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ABSTRACT. In this paper, the concept of fuzzy Mengerness, fuzzy almost
Mengerness and fuzzy nearly Mengerness introduced and studied. Every
fuzzy Menger space is fuzzy nearly Menger space and every fuzzy nearly
Menger space is fuzzy almost Menger space. We give some characteriza-
tions of almost Menger space in terms of fuzzy regular open sets or fuzzy
regular closed sets.
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1. INTRODUCTION

The concept of fuzzy set was introduced by Zadeh in his classic paper [1]. The
theory of fuzzy topological spaces was introduced and developed by Chang [2]. In
[3, 4, 5] some weaker forms of fuzzy compactness are considered for the 1st time.

The investigation of covering properties of topological spaces has a long history
going back to papers by Hurewicz, Menger and Rothberger [6, 7, 8]. However more
recently a new theory called Selection Principles was introduced by Scheepers [9].
The theory of Selection Principles has extraordinary connections with numerous sub-
areas of mathematics, for example set theory and general topology, uniform struc-
tures and ditopological texture spaces [10, 11, 12].

In 1999, Kocinac defined and characterized the almost Menger property [11].
Following this concept Parvez and Khan defined and studied nearly Menger and
nearly star-Menger spaces [13].

In this paper we are concerned with the weaker forms of the fuzzy Mengerness in
fuzzy topological spaces.
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2. PRELIMINARIES

Let X be a nonempty set and F'(X) = {u|p: X — [0,1]}. The elements of F(X)
are called fuzzy subsets of X [1]. If u € F(X), then ' = 1 — . We denote by 0x
and lx, the functions on X identically equal 0 and 1 respectively. If f : X — Y
be a function and p; € F(Y) for all ¢ € I, then f~'(\/;c; i) = Viey /' (i) and
T Nier ) = Nier £ ().

If n € F(X) and A € F(Y), then (u X A)(z,y) = min{u(x),A\(y)} for every
(x,y) e X xY.

Now, we recall that a fuzzy topology on X (See [2]) is a subset 7 of F(X) such
that:

(1) Ox € Tand 1x eT,

(i) if g, A € 7, then p A X € T,

(iii) if p; € 7 for each i € I, then \/,c; pu; € 7.

If 7 is fuzzy topology on X, then (X, 7) is called a fuzzy topological space.

Let (X, 7) be a fuzzy topological space. For a fuzzy set p of X, the closure and
the interior of u (See [14]) are defined respectively as:

cl(,u):inf{)\:)\zlz,)\/ ET},

mnt(p) =sup{A: A< pAeT}.

A fuzzy topological space X is product related to a fuzzy topological space Y
iff for every h € F(X) and k € F(Y), whenever f # h and ¢ % k implies
f/ x ly V 1x X g/ > h x k, where f € 7x and g € 7y, there exists fi € 7x
and g; € Ty such that f{ > horgl1 > k:andf{xly\/lxxg; =f x1yVixxg. If
feF(X),g € F(Y)and X is product related to Y, then cl(fxg) = cl(f)xcl(g) [11].

A collection {y;},o; of fuzzy (open) sets of X is called a (open) cover of X, if
Vier i = 1x. A fuzzy topological space is said to be compact, if every open cover
has a finite subcover (See [2]).

A fuzzy set p is called regularly open, if p = int(cl(n)). A fuzzy set X is called
regqularly closed, if A = cl(int(X\)). A function f : X — Y is called almost continuous,
if the preimage of each regularly open fuzzy set of Y is a fuzzy open set of X. A
fuzzy topological space X is called regular, if each fuzzy open set p of X is a join of
fuzzy open sets A; of X such that cl()\;) < p for each i [14]. The definitions of fuzzy
weak continuity, fuzzy strong continuity, almost compactness, near compactness and
other concepts can be found in [3, 4, 14].

Recall that a topological space (X, 7) is called Menger (resp. almost Menger),if
for every sequence {U,, : n € N} of open covers of X, there exists a sequence {V,, : n € N}
of finite families such that for each n,V, C U, and U,enV, (resp. UnENV;1 where
V. ={cl(V):V e V,}) covers X (See [6, 7, 8]). A topological space (X, ) is called
nearly Menger, if for every sequence {U,, : n € N} of open covers of X, there exists
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a sequence {V, : n € N} of finite families such that for each n,V,, C U,, and UneNVrll
covers X, where V,, = {int(cl(V)): V € V,,}.

3. ALMOST MENGER FUZZY TOPOLOGICAL SPACES

We introduce and study fuzzy almost Mengerness for fuzzy topological spaces.

Definition 3.1. A fuzzy topological space (X, 7) is called:

(i) fuzzy Menger, if for any sequence {u,, : n € N} of fuzzy open covers of X, there
exists a sequence {\,, : n € N} of finite families of fuzzy sets in X such that for every
n € N, A, is a finite fuzzy subset of u, and \/nGN A= 1x.

(ii) fuzzy almost Menger, if for any sequence {u, : n € N} of fuzzy open covers
of X, there exists a sequence {\,, : n € N} of finite families of fuzzy sets in X such
that for every n € N, )\, is a finite fuzzy subset of u, and \/, oy )\; = lx, where
A, = {cdN) s A< A}

We immediately note that every fuzzy Menger space is fuzzy almost Menger. But

the reverse implication does not hold in general as the following example shows.

Example 3.2. Let X = {2,3,4,...} and 7 be the fuzzy topology with subbase
{tbn, An :m=2,3,4,...},

where

1 1
§—z7lfm7én

0,if m=2
Az(m)Z{

1,if m =
/\n(m){ Rmen for n =2,3,4,...

1 -
5,if m>mn

1 1 -
§+E7lfm<n

/\n(m)—{o’lfm>” for n = 3,4,5,... [1].
Then we have
(1) cl(pn =1x — Ap, for n =2,3,4, ...,
(2) int(cl(p2)) = p2 V Az,
(3) int(cl(ps)) = us V Az and int(cl(py)) = pn for n > 4.
Thus (X, 7) is fuzzy almost Menger. But for the fuzzy open cover {u, : n =2,3,...},
we have {int(cl(pn)) :n=2,3,4,...} = {2V Aa, 3V Aa, iy, : n > 4} which has no

finite fuzzy subset of y1,, and \/,, .y An # 1x. So (X, 7) is not fuzzy Menger.

Theorem 3.3. A fuzzy topological space (X, T) is fuzzy almost Menger if and only if
for every sequence {p, : n € N} of fuzzy open subsets of X has the finite intersection
property, we have N\, oy cl(pn) # Ox.

Proof. Let {u, : n € N} be a sequence of fuzzy open subsets of X having the finite in-
tersection property. Assume that A, ycl(pn) = Ox. Then we have \/, o int(u,) =
1x. Since X is fuzzy almost Menger, for every n € N, there exists a sequence
{A\n :n € N} such that \, is a finite subset of int(u,) and Voen A, = lx, where
A, = {c(N) : A< A\,}. But from A\, < int(u,) and g, < int(cl(un), we see that

Anen #in = Ox, which is a contradiction with the finite intersection property of
{pbn : n € N}.
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Conversely, suppose the necessary condition holds. We have to show that X is
fuzzy almost Menger. Let {j,, : n € N} be a fuzzy open cover of X. If \/, A, # 1x,

where A, = {cl(A) : A < A\, } and \,, is a finite subset of y,,, then {1 —\, ne N} is

a fuzzy open sequence with the finite intersection property. Thus from the hypothe-
sis, it follows that A oy cl(1— A,) # 0x and then Vipen(I—cl(1— A,)) # 1x. Since

Vien bn < Vpen(1—cl(1 —\) # 1x, Vnen Hn # 1x, which is a contradiction. [

Theorem 3.4. A fuzzy almost Menger regular fuzzy topological space (X, 1) is fuzzy
Menger.

Proof. Let {uy, : n € N} be a sequence of fuzzy open covers of X. From the regularity
of X, it follows that p,, =/, cy A}, where A is a fuzzy open set such that cl(\}) <

pin- Since oy tin = V,en A? = 1x, there exists a finite subset F* of N such that

Voperc(A?) = 1x. But V, cpcd(A\}) = V,cpttn. Then V, cppn = 1x. Thus
(X, 7) is fuzzy Menger. O

Theorem 3.5. If (X1,7x,), (X2,7x,) are fuzzy almost Menger fuzzy topological
space and (X1, Tx,) is product related to (Xa,Tx,), then their fuzzy topological prod-
uct (X, 7) is fuzzy almost Menger.

Proof. From the hypothesis, it follows that cl(A x p) = cl(N) x cl(u) for every
A€ F(X1) and u € F(X3). To show that the product space X7 x Xs is fuzzy almost
Menger, by Theorem 3.3, it is sufficient to prove that if

{A\n X fin : Ay € Tx,y ln € Tx,, N € N}

is a sequence with the finite intersection property, then A _ycl(An X pn) # Ox
holds. We observe that {\, :n € N} and {u, : n € N} are fuzzy open sets family
of X1 and X, respectively with finite intersection property. Then A .ycl(\n) #
Ox, and A, ycl(in) # Ox,. Thus there exists (z1,22) € X; x Xy such that

/\neN cl(An(21)) # 0x, and /\neN cl(pn (1)) # O0x,. So

A O x ) = N\ (n(21)) A (llpn(a2))

neN neN

= | A\ @) | A | (llpn(z2)

neN neN
# 0X1 XXQ .
g

Theorem 3.6. In a fuzzy topological space (X, 1) the following conditions are equiv-
alent:

(1) (X, 7) is fuzzy almost Menger,

(2) For every sequence {ji, : n € N} of fuzzy regular closed sets such that A, cyfin =
Ox, there exists a sequence {\, : n € N} such that for each n € N, \,, is finite subset
of pn and /\neN)\In = Ox, where X, = {int(\) : A <\, },

(3) Apen cl(pin) # Ox holds for every sequence of fuzzy reqular open sets {ju, : n € N}
with the finite intersection property,
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(4) For each sequence {p, : n € N} of fuzzy regular open covers of X, there exists
a sequence {\, : n € N} such that for each n € N, )\, is a finite fuzzy subset of u,
and \/,,cy A, = 1x, where A, = {cl(\) : A < A\, }.

Proof. The proof of this theorem follows a similar pattern to Theorem 3.3. g

Theorem 3.7. Let (X,71) be a fuzzy almost Menger topological space and (Y, T3)
be a fuzzy topological space. If f : X — Y is a fuzzy almost continuous surjection,
then (Y, 7o) is fuzzy almost Menger.

Proof. Let {un :n € N} be a sequence of covers of Y by fuzzy open sets. Then
{int(cl(uy)) : n € N} is also a fuzzy open covers of Y. For every n € N and A < A,
we can choose a member 1y < i, such that A = f~(p,). From the almost continuity
of f, it follows that {f~'(int(cl(un))): n € N} is a fuzzy open covers of X. Thus
there is a sequence {A:ne N} such that )\, is a finite subset of f=1(int(cl(un)))
and 1x = V oy A, where A\ = {cl(A\) : A < A\,}. From the surjectivity of f, we
have

f (\/ cl(f 71 (int(cl(uy)) ) \/ Flel(f int(cl(py))))) = 1y.
neN neN
But from int(cl(uy)) < cl(py) and almost continuity of f, f=!(cl(uy)) must be a

fuzzy closed set containing f~1(int(cl(py))) and then cl(f~1(int(cl(uy)))). Thus

F(E int(el () < ellpn).
So V,en {el(pa) : A < Ap} = 1y. Hence Y is almost Menger. O

Theorem 3.8. A fuzzy weakly continuous image of a fuzzy Menger space is fuzzy
almost Menger.

Proof. Let X be a fuzzy Menger space and let f : X — Y be a fuzzy weakly
continuous and surjective function. If {y, : n € N} is a sequence fuzzy open covers of
Y, then \/nGN Y(pup) = 1x. Since f is fuzzy weakly continuous, for each n € N, we
have £~ (p,) < int(f71(cl(pn))). Thus {int(f~'(cl((n))) : n € N} is a fuzzy open
cover of X. Since X is fuzzy Menger, there is a sequence {\, : n € N} such that A,

is a finite subset of int(f~*(cl(pn))) and 1x = V,enAn < Vpen @t(E (cl(pn))).
For every n € N and A < \,,, we choose a member py < pu, such that A =~ 1(,u,\).
From the surfectivity of f, we have

ly = f (\/ int (£ (cl(py) ) \/ Flnt(E7 (cl(pa))))-
neN neN

From the weak continuity of f, we deduce 1y = \/, cy{cl(pr) : A < Ap}. So Yis

almost Menger. O

Theorem 3.9. A fuzzy strongly continuous image of a fuzzy almost Menger space
is fuzzy Menger.

Proof. Let X be a fuzzy almost Menger space and let f : X — Y be a fuzzy strongly

continuous and surjective function. Let {u, : n € N} be a sequence of fuzzy open

covers of Y. Then from the strongly continuity of f, it follows that \/, . T (TR I

1x. Since X is almost Menger, there exists a family {\, : n € N} such that for
107
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every n € N, )\, is a finite fuzzy subset of f~*(u,) and \/, oy A, = lx, where

A, = {cl(A) : A< A, }. For every n € N and A < \,, we choose a member u < ju,
such that A = f~*(uy). Thus from the surjectivity and the strongly continuity of f,
we deduce

a1 ()

neN

VA ()

A<An

V A ()

ASAn

—\/,U/\-

A<An

IN

So Y is fuzzy Menger. O

4. NEARLY MENGER FUZZY TOPOLOGICAL SPACES

Parvez and Khan [13] have introduced near Mengerness in topological spaces. In
this section, we introduce and study fuzzy near Mengerness for fuzzy topological
spaces.

Definition 4.1. A fuzzy topological space (X, 7) is called fuzzy nearly Menger, if
for every sequence {u, : n € N} of fuzzy open covers of X there exists a sequence
{An : n € N} of finite families such that for every n € N, \,, is a finite fuzzy subset
of pu,, and \/, oy A, = 1x, where A, = {int(cl(A)) : A < A\, }.

It is clear that in fuzzy topological spaces, we have the following implications:
fuzzy Mengerness = fuzzy near Mengerness = fuzzy almost Mengerness.

The reverse implications do not hold.

Example 4.2. Counsider the fuzzy topological space (X, 7) given in the Example 3.2.
Then clearly, (X, 7) is fuzzy almost Menger. On the other hand, for the fuzzy open
cover {p, :n =2,3,4,...} we have {int(cl(pn)) : n >4} which has no finite fuzzy
subset of 1, and \/, o N, # 1x, where X, = {int(cl(\)) : A < A\n}. Thus (X,7) is
not nearly Menger.

Corollary 4.3. A fuzzy nearly Menger regular fuzzy topological space (X,T) is
Menger.

Theorem 4.4. A fuzzy topological space (X, 1) is fuzzy nearly Menger if and only
if for every sequence {u, :n € N} of covers of X by reqular open sets, there is a
sequence {A, :n € N} such that for every n € N, A, is a finite subset of p, and

\/nEN )\n = 1X’

Proof. The direct part of is obvious from the definition of nearly Menger space.
Conversely, let {u, : n € N} be a sequence of fuzzy open covers of X. Also, consider
108
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a sequence {int(cl(uy)) : n € N}. Then for every n € N, {int(cl(pn)) :n € N} is a
cover of X by regular open sets. Thus from the hypothesis, there exists a sequence
{An :n € N} such that for every n € N, )\, is a finite subset of int(cl(u,)) and
VoenAn = lx. For every n € N and A < A, there is an py < p, such that
A = int(cl(pr)). So V,cy{int(cl(ux)) : A < Ay} = 1x. Hence (X,7) is nearly
Menger. O

Theorem 4.5. A fuzzy topological space (X, T) is fuzzy nearly Menger if and only if
for every sequence {uy, : n € N} of fuzzy regularly closed sets of X having the finite
intersection property we have /\nEN tn # Ox.

Proof. 1t follows from Theorem 3.3. 0

Theorem 4.6. The image of fuzzy nearly Menger space under a fuzzy almost con-
tinuous and fuzzy almost open function is nearly Menger.

Proof. Similar to the proof of Theorem 3.8. O

Corollary 4.7. A fuzzy almost continuous image of a fuzzy Menger topological space
is nearly Menger.

Corollary 4.8. A fuzzy continuous open surjective image of a fuzzy Menger topo-
logical space is nearly Menger.

5. CONCLUSION

In this paper, we introduced and characterized the Menger property in fuzzy
topological spaces. Some interesting properties are also established. The results in
this work can be extended to the fuzzy selection properties.
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