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ABSTRACT. A grill- Ps-connectedness is more generalization of Ps- con-
nectedness and connectedness and amounting to grill-preconnectedness.
The properties of this motif are studied and its relationship with other
forms of grill-connectedness. Grill locally preindiscrete spaces are defiened
as the spaces in which grill-preopen sets are grill-closed. In these spaces
grill connectedness becomes amounting to grill preconnectedness and hence
to grill- Pg-connectedness, and grill-semi-connectedness becomes equivalent
to grill- Pg-connectedness. The motif of locally grill- Pg-connected space is
introduced.
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1. INTRODUCTION

The expression of semi-connectedness by Pipitone et al [20], preconnectedness
[21], a-connectedness [15] and SB-connectedness [15, 6, 22] in topological spaces are
based on the motif of semi-open set [17], preopen set [18], a-open [19] and S—open set

[1], respectively. The classes of these sets in a topological space contain the class of
open sets. The classes of S-connected, semi-connected and pre-connected topological
spaces shape subclasses of the class of connected topological spaces. Functions and
Connectedness are studied in terms of grill theory as in [2, 3, 4]. In this paper we
characterized a property called Pg-connectedness which is amounting to motif of
pre-connectedness but stronger than the property of connectedness. The notion of
Pg-connectedness is independent of the topic of hyper connectedness. It is shown
that the property of Pg-connectedness similarly to the behavior connectedness.
This paper is promote the necessary concept of G-Pg-open set is introduced, and
G-Pg-closure and its properties are obtained. The expression of G-locally preindis-
crete topological space is introduced. The notion of G-Pg-connected space and its
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relationship with different other weaker and stronger forms of connectedness is re-
alized. It is shown that G-Pg-connectedness is equivalent to G-preconnectedness.
Sundry characterizations of G-Pg-connected spaces are received. Also, we study
the properties of G-Pg-connected sets and the comprehensible of G-Pg-components.
G-locally Ps-connected spaces are introduced.

2. PRELIMINARIES

Definition 2.1 ([14]). Let (,7,G) be a grill topological space (GTS, for short)
and h C Q. Then a set h is said to be G-dense in Q, if U(h) = Q.

Definition 2.2 ([8]). A nonempty subcollection G of a space S which carries topol-
ogy 7 is named grill on this space, if the following conditions are true:

() oG,

(ii)eeGand {E CBC S= BegG,

(i) if EUB € G for §,BC S, then £ € G or B € G.

Grill depends on the two mappings ® and ¥ which are generated a unique GTS
finer than 7 on space S denoted by 7 on S and discussed in [14, 23].

Definition 2.3 ([23]). Let (S, 7) be a topological space (TS, for short) and G be a
grill on S. A mapping ® : P(S) — P(S) is defined as follows:

O(A)=0c(AT)={seS: ANU € G}

for all U € 7(s) and A € P(S). Then the mapping ® is called the operator associated
with the grill G and the topology .

Proposition 2.4 ([23]). Let (Y,7) be a TS and G be a grill on L. Then for all
h,jCT:
(1) h C j implies that ®(h) C D(j),

(2) ®(hUj) = D(h)U (),
(3) @(@(h)) € ®(h) = CL(®(R)) € CI(h).

Proposition 2.5 ([23]). Let (2, 7) be a TS and G be a grill on Q. Then ¥ : P(Q) —
P(Q) is defined by U(n) = nU P(n) for allm € P(Q). The map ¥ is a Kuratowski
[16] closure aziom corresponding to a grill G on a topological space (Q,T), if there
exists a unique topology Tq on Q given by 7o = {U C Q: Y(Q\U) =Q\ U} where
foranyn CQ, ¥(n) =nUd(n) = 7¢-Cl(n). For any grill G on a TS (,7), 7 C 7¢.
By 1¢-Int(n), we denote the interior of n with respect to 7. If (Q,7) is a TS with
a grill G on §, then we call it a GTS and denote by (Q, 7, G).

Definition 2.6 ([14, 16, 5, 7]). A subset ¢ of a space 2 which carries topology 7
with grill G is said to be:
(i) r-G-open (resp. r-G-closed), it ¢ = Int(¥(()) (resp. ¢ = ¥(Int(()),
(ii) G-open or ¢-open, if ¢ C int(4(¢)),
(i) G-a-open, if ¢ C int(P(int(C))),
(iv) G-preopen, if ¢ C int(¥(()),
(v) G-semiopen, if ¢ C W(int(()),
(vi) G-B-open, if ¢ C cl(int(¥(C))).
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The family of all G-open (resp. G-a-open, G-preopen, G-semiopen, G-f-open)
sets in a GTS (Q,7,G) is denoted by GO(2) (rep. GaO(Q), GPO(R2), GSO(Q),
GBO(Q)).

3. GRILLP3-OPEN(CLOSED) SETS IN (x,7,G)

Definition 3.1. Let (x,7,G) be GTS. Then A is said to be:

(i) G-B-closed, if its complement x \ A is G-3-open,

(ii) G-preclosed, if its complement y \ A is G-preopen,

(i) G-Pg-open, if A is G-preopen subset of x such that for each z € A there
exists a G-B-closed set € and z € £ C A,

(iv) G-Pg-closed, if its complement x \ A is G-Ps-open.

The family of all G-Pg-open, G-Pg-closed and G-preclosed subsets of a GTS
(x, 7, G) is denoted by GP30(x), GPsC(x) and GPC(x).

The following figure summarizes the relationship of G-FPs-open set with various
types of G-open sets:

G-a-open sets —» G-semiopen sets

/ N\
G-open set G-[(-open set
N\ v

G-Pgs-open sets — G-preopen sets

Definition 3.2. Let (X,I',G) be a GTS and A subset of X.

(i) The set G-preclosure of A is the intersection of all G-preclosed sets of X
containing A and is denoted by PgCI(A) : PoCIl(A) = ({2 A: u is G-preclosed
set of X'}.

(ii) The set G-Pg-closure of A is the intersection of all G-Pg-closed sets of X
containing A and is denoted by Pg,CI(A) : Pg,Cl(A) = N{x 2 A: pis G-Ps-
closed set of X'}.

Lemma 3.3. Let (X,7,G) be a GTS and p, h are any subsets of X. Then
(1) Ps,Cl(¢) = ¢ and P, Cl(X) =X,
(2) n € PpCl(p),

(3) u Ch = Ps,Cl(u) C Pg,Cl(h),

(4) PsgClPs, Cl{)) = PsCl(p),

(5) Ps,Cl(u) is a G — Pgclosed set,

(6) PBGCZ(M> U PBGCl(h) - PBGCZ(M U h)7

(7) PsCllu 11 h) € P Clin) O PacClh).

In general may be Pg,Cl(p) U Pg,Cl(h) # P, Cl(prU h) and P, Cl(p N h) #
Py Cl(p) N Pg,Cl(h), as shown in the following example.
Example 3.4. Let X = {1,2,3}, and 7 = {X, ¢, {1},{3}, {1,3},{2,3}}. If grill
G on X such that G = {X,{1},{2}, {1,3},{2,3}}, then GPO(X) = GBO(X) =
67
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(X0, {1}, {2}, {3}, {1,3}, {2,3}}, GO(X) = {¥,6,{1},{3},{1,3},{2,3}} and
GpC(X) = {X,¢,{2,3}, {1,3}, {1,2},{2} ,{1}}, implies that GP3O(X) = {X, ¢,
{1}, {21, {1,3}, {2.3}} and GP;C(X) — {X, 6, {2,3}, {1,3}, {2}, {1}}, it {1, 2}, {1,3}
two sets in X, then we have P, Cl({1,2} N {1,3}) = Ps,CIl({1}) = {1} and
PagClU({1,2}) = X, P, CU({1,3}) = {1,3} then P, CI({1,2}1{1,3}) # Pa, CU({1,2})
NP3, CI({1,3}). Also if {1}, {2} two sets in X, then we have P, CI({1} U {2}) =
Ps.Cl({1,2}) = X and Pz, Cl({1}) = {1}, Ps,Cl({2}) = {2}, then Pz, CI({1} U
(2)) # PacClU({1}) U Po, CI{2}).

Remark 3.5. G-P3-open sets are obtained from G-preopen sets but the collection of
these sets is neither a sub-collection of G-open sets nor does it contain the collection
of G-open sets.

Example 3.6. From Example 3.4, we find {2} € GP3O(X) but {2} ¢ GO(X) and
{3} € GO(X) but {3} € GP3O(X).

Theorem 3.7. Let (X,7,G) be a GTS and u subset of X. Then
PoCl() € PaCllp).

Proof. It is Obvious from Definition of PoCl(u) and Pa,Cl(1). O

Example 3.8. From Example 3.4, we find P;CIl(A) C P3,Cl(A)VA € X.

Theorem 3.9. If (Q,7,G) be a GTS, then an arbitrary union of G-Pg-open sets in
Q is G-Pg-open.

Example 3.10. Let Q = {hl, hg, hg, ﬁ4}, and 7 = {Q,d), {ﬁl}, {hg}, {hl,hQ}, {ﬁg,
h4}, {hl, hg, h4}, {hg}, {hg, h4}} Ifgrlll G on ) such that G = {Q, {hl}, {hg}, {hl, hg,
ha}t}, then GPO(Q) = GBO(Q) = {Q, ¢, {h1 }, {ha}, {hs}, {1, B}, {Rs, ha}, {P, s,
h4}, {hg, hg, h4}} and GBC(Q) = {Q, qf), {hg, hg, 54}, {Fbl, hg, 54}, {hl, FLQ, FL4}, {hg, 54},
{hl, ﬁg}, {hg}}, {hl}}, then GPIQO(Q) = {Q, ¢, {hl}, {hg}, {hl, hg}, {53, h4}, {hl, 53,
Ba}, {ho, hi3, ha}}. Thus any arbitrary union of G-Pg-open sets in a (Q,7,G) is G-
Pg-open.

Lemma 3.11. In GTS (X, 7,G), any G-clopen subset of X is both G-Pg-open and
G-Pgs-closed.

Proof. Let p be any G-clopen subset of (X, 7, G). Then p is G-open and G-closed in
X, implies p = Int(p) C Int(¥(n)) C Cl(Int(V(u))), 1 is G-F-open it follows that
w is G-Pg-closed. Since p is G-closed,

p=Cl(p) 2 Cl(Intg(p)) 2 Int(Cl(Inta(w))).

Then g is G-f-closed implies that p is G-Pg-open. Thus p is both G-Pg-open and
G-Pjs-closed. O

The converse of the above Lemma need not be true in general.

Example 3.12. Let X' = {¢,,¢}, and 7 = {X, ¢, {3}, {v, (}}, G = {X, {o}, {s,5},

{€},{5,€}}, then GPO(X) = GBO(X) ={X, ¢, {o}, {5}, {¢}, {v. £}, {v, 2}, {0, }} and

{4 {v, €}, {2, 9%, {0, 63} and GPsC(X) = {X, ¢, {3, £}, {e, £}, {0, 5}, {u}, {¢}, {e}}. We

find the set {2} is both G-Pg-open and G-Ps-closed. But it is not clopen in (X, 7, G).
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Definition 3.13. Let (2, 7,G) be a GTS. Then it is said to be a:

(i) grill locally indiscrete topological space (GLITS, for short), if every G-open
subset of 2 is G-closed set,

(i) grill hyperconnected topological space (GHTS, for short), if every nonempty
G-open subset of () is G-dense,

(iil) grill extremally disconnected topological space (GEDTS, for short), if ¥ () is
G-open for p is G-open,

(iv) grill locally pre-indiscrete topological space (GLP;TS, for short), if every G-
preopen subset of 2 is G-closed.

Theorem 3.14. If (x,7,G) is GLITS, then every G-preopen set is G-Pg-open set.

Proof. Let V be a G-preopen set, that is, V C Int(¥(V))). Then CI(V) C Cl(Int(¥(V))).
Thus Int(V) D Int(Cl(Intz(V))). Since x is GLITS,

V = Intg(V) = Cl(Intg(V)) 2 Int(Cl(Inta(V))).
So V is G-preclosed and it is G-f3-closed. Hence V is G-Pg-open. O

Theorem 3.15. If (2, 7,G) is a GHTS, then every G-3-closed set W with W # Q,
Intg(W) = ¢.

Proof. Let © is GHTS. Then ¥(Intc(W)) = Q, since W is a G-f-closed set, that
is, Intc(W) = W D Q\ Cl(Int(¥(Intc(W)))) implies that Q \ (Intg(W)) C
Cl(Int(2)) = Q, it follows that Q \ (Int¢(W)) C Q. Thus Intg(W) = Q is re-
jected solution. So Intg(W) = ¢. O

Example 3.16. Let Y = {p, 0,0}, and 7 = {Y, ¢, {0}, {0,0}}, G = {Y, {0}, {p, 0}, {p}}
Then GPO(T) = GBO(T) = {7, ¢,{o}, {p, 0}, {0, 0}} and GBC(Y) ={T,¢,{p, 0},
{o}.{p}}, Intc({p,0}) = Intc({o}) = Intc({p}) = ¢

Theorem 3.17. If in a GTS (X, 7,G), GPO(X) is a grill topology, then GP3O(X)
is a grill topology.

Proof. If the sets p and w are G- Pg-open, then pNw is G-preopen. For each z € pNw,
there are G-f-closed sets p; and pg such that x € p3 N pe C pNw. Since py N pg is
a G-f-closed set, GP3O(X) is a grill topology in X. O

Example 3.18. In Example 3.16, we have GPO(Y) = {T, ¢, {0}, {p, 0},{0,0}} and
GBC(Y) ={Y,¢,{p, o}, {c}, {p}}, then GPO(Y) = {1, ¢} is form grill topology
on Y.

Theorem 3.19. A GLP;TS is a GLITS and GEDTS.

Proof. Since GO(X) C GPO(X), every GLP;TS is a GLITS. Also, every G-preopen
set in GLP;TS is G-closed set implies A = ¥(A), A C Int(¥(A)) = Int(A). Then
X is GEDTS. 0

Theorem 3.20. Every G-preopen set in a GLP;TS is G-clopen.

Proof. If B is G-preopen in GLP;TS, then B = CI(B). Also B C Int(CIl(B))
Int(B).

Corollary 3.21. Every G-Pg-open set in a GLP;TS is G-clopen.
69
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Theorem 3.22. In a GLP; TS, every G-preopen set is G-preclosed, G-semiopen,
G-semiclosed, G-a-open, G-a-closed, G-B-closed, G-regular open, G-reqular closed,
G-b-closed, G-Pg-open and G-Pg-closed.

Proof. Obvious, from Theorem 3.20. O
Theorem 3.23. In a GLP; TS, G-preopen sets form a topology on X.

Proof. The proof is clear from Theorem 3.20. g
Corollary 3.24. In a GLP; TS, G-Pg-open sets form a topology on X.

Proof. Obvious, from Theorems 3.17 and 3.23. O

4. GRILL P3-CONNECTED SPACE

Definition 4.1. Let (X, 7,G) be a GTS and A, B nonempty subsets of X'. Then A
and B are:

(i) G-Pg-separated, if AN P, Cl(B) = ¢ = P, CI(A) N B,

(ii) G-preseparated, it AN PgCIl(B) = ¢ = PgCI(A)NB.

Note that G-Pg-separated sets are G-preseparated. However, the converse need
not be true in general:

Example 4.2. Let (X, 7,G) such that X = {h,j,k,l}, 7 = {X, 9, {h},{j},{h, 5},
{h,g, k}y G = {X{h}, {j},{h. 5}, {h.5,k},{h,5,1}}. Then GPO(X) = {X, ¢,
(RY, 1Y, s b, Thodo kb, (o go 1Y, GPC(X) = 12,6, (ke L}, by b L, £k, 11, {11, {41,
GRO(X) = {X, 6, {h}, (i}, {hojb {hod kY (o b, Lok b, 4G,k 1), (B K}, Bl
(G, kb 4,1} and GBO(X) = {X,, 1,k 1}, (o k.01, L1, {1 (kY 43, (R, 1,1,
{4, k}, {h,1}, {h,k}}. Thus GPsO(X) = {X, ¢, {h}, {j}} implies GP3C(X) =
{X,0,{j,k,1},{h,k,1}} and we find PoCIl({k}) = {k}, PcCI({l}) = {i}. So {k} N
PeCl({l}) = P, Cl({k}) N {l} = ¢. Hence sets {k} and {I} are G- preseparated
but not G-Pg-separated. Since P, CIl({k}) = {k,I}, Ps,Cl({l}) = {k,1}, {k} N
Ps,Cl({l}) = {k} # ¢ # Ps,Cl({k}) N {i} = {l}. Therefore {k} and {I} not are
two G-Pg-separated sets of X.

Definition 4.3. A subset U of a (2, 7, G) is said to be G-Pg-connected, if U is not the
union of two G-Pg-separated sets in §2. Otherwise, it is said to be G-Pg-disconnected.
If (A, B) is a G-Pg-separation of €, then A and B are G-Pgs-closed.

Example 4.4. From Example 3.16, we find {o,0} is G-Pg-connected subset of
(T, 71,G).

Definition 4.5. Let (Q2,7,G) be a GTS. Then 2 is said to be:

(i) G-Pg-connected, if {2 cannot be expressed as the union of two disjoint nonempty
G-Pj3-open subsets of (2,

(ii) G-preconnected, if 2 cannot be expressed as the union of two disjoint nonempty
G-preopen subsets of €,

(iii) G-connected, if £ cannot be expressed as the union of two disjoint nonempty
G-open subsets of €,

(iv) G-a-connected, if Q) cannot be expressed as the union of two disjoint nonempty
G-a-open subsets of €2,
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(v) G-semiconnected, if 2 cannot be expressed as the union of two disjoint nonempty
G-semiopen subsets of €2,

(vi) G-B-connected, if Q cannot be expressed as the union of two disjoint nonempty
G-f-open subsets of 2.

Theorem 4.6. A (X,7,G) is G-Pg-connected iff X cannot be expressed as the union
of two disjoint nonempty G-Pg-open subsets of X.

Proof. (=) Let (X, 7,G) be G-Pg-connected space and X = U UW, where U and
W are disjoint nonempty G-Pg-open sets. Then i = X \ W and W = X' \ U are G-
Pg-closed in X. Thus U N PgaCl(W) = ¢ = PsaCl(UU) NW. This is a contradiction.

(<) Suppose that X = UUW, U # ¢ # W and UNPsaCIl(W) = ¢ = PeaClU)N
W. Then P Cl(U) = U and P Cl(W) = W. Thus U and W are nonempty G-
Pgs-open subsets of &'. This a contradiction. O

Example 4.7. Let (2,7, G), such that Q = {1,2,3,4}, 7 = {Q, ¢, {1}, {4}, {1, 2}, {1,
4}, {1,2,4},{1,3,4}} and G = {Q, {1},{1,2},{1,2,3}}. Then GPO(Q) = {Q, ¢, {1},
(4}, (1,25, {1,147, {1,2,4},{1,3,4}}, GBO() = {2, 6, {1}, {4} {1,2}, {1, 4}, {1,3},
{3,4}, {1,2,3},{1, 2,4},{1,3,4}}, GBC(Q2) = {Q, ¢,{2,3,4},{1, 2,3}, {3,4},{2,3},
{2,4}, {4}, {1,2},{3},{2}} implies GP30(Q2) = {Q, ¢,{4},{1,2}} and GPsC(Q) =
{Q,6,{1,2,3},{3,4}}. Thus we cannot express 2 as the union of two disjoint nonempty
G-Pg-open subsets of 2 and so (2 is G-Pg-connected.

Lemma 4.8. Any grill indiscrete topological space(GITS for short) (X,7,G) with
more than one point is not G-Pg-connected, but it is G-connected.

Example 4.9. Let (X,7,G) be GITS such that X = {a,b,c}, 7 = {X,¢} and

G ={X,{a},{b},{b,c},{a,b}}. Then GPO(X) = GBO(X) = {X, ¢,{a}, {b},{b, c},

{av b}}7 GBO(X) = {X, ?, {bv C}7 {av C}7 {a}7 {C}} implies GPBO(X) = {X, ?, {a}v {bv C}}
Thus {a}, {b, ¢} is a G-Ps-separation and G-Pg-open in X, {a} U {b,c} = X implies

X is not G-Pg-connected. But X' is G-connected, since GO(X) = {X, ¢}.

Theorem 4.10. Let (Q,7,G) be a GTS. Then the following statements hold:
(1) Q is G-preconnected iff Q is G-Pg-connected.
(2) If Q is G-Pg-connected, then § is G-connected.

Proof. (1) (=) Suppose that Q2 is G-preconnected. Then 2 is G- Pg-connected , since
GP30(Q2) C GPO(Q).

(<) Suppose that Q is not G—Preconnected. Then 2 is the union of two non
empty disjoint G-preopen sets p and v. Since GPO(2) C GBO(S), it follows that
p and v are disjoint G-Pg-open sets. This is a contradiction.

(2) Suppose Q be G-Pg-connnected and 2 is not G-connected. Then there exist
two a nonempty disjoint subsets p, v of Q which are both G-open and G-closed in
. Thus by Lemma 3.11, p, v are also both G-Pg-open and G-Pjs-closed in 2. This
is a contradiction. 0

Example 4.11. From Example 4.9, X is G-connected. But not G-Ps-connected.
The following figure summarizes the relationship of G-Pg-connnectedness with

various types of G—connectedness properties:
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G-semiconnected — G-a-connected

/! N\
G-B-connected G-connected
hN e

G-preconnected +— G-Pjg-connnected

Example 4.12. Let (2, 7, G) be GTS such that Q = {h, 3, ¢}, 7 = {Q, ¢, {i}, {k, (}},
G= {Q’ {h}a {f}, {hv .]}’ {h7 é}v {.77 E}} Then GO(Q) = {Q’ d)}’ GO‘O(Q) = {Qv , {h},
{h, 3}, {%, £}}. Thus Q is G-connected and G-a-connected. Also, GPO(Q) = {Q, ¢, {h},
{3, {n. £}, {5,63}, GBO(Q) = {, ¢, {h},{€}, {h, 3}, {h, £}, {3, £}} and GBC(Q) =
{2,0, {63, {h. 3}, {£}, {5}, {n}} implies PsO(Q) = {Q, ¢, {h}, {¢},{h. 3}, {1,4}}
and {R} N {5, ¢} = ¢, {h}U{y, ¢} = Qalso {{} N {h, g} = ¢, {{}U{h, 3} = Q. So Q

is not G-Pg-connected.

Example 4.13. Let (X,7,G) be GTS such that X = {a,b,c}, 7 = {X,,{a,b}}
and G = {X,{a},{b},{a,b},{a,c}, {b,c}}. Then GSO(X) = {X,¢,{a,b}}, X is
G-semi-connected. But X is not G-S-connected, since GBO(X) = {X, ¢,{a}, {b},
{a,b}, {a,c}, {b,c}}.

Example 4.14. Let (X, 7,G) be GTS such that X = {hq, ha,hs}, 7 ={X,d,{h1},
{ho}, {h1, ho}t}, G = {X,{h1}, {h1, hs}} and GaO(X) = {X, ¢, {h1}, {ha}, {h1, ha}}}.
Then X is G-a-connected. But X is not G-semi-connected, since GSO(X) =
{X7¢7 {hl}a {h2}7 {h15h2}’ {h17 h3}}

Example 4.15. Let (2, 7, G) be GTS such that Q = {1,3,¢, p}, 7 = {Q, ¢, {2, p}, {1},
{o} {n.,0.0t G = {2 {a}, {0, 0}, {0,0,0}} and GPO(Q) = {2, ¢, {2}, {p} {© 0},
{2,7,90}}. Then Q is G-preconnected. But € is not G-S-connected, since GSO(2) =
{120, {1}, {e}, {2}, {0, €}, {0, 0}, {0, 08 {6 0}, {0,0: 63, {10, 0}, {0, 60}, {0, 4, 0} -

Example 4.16. Let GTS (X, 7,G) such that X = {s,7,0}, 7 = {X, 0, {2, (}}, G =
{X, {0}, {6}, {0, €}, {5, £} } implies GO(X) = {&, ¢} and GaO(X) = {X, ¢, {1}, {1, 5},
{1,£}}. Then X is G-connected and G-a-connected. But X is not G-Ps-connected,
since GPO(X) = {Xa b, {Z}a {(}7 {Z’ E}v {]a 6}}, GIBO<X) = {Xv o, {Z}a {Z}’v {'L7 E}v {.77 g}}a
GﬁC(X) = {Xv o} {]’ €}7 {7" .7}’ {-]}’ {Z}} and GPﬂO(X) = {Xa ¢, {Z}7 {.77 E}}

Theorem 4.17. In a GLP; TS (2, 7,G), G-connectedness is equivalent to
G-preconnectedness.

Proof. (=) Suppose that € is not G-preconnected. Then there exist a two disjoint
nonempty G-preopen p,w such that g Uw = 2. Then by Theorem 3.20, p,w are
G-clopen. Thus 2 is not G-connected.

(<) Follows from Theorem 4.10. O

Corollary 4.18. Let GLP; TS (Q,7,G). Then G—connectedness is equivalent to
G-Pg-connectedness.

Proof. Obvious from Theorems 4.10 and 4.17. O
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Theorem 4.19. In GLP; TS (Q,7,G), G-semiconnectedness is equivalent to
G-preconnectedness.

Proof. (=) Suppose that (2,7, G) is not G-preconnected. Then there exist two a
disjoint nonempty G-preopen subsets p,w of Q such that p Uw = Q. Thus from
Theorem 3.22, u,w are G-semiopen. So §2 is not G-semiconnected.

(<) Suppose that (2, 7, G) is not G-semiconnected. Then = pUw, where p and
w are disjoint nonempty G-semiopen subsets of , p = Q\ w, w = Q\ p are disjoint
nonempty G-semiclosed, it follows that p and w are disjoint nonempty G-preopen
sets. Thus  is not G-preconnected. g

Corollary 4.20. In GLP; TS (X, T, G), G-semiconnectedness is equivalent to G-Pg-
connectedness.

Proof. Obvious from Theorems 4.10 and 4.19. O

5. PROPERTIES OF GRILL P3-CONNECTED SPACES

Theorem 5.1. If B is a G-Pg-connected set of a GTS (X, 7,G) and p,w are G-Pg-
separated sets of X such that B C pUw, then BC p or B C w.

Proof. Assume that B is not a G-pg-connected set and p,w is G-Pg-separated sets.
Then B = pUw and P, Cl(p) Nw = pN P, Cl(w) = ¢. Thus p C X\ P, Cl(w),
w C X\ PaCll(p). Since pUw € &\ (P, Cl(w) U X\ PayCl{u) € X\ (4 Uw),
BC X\ (pUw). But BC pUw. So BC X\ B. It is a contradiction. Thus B is a
G-Pjs-connected set. Hence pUw # B and B C por BCw. O

Theorem 5.2. Let (2, 7,G), be a GTS and Q = pUw be a G-Pg-separation of ).
If A is a G-Pg-connected subset of Q, then A is completely contained in either p or
w.

Proof. Let Q = pUw be a G-Pg-separation of 2. Suppose A intersects both p and w.
Then A = (pNA)U (wNA) is a G-Pg-separation of A. This is a contradiction. [

Theorem 5.3. If U is a G-Pg-connected set of a GTS (X, 7,G) and Y C X C
P Cl(U), then X is G-Pg-connected.

Proof. Assume that X is not G-Pg-connected. Then there exist G-Pg-separated sets
A and B such that A = AUB. Thus A and B are nonempty and ANPg,Cl(B) = ¢ =
Ps,CIl(A) N B. By Theorem 5.1, we obtain either &/ C A or U C B. Suppose that
U C A. Then P, Cl(U) C Ps,Cl(A) and BN P, Cl({U) = ¢. But by hypothesis,
B C A\ C P, Cl(U) and B = P, Cl(U) N B = ¢. This is a contradiction, since B is
nonempty. O

Corollary 5.4. If (Q,7,G) be a GTS and p is a G-Pg-connected subset of Q. Then
PsCl(u) is G-Pg-connected.

Proof. Tt is obvious from the above theorem. O

Theorem 5.5. Let A and B be subsets of a GTS (Q,7,G). If A and B are G-P3-
connected and not G-Pg-separated in €, then AU B is G-Pg-connected.
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Proof. Assume that AUB be not G-Pg-connected. Then there exist G-Pg-separated
sets U, W in € such that AUB = U UW. Thus A C U UW. by Theorem 5.1,
we have A C U or A C W. Furthermore, B C U/ or B C W. If A C U and
B CU, then AUB C U and W = ¢ a contradiction. Thus A C U and B C W
or A C W and B C U. In the first case, Ps,CI(A)NB C Pg,ClU)NW = ¢
and P, Cl(B)N A C Ps,CIW)NU = ¢. So A and B are G-Ps-separated in Q, a
contradiction. Hence AU B is G-Pg-connected. O

Theorem 5.6. Let A..cr be a nonempty family of G-Pg-connected subsets of
(Q,7,G) such that Neer Az # ¢, then Uzer A, is G-Pg-connected.

Proof. Assume that Uzer A. is not G-Pg-connected. Then there exist 4 and w are G-
Pgs-separated sets in 2, where Uger Ae = pUw. If £ € NeerAe # ¢, since x € Uger A,
T € por x € w. Suppose that x € u. Since x € A, for each € € T', A, and p intersect
for each ¢ € I'. Then by Theorem 5.1, we find A. C pUw, A. C por A, C w, since
p and w are G-Pg-separated sets in Q. Thus A, C p Ve € I'. So UgerAe C p implies
w = ¢ a contradiction. O

Definition 5.7. A space (2, 7, G) is said to be totally G-Pg-disconnected (TGPgD,
for short), if its only G-Pg-connected subsets are one point sets.

Definition 5.8. Let (X,7,G) be a GTS and x € X. Then the following statements
are equivalent:

(i) the G-Pg-component of X containing « is the union of all G-Pg-connected
subsets of X' containing z,

(ii) a G-Pg-component of X is G — Pg-connected.

Theorem 5.9. Let (Q,7,G) be a GTS. Then the following properties hold:

(1) each G-Pg-component of Q is a mazimal G-Pg-connected (MGPg-connected
for short) subset of Q,

(2) the set of all distinct G-Pg-components of Q0 forms a partition of §,

(3) each G-Pg-component of Q is G-Pg-closed in Q.

Proof. (1) Obvious.

(2) Since singletons are G-Pg-connected sets, each point z of € is contained in the
G-Ps-component of {2 containing x. Let 1 and v are two distinct G-Pg-components
of Q. If ;4 and v intersect, then pUv is G-Pg-connected, by Theorem 5.6. Thus either
1 is not maximal or v is not maximal, a contradiction. So p and v are disjoint.

(3) Let p be any G-Pg-component of Q containing . Then by Corollary 5.4,
Ps.Cl(u) is G-Pg-connected set containing z. Since p is M G Pg-connected set con-
taining x, Ps,Cl(u) C p. Thus p is G-Pg-closed in €. O

Definition 5.10. A space (Q,7,G) is said to be locally G-Pg-connected (LG Pg-
connected) at x € Q, if for each G-Pg-open set U containing x, there is a G-Ps-
connected G-Pg-open set W such that x € W C U.

The space §2 is said to be LG Pg-connected, if it is LG Pz-connected at each of its
points.

Theorem 5.11. A space (2, 7,G) is LGPg-connected iff the G-Pg-components of
each G-Pg-open subset of () are G-Pg-open.
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Proof. (=) Let Q be LG Pg-connected and A be an G-Pg-open subset of ) and v
be a G-Pg-component of A\. If x € v, then there is a G-Ps-connected G-Pg-open
set w C Q such that x € w C A. Since v is a G-Pg-component of A and w is a
G-Pjs-connected subset of A containing x, w C v. Thus v is a G-Pg-open set.

(<) let p € Q be a G-Pg-open set, and « € X. Then by our hypothesis, the
G-Pg-component w of A containing x is G-FPg-open. Thus 2 is LG Pg-connected at
x. O

6. CONCLUSIONS

The present paper represents a starting point for framework to modify and gener-
alize Pg-connectedness. In fact, we have introduced new generalized connectedness
called a grill- Pg-connectedness. In addition, rill locally preindiscrete spaces are ob-
tained. Several examples are given to indicate the connections between types of grill
connectedness. The introduced techniques are very useful in application because it
opens the way for more topological applications from real life problems. In future,
we will apply our results on topological structures induced by graphs and the results

in[7 ) ) ) ]'
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