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1. INTRODUCTION

Mulvey (See [1, 2]) introduced Quantales as the non-commutative generalization
of the lattice of open sets in topological spaces. In fact, a commutative unital
quantale coincides with a complete residuated lattice. Hohle (See [3, 4]) developed
the algebraic structures and many valued topologies in a sense of quantales and
cqm-lattices.

Discrete duality is a duality between a class of algebras and an associated class
of relational systems (referred to as frames) without a topology. Dualities are de-
veloped between algebras and logical relational systems such as Boolean algebras
and classical propositional logic; MV-algebra and Lukasiewicz logic; Heyting alge-
bra and intuitionistic logic; BL-algebra and basic fuzzy logics; Monoidal t-norm logic
and MTL-algebras (See [5, 6, 7, 8, 9, 10]). A duality leads in a natural way to rela-
tional semantics for a logic which supports part of foundation of theoretic computer
science. As a duality between algebras and logical relational systems, Oh and Kim
(See [11, 12]) introduced the notion of residuated connections and residuated frames
in fuzzy logics.
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In this paper, we introduce the notions of commutative quantales and commuta-
tive quantale frames as a duality. Let (X, ex) be a fuzzy partially ordered set. In
Theorem 3.7, 7o, = {A € L* | A(z) ® ex(z,y) < A(y)} is an Alexandrov topol-
ogy. In Theorem 3.8, if (X, ex, P) is a commutative quantale frame, we show that
(Tex, Vs A, ®, 2 0x,00x) is a commutative quantale where, A, B € 7.,

(A®B)(z) = \/ Pla,y,2) ®A(z) ® B(y).
z,yeX

(A= B)(x)= N (Plz.y,2)© Aly) = B(2)).

y,z€X

In Theorem 3.14, if (X, A,V,®, 7,0,1) is a commutative quantale and ex is a
r-fuzzy poset on X, we show that (LX,e;x,P) is a commutative quantale frame
where P: LX x LX x LX — L as

P(A,B,C)= N\ (A® B)(z) = C(x))

reX

and (A® B)(z) =V, .cx(A(y) © B(z) ® ex(y © z,2)). We give their examples.

2. PRELIMINARIES

Definition 2.1 ([1, 2, 3]). A triple (L, <,®) is called a commutative quantale (c-
quantale, for short), if it satisfies the following conditions:

(Ql) L = (L,<,V,A,0,1) is a complete lattice, where 1 is the universal upper
bound and 0 denotes the universal lower bound,

(Q2)a0b=b0acand a® (b c)=(a®b) ®cforall a,b,c€ L,

(Q3) © is distributive over arbitrary joins, i.e.,

(\ a)ob=\/(a; 00).
i€l ier
A c-quantale is called unital, if a = a ® e, for each a € L. A unital c-quantale is
called a strictly two-sided, commutative quantale (sc-quantale, for short), if e = 1.

Remark 2.2 ([1, 2, 3]). (1) A completely distributive lattice is an sc-quantale. In
particular, the unit interval ([0,1],<,V,® = A,0,1) is an sc-quantale.

(2) The unit interval with a left-continuous t-norm ©®, ([0,1],<,®), is an sc-
quantale.

(3) Let (L, <,®) be a c-quantale. For each z,y € L, we define

x%y:\/{zeL\xG)zSy}.

Then it satisfies Galois correspondence, i.e.,
(xoy) <ziff z < (y — 2).
(4) ([0, 00], <op; Vop, +, Nop, 30, 0) is a sc-quantale, where <,,=>,V,, = A, Agp =
V and
z—=y=\V,{z€0,00] [ 2+2z <oy}
=Nze0,00]| 2> —-2x+y}=(y—2x)VO0.
26
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In this paper, we assume (L, A,V,®,—,0,1) is a c-quantale. For « € L, A, B €
LX, we denote (« — A),(A = B),(a ® A),ax € L* as (a« = A)(z) = a —
A(z),(A — B)(z) = (A(z) = B(2)), (0 ® A)(z) = a® A(z), (A© B)(z) = A(z) ©
B(x), and ax(z) = .

Lemma 2.3 ([3, 4, 13, 14]). For each x,y,z,x;,y; € L, we have the following
properties.

) Ify<z (z20y)<(z0z),z—=y<z—zandz—zx<y—zx.
2)zoy<zAy<zVy.
(3) z (/\zeF Yi) = /\ er(m — yi) and (VieF T) =y = /\ier(xi — ).
(4) 2 = (Vier ¥i) = Vier(@ — yi).
(5) (/\zeF T) =y > \/1€F(I1 — ).
6) (z0y) 2 z=x—>(y—2)=y— (z— 2).
(Mzo(z—y)<yandz—>y<(y—z2) —(x—2).
B yoz<zr— (z0ye2)andz®(z0y —2)<y—z.
9 z—=y<(z02) = (yo2).
(10) (z = y) O (y—2) <z -2
(1) z—-y=1iffx<y.
(12) 2 = A\yer(( = y) = y).

Definition 2.4 ([3, 4, 13, 14]). Let X be a set. A function ex : X x X — L is
called:

(E1) reflexive, if ex(z,z) =1 for all x € X,

(E2) transitive, if ex(x,y) © ex(y, z) < ex(z,2), for all z,y,z € X,

(E3) anti — symmetric, if ex(x,y) = ex(y,x) = T, then z = y.

If ex satisfies (E1) and (E2), (X,ex) is a fuzzy preordered set. If ex satisfies
(E1), (E2) and (E3), (X, ex) is a fuzzy partially ordered set (simply, fuzzy poset).

Example 2.5. (1) We define a function ey x : LX x LX — L as

erx(A,B) = )\ (A(z) = B(x)).
zeX
Then by Lemma 2.3 (10) and (11), (L, ez x) is a fuzzy poset.
(2) If (X, ex) is a fuzzy poset and we define a function e;<1 (x,y) = ex(y,z), then
(X, e}l) is a fuzzy poset.

3. COMMUTATIVE QUANTALES AND COMMUTATIVE QUANTALE FRAME
As an extension of MTL-frames [9], we define a commutative quantale frame.

Definition 3.1. Let (X,ex) be a fuzzy poset. The triple (X, ex, P) is called a
commutative quantale frame (cq-frame, for short), if P : X x X x X — L satisfies
the following conditions:

(Pl) P(m, Y, Z) © 6X(II7 17) O] eX(y/a y) © Ex(Z, Zl) < P(I/a y/a Z/)a

(P2) P(z,y,2) < P(y,,2),

(P?’) P(m,y7 ) © P(Zvy/7zl) < VuGX(P(y’y/7u) © P($7u7zl>)ﬂ

(P4) P(x,y,2) © P(2',2,2") <\ ex (P2, 2,u) © P(u,y,2")).

A cq-frame (X, ex, P) is called an scq—frame, if satisfies

(P5) Vyex Plu,2,2) =
27
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(P6) P(z,y,2) <ex(z,z) Nex(y,z).

Definition 3.2. Let (X,A,V,x, 7,0,1) be a c-quantale. A fuzzy poset (X, ex) is
an r-fuzzy poset, if (R) ex(axb,c) =ex(a,b 7 ¢) for each a,b,c € X.

Theorem 3.3. Let (X, A, V,x, 7,0,1) be a c-quantale. A pair (X, ex) is an r-fuzzy
poset. We define
P(z,y,z) = ex(x*y, 2).
Then the following properties hold.
(1) (X,ex, P) is a cqg-frame.
(2) If it is an sc-quantale, ex(xz xy, z) < ex(x,2z) Nex(y, z) for each x,y,z € X,
then (X, ex, P) is an scq-frame.

Proof. (1) (P1) Since ex(z',y /' z) = ex(y,2’ 7 z), we have

P(z,y,z) Oex(a',z) Oex(y',y) ©ex(z,2")
=ex(rxy,z) Oex(r,x) Oex(y,y) ©®ex(z,2)
=ex(z,y /' 2) ex(a',x) Oex(y,y) ©ex(z,2)
<ex(@,y S z2)Oex(y,y) Oex(z,2)
=ex(y.2' /' 2) Oex(y,y) ©ex(z,7)
<ex(y,r /1z)0ex(z7)
<ex(@ xy',z)Oex(z,2)
<ex(z' xy',2') =Py, 7).

(P2) For each z,y,z € X, P(z,y,2) =ex(x*y,z) =ex(y*z,2) = P(y,z, 2).
(P3)

P(x,y,2) © P(z,y,2') = ex(z xy,2) Oex(z*xy, 2)

<ex(zxy,y SZ)=ex(yxy,z 2)

=ex(yxy,z 7 2) Oex(xx(z 72),2"))

<Vex(y*xy',u)®ex(xxu,z)

=V P(y,y,u) © P(x*u,z").

P(x,y,z) © P(2/,2,2")
Sex(zxy,a’ S7) =
=ex(@ xw,y S ) Oex(y /2y /2
=ex(a'xzy M) Oex((y /1 2) *y, )
< Viex(ex (@' z,u) O ex(uxy,2'))
= VuGX(P(xlvxﬂu) © P(u*y72')).

(2) (P5) Vyex Plu,z,2) > ex(1xx,2) = ex(z,z) = 1.

(P6) P(z,y,2) =ex(zxy,z) <ex(y,z) and P(z,y,2) = ex(z*y,z) <ex(z,z).

O

=ex(z*y,z) Oex(z x2z,2")
ex(zxa',y 7 2')
x(

Example 3.4. Let (L,A,V,®,—,0,1) be a c-quantale.

(1) Define e, : Lx L — L as er(z,y) =z — y and P(z,y,2) = (. Oy) = 2z =
er(r ®y,z). Since P(z,y,2) = (zOy) > z=er(zOy,2) =er(x,y — 2), (L,er)
is an r-fuzzy poset. By Theorem 3.3 (1), (L,er, P) is a cq- frame.

(2) Let (X, A,V, %, 7,0,1) be a c-quantale. Define ex : X x X — L as

1, ifzx<y,
@X(xay):{ 0 ifl’fz
28
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Since zxy < ziff x <y Nz, ex(x*xy,z) = ex(x,y S z) for each z,y,z € X.
Hence (X,ex) is an r-fuzzy poset. Furthermore, define P(xz,y,2) = ex(x * y, 2).
Then (X, ex, P) is an cq-frame.

(3) Let X be a set and P(X) ={A| AC X. Then (P(X),N,U,x =N, ", &, X)
is an sc-quantale with

A B=|J{CeP(X)|AnCCB}=A"UB.
Define e : P(X) x P(X) — L as

1, ifACB,
e<‘4’B)_{o,ingzB.

Since ANB C C'iff A € B°UC, e(ANB,C) =e(A,B / C) foreach A, B,C € P(X).
Then (P(X),e) is an r-fuzzy poset. Thus by Theorem 3.3 (1), (P(X),e, P) is a cq-
frame with P(A, B,C) = e(AN B, C) for each A, B,C € P(X). But it is not an scq-
frame because X = {a,b,c}, A = {a,b}, B = {b,c} and P(A,B,A) =e(ANB,A) =
1Le(A,A)Ne(B,A)=0.

(4) Let X be a set. Then (L¥,A,V,®,—,0x,1x) is a c- quantale Define ey x :
LX x L* — L as e;x(A,B) = N\,ex(A(z) — B(x)). Then (L¥, epx) is an r-
fuzzy poset. Furthermore, define P(A 7B,C’) = Nsex(A(z) © B(z) — C(x)). Then
(LX,erx,P)is a cq—frame

(5) Define on L = {0, 1 1} as follows:

3472747
xQy=0V(@+y—1),z—>y=1Vv({I1—-z+y).

Then (L,A,V,®,—,0,1) is an sc-quantale. Let X = {0,x,y,1} be a set such that
0 <z <y < 1. Define * and  as follows:

x |0 |x|y|1l 10z |yl
0|0(0|0O]|O O |1]1]1]1
|00z | z|lxz|1l|1]|1
y|0lx|yly y |0]lxz|1|1
10|yl 1 10jz|y|1l

Then (X, A,V,*, /,0,1) is a c-quantale.
(a) Define ex : X x X — L as follows

ex |0z |y |1l

Ol111]1]1

z [ T[1[1]1

HEIEIENE

Lig]afy]l
29
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Since
ex(0,z) =ex(0%0,2) =ex (0,0 ~x)
=ex(0,1) =ex (0,0 0) =ex(0%0,0) =ex(0,0)
=ex(0*z,2) =ex(z,0 S x)=ex(z,1)
=ex(0*y,2) =ex(0,y /z) =ex(0,2) =ex(y,1)
:eX(O*LI):eX( 0/‘ ):eX(]-a]-)
=ex(l,z S x) —eX( z,z) =ex(z,x)
=ex(Ly /y)=ex(Ixy,y) =ex(y,y) =1,

x(zy) =ex(y*z,y) =ex(x,y Ny) =ex(x,1)
=ex(z,0 /) =ex(x*x0,2) =ex(0,z)
=ex(z*y,y) =ex(y,z /y) =ex(y, 1)
=ex(y,0 /y) =ex(0xy,y) =ex(0,y) =1,

eX(x,O):eX(x*y, )*ex(xvy/‘o)
:eX(y*:L'7O):eX(yax/‘O)_eX(ya )
=ex(l*z,0)=ex(l,z /0)= eX(Lx)
=ex(r*1,0) =ex(z,1 70)=

Similarly, ex (y,0) = ex(1,0) = % Then we get for all x,y,z € X,
ex(z,y) ®ex(y,z) <ex(z,z) and ex(x xy,2) = ex(z,y N 2) <ex(z,z).

Thus(X, ex) is an r-fuzzy poset. Put P(z,y,z) = ex(z *y,2). Then (X,ex, P) is
an scq-frame.
(b) Define ex : X x X — L as follows as

|1, ifx=y,
e(z,y) = { 0, ifz#y.
Since 1 = ex(z,z) = ex(y*z,x) #ex(y,z = ) = ex(y,1) =0, (X,ex) is not an
r-fuzzy poset.

Definition 3.5. (1) A subset 7x C L is called an Alezandrov topology on X, if it
satisfies the following conditions:

(Ol) ax € Tx,

(02) if A; € 7x for all i € I, then \/,.; As, \;cp Ai € Tx,

(03)ifAerx anda € L, thena ® A,a0 - A € 7x.

The pair (X, 7x) is called an Alezandrov topological space.

Remark 3.6. Let 7x C L¥. Define e, : TxxX7x — Laser (4, B) = A\, cx(A(z) —
B(z)). Then (7x,e,,) is a fuzzy poset.

Theorem 3.7. Let (X,ex) be a fuzzy poset. Define
«={Ae LY | Alz) Oex(z,y) < Aly)}-

Then Te, is an Alexandrov topology on X such that

Tex ={ \V (A@@) © ex(z,—)) | A€ L}
rzeX 30
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Proof. Since ax(z) ® ex(z,y) < ax(y), we have ax € 7.
It A; € 7, forallie I, then
(/\ie[ Aj)(z) ©ex(w,y) <
(Vier 4i)(2) © ex(z,y) =
Thus A,c; Ais Vier Ai € Tex-
IfAer., and @ € L, then a® (a = A(z)) Oex(z,y) < A(z) ©ex(x,y) < A(y).
Thus (o — A(z)) ©® ex(z,y) < (a = A(y)). Soa - A € 7. Easily, a ©® A € 7.,.

Hence 7., is an Alexandrov topology on X.
Put 7 = {V,cx(A(z) ®ex(x,—)) | A€ L*}. Let A € 7. Then we have

\V (A@@)@ex(z,—) =Aer
reX
If Ve x(A(x) © ex(x,—)) € 7, then we get
V (A@) @ ex(x,2)) O ex(z,y) < \/ (Al2) © ex(,y)).
zeX zeX
Thus V ¢y (A(z) ©ex (2, —)) € Tey. S0 Tey =T. O

/\ie[(Ai © eX(x,y)) /\zEI Az( )7
Vier(Ai(z) © ex(z,y)) < Ve Aiy).

Theorem 3.8. Let (X, ex, P) be a cq-frame. For A, B € 1., we define

(A® B)(2) =V, yex(P(z,y,2) © A(z) © B(y)),
(A= B)(@) = A, .cx(P(z,y,2) © A(y)) = B(2)).
Then we have :
(1) (Tex, V, A, ®,=,0x,1x) is a c-quantale,
(2) if (X,ex,P) be an scq-frame, then it is an sc-quantale.
Proof. (1) For A, B € 7, by (P1),
(A® B)(2) ® ex(29) = Voo (P(0,90,2) © Alao) © B(yo) © ex(z1))

S vxo,yo (P(xovyan) © A(-TO) ® B(yo))
= (A® B)(y).
Then A® B € 7ey.
For A, B € 7, also by (P1),

(A= B)(@) = A, ex (P@,.2) © Ay) - B(2))

< Ayex (ex(@,20) © Plao,y,2) © A(y) = B(2))
Agwex (P(20,5,2) © Aly) = B(2))
Thus A= B e 7.,.

For A, B, C € 7., we have
(A® B) ® C)(w)

~Vyex (Ppw) © (42 B)(2) © C)
~Vyoex (PGp.0) © (V,ex (A®) © B(y) © Pla,y,2) © C(p))

~Vpex Vayex (P(zpw) © Pla,y,2) © Aw) © B(y) © C(n))
31
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S VpeX \/gg,yeX \/uEX (P(y,p, u) © P(xa u’w) O A(:I?) © B(y) © C(p)) [By (PB)]
~Vypyex Vouex (Pp,u) © Pla,u,w) © A@@) © Bly) © C(p))
~Vaex (P@0,0) © A@) 0V, ex (P(y,p,0) © Bly) © C(p)))
Vi ex (Pl u,w) © A@@) © (B & C)(w))
— (48 (B® O))(w),
(A® (B®C))(w)
~Vex (Pz,p,w) © AZ) © (B C)(p))
=Vyeex (PGpw) 0 A() OV, e x (P, y.p) © B) © C(y))
=Vyoex Vayex (P(p.w) © Ple,y,p) © A(2) © B(z) © C(y))
< Veex Vayex Vaex (P2,0) © Pluy,w) © A(2) © B(@) © C(y) ) [By (P4)]
=Vyex Vaex ((Vewex(P(z.2,0) © A(2) © B(x))) © Plu,y, ) © C(y))

~V,yex Vaex (48 B)(w) ® Plu,y,w) © C(y))
— ((A® B)& O))(w),

(A®B)(z) < C(2)
& Vayex(P(2,y,2) © A(z) © B(y)) < C(2)
& Ar) < N\, Lex(P(2,y,2) © Bly)) = C(2)
< A(z) < (B=O)(x).
Since A® B; < A® Vo By, we have \/, . 1(A® B;) < A® Vo B;. Since A® B; <

VB<\/(A=(A®B))<A= \/(AeB).
i€l Sy ier
Thus V;cp(A® B;) > A® V,ep Bio So V,;ep(A® B;) = A® \/,;.p Bi. Hence
(Tex, Vs A, ®,=,0x,1x) is a c-quantale.
(2) By (P6), P(x,y,2) <ex(y,z). For A € 7., since A(z) ®ex(z,y) < A(y),
(Ix ® A)(2) =V, yex (P(r,y,2) © 1x () © A(y))
= Vayex(P(z,y,2) © Ay))

< Vyex(ex(y,2) © Aly))
< A(2),

A(2) =V ex (P(u,2,2) © A(z)) [By (P5)]
< Viyex(P(u,y,2) © 1x(v) © A(y))
=(1x ® A)(2).
Then (e, V,A, ®,=,0x, 1x) is an sc-quantale. O

Theorem 3.9. Let (X, A, V,x*, /,0,1) be a c-quantale with an r-fuzzy poset (X, ex).
For A,B € 1., we define

(A® B)(2) =V, yex(ex(@*y,2) © A(z) © B(y))

(A= B)(@) = A wex((ex (@ +9.2) © A(y)) - B(2)).
32
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Then (1) (Tex,V, A, ®,=,0x,1x) is a c-quantale, where

(A® B)(2) = Vyex Aly /" 2) © B(y) = Ve x Alx) © B(z 7 2),
(A= B)(z) = N.ex(Alz /7 2) = B(2)) = N\yex (Aly) = Bz +y)).

(2) If it is an sc-quantale and ex (xxy, z) < ex(x, z)Nex (y, z) for each x,y,z € X,
then (Tey,V, A\, ®,=,0x,1x) is an sc-quantale.

Proof. (1) Put P(x,y,z) = ex(x xy, z). By Theorem 3.3, (X, ex, P) is a cq-frame.
Since \/,cx(ex (@ #3,2) © A2)) = V,ex(ex(e,y 7 2) © Alz)) = Ay 7 2) for
A€ iy and Vexlex(a = 102) © BT = Vyexlextoa /1 2)© B = Bla /)
or A € Tey,
(A@ B)(2) =V, yex ex (@ *y,2) © A(x) © B(y)

= Vyex Aly /" 2) © B(y)

= Viex Al@) © B(z 7 2).
Since V,ex(ex(z *y,2) © A(@)) = V,exlex(@,y 7 2) © A(z)) = 34( z) for

?G/Z-ex and V, cy(ex(zxy,2) © B(y)) = Vyex(ex(y,z /" 2) © By)) = Bz / 2)
or A €.y,
(A= B)(@) =\, .ex(ex(zxy,z) © A(y) = B(2))

NeexVyex(ex(y,z /7 2) © Aly)) = B(2))
Noex(A(z 7 2) = B(2)),

(A= B)(@) = N\yex(Ay) = A.ex(ex(wxy, 2) = B(2)))

= Nyex (Aly) = B(z xy)).
(2) Tt follows from Theorem 3.8 (2). O

Example 3.10. Let (L, A, V,®,—,0,1) be a c-quantale with an r-fuzzy poset (L, er,)
and er(z,y) =z — y. For A, B € 7, , we define
(A® B)(2) =V, yer(((z ©y) = 2) © A(z) © B(y))
=Vyer Aly = 2) © B(y)
= Vaer Alz) © B(z — 2),

(A= B)(@) =\, .c.(((zOy) = 2) © A(y) = B(z))
= N.ep(Al@ — 2) = B(2))
= Nyer(A(y) = Bz © y)).
Then (7., ,V,\,®,=,0r,11) is a c-quantale.

Example 3.11. Let (P(X),e, P) be a cg-frame from Example 3.4 (3). Let 7. =
{a € LX) | a(A) ® e(A,B) < a(B)} = {a € LX) | a(A) < a(B),for A C B}.
For o, 8 € 7., we define

(@®B)(C) =V 4 pepx)(P(A B,C) ©a(A) © 5(B))

P
—VAchc( oA ) B(B))
pep(x)(a(B°UC) © B(B))
=V 4epx)(a(4) © (AU C)),

(a = B)(A) = Ap cepx)(P(A,B,C) ©a(B) = B(C))
= Aacpeuc(@(B) = B(C))
= Acepx)(@(A°UC) — B(C))
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= Apep(x)((B) = B(AN B)).
Then by Theorem 3.8, (¢, V, A, ®,=,0p(x), L p(x)) is a c-quantale ,where 0 p(x)(A) =
0,1px)(A) =1 for each A € P(X).

Example 3.12. (1) Define (A — B)(z) = A(z) — B(z) and (A® B)(z) = A(z) ®
B(z) for each z € X. Then (L*,V,A,®,—,0x, 1x) is a sc-quantale.

(2) Let (LX,epx,P) be a cq-frame where P(4, B,C) = \,cx(A(z) © B(z) —
C(z)) from Example 3.4 (4). Let 7., = {a € L | a(A) @ epx (4, B) < a(B)}
For a, B € 7¢_«, we define

(@@ P)(C) = V4 perx (P(4,B,C) © a(A) © 5(B))
= Vper) (@B = C)© B(B))
= Vaerx)(a(4) © B(A = C)),

(@ = B)(A) = Ap,cerx (P(A B,C) © a(B) = B(C))
= Aa<pc(a(B) = B(C))
= Acerx(@(4 = C) = 5(0))
= Aperx((B) = f(A© B)).
Then by Theorem 3.8, (7, ,V, A, ®,=,0rx,11x) is a c-quantale, where Oy x (A) =
0,1.x(A) =1 for each A € LX.

Theorem 3.13. Let (X, A, V, %, /,0,1) be a sc-quantale and ex is an r-fuzzy poset.
For A, B € LY, we define A® B € LX as

(A B)(x) = \/ (A(y) © B(2) ® ex(y * z,x)).

y,z€X

Then the following properties hold.

(1) If A, B € LX with B(1) =1, then A9 B> A and A® E = A for E(1) =
1, E(x) = 0, otherwise. Moreover, (LX,V,A\,®,0x,1x) is a c-quantale but not an
sc-quantale.

(2) If A, Be M(LX) and ex(a,b) ® ex(c,d) < ex(a*c,bxd), where

M(LX) = {A € L¥ | A(axb) > A(a) © A()},

then A® B € M(LY).
(3) If Ae M(L*)N7ey and ex(a,b)®ex(c,d) <ex(axc,bxd), then AQ A < A.

Proof. (1) For A, B € L* with B(1) = 1,
(A® B)(a) =V, yex(A(@) © B(y) © ex (2 xy,a))
> A(a) © B(1) @ ex(ax1,0)
= Ala).
Moreover, (A ® E)(a) = A(a) ® E(1) ®ex(ax1,a) = A(a) for E(1) = 1,E(x) =
0, otherwise. But E' # 1x, that is, F is not a top element. Then (LX, VoA, ®,0x,1x)
is not an sc-quantale.
(2) For A, B € M(LY),
(A® B)(a) ® (A® B)(b)

= (Vanex A@ 0 B@) @ ex(@49,0)) © (V. ex (A=) © Bw) © ex (2 w,b)

= Vo yeex (A) © A(2) © Bly) © B(w) © ex(a £ y,0) © ex(x w,b))
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Va;,y,z,weX (A(:c x2) O Bly*w) Oex(x*y*z*xw,ax* b))

(A® B)(ax*b).

(3) For A € M(LX) N
(45 4)(a)

<
<

€X

xyeX(A( z) © A(y) © ex(x xy,a))
Voyex (Al xy) © ex( xy,a))
A(a).

INIA || T

O

Theorem 3.14. Let (X, A,V,x, /,0,1) be a c-quantale and ex is an r-fuzzy poset
on X. Define P: LX x L* x LX — L as follows:

P(A,B,C) = \ex(A® B)(x) = C(x)),
(A@ B)(z) = Vyzex(A(y)®B(Z)®6x(y*z,1’))-

Then
(1)(LX,epx, P) is a cq-frame,
(2) if (X, A, V, %, 7, 0,1) is a sc-quantale and P : W (LX) x W (LX)xW (LX) — L,
where W(LY) = {A € L* | A(1) = 1}, then (W(L™), ey (1x), P) is an scq-frame,
(3) if P Tex X Tex X Tex — L, then (Tex,er, , P) is a cqg-frame.

Proof. (1) (P1) For A, B, C, A, B', C' € L,
Ay) © B'(z) @ ex(y x 2,2) © (A'(y) = A(y)) ©
O(A(y) © B(2) @ ex(y * z,z) = C(z)) © (C(x) — C'(2))
< A(y) © B(2) ©@ex(y*2,2) © (A(y) © B(2)
Cex(y* z,z) = C(x)) © (C(z) = C'(x)) < C'(z).
Then we have

(A'(y) = A(y)) © (B'(2) = B(2)) © (A(y) © B(2)
Oex (y * z, x)—>C x))® (C(z) = C'(x))
< (A'(y) © B'(2) © ex (y x z,2)) = C'(x).
Thus we get

erx(A',A) ®erx (B, B)® P(A,B,C) ®epx(C,C") < P(A',B',C").

(P2) For A, B, C € L,
P(A,B,C) = \,ox((4® B)(z) > C(x)
— Nrex (B & A)(@) = C(x)
= P(B, A, C).
(P3) For A, B, C, B', C' € L,
P(A,B,C)® P(C,B',C")
©

)
)

< (Al@) © B) @ ex(axb,e) = C(0)) © (C(0) 0 BH) @ex(exl,d) - C'(¢))
— (A(a)@B(b)QeX(a*b c) = C( c) (C "V)oex(exb, ) — O/(Cl))
A(a) ® B(b) @exa*bc) (B’b')G)eXC*b/ /)%Cl(/))

< A(a) ® B(b) ®ex(axb,c) © B'(Y) ®ex(cxV,c) — C'(c).

ex(axw,d)Oex(bxb,w)=ex(w,a ") Oex(bxb, w)
<ex(bxb,a )
=ex(axbb S)oext x( 1), )
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< \/CGX(ex(a’ * b’ C) © eX(C * b/,C/)),

P(A,B,C)® P(C,B',C")
< Veex (4@ © BO) @ex(axb,c) 0 B(H) @ ex(ex.¢)) = C'(¢)

< A(a) ©B(b) ©ex(axw,c) o B (V)oex(bxb,w) — C'().
Then we get
P(A,B,C)® P(C,B',C")

< Noy (A(a) O Bb) oex(axw, ) B (b)©ex(bxb,w) — C”(c/))
= Aa) @ ex(a*w,d)® (\/bvb, B(b)® B'(V) ® ex (b b’,w)) = C’(c’)).

Put U(w) = (B® B')(w) =\, ;, B(b) © B'(V) © ex (b V', w). Then
P(A,B,C) o P(C,B',C")
< (AuU@) 5 U@) © Ay (Vo Al0) © ex(as w,) @ Uw) = C'(e))
<\, P(B,B',U)® P(A,U,C").
(P4) For A, B, C, A', C' € LX,
P(A, B C)@P(A’ c,c)
b) Gex(axb,c) = Cle ))@(A’(a’) Cle) ex(d *¢,d) %C”(c’))
<b Gex(axb,c) — C(e >)®(c<c> (A'(@)@ex(a'xe,d) - C'())
(b)@ex(a*b ) A(a)®ex(a xc,d)— C'().

h;/\/‘\

I/\ I

Since

O

ex(a*xad ,w)Oex(wx*b,d)=ex(axa,w)®ex(w,b )
<ex(axad,b )
=ex(axbd S d)oex(a *x(a 7))
< Veex(ex(axb,c) ®ex(a' *c,c)),
P(A,B,C)o P(A',C,C")
<Veex (A(a)@B(b)@eX(a*b ) @ A(d)oex(d *c, c’)) — C'(c
< A(a) 0 A(d)0ex(axa ,w)® B(b) ®ex(wxb,)— C'().
Then we get
P(A,B,C)® P(A',C,C")
< Mo (A(a) © A(d)) ® ex(a*d,w) ® B() ® ex(w b, ) = C'(c )

= (V.o (A(a) ©A'(d)®ex(ax* aﬂw)) ® B((b) ®ex(wxb,c) — C'().
Put D(w) = (A® A")(w) =V, . (Ala) © A'(a') © ex(a*a’,w)). Then
P(A,B,C)o P(A,C,C")
< Ap(D(w) = D(w)) © Ay (V0 (D(w) © B(b) © ex (w b, ")) = C'())
<VpP(A,A,D)®P(D,B,C").
(2) (P5) Since E® B = B for B € W(L¥) and E(1) = 1, E(z) = 0, otherwise,

VaP(A,B.B) =V (Asex((A® B)(@) = B(x))

> Neex (B © B)(x) = B(z)) =
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6) Since AQ B > A an ®B > or A, B e rom Theorem 3.13(1),
P6) S A®B>Aand A®@B > Bfor A, Be W(L¥X) f Th

we have
P(A,B,C) < ew(LX)(A,C) and P(A,B,C) < €W(LX)(B,C).
Then P(A,B,C)Sew(LX)(A7C)Aew(LX)(B,C) O

Example 3.15. Let (L,A,V,®,—,0,1) be a c-quantale and (X, V, A, %, 7,0,1) be
an sc-quantale with a fuzzy partially order ex and P(x,y,2) = ex(x *y, z) for each
x,y,z € X in Example 3.4 (2).
(1) By Example 3.4 (2), (X,ex, P) is a cq-frame.
(2) Tex ={A€LX|A@x) ®ex(z,y) < Ay)}
={AeL¥ |V, Alz) < A(y)}
={Ae LY | A(z) < Ay), = < y}.
(3) By Theorem 3.9 (1), for A, B € 7.,
(A®@ B)(2) =V, yex(P(z,y,2) © A(z) © B(y))
= Vauy<(A(z) © B(y))
=Vyex(Aly /2) © B(y))
V x(A(z) © Bz " 2)),

(A= B)(x) =\, .ex(P(x,y,2) © A(y) — B(2))
= Na<(y o) (Aly) = B(2))
= N.ex(Alz 7 2) = B(2))
= Nyex(A(y) = B(z xy)).
Then (7ey, V, A, ®,=,0x, 1x) is a c-quantale.
(4) If A, B € 7., with A(1) = B(1) =1, then

(A B)(z) = \/ (A(x) @ B(y)) > A(z) © A(1) = A(2),
Tcxy<z
that is, AQ B> A, A® B > B and, for E(1) =1, E(z) = 0,otherwise, AQ E = A
with E € 7.

(5) Let A, B € M(LX), where M (LX) = {A € M(LX) | A(axb) > A(a) ® A(b)}.
Since a < band ¢ < d, axc <b*d. Then ex(a,b) ®ex(c,d) <ex(a*xc,bxd). Thus
A® B e M(LY).

(6) If A € M(LX)NTey, ex(a,b) ®ex(c,d) < ex(a*c,bxd), then A A< A

from:
(A®A)(a) =V uy<o(Alr) © A(y)) = A(a) © A(1) = A(a),
(A® A)(a) =V, yex(A@) © Aly) © ex(z x y,a))
< Ve yex(Alz xy) © ex(z xy,a)) < A(a).
If A(1) =1, then A® A > A from:

(A®A)(2) = V,4uy<.(Alz) © A(y)) = A(2) © A(1) = A(2).
(7) Put W(LX) = {A € L* | A(1) = 1}. Define P : W (LX) x W (LX) xW (LX) —
L as follows:
P(A,B,C)= M (A® B)(z) - C(x)).
zeX
(P5) Since E ® B = B from (4),
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VaP(AB,B) =V, ((Aex((46 B)@) = B(a))
> Neex ((E® B)(x) = B(x)) = 1.
(P6) Since A® B> A and A® B > B, we have
P(A,B,C) < 6W(LX)(A,C) and P(A,B,C) < BW(LX)(B,C).

Then P(A, B,C) < ey (1x)(A,C) A ew(rx)(B,C). Thus (W(LY), ey (1x), P) is an
scq-frame.

Example 3.16. Let (L,A,V,®,—,0,1) on L = {O,%,%,%,l} and (X, A,V,*, 2

,0,1) be two sc-quantales with an r-fuzzy poset (X, ex) as in Example 3.4 (5) .
For A = (0,1,1,0), since 3 = A(y) ® ex(y,1) £ A1) =0, A & 7. Put

1). Then A € 7.

B(y) ®ex(y,1) £ B(1) = ;, B & 7e. Put

3

4

,3). Then B € 7o

Aoly = \/ @) ol /2) = (5,

B®lx = \/ (B(z) ®1x(z /z2)) = (%Z,Z,Z) > B.

For E = (1,0,0,0), E = \/weX(E(a:) Oex(z,y) =1x, B® E=B.
Then (7, V,A\,®,=,0x,1x) is a c-quantale but not a sc-quantale.

Example 3.17. Let (X = [0,00], <op, Vop, +, Aop, 00,0) be an sc-quantale where
Sop:Z, \/op = /\, /\Op =V and
/' y=\V,{z€0,00] |2+ 2z <oy}
=/Mzel0,00] | 2> -z +y}

0 ifz >
eg((m,y)z{ 00 ifxzz.

Define P(z,y,2) = % (x + y, 2) for each x,y, 2 € [0, cc].
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(1) By Theorem 3.3, ([0, 0], €%, P) is a cq-frame with (P5)

\ P y,9) = (\eexe% @ +v,9) 20p €X(0+y,y) = 0.
zeX op

But 0 = €% (2 + 3,4) Zop €%(2,4) A €% (3,4) = oco. Then ([0, 00], €%, P) is not an
scq-frame.
(2)  7eg ={A€[0,000% | A(2) + % (2,y) <op A(y)}
= {A€0,00) T | A5, A) <op A(y)}
= {A €[0,00]>T | A(z) > A(y),z > y},
because A(z) > A5, A(z) > A(y) for y < =
(3) For A, B € 7.9 , we define
(A B)(=) = (V, )ewex (Ple,9,2) + A@) + B(y))
= /\x+y2z(A(m) + B(y))
= NAyex(A((z —y) V0) + B(y))
= Naex(A(@) + B((z — 2) v 0)),

(A= B)(z) = (\,p)y,zex (P(z,y,2) + A(y)) /" B(z))
= Vs Cytrapvo((B(z) — A(y)) vV 0)
= V.ex((B(2) — A((z —2) v 0)) V0)
= Vyex((Blz+y) — A(y)) v 0).
Then (T, Ted s Sop=2=, Vop, Nop, @, = ,00x,0x) is a c-quantale where Ox(z) = 0 and
oox (z) = oo for each z € [0, 00].
(4) If A, B € 7,0 with A(0) = B(0) = 0, then

(A® B)(2) = N\ypys.(Alx) + B(y)) < A(2) + A(0) = A(2).

Thus AQB >,, A, AQ B >,, B and, for E(0) =0, E(z) = oo, otherwise, AQE = A
with F € e, -
(5) Let A, B € M([0, 00][%>]) where

M ([0, 00]%>l) = {A € [0, 00" | A(a +b) >,, A(a) + A(b)}.

Since a > b and ¢ > d, a+ ¢ > b+d. Then €% (a,b) + % (c,d) <op €% (a+c,b+d).
Thus A® B € M([0, oo][O ).

(6) Let A € M ([0, oc][02) N T . Since €% (a,b) + €% (c,d) <op €% (a+c, b+ d),
A® A > A from:

(A® A)(a) = (V,p)eyex (Al) + A(y) + ek (z +y,a))
op (Voplayex (Al +y) + ek (2 +y,a))
<op A(a).

If A(0) =0, then A® A < A from:

(A® A)(a) = Npyys-(Al2) + Aly)) < Aa) + A(0) = A(a).

IA

(7) Put W ([0, 00]%>¢]) = {A € [0,00]1%>] | A(0) = 0}. Define

P =W ([0, 00]1%%) 5 W ([0, 00] %21y x W ([0, 00] %) — [0, o0]
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as follows:

P(A,B,C) = (\)eex((A® B)(z) / C(x)).

op

(P5) Since E® B = B, from (4),
(Vo) aP(A, B, B) = (V) ((Aop)eex ((A® B)(@) / B(a))

Zop (Nop)zex (B @ B)(x) /* B(x)) = 0.
(P6) Since A® B >,, A and A® B >,, B, we have

P(A, B,C) <op ew([0,00)0.1) (A, C) and P(A, B, C) <, ey (jo,00]10.1) (B, C).
Then we get
P(A, B, C) <op ey ([0,00)l0:1) (A; C) Aop vy ([0,00]10.01) (B, C).
Thus (W ([0, oc]© ’oo]),ew([o’oo][o,oo]), P) is an scq-frame.
Example 3.18. Let (P(X),N,U,® =N, 7, &, X) be an sc-quantale, where
A/ B=U{CeP(X)|ANnC C B} = A°UB.
(1) Define a map e! : P(X) x P(X) — P(X) as
e'(A,B)=A /" B=A°UB.

Then (P(X),e!) is a fuzzy poset.
(2) (P(X),e!, P) is a cq-frame, where P1(A, B,C) = e*(A N B,C) for each
A, B, C € P(X) from Theorem 3.3. But it is not an sc- quantale frame, because

X—{abc}Az{ab}B-{bc}andPl(ABA) (AﬂBA)—X¢
el(A,A)nel (B, A) = {a,b}.
(3) Let 7o1 = {a € P(X)PX) | a(A) ne'(A,B) C a(B)}. For a,f € 7o1, we
define

(a®B)(C) = VA,BEP(X)(el(A NB,C)Na(A)NB(B))
= \/BeP(X)(a(BC uC)np(B))
= Vaepx)(a(4) np(Acu0)),

(a= B)(A) = Ap cepx)(e "(ANB,C)Nna(B) 7 B(C))
/\BeP(X( a(A°UB) /7 B(B))
= Ncepx)(@(C) / B(ANC)).

Then (741, V, A, ®,=,0p(x), 1 p(x)) is a commutative co-quantale, where 0p(x)(A) =
@,1px)(A) = X for each A € P(X).
(4) If o, B € 71 with a(X) = f(X) = X, then

(a®B)(C)Dde(CNX,C)Na(C)NB(X) = al0).
For v(X) = X,v(A) = @, otherwise, we have v € 7.1,
(a®7)(C)=e(CNX,0)Na(C)Ny(X) =a(C).

Thus a®pDa,a®f D P and a® v = a.
(5) Let a, € M(P(X)PX)) where

M(P(X)PP)) ={a e P(X)PX) | (AN B) > a(A) Na(B)}.

Then by Theorem 3.13 (2), a® 3 € M(P(X)"X)),
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(6) If a € M(P(X)PP)) N 7,1 and a(X) = X, then a ® a = a from:

)
(a®a)(C) D (CNX,C)Na(C)Na(X) =a(C),

(0 a)(C) = Vs pepix)(€ (AN B,C) N a(4) Na(B))
C Vapepix) (e (ANB,C)Na(AN B)))
C a(0).

(7) Put W(re1) ={a € 7o | a(X) = X}. Define ey : W(7e1) x W(re1) = P(X)

and P : W (7o) X W(Te1) X W(7e1) = P(X) as follows:

ew (@, 8) = A pepi (@(4) 7 B(A)),
P(a, 8.1) = Aepo (@ ® B)(A) A n(4)) = ew(a ® B,n).

(P5) Since B ® v = S, from (4),

Va P(a,B,8) = Vo ( Aacri (0 ® B)(A) 7 8(4)))
= Naepx)((y® B)(4) 7 B(A)) = X.

(P6) Since a® 8 D a and a ® § D 3, we have

P(a, B,m) C ew(a,n) and P(a, B,n) C ew (a,n).

Then P(a, 8,1) C ew (o, n)New (8,1). Thus (W (P(X)P)), ey, P) is an scq-frame.
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