzy open (or Ty1o-r-1fo) set, if A =1 — Int(ra — Cl(A,7),7),
il) m mo-r-reqular fuzzy closed (or Tio-1-1fc) set, if A s T1To-1-rf0,

ill) 7 mo-r-semi fuzzy open (or Ty To-r-sfo) set, it A < — Cl(re — Int(A,r),r),
iv) Ty mo-r-semi fuzzy closed (or T1To-1-sfc) set, if A s T1To-1-sf0,

V) TiTe-T-fuzzy b-open (or T 7o-1r-fbo) set, if A < (1 — Int(me — Cl(A,r),r)) V
(11 — Cl(1e — Int(A,r),r)),

(Vi) Timo-1-fuzzy b-closed (or T 7mo-1-fbc) set, if A’ is 7y m9-1-fbo set.

The family of all 71 7o-r-regular fuzzy open (resp. 717o-r-semi fuzzy open, 717o-1-
fuzzy b-open) are denoted by 770 — RO, (resp. 1172 — SO,, 1172 — b0,.) and the
family of all 7y7o-r-regular fuzzy closed (resp. 7 7o-r-semi fuzzy closed, 71 7o-r-fuzzy
b-closed) are denoted by 7175 — RC,. (resp. 1172 — SCy, 7172 — bC,).

Theorem 4.13. Let (X,71,72) be an LM-fbts, A € LX and r € M. Then the
following statements hold:

(1) every Ty72-r-0pen is T1To-r-semi fuzzy open,

(2) every Tymo-r-reqular fuzzy closed is T1o-r-semi fuzzy open,

(3) every TiTo-r-semi fuzzy open is Ty To-1-b fuzzy open.

(
(
(
(

Proof. (1) Let A be an 7y79-r-open set. Then A = 779 — Int(A) < 71 — Cl(m2 —
Int(A,r),r). Thus A is 7y 7o-r-semi fuzzy open.
(2) Let A be an 71 79-r-regular fuzzy closed set. Then A = 71 —Cl(mo—Int(A,r),r),
implies A < 7 — Cl(m2 — Int(A,r),r). Thus A is 71 72-r-semi fuzzy open.
116
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(3) Let A be an 7 7e-r-semi fuzzy open. Then A < 7y — Cl(1e — Int(A,r),7),
implies A < 71 — Cl(m — Int(A,r),r) V1 — Int(ta — Cl(A,7),7). Thus A is 71 72-1-b
fuzzy open. U

Remark 4.14. 7175 —C, C 1y —SC, C 172 —bC, and 7179 — O, C 172 — SO, C
T1T2 — bOr

Theorem 4.15. Let (X, 71,72) be an LM-fbts. Then
(1) T1T2 — ROO = T1T2 — ROQ = LX,
(2) 0,1 €mm— RO, N1 — RC,..

Theorem 4.16. Let (X, 71,72) be an LM-fbts.
(].) IfA € T1Ty — Cr, then 1179 — Int(A,r) € 112 — RO,.
(2) IfA € 71Ty — Or, then 1179 — CZ(A7T) € T1Ty — RCT

Theorem 4.17. Let (X, 71,72) be an LM-fbts. Then 1179 — RO, N 1172 — RC, =
7179 — Ly for every r € M.

Proof. We have 175 — RO, C 1y75 — O, and 1175 — RC,. C 7; — C.. Then 715 —
RO, N1 — RC,. C 1179 — L,. For the reverse implication, let A € 7179 — L. Then
71 — Int(rg — Cl(A,7),7) =11 — Int(A,r) = A. Again, 7, — Cl(1o — Int(A,r),r) =
71— Cl(A,7) = A. Thus A € 1172 — RC,. O

Theorem 4.18. Let (X, 71,72) be an LM-fbts. Then
(1) T1T2 — RCT UT17'2 — ROT g T1T2 — SOT ﬁTlTQ — SOT,
(2) T1T2 — RCT U T1T9 — ROT Q T1T9 — bCr n T1T2 — bOT,
(3) T1T2 — SCT U T1T79 — SOT Q T17T2 — bCT n T1T2 — bOr

Proof. (2) Let A € 1172 — RO,. Then A = 71 — Int(rs — Cl(A,r),r) = A implies
(11 — Int(re — Cl(A,7),7)) AN (11 — Cl(m2 — Int(A,7r),7)) < A. Thus A € 72 — bO,.
Again, if A € 7175 — RO, then A" € 7175 — RC, C 7175 — C,.. Thus 717> —C’Z(A/7 r)=
A'. Consequently, 7 — Int(rg — C’l(A/, r),r) < A’ and (11 — Int(1e — C’l(A/, r), 1)) A
(11 — Cl(me — Int(A/,r),r)) < A'.So A" € 117y — bC, which implies A € 7175 — bO,..
Hence 7179 — RO, C (1172 — bO, N 1172 — bC,.).

Similarly, 7172 — RC,. C (1172 — bO, N 1172 — bC,.).

The proofs of (1) and (3) are similar to (2). O

Theorem 4.19. Let (X, 71,72) be an LM-fbts. Then

(1) 1112 — ROy, 1172 — SC,. and 1179 — bC,. are meet-semilattices,

(2) e — RC,, 7170 — SO, and 1172 — b0, are join-semilattices,

(3) 12 — RO, 7172 — RCy 1172 — SO,., 1179 — SC,., 7172 — b0, and 1179 — bC,
are monoids.

Proof. (1) Let Ay, Ay € 1179 — RO,.. Then 7;(A41),7;(A2) > r. Thus 7;(4; A A2) > r.
Also, 9 —Cl(A1 N Az, 1) > Ay ANAg and 7 — Int(m2 — CU(AL AN Ag, 1)) > 11 — Int(A A
AQ,T) = A1 /\AQ.

Now Al Z A1 /\A2 and A1 =T1 — Int(’rg - Cl(Al,T),T) 2 T — Int(’rg - CZ(Al A
AQ,T‘),’I’). Also A2 Z A1 A AQ and A2 =71 — Int(TQ - CZ(AQ,T)7T) 2 T — Int(TQ -
Cl(A1 N Agyr),r). So Ay AN Ag > 711 — Int(ma — Cl(A1 A Ag,r), 7). Hence Ay A Ag =
71 — Int(roa — Cl(Ay A Aa, 1), r) which shows thatTi 7o — RO, is a meet-semilattice.
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Similarly, 779 — SC,. and 7179 — bC). are meet-semilattices.

(2) Similarly, 775 — RCy, 7172 — SO, and 7179 — bO,. are join-semilattices.

(3) Associativity follows from (1) and (2). Again, 1 € 7372 — RO, and 0 €
7172 — RC, are the identity elements.

Similarly, for the rest. O

Remark 4.20. In general,
(1) 72 — ROy, 7172 — RC,, 1179 — SO,., 1179 — SC,., 7172 — O, and 1179 — bC,
are not lattices and hence not L-bitopologies,
(2) 172 — RO,., 7172 — SC,. and 7175 — bC). are not a complete meet-semilattices,
(3) s — RC., 7172 — SO, and 1172 — bO,. are not a complete join-semilattices,
(4) The partial ordering in M does not induce any ordering in the collections of
179 — RO,., 7179 — RC,., i790 — SO,., 1179 — SC,., 7179 — bO,. and 7175 — bC,..

Definition 4.21. Let (X, 7y, 7) be an LM-fbts, r € M and A € LX. Then the
T1To- LM-fuzzy semi closure operator is defined by

nimy = SCI(A,r) = N{F € LX : A< F,F e iy — SC,.}
and the 11 79- LM-fuzzy semi interior operator is defined by
7172 — SInt(A,r) \/{UELX U< AUET™—S0,}.

Definition 4.22. Let (X, 7, 72) be an LM-fbts and let 7 € M, A € LX. Then the
T1To- LM-fuzzy b-closure operator is defined by

nimy = bCU(A, 1) = N\{F € LY : A<F,F € iy — bC, }
and the 71 7mo- LM-fuzzy b-interior operator is defined by
7170 — bInt(A, 1) \/{U e L U<KAUenm— bO,.}.

Definition 4.23. Let (X, 7, 72) be an LM-fbts, A, B € L and r € M. Then A is
called

(i) 71 1o-r-generalized fuzzy closed (or Ty 1o-1-gfc) set, if o —Cl(A,r) < B whenever
AL Band Ber —O,,

(ii) 7 7o-r-generalized fuzzy open (or Timo-1-gfo) set, if A is a 7imo-1-gfc set,

(iil) 71 mo-r-regular generalized fuzzy closed (or T1o-1-1gfc) set, if o —Cl(A,r) < B
whenever A < B and B € 11 — RO,.,

(iv) Ty 7o-r-regular generalized fuzzy open (or Ty To-r-rgfo) set, if A" is a 7y p-1-gfe
set,

(v) Tima-r-generalized fuzzy semi-closed (or T11o-1-gfsc) set, if 7o — SCI(A,r) < B
whenever A < B and B € 11 — Oy,

(vi) Timo-r-generalized fuzzy semi-open (or TiTo-r-gfso) set, if Ais a T1To-1-gfsc
set,

(vii) Ty mo-r-generalized fuzzy b-closed (or Tyma-r-gfbc) set, if o — bCI(A,r) < B
whenever A < Band Be m —O,,

(viii) 7179-1r-generalized fuzzy b-open (or 1 1o-1-gfbo) set, if A’ is a 7y mo-1-gfbe set.

The family of all 71 79-r-generalized fuzzy closed (resp. 7y 72-r-regular generalized
fuzzy closed, 71 1o-r-generalized fuzzy semi-closed, T To-1-generalized fuzzy b-closed)
are denoted by 7175 — GC, (resp. 7172 — RGC,, 1179 — GSC,., 7172 — GbC.) and
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the family of all 73 7o-r-generalized fuzzy open (resp. 717o-r-regular generalized fuzzy
open, T7o-r-generalized fuzzy semi-open, 7 7o-r-generalized fuzzy b-open) are de-
noted by 7172 — GO, (resp. 1172 — RGO,., 1172 — GSO,, 7179 — GbO,.).

Theorem 4.24. Let (X, 71,72) be an LM-fbts. Then
(1) m2—RC, C1i72—C, C 1i72—GC,. and 1172— RO, C 1172—0,. C 11 79—GO,,
(2) T2 — GC, C 1179 — RGC, C 110 — GSC,. C 1179 — GOC,. and 1172 — GO, C
T1T2 — RGOT g T1T2 — G’SO7 Q T1T2 — GbO,

Theorem 4.25. Let (X, 71,72) be an LM-fbts. Then
(1) 1172 — GO,y 1172 — RGO,., 7172 — GSC,. and 7170 — GbC,. are meet-semilattices,
(2) 1112 — GC,, 7172 — RGC,., 1179 — GSO, and 1172 — GbO,. are join-semilattices,
(2) T1T2 — GOT77—17—2 —Gcr,TlTQ —RGOr,TlTQ — RGCT,Tsz —GSOT, T1T2 —SCT,
170 — GbO,. and 11179 — GbC',. are monoids.

Proof. (1) Let Ay, Ay € 775 — GO,.. Then A}, Ay € 7179 — GC,.. Thus A} V A, €
7179 — GC,. So (A1 A\ AQ)/ € 1179 — GC,. Hence (A1 AN AQ) € 1179 — GO,.. Therefore
7179 — GO, is a meet semi-lattice.

Similarly, 7179 — RGO,., 7179 — GSC,. and 1,79 — GbC,. are meet-semilattices.

(2) Let Ay, Ay € 72 — GC, and B € 1179 — O, such that A; V Ay < B. Since
Ay < Band Ay € y7o— GC,., 172 — Cl(A1,7r) < B. Similarly, 775 — Cl(As,7) < B.
Then T1T2—CZ(A1\/A1,T‘) = TlTQ—CZ(Al,T)\/TlTQ—CZ(AQ,T) < B. Thus T1T2—GO7~
is a join semi-lattice.

Similarly, 7179 — RGC,., 179 — GSO,. and 1,79 — GbO,. are join-semilattices.

(3) Associativity follows from (1), (2) and 1 € 5 — GC,. and 0 € 1175 — GO,
are the identity elements.

Similarly, for the rest. O

Theorem 4.26. Let (X, 71,72) be an LM-fbts.

(1) If A € o — GSC,., then B € 1119 — GSC,. for all B such that A < B <
T1T2 — SCT(A,T').

(2) If A € o — GbC,., then B € 1179 — GbC,. for all B such that A < B <
T1T2 — bCT(A,T).

Proof. (2) Let A is an 7y7»-r-gfbc and consider B € LX such that A < B < 11y —
bC,.(A, 7). Also, let C be a an 7y79-1-fo in LX such that B < C. Then clearly, A < C
and 7175 — bC-(A,r) < C. Again, note that 772 — bC.(B,r) = 1172 — bC-(A,r).
Thus 7179 — bC,.(B,r) < C. So B is an 7 ma-1r-gfbc.

(i) The proof is similar to (1). O

Theorem 4.27. Let (X, 71, 72) be an LM-fbts.

(1) If A € 1y — GSC,., then for every B € 1179 — SO,., 71720 — SC.(A,7)gB iff
AqgB.

(2) If A € mya — GbC,., then for every B € 1119 — bO,, 1720 — bC.(A,1)qB iff
AgB.
Proof. (2) Let B € 1117 — b0, for some r € M and AgB for some A € LX.
Then A < B'. Since B is an T17a-r-fbe set of LX and A is an i me-r-gfbc set,
T1Ty — bCT(A,T)QB
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Conversely, let B be a 775-r-fbe set of L* such that A < B,r € M. Then AQB/.
But 7 — bC’T(A,r)qB'. Thus 7172 — bC,.(A, 1) < B. So A is an 1y 7o-r-gfbe.
(2) The proof is similar to (1). O

Remark 4.28. Let O be the collection of all 7175 — O,., C be the collection of all
7172 — C» and L be the collection of all 7175 — L, in an LM-fbts (X, 71, 72). Then O,
C and L are bounded lattices where the bounds for O are 7175 — O and 775 — O1,
the bounds of C are 775 — Cy and 7179 —C1 and that of £ are 779 — Lo and 770 — L.

Remark 4.29. The lattices O, C and L are neither atomic nor dual atomic. For
example, let X = {a,b,c}, L = M = I and define an LM-fuzzy bitopology on X as
follows:

1 if Ae{o1}

T1(A) =1n(A) =< a if A=a,aeI\{0,1}

0 otherwise.
Clearly for o« € I, i7a — Oy = {0} U{B : 8 > «,B € I}. Then it follows that
O=C=L={nm — 04 :a € I} which is neither atomic nor dual atomic.

Theorem 4.30. Let (X, 71,72) be an LM-fbts. Then
(1) O, C and L are dual atomic, if M is atomic,
(2) O, C and L are atomic, if M is dual atomic.

Remark 4.31. Atoms and dual atoms may exist in O, C and £ without M being
atomic or dual atomic. For example, let X = R, the set of real numbers and
L =M = 1. Clearly, M is neither atomic nor dual atomic. Now, define an LM-
fuzzy bitopology on X as follows:

1 if Ae{01}
n(A)=n(d)=Sa if A=a,ac(}, 2]

0 otherwise.
Then O = {TlTQ—Oo,TlTQ—Ol}U{TlTQ—Oa oS [%, %}} andC = {TlTQ—Co,TlTQ—
Ci}U{mm—Cq:ac [%, %]} Also L ={mm—Lo,1imea— L1 }U{ms— Ly : ¢ € [%, %}}

5. CONCLUSIONS

As a result of the study, we have identified certain monoids that are subsets of
LX. Some of them are distributive lattices too. Now, let 7170 — Q, = {1170 —
Lr, T1T — OT, T1T2 — CT, T1T9 — GOT, T1T2 — GCT, T1T2 — RGOT, 1T — RGCT, T1T2 —
SO,., 170 — SC., 71179 — bO,., 7179 — bC, LX}. Then 7179 — £, is a lattice under set
inclusion whose elements are all monoids. The Hasse diagram of this lattice is shown
in Figure 1.
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T,T, — b0, T, T, — SC,

T,T, — SO, T,T, — bC;

7Ty, — Lp

FIGURE 1. Hasse diagram of 175 — €2,

It is clear that 7 75 — (2, is associative, complemented but not modular. Thus, by
introducing various notions of openness and closedness in LM-fuzzy bitopological
spaces, the study associates to each element of M, a lattice of monoids that are
subsets of LX.
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