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ABSTRACT. In the present paper we study some applications of infinite
matrices and A-convergence of order a to introduce some Ideal convergent
sequence spaces of fuzzy numbers by means of Orlicz function. We make
an effort to study some algebraic and topological properties of these spaces.
We also study some interesting inclusions relation between these spaces.
Finally, we have prove that these spaces are normal as well as monotone and
convergence free. We shall prove these results with the help of examples.
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1. INTRODUCTION

An ideal convergence is a generalization of statistical convergence. The ideal
convergence plays a vital role not only in pure mathematics but also in other branches
of science especially in computer science, information theory, biological science, dy-
namical systems, geographic information systems, and motion planning in robotics.
Kostyrko et al. [1] introduced the notion of J—convergence based on the structure
of admissible ideal I of subsets of natural number N. For more details about ideal
convergence see [1, 2, 3, 4, 5, 0].

Let X be a non empty set. Then a family of sets I C 2% (Power set of X)
is said to be an ideal, if I is additive, that is, A, B € I = AU B € I and
Ael, BCA=Bel.

A non empty family of sets F' C 2% is said to be filter on X, if and only if & ¢ F
for A, B € F, we have AN B € F and for each A € ' and A C B implies B € F.
An ideal I C 2% is called non-trivial, if I #* 2% A non-trivial ideal I C 2X is called
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admissible, if {{z} : x € X} C I. A non-trivial ideal is mazimal, if there cannot
exist any non-trivial ideal J # I containing I as a subset.

The theory of sequences of fuzzy numbers was first introduced by Matloka [7]. He
introduced bounded and convergent sequences of fuzzy numbers and studied some
of their properties and showed that every convergent sequence of fuzzy numbers is
bounded. In [8], Nanda studied the sequences of fuzzy numbers and showed that
the set of all convergent sequences of fuzzy numbers forms a complete metric space.
Nuray and Savasg [9] defined the concepts of statistical convergence and statistically
Cauchy for sequence of fuzzy numbers. They proved that a sequence of fuzzy num-
bers is statistically convergent if and only if it is statistically Cauchy whereas Savag
and Mursaleen [10] studied some equivalent alternative conditions for a sequence
of fuzzy numbers to be statistically Cauchy. Recently, Qiu et al. [11, 12] studied
algebraic and topological properties of the quotient space of fuzzy number based
on Mares equivalence relations. Its is shown that every fuzzy number has only one
Mares core and equivalence fuzzy number have the same Mares cores. They have
also introduced a new concept of convergence under which the quotient space is
complete. As an application, it is shown that if we identify every fuzzy number with
corresponding equivalence class, there would be more differentiable fuzzy number
than what is found in the literature. In [13], Qiu et al. studied symmetric fuzzy
numbers and additive equivalence of fuzzy numbers. The fuzzy complex analysis
studied in [14]. For more details about fuzzy convergence see [15, 16, ]

Given any interval A, we shall denote its end points by A, A and by D the set of all
closed bounded intervals on R, that is, D ={A CR: A = [A, A]}. For A, B € D, we
define A < Bifand only if A < Band A < B and d(A, B) = max{[A— B], [A—B]}.
It is easy to see that d defines a Hausdorff metric on D and (D,d) is a complete
metric space. Also, < is a partial order on D.

A fuzzy number is a fuzzy set on the real axis, i.e., a mapping X : R — [0, 1]
which satisfies the following four conditions:

(i) X is normal, i.e., there exist an zy € R such that X (z¢) =1,

(ii) X is fuzzy convex, i.e., for z,y € Rand 0 < A <1,

X(Az + (1= A)y) > min[X(z), X (y)],

(iii) X is upper semi-continuous,
(iv) the closure of {x € R : X (x) > 0}, denoted by [X]°, is compact.

The properties (i) to (iv) imply that for each « € [0, 1], the a—level set
“={reR:X(z)>a}=[X X]

is a nonempty compact convex subset of R. Let L(R) denotes the set of all fuzzy

numbers. Define amap d : L(R) x L(R) — R by d(z,y) = sup d(X“, Y?).Puriand
a€l0,1]

Ralescu [19] proved that (L(R), d) is a complete metric space. For X,Y € L(R),

we define X <Y if and only if X% < Y and X“ <Y for each a € [0,1], we

say that X < Y, if X <Y and there exist ap € [0,1] such that X* < Y* or

X" < Y. The fuzzy numbers X and Y are said to be tncomparable, if neither

X <Y norY < X. For any X,Y,Z € L(R), the linear structure of L(R) induced
280
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addition X + Y and scalar multiplication AX, A € R, in terms of a—level sets, by
(X +Y]Y = [X]*+[Y]* and [AX]Y = A[X]”

for each o € [0, 1].

The notion of difference sequence spaces was introduced by Kizmaz [20], who
studied the difference sequence spaces o (A), ¢(A) and c¢o(A). The notion was
further generalized by Et and Colak [25] by introducing the spaces £o (A™), c(A™)
and co(A™). Later the concept have been studied by Bektas et al. [36] and Et et
al. [21]. Another type of generalization of the difference sequence spaces is due to
Tripathy and Esi [24] who studied the spaces £ (A, ), ¢(A,) and ¢p(A,). Recently,
Esi et al. [22] and Tripathy et al. [20] have introduced a new type of generalized
difference operators and unified those as follows.

Let v, m be non-negative integers. Then for Z a given sequence space, we have

Z(AT) ={ax = (zr) €ew: (Al'ay) € Z}

for Z = ¢, co and £,
where ATz = (AMzy) = (A" loy, — A™ 1y ) and Alzy = zp for all k € N,
which is equivalent to the following binomial representation

AT.I]C = Zo(fl)l ( TZTL > Lhtvi-
Taking v = 1, we get the spaces £oo(A™), ¢(A™) and co(A™) studied by Et and
Colak [25]. Taking m = v = 1, we get the spaces £ (A), ¢(A) and ¢g(A) introduced
and studied by Kizmaz [20].

An Orlicz function M is a function, which is continuous, non-decreasing and
convex with M(0) = 0, M(z) > 0 for x > 0 and M(z) — oo as * —> oo.
Lindenstrauss and Tzafriri [27] used the idea of Orlicz function to define the following
sequence space:

€M:{x6w:’§M(|x:><oo, forsomep>0}

which is called as an Orlicz sequence space. The space £, is a Banach space with

the norm
|z|| = inf{p >0: ZM(xp’“') < 1}.
k=1

It is shown in [27] that every Orlicz sequence space £j; contains a subspace iso-
morphic to £,(p > 1). The Ay—condition is equivalent to M (Lxz) < kLM (x) for all
values of x > 0 and for L > 1.

A sequence M = (M) of Orlicz functions is called a Musielak-Orlicz function
(See [28, 29]). For more details about sequence spaces (See [30, 31, 32, 33]) and
references therein.

Let X and Y be two sequence spaces and A = (a,x) be an infinite matrix of real or
complex numbers a,j, where n, k € N. Then we say that A defines a matriz mapping
from X into Y, if for every sequence x = (1) € X, the sequence Az = {A,(z)} is

281
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in Y, where

(1.1) An(@) =) anrzr (n €N).
k

converges for each n € N. By (X,Y") we denote the class of all matrices A such that
A: X =Y.

For a sequence space X, the matrix domain X 4 of an infinite matrix A is defined
by

(1.2) Xa={r=(2p) cw: Az € X}
The approach for a new sequence space by means of the matrix domain of a particular
limitation method has recently been employed by several authors (See [34]).

Definition 1.1. A sequence X = (X}) of fuzzy numbers is said to be I—convergent
to a fuzzy number Xj, if for every € > 0 such that

A={keN:d(Xy,Xy) >e}el.
The fuzzy number X is called I—Ilimit of the sequence (Xj) of fuzzy numbers and
we write I — lim X = Xj.

Definition 1.2. A sequence X = (X}) of fuzzy numbers is said to be I—bounded,
if there exists M > 0 such that

{k € N:d(Xy,0)>M}el.
Let Er be denote the sequence space of fuzzy numbers.

Definition 1.3. A sequence space Er is said to be solid(or normal), if (Yy) € Ep
whenever (Xj) € Er and d(Yj,0) < d(Xg,0) for all k € N.

Example 1.4. If we take I = Ir = {A C N: A is a finite subset }. Then Ir is a
nontrival admissible ideal of N and the corresponding convergence coincide with the
usual convergence.

Example 1.5. If we take I = I5 = {A C N : §(A) = 0}. where §(A) denote the
asymptotic density of the set A. Then I is a non-trival admissible ideal of N and
the corresponding convergence coincide with the statistical convergence.

Lemma 1.6 ([35]). {fﬁ is a translation invariant metric. Then
(1) d(X +Y,0) < d(X,0) +d(Y,0),
(2) d(AX,0) < |\d(X,0), [N > 1.

Lemma 1.7. A sequence space Ep is normal implies Er is monotone. (For the
crisp set case, one may refer to Kamthan and Gupta [37]).

Lemma 1.8 ([1]). If I C 2" is a mazimal ideal then for each A € N, we have either
Ael orN\Ael.

Throughout the paper w!” denote the class of all fuzzy real-valued sequences. Also
N and R denote the set of positive integers and set of real numbers respectively.

Let I be an admissible ideal of N. Suppose p = (px) is a bounded sequence of
positive real numbers, u = (ux) be a sequence of strictly positive real numbers for all
282
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k € N, A = (ani) an infinite matrix, M = (M) be a sequence of Orlicz functions.
Let o € [0, 1) be any real number, let A = (A,,) be an increasing sequence of positive
real numbers such that A,+1 = Ay + 1, A = 1, A, = 00 as n — co. We define the
following new sequence spaces in this paper:

wi1A, M, p,u, A™] =

Pk
A" X, X
{(mk)EwF:V5>O,{n€N Zank[ (Wk’O))] 25}6[,
"kel P

for some p > 0 and Xy € L(R)}7

Wi A, M, pyu, Ao =

Pk
A™X
{ F:VE>O,{R€N Zankle<ukk’)>] za}el,
”keln P

for some p > O},

wf‘l [Aa M7pa U, A'7un]oo -

{( k) € v Z ank[ (ukAXk’)>] < oo, for somep>0}

n kel p

and

wm [A M, p,u, Ao =

3 Pk
AT X, X,
{(xk)EwF;EIK>Osuchthat {nEN Zankl (W)]

” kel P

ZK}EI, forsomep>0},

where I, = [n — A, + 1,n].
Example 1.9. Let X, (t) =1for k=29 ¢=1,2,3,.
E

t—2)+1 forte[2k232]
Xi(t) = k( 2)+1 for t € [2, 2£-3]
0 otherwise.

If m=v=1, then AT X} = AX},
-1-3(1-a) k=29
[ATXp*=¢ 1-2(1-a k # 24.
0 otherwise.
Let A= (C,1), the Cesaro matrix, M(z) =z, u = (ur) =1, p = (pr) = 1, for all
ke Nand \¥ =(1,2,3,...), we have
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— — Pk
1 AmX
w3 a [Mk (M)] <o

" kel
Then (X}) € wi.[A, M,p,u, AT but (Xj) is not an Ideal convergent.

Let us consider a few special cases of the above sequence spaces:
(i) If My (z) = « for all k € N, then we have

wm [A M, p,u, AT —wx, [A p,u, A,
wiiF) [Aa Mvpv u, Am]o - U)i((lF) [Aapa u, Avm]07
w,\‘l [A7 Map7 u, Avm}oo = wkﬂ [A p,u, A;n](xla
WA, M, p,u AT = Wi (A, pyu, AT
(ii) If p = (px) = 1, for all k then we have
wigF) [Aa M7p7 U, A:)n] - w,I\glF) [A7 Ma U, A;n]a
wigF [A7 Mapa u, Am]o - wing [A7 Ma u, A:;n]()a
wka [A, M, p,u, AT = wAa [A, M, u, AT oo,
wi&F) [A, M, p,u, AT = wﬁ&F [A, M, u, Al oo
(iii) If we take A = (C, 1), i.e., the Cesaro matrix, then the above classes of se-
quences are denoted by wigF) [w, M, p, u, AT"], w)\a [w M, p,u, Ao,
w/\a [w, M, p, u, AT"], and w)\(F [w, M, p, u, AT"] ., respectively.

(iv) If I = I, then we obtain
wi, [A, M, p,u, AT =

- Pk
d(ur AT Xy, X
{(Ik) cew: lim <5 Z ank [Mk <(uk“k’0)>] =0, for some p >0

An kel, P
and Xg € L(R)},

w)lja [Aa M7p7 u, A:;n]O =

Pk
{(mk)EwF: h_)m — Zankl <ukAXk’XO>>] =0, for somep>0},

" kel, P
wfa [Aa M7p7 u, Azn]oo ==

Pk
{(xk)ew : lim o Zank[ (ukAXk’)>] < 0, forsomep>0}.
n’r‘~>oo

" kel, P
(v) If I =I5 is an admissible ideal of N, then we have
wil [A, M, p,u, AT =

_ P
{(xk)EwF:V€>O,{n€N:)\1a Zank[Mk<d(ukA”Xk’Xo)>] >€} € Is,

p
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for some p > 0 and Xy € L(R)},

wigF) [A7 M,p7 u, AZL]O =

_ _ Pk
1 d(urA™X
{(xk)ewF:V6>0,{n€N:)\aZank[Mk<W)] >€}6L§,

" kel, p

for some p > 0},
and

wiiF) [A7 M»pv U, Avm]OO =

— Pk
1 dup AT X, X
{(xk) e w! : 3 K > 0 such that {n eN: o Z Ank le <(uk”k’0)>]

" kel, P

EK} € Is, for somep>0}.

The following inequality will be used throughout the paper. Let p = (px) be a
sequence of positive real numbers with 0 < pr < supppr = H and let D =
max{l,QH _1}. Then, for the factorable sequences (aj) and (bg) in the complex
plane, we have

(1.3) |ak + bi|P* < D(|ag|P* + |bg|P*).

Also, |ay|P* < max {1,]a|"} for all a € C.

The main aim of this paper is to introduced and study some A—convergent se-
quence spaces of fuzzy numbers by using the relation of an infinite matrix and a
sequence of Orlicz functions. We also make an effort to study some properties like
linearity, paranorm, solidity and some interesting inclusion relations between the
above defined spaces.

2. MAIN RESULTS

In this section, we study some topological properties and some inclusion relations
between the sequence spaces which we have defined above.

Theorem 2.1. Let M = (My) be a sequence of Orlicz functions, p = (pi) be a

bounded sequence of positive real numbers and u = (uy) be a sequence of strictly pos-

itive real numbers. Then the spaces wf\&F) [A, M, p,u, AT, w/I\&F) [A, M, p,u, AT

and wigF) [A, M, p,u, AT"] are linear spaces over the complez field C.
Proof. We shall prove the result for the space wigF) [A, M, p, u, A", only and others
can be proved in the similar way. Let X = (Xj) and Y = (Y}) be two elements in

285
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wigF) [A, M, p,u, A™]y. Then there exists p; > 0 and ps > 0 such that

r - — Pk
1 d(up A X}, 0
A;Z{HENZAQZCL”;C Mk<w>] > }EI

P1
1 [ ﬁ(ukAmYk 6) o €
S nEN:)\aZank M| —————— 25 el.

| ™

and

sy

P2

Let 8 and v be two scalars. Then by using the inequality (1.3) and continuity of the
function M = (M},), we have

— — Pk
1 d(ﬁukAka —l—’yukAmYk,O)

— E M v Y

o Ank [ k (

ol Blo1 + |ylp2
1 18] d(upA X, 00\ |
<D— Z Ank My, DhZo Sy
Ay T Blp1 + [7lp2 p1
—. Pk
1 d(uprA™Y;, 0
+ Dia Z Ak |,-y| Mk) (uk v Lk )
AL T 1Blp1 + [7]p2 p2
— — Pk
1 d(upA™X
< DK~ > | My ey’ X, 0)
AR el p1
1 d(ueAY;,0) )]
+ DK— Z anp | My WkDy e, V) ’
/\% kel, P2

H H
_ 18] o]
where K = max {1’ <|6|p1+|7|pz ) <|B|p1+|7|p2> }

From the above relation we obtain the following:

— — Pk
{n EN: )\ia Z o le (d(ﬂukAv Xk + yur Ay Yk,O))] > 6} c

o 1Blp1 + [7vlp2

— — Pk
1 d(up A" Xy, 0
NGNZDK*ZGM M, M 25
AR P1 2
kel,
1 d(ukA"”Yk 6) o €
W neN:DE— 3 app | My | ——2——= >_rel
gy el P2 2
This completes the proof. O

Theorem 2.2. Let M = (M) be a sequence of Orlicz functions, p = (px) be a
bounded sequence of positive real numbers and u = (uy) be a sequence of strictly pos-
itive real numbers. Then the spaces wigF) [A, M, p,u, AT], wi&F) [A, M, p,u, AT

286
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and w [A M, p,u, AT« are paranormed spaces with the paranorm ga defined by

ga(X) = mf{ H( Zank[Mk<“kAX’“)>] )Hgl,
"kel P

for somep >0, n=1,2,.... r € N},
where H = max{1, sup pg}.
k

Proof. Clearly, ga(— X) =ga(X) and ga(0) = 0. Let X = (Xj) and Y = (V%) be
two elements in wAfl [A, M, p, u, A"]y. Then for every p > 0 we write

r = = PR\ B
Al:{po:( S i M(W)H <1}
7L}€€I,L L p
1 [ (dwar Y, 0) ) ]
Ay=<p>0: —Zank M, AUk Tk D) <15.
)\%keln L P

Let p1 € A1 and ps € As. If p = p1 4 p2, then we get the following

(ur AV (X +Y5),0))
(3 3 o Pt 122)
P1 1 UkATnXk?)
<ot (o o (P52 )

1 d(urA™Yy, 0
+ P2 — Z ank | M, (uk v Tk O) )
p1+p2 \ S ol P2

Nov Qnk kA 0 Sl
Z le< u ();k-i-Yk),O))]

A kel,

and

-

Thus, we have

and
ga(X +Y) =inf{(p1 + p2)F : p1 € A1, ps € As}
< 1nf{(p1)?" p1 € Ar}+inf{(p2) T : py € Ay}
= ga(X) +ga(Y).

Let tJ* — ¢, where t}*, ¢t € C, and let ga(X}* — Xi) — 0 as m — oo. To prove that
gA(L”,?XIZn—th) — 0asm — oo. Let t;, — ¢, where ty, t € C, and gA(XIT—Xk) —0
as m — oo. We have

Pk
AmX
A3 =qpp>0: Zank M, Uk—k’) <1
nkEI,L Pk

287
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and

— — Pk
R CEUE s e e I

" kel, k

If p, € Az and pj, € A4 then by inequality (1.3) and continuity of the function
M = (My,), we have that

Aup AT (4™ X" —1X,0))
Mk< [t —t]pr+t[py,

< Mk E(ukAL”(th,;" - th),ﬁ) Mk E(UkAT(th - tX,G))
- [t — t|p + [t] ), |t — t|p + |t ),

< 7
[t — ok + [t] o), Pk

ok (d(ummﬁxk),m)_

™ — | " (d(ukA;nX;y,o)>

[t — tlpr + [t] o}, Pr
From the above inequality it follows that

— Pk
1 Z - A(up AT (Em X — £X),0) -
" [t™ —tlpr + |t|pk n

" kel,

and consequently,

98 (0 X, +1X) = i {(162 — tlop + LoD H : py € Ay, € Ad}
<t — tlo f{(p1)F : pi € Ao} + lpfinf{(pf) # : o}, € As)
< max{t], [t 7 }ga (X" — Xp).

Note that ga(X}") < ga(X™) 4+ ga(XJ* — X™), for all & € N. Hence, by our
assumption the right hand tends to 0 as m — oco. This completes the proof. O

Theorem 2.3. (1) Let 0 < infpy < py, < 1. Then
Wil A, M, pu, AT Cwy LA M, u, AT,
wl A, M, pu, A € wi[A, M,u, AT,

(2) Let 1 < py, < suppg < co. Then
wi A, Mu, AT C A M pyu, AT,
wiﬂxF [A,M,U, A;n]O C w,I\ExF) [Aanpa u, Am]O

N

Proof. (1) Let X = (X}) be an element in wAa [A M, p,u, AT]. Since 0 < inf p;, <
pr < 1, we have

E ] g fupen)]

" kel, " kel, P
288
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wen: LS o[ an (AArXe X0
/\”keI,L P

C{nGN Zank[ (W)] >5}€I.

" kel,

Then we get

The other part can be proved in a similar way.
(2) Let X = (Xk) be an element in wI(F) [A, M, u, A"]. Since 1 < py, < suppi <
o0, for each 0 < € < 1, there exists a p051tlve integer ng such that

AT X, X

o Z Gnk [Mk<ukk’0)>] <e <1 forall n>ng.
A kel, P

This implies that

1 d(up AT Xy, Xo) d(upA™ Xy, Xo)

Ta an | M| ————— < Ank —_— | |.

e ()

Then we have

r - 1Pk
1 d(up A7 X, Xo)
{nGN:)\%Zank Mk(p 25
kel, L i
1 [ (AT X, Xo) |
C{neN:Zank Mk<(uk”k’0)> >5}€I.
AL p
keI, L _
The other part can be proved in the similar way. This completes the proof. O

Theorem 2.4. Let X = (Xi) be a sequence of Fuzzy numbers, M = (My) be a
sequence of Orlicz functions, p = (px) be a bounded sequence of positive real numbers
and u = (ug) be a sequence of strictly positive real numbers. Then

wigF) [A, Mvpa u, Am]O C w)\ng) [Av Mvpa u, A:;n] C wf‘)‘ [Av Map, Uu, A;r}n]oo

Proof. The inclusion wA [A M, p,u, Ao C wigF) [A, M, p,u, AT"] is obvious. Let
X =(Xy) € w/I\E,F) [A, M, p,u, AT"]. Then there is some fuzzy number Xy, such that

Pk
o Z i (“kA pX’“’XO)ﬂ >,

" kel,
289




Raj et al. /Ann. Fuzzy Math. Inform. 21 (2021), No. 3, 279-293

Now by inequality (1.3), we have

e Z Ank [Mk (ukApXk’ )>rk < Dﬁ Z Gnk[ (dukATXk’Xo)ﬂpk

nkEI kel, p
Pk
1 X070)
+D%Zankl ( « )]
kel

This implies that X = (Xj) € wia[A, M,p,u, AT]. This completes the proof. [

Theorem 2.5. Let M = (My) and S = (Sk) be a sequence of Orlicz functions.
Then

wl A, M, p,u, AT N wi A, S, pu, AT € wlTA, M+ 8, p,u, A7,

Proof. Let X = (Xy) € wiEYF) [A, M, p,u, AT N w)\a [A S,p, u, Al"] using the in-
equality (1.3), we have

- Pr
d(up A X, X,
%;t Z Ak (Mk+Sk)<W>]
kel, P
- Pr
AT X, X d(ur AT X, X
Zank[ < up AT X, o>>+5k< (ur AP X, o)ﬂ
AR kel, p P
AX Xo) \ |
AR kel, P
APX Xo) \ |
+Zank[ ( uk AL X, 0) }
" kel P
Then X = (Xj) € w/I\E,F) [A, M + S, p,u, AT"]. This completes the proof. O

Theorem 2.6. The sequence spaces w/\a [A M pu, Ao and w/\@[A M pu, AT
are normal as well as monotone.

Proof. We give the proof of the theorem for w/\(F) [A, M, p,u, AT"]p only. Let X =
(Xy) € w,I\(aF) [A, M, p,u, A™]p and Y = (Y}) be such that d(Y3,0) < d(X4,0) for all

k € N. Then for given € > 0, we have
Pk
A X
NG CHURY N
p
again the set

B:{nEN Zank
Pk
Bi={neN: Zank M >e¢% C B.
"keI,L P

" kel,
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Then By € I and thus YV = (V) € wAa [A M, p,u, A"o. So the space
wAQ [A M, p,u, A is normal. Also from the Lemma 1.8, it follows that
wAa [A M, p,u, ATy is monotone. This completes the proof. O

Theorem 2.7. If I is not mazximal ideal then the space w>\u [A M, p,u, AT s
neither normal nor monotone.

Example 2.8. Let us consider a sequence of fuzzy numbers

o 1<t <l
Xu(t) =14 3t 1<t<3
0 otherwise.

If m = 0, then A’X;, = 1. Let A = (C,1), the Cesaro matrix, M(z) = z, u =
(u ) =1,p=(pr) =1, for all k € Nand A% = (1,2,3,...). Then we have (Xj) €
wAa [A M, p,u, AT"]. Since I is not maximal by Lemma 1.9, their exist a subset K
of N such that K ¢ T and N— K ¢ I. Let us define sequence Y = (Y}) by

V. — X ke K
k= 0 otherwise.

Then (Y%) belongs to the canonical pre image of the k-step spaces of
wAS, [A, M, p,u, AT"]. But Yy ¢ wI () [A M, p,u, AT"]. Thus wi@ [A,M,pu,AT]
is not monotone. So by Lemma 1.8, wI(F) [A, M, p, u, AT"] is not normal.

Theorem 2.9. If I is neither maximal mor I = Ip then the spaces
wigF) [A, M, p,u, AT"] and wI(F) [A, M, p,u, Ao are not symmetric.

Example 2.10. Let us consider a sequence of fuzzy numbers

1+t -1<t<0
Xpt)=¢{ 1-t o0<t<l1
0 otherwise.

If m = 0, then A"X), = 1. Let A = (C,1), the Cesaro matrix, M(z) = z, u =
(ug) =1, p = (pr) =1, for all k € N and A% = (1,2,3,...). Then for k € A eI
(an infinite set), (X3) € w!F)[A, M, p,u, A™]. Let K C N be such that K ¢ I and
N — K ¢ I. Let us consider a sequence Y = (Y}), a rearrangement of the sequence
space (X}) is defined as
Vi — { X ke K
ke 0 otherwise.

Then (Yy) € wAa [A M, p,u, AT"]. Thus w)\a [A M, p,u, A" is not symmetric.

Similarly, wAEM [A, M, p, u, AT"] is not symmetric.

Theorem 2.11. The spaces w)\a [A M, p,u, A" and wA [A M, p,u, Ao are
not convergent free in general.

Example 2.12. Let us consider a sequence of fuzzy numbers

£ 1<t <l
Xpt)=14 35t 1<t<3
0 otherwise.
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If m = 0, then A"’X;, = 1. Let A = (C,1), the Cesaro matrix, M(z) = z, u =
(ug) =1,p= (px) =1, for all k € N and A\ = (1,2,3,...). Then we have (X}) €
w! F)[A, M, p,u, A™]. Let Yy (t) = L for all k € N. Then (Y}) € wio [A,M,p,u,A™].
But X = 0 does not imply Y; = 0. Thus wf\@ [A, M p,u,AT"] is not convergent free.

I(F)

Similarly, wya ’'[A, M, p,u, A}']o is not convergent free.
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