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ABSTRACT. Zadeh initiated fuzzy sets, as a generalization, Jun et al.
introduced the notion of a cubic set. Pawlak initiated rough set theory to
study incomplete and insufficient information. Dubois, Prade first investi-
gated fuzzy rough set and rough fuzzy set. Then many researchers studied
the theory of rough sets in variously fuzzy structures. In the paper, we
define two rough operators on cubic sets by means of a cubic relation, and
investigate some of their properties with respect to two systems operators
on cubic sets.
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1. INTRODUCTION

I 1965, Zadeh [1] initiated fuzzy sets. As a generalization, Jun et al. [2] intro-
duced the notion of a cubic set. After then, Kang and Kim [3] defined a mapping
of cubic sets, Kim et al. [4] investigated a cubic relation between cubic sets. The
related contents may be referred [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15].

Pawlak initiated rough set theory to study incomplete and insufficient information
[16]. As a generalization, Yao studied two rough operators induced by an arbitrary
binary relation [17]. Dubois, Prade first investigated fuzzy rough set and rough
fuzzy set in[18]. After that time, from the point of view of the theory of fuzzy sets,
many researchers studied the theory of rough sets in variously fuzzy structures, for
example: fuzzy sets, L-sets, Hesitant fuzzy sets, interval fuzzy sets, fuzzy soft sets,
intuitionistic fuzzy sets, interval-valued intuitionistic fuzzy sets, etc.. See [19, 20,

? ? ]

In the paper, we define two rough approximations in cubic sets induced by a cubic
relation. The contents are arranged into three parts, Section 3: Rough cubic sets,
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Section 4: A equivalence definition. In Section 2, we give an overview of rough sets
and cubic sets, which surveys Preliminaries

2. PRELIMINARIES

In the section, we introduce some main notions for each area, i.e., rough sets
[16, 17], fuzzy sets[1], interval-valued fuzzy sets [23, 24], and cubic sets [2, 4].

2.1. Rough Sets. In rough set theory, the approximation of an arbitrary subset
of a universe by two definable subsets are called lower and upper approximations,
which correspond to two rough operators. The two rough operators were first defined
by means of a given indiscernibility relation in [16]. Usually indiscernibility relations
are supposed to be equivalences.

Let (X, R) be an approximation space, and R C X x X be an equivalence relation,
then for A C X, two subsets R(A) and R(A) of X are defined:

RA)={ze X[zl C A}, RA)={xeX|[[z]lnnA+#a},
where [z]gr = {y € X | zRy}.
If R(A) = R(A), Ais called a definable set; if R(A) # R(A), A is called an

undefinable set, and (R(A), R(A)) is referred to as a pair of rough set. Therefore, R
and R are called two rough operators.

Furthermore, as a generalization, in [17], Yao defined the two rough operators by
an arbitrary binary relation. Suppose R is a binary relation on X, for z € X, let
r(z) = {y | Ry}, then a pair of lower and upper approximations is defined: for
ACX,

apprA={x|r(z) C A}, apprA={x|r(z)NA# o}

2.2. Fuzzy sets. In the section, we introduce some basic definitions related to
fuzzy sets, fuzzy relations (See [1]).

For a set X, a mapping A : X — I is called a fuzzy set in X, where I = [0, 1].
The collection of all fuzzy sets in X is denoted by IX. In particular, 0 and 1 denote
the fuzzy empty set and the fuzzy whole set in X, respectively.

For any A, u € I, the join (V) and meet (A) of X and p, denoted by AV u and
A A, are defined as follows: for each x € X,

AV p)(2) = maxfA(@), n@)}, (A p)(@) = min{A(), u(a)}.

For any family (A;);es of fuzzy sets in X, the join (V) and meet (A) of (A;);er,

denoted by V/,c; A; and A\;c; Aj, are defined as follows: for each z € X,
(V M)(@) = sup;e A (x), (A \)(@) = infje ().
jeJ jeJ

For two sets X, Y, r € I**Y is called a fuzzy relation from X to Y. In particular,
r € IX*X is called a fuzzy relation on X.
320
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2.3. Interval-valued fuzzy sets. In the section, we list some basic definitions

related to interval-valued fuzzy sets and interval-valued fuzzy relations (See [23, 24]).

The set of all closed subintervals of I is denoted by [I], and members of [I] are
called interval numbers and are denoted by 575, ¢, etc., where @ = [a™,a™] and
0 <a” <a' <1. In particular, if a~ = a™, then we write as a = a.

We define relations < and = on [I] as follows:

(Va, be[I)(@a=b<>a <b~ and a™ <b"),

(Va, bell)(@a=b<a=banda=b),i.ec.,
(Va, be[I)(a=b<>a" =b" and a™ = b™).
Tosay&%g,Yemeanﬁjgandﬁ#g. N N
For any a, b € [I], their minimum and mazimum, denoted by @ A b and @V b
are defined as follows:

Anb=[a" Ab”,at ADT], avb=la" Vb ,at Vbt

Let (@;)jes C [I]. Then its inf and sup, denoted by A
defined as follows:

Na=IN\a; N\afl, V=1Vl

jeJ jeJ JjEJ JjEJ JjEJ JjE€J

jes aj and \/jeJaj, are

For a nonempty set X, a mapping A : X — [I] is called an interval-valued fuzzy
set (briefly, an IVF set) in X. Let [I]¥X denote the set of all IVF sets in X. For each
Ae [ andz € X, A(z) = [A~ (), At (x)] is called the degree of membership of an
element = to A, where A=, AT € IX are called a lower fuzzy set and an upper fuzzy
set in X, respectively. For each A € [I]*, we write A = [A~, A*]. In particular, 0
and 1 denote the interval-valued fuzzy empty set and the interval-valued fuzzy whole
set in X, respectively. We define relations C and = on [I]X as follows:

(VA, Be[II*)(ACB <+ (z € X)(A(x) < B(x)),

(YA, Be[II*)(A=DB<+= (z € X)(A(x) = B(x)).
For each A € [I]X, the complement of A, denoted by A°, is defined as follows:
for each x € X,
Aw) = [1 - AT (2),1 - A" (2)].
For any (A;)jes C [I]¥, its intersection Njes Aj and union | J; ; A; are defined,
respectively as follows: for each z € X,
(4 = N 4i(@), (U@ =V 45().
j€d = j€d j€d

For two sets X, Y, R € [I]X*Y is called an interval-valued fuzzy relation(briefly,
IVF relation) from X toY. In particular, R € [I|X*%X is called an IVF relation on
X.

321
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2.4. Cubic sets and cubic relations. As a generalization of Zadeh’s fuzzy set,
the notions of a cubic fuzzy set and a cubic fuzzy relation are introduced in [2, 4].

Definition 2.1 ([2]). Let X be a nonempty set. Then a complex mapping A =
(A, \) : X — [I] x I is called a cubic set in X.

In special, a cubic set A = (A, A) in which A(z) = 1 and A(z) =1 (resp. A(x) =0
and A(z) = 0) for each z € X is denoted by 0 (resp. 1). In this case, 0 (resp. 1) will
be called a cubic empty (resp. whole) set in X.

A cubic set A = (A, A) in which A(z) = 0 and A(z) = 1 (resp. A(z) =1 and
A(x) = 0) for each x € X is denoted by 0 (resp. 1).

We denote the set of all cubic sets in X as ([I] x I)¥

Example 2.2. Let X = {a,b,c} be a set, A be the interval fuzzy set and A be the
fuzzy set on X given, respectively by the following tables:

X a b c
A=< A X>|<]0.3,0.7,05> <1[0.3,04],0.7> < [0.1,0.6],0.3 >
Table 2.1

Then A =< A, A > is a cubic set in X.

Definition 2.3 ([2]). Let A= (A,\), B=(B,u) € ([I] x I)*. Then we define the
following relations:
(i) (quuality) A=B& A=Band A\ =y,
(ii) (P-order) AC B< A C B and A < u,
(iii) (R-order) A€ B< AC Band A > p
Definition 2.4 ([2]). Let A= (A, \), B = (B,u) € (I] x I)¥ and let (A;),cs =
((A;,A)) e C ([I]x I)X. Then the complement A° of A, P-union LI, P-intersection
M, R-union U and R-intersection M are defined as follows, respectively: for each
re X,
(i) (Complement) A¢(z) = (A°(z), A\°(z)),
(i (P-union) (AL B)(z) = (AU B)(x), (A 1)(2)),
Uies A @) = (Ujes AD@), (V,es ) (@) ),
(iii) (P-intersection) (AMB)(z) = ((AN B)(z), (A A p)(x)),
(Mjesdi)(@) = ((Nyes 4)(@), (Ajes M)(@)).
(iv) (Runion) (AU B)(x) = (AU B)(z), (A (@),
(Uses45)(@) = ((Ujes AD@) (Njes M) (@) ),
(v) (R-intersection) (Am B)(x) = (AN B)(x), (A V u)(z)),

(Mjes4)(@) = ((Myes AN @) (V,es M) @) ).

For more references,see [25, 26, 27, 28, 29, 30].
In special, for cubic sets (a, \), <E, u>, (@j, ;) , <gj,uj> (j € J), we also adopt
the above symbols:
@\ C <5,u> sa<band A<y, <@A>=<bu>oa=>band A=y,
322
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(@, \) U <Z,u> = <6VE,Avu>, (@, \) <E,u> - <5AE,A /\M>,
U (@j. Aj) = < Voa;, V >\j>’ Mjes(aj,X5) = < A aj, A /\j>,
=Y j€T T jeg jes  jed
(a,\) € <5,,u> @Ejgand A> .

Cubic relations are cubic sets, we have the following example [4].

Example 2.5. Let X = {a,b,c} be a set, let R be the IVF relation and r be the
fuzzy relation on X given, respectively by the following tables:

R=<R,r > a b c
a ([0.3,0.7],06) ([0.4,0.8],0.4) ([0.1,0.6],0.)
b ([0.1,0.6],0.8) ([0,1],0.5) ([0.2,0.5],0.9)
([0.4,0.9],0.4) (][0.3,0.8],0.7) [0,1],0.6)
Table 2.2

Then clearly, R =< R,r > is a cubic relation on X.

3. ROUGH CUBIC SETS

In Section 2.4, we know there exist two systems operators P-order, P-union, P-
intersection and R-order,R-union, R-intersection on cubic sets. So we define rough
operators on cubic sets induced by a cubic relation, and investigate some of their
properties respectively.

3.1. Rough cubic sets I. In the section, we investigate rough cubic sets with the
operators P-order, P-union, P-intersection.

Definition 3.1. Suppose X is a universe set, R =< R,r > is a cubic relation, and
two rough operators Np, Hp (shorthand for N, H) are defined as follows, for every
cubic set A =< A, A > on X,

N(A)(z) = Myex A(y) UR(y, ©), H(A)(x) = | | Aly) NR(z,y).

yeX

If N(A) = H(A), then A is called a definable cubic set; otherwise, A is called an
undefinable cubic set. (N(A), H(A)) is referred to as a pair of cubic rough set [31].

Next, we introduce some examples.

Example 3.2. Suppose A and R are defined as Examples 2.2 and 2.5, then we
obtain N(A) and H(A) as follows.

X a b c
N(A) | {([0.1,0.6],0.5) ([0.2,0.7],0.3) ([0.1,0.8],0.4)
Table 3.1

Where
323
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Myex A(y) UR (y, a)
(a) LR (a,a)) 11 (A(
[0.3,0.7],0.5) LI ([0.3,0.
([0.1,0.6], O8> ) 1 (0.
<[03 ] 5) U {[0.3,0.
I_|<[ 0.9], 02>)H(<[0 1,0.6],0.3
(10.3,0.7),0.5) 1 ([0.4,0

= ([0. 1 0.6],0.5).
In the similar way, we obtain

N(A)(b) = ([0.2,0.7),0.3), N(A)(c) = ([0.1,0.8],0.4) .

(A
(

L
(

O
S

and
X a b c
H(A) | ([0.3,0.7],0.5) {[0.1,0.6],0.5) ([0.3,0.7],0.7)
Table 3.2
Where
H(A)(a) = Ie—le() R(a,y)

= (A(a) MR(a,a)) U (A(b) MR(a,b)) U (A(c) MR(a,c))
= ({[0.3,0.7],0.5) 1 ([0.3,0.7],0.6)) L ([0.3,0.4],0.7)

M{[0.4,0.8],0.4)) U
([0.3,0.7],0. > ([0.
([0.3,0.7],0.5).

(0.1,0.6],0.3) 11 {[0.1,0.6], 0.7)
, (

(
3,0.4],0.4) U ([0.1,0.6],0.3)

In the similar way, we obtain
H(A)(b) = ([0.1,0.6],0.5) , H(A)(c) = (][0.3,0.7],0.7) .

Third, we investigate some properties of the two rough operators.
In the classical case, N and H are monotone increasing, i.e., if A C B, N(A) C
N(B) and H(A) C H(B) hold. For the P-order C, we obtain

Proposition 3.3. (1) N(1) =1, H(0) =0,

(2) ACB= N(A) = N(B),

3) ACB= H(A) = H(B),

For every A =< A, XA >, the complement of A is defined by A = (A \°), and
A = A, combine with the two rough operator N, H, we have

Proposition 3.4. Suppose A = (A, \) is a cubic set, R = (R,r) is symmelric, we
have

(1) H(A?) = (N(A))*,

(2) (H(A))® = N(A°)

Proof. (1) For every x € X, we have
H(A%)(z) = I_IX A(y) NR(z,y)
ye

= L (AW UR @)
! 324
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= (e Al LR
= (Myex A(y) UR (y, ))*
= (N(A)(x))*.
Then H(A®) = (N(A))°.
(2) In the similar way. O
Note that R = (R, ) is said to be symmetric, if for every z, y € X, R(z,y) =
R(y’x)’ r(a:,y) = T(y7x)[ ]
Combine with the operators P-order, P-union, P-intersection and the two rough
operators N, H, we obtain

Proposition 3.5. Suppose A = (A, \),B = (B, u) are two cubic sets, we have

(1) N(A)UN(B) C N(AUB),
(2) N(ATIB) = N(A ) N(B),
(3) H(AUB) = H(A)UH(B),
(4) HANB) C H(A ) H(B).

Proof. (1) Since AC AUB,BC AUB, N(A)UN(B) C N(AUB). The converse
does not hold (See Example 3.6).
(2) For every x € X,

B(y) LR (y, z))
Myex B(y) U R (y, ))

Then N(A) M N(B) = Ni(.A nB).
(3) For every z € X,
H(AUB)(x) = | (AUB)(y) TR(z,y)

yeX

= U (Aly) UB(y)) N R(z,y)

yeX

= U (Aly) TR(z,y)) U (B(y) NR(z,y))

yeX

(U Aly) MRz, ) U( L Bly) MRz, y))

yeX yeX
— H(A)(x) U H(B)(z).
Then H(A) U H(B) = H(A L B).
(4) Since ATIBT A, ANIBC B, H(ANB) = H(A) 1 H(B). 0

The converse of Proposition 3.5 (1) does not hold (See the following example).

Example 3.6. Let X = {a,b} be a set, and R a cubic relation, 4, B, AU B cubic
sets inn X given, respectively by the following tables:

X a b
A [ (0.1,02],1) ([0.6,0.7],1)
B ([0.3,0.4],1) ([0.2,0.3],1)
AUB | {0.3,04],1) (]0.6,0.7],1)
Table 3.3
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R a b
a| (1,1)  (0,0.5],1)
b | (0.5,1],1)  (1,1)
Table 3.4
Then we have
N(A)(a) = (A(a) LR (a,a)) M (A(b) UR(a,b))
= (([0.1,0.2],1 > U(0,0)) 1 (([0.6,0.7], 1) [0.5,1],0))
= ([0.1,0.2],1) 1 ([0.6,1],1) = ([0.1,0.2],1),
N(B)(a) = (B(a) UR(b,a)) M (B(b) UR(b, b))
= ({[0.3,0.4],1) LI ([0,0.5],0)) M ({[0.2,0.3],1) L {0, O)
= ([0.3,0.5],1) M (]0.2,0.3],1) = ([0.2,0.3], 1),
(AUB)(a) = ((AUB)(a) UR(a,a)) M ((.AI_I B) UR(a,b))
= (([0.3,0.4],1) LU (0,0)) 1 (([0.6,0.7],1) LU <[0 5,1],0))
— (0.3,0.4],1) 11 (0.6, 1],1) = ([0.3,0.4],1)
Thus we get

N(A)(a) UN(B)(a) = ([0.2,0.3],1) # ([0.3,0.4],1) = N(AL B)(a).
So N(A)UN(B) # N(AUB).

Suppose {A;,j € J} is a family of cubic sets, about P-order, P-union and P-
intersection, we have

Proposition 3.7. Suppose A;,j € J is a family of cubic sets, we have
( ) ]EJN('AJEJ) C N( ]EJ-A )
( ) ( JEJ-A ) = mjeJN( JEJ):
( ) JGJH( JEJ) ( JGJ-A)
(4) H(MjesAj) C MjesH(A;).

So the set {N(A),C} forms a M-semilattice with the maximal element 1. The
set {H(A),C} also forms a L-semilattice with the minimal element 0.
We consider a special case. R is reflexive.
A cubic relation R = (R, r) is said to be reflexive, if for every x € X, R(z,x) = 1,
r(z,z) =1 [4], ie, R(x,z) = 1.

2

Proposition 3.8. Suppose A =< A, X\ > is a cubic set, R =< R,r > is reflexive,
we have

(1) N(A) C A,

(2) AC H(A).

Proof. (1) For each z € X,
N(A)(x) = Myex Aly) UR (y, z)
C A(z) U R (z, x)
= A(z) U (1,1)°
= A(z) U (0,0)
= A(x).
Then N(A) C A.
(2) For each z € X,
326
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H(A)(z) = L Aly) MR(z,y)

| 5146(};) NR(z,x)
=A(z)M(1,1)
= A(z).
Then AC H(A). O

3.2. Rough cubic sets II. In the section, we define rough cubic sets with these
operators R-order, R-union and R-intersection.

Definition 3.9. Suppose X is a universe set, R =< R,r > is a cubic relation, and
two rough operators Ng, Hr are defined as follows, for every cubic set A = (A, \)
in X,

Nr(A)(z) = Ayex A(y) YR (y,x), Hr(A)(r) =Uyex Ay) A R(z,y).

If Nr(A) = Hgr(A), then A is called a definable cubic set; otherwise, A is called
an undefinable cubic set. (Ngr(A), Hr(A)) is referred to as a pair of cubic rough set

[31]-

Next, we give an example to computer Ng(A), Hgr(A).

Example 3.10. Suppose X, A, R defined as Example 3.2. Then
Ni(A)(a) = Myex-Aly) U R (y, a)
= (A(a) UR(a, a)) M (A(b) URE(b, a)) M (A(c) UR"(c,a))
= (([0.3,0.7],0.5) W ([0.3,0.7],0.6)°) @ ({[0.3,0.4

LUJ<[O.1 0.6]70.8) )m (([0.1 06] 0.
[ ,05>@<[0307] 4})

.2)) m (([0.1,0. 6],0 3)
m ([0.4, 0. 9]70. )y m ([0.

\/

A(c) M R(a,c))
3,04

3,0.7],0.5) m ([0.3,0.7],0. 0.4],0.7)
™ ([0.4,0.8],0.4)) W (([0.1,0.6],0.3) m ([0.1,0.6],0.7)
— ([0.3,0.7],0.6) U ([0.3,0.4],0.7) W ([0.1,0.6], 0.7)
= ([0.3,0.7],0.6).

Similarly to Proposition 3.3, for R-order, we have

Proposition 3.11. (1) Ng(1) =1, Hg(0) = 0,
(2) AeB= NR(.A) S NR(B),
(3) AeB= HR(.A) S HR(B)

Propositions 3.4 also holds for the R-order.

Proposition 3.12. Suppose A = (A, \) is a cubic set and R = (R, r) is symmetric.
Then we have

(1) Hr(A°) = (Nr(A))",

(2) (Hr(A))® = Nr(A%).

About R-order, R-union, R-intersection, we have the following proposition.
327
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Proposition 3.13. Suppose A and B are two cubic sets. Then we have
(1) NR(.A) U NR(B) c NR(.AU B),
(2) Hr(A) U HR(B) HRr(AU B),
(3) Nr(AMB) = Ng(A) M Nr(B),
(4) Hr(AMB) € Hr(A) M Hr(B).

Proof. Similarly to Proposition 3.5. g

Furthermore, suppose {A;,j € J} is a family of cubic sets, about R-order, R-
union and R-intersection, we also have

Proposition 3.14. Suppose A;,j € J is a family of cubic sets. Then we have
(1) UjesNr(Ajcs) € Nr(UjesAj),
(2) YUjesHr(Ajes) = Hr(Uje s A;),
(3) Nr(MjcsAj) = MjcsNr(Ajer),
(4) Hr(MjesAj) € MjcsHr(Aje)-

Clearly, {Ng(A), €} forms a M—semilattice with the maximal element I, and
{HRr(A), €} forms a U—semilattice with minimal element 0.
Similarly to Proposition 3.8, we also have

Proposition 3.15. Suppose A = (A, ) is a cubic set and R = (R,r) is a cubic
relation satisfying the condition:

R(x,z) = (1,0) =1 for every = € X.

Then we have
(1) Nr(A) € A,
(2) Ae Hr(A).

Proof. (1) For each z € X,
Ng(A)(z) = Myex Aly) YR (y, x)

€ A(x) UR(x,x)
= A(z) U (1,0) °
= A(x)U{(0,1)
= A(z).

Then Ng(A) € A.

(2) For each z € X,

Hp(A)(x) = Uyex Ay) MR(z,y)
5 A(z) M R(x,x)
= A(z) m(1,0)
= A(z).
Then A € Hr(A). O
4. NOTE

In Definition 3.1, for a cubic set A, we define two rough operators N(A) and
H(A). In the follows, we give a equivalence definition.

Definition 4.1. Suppose X is a universe set, R =< R,r > is a cubic relation and
two rough operators N, H are defined as follows: for every cubic set A = (A, \) in
X

)
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where

= \ AW VR (.2), NN (@)= A My) vy, ),

yeX yeX
= \/ A@y) A R(z,y), =V @) Ar(z,y).
yeX yeX

We investigate the relation between N(A), H(A) and N(A~),N(A"), H(A™),
H(A").
Proposition 4.2. Suppose A = (A, \) is a cubic set, A =[A~, AT|. Then we have

(1) (N(A)™ = N(A‘), (N(A)T = N(AT),
(2) (H(A))™ = H(A7), (H(A))" = H(AT).

(A
Proof. (1) For every x € X.
)" (z

[N(A))~ (z), N(A)* (2)]
= N(A(x))
A Aly)V R°(y,z)

yey

= A [A7(y), AT ()] V(R) (y,2), (R) " (y, v)]

yeyYy

= AN [A~ W) VIE) (y,2), AT (y) v (B) " (y, 2)]

yey

=[A AWV ER) (y2), AN AT (y) vV (R)*(y,2)]

yey yey
= [N(A7)(z), N(AT)(2)].

Then (N(A))™ = N(A7), (N(A))T = N(A™).
(2) In the similar way. O

5. CONCLUSION

In the paper, we define two rough operators on a cubic set induced by a cubic rela-
tion, give some examples, and investigate some of their properties with respect to the
P-order C, P-union LI, P-intersection M, and R-order €, R-union W, R-intersection
M on cubic sets, provide a new platform to further study.
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