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Abstract. In the present paper we study some applications of infinite
matrices and λ-convergence of order α to introduce some Ideal convergent
sequence spaces of fuzzy numbers by means of Orlicz function. We make
an effort to study some algebraic and topological properties of these spaces.
We also study some interesting inclusions relation between these spaces.
Finally, we have prove that these spaces are normal as well as monotone and
convergence free. We shall prove these results with the help of examples.
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1. Introduction

An ideal convergence is a generalization of statistical convergence. The ideal
convergence plays a vital role not only in pure mathematics but also in other branches
of science especially in computer science, information theory, biological science, dy-
namical systems, geographic information systems, and motion planning in robotics.
Kostyrko et al. [1] introduced the notion of I−convergence based on the structure
of admissible ideal I of subsets of natural number N. For more details about ideal
convergence see [1, 2, 3, 4, 5, 6].

Let X be a non empty set. Then a family of sets I ⊆ 2X (Power set of X)
is said to be an ideal, if I is additive, that is, A, B ∈ I ⇒ A ∪ B ∈ I and
A ∈ I, B ⊆ A⇒ B ∈ I.

A non empty family of sets F ⊆ 2X is said to be filter on X, if and only if ∅ /∈ F
for A, B ∈ F , we have A ∩ B ∈ F and for each A ∈ F and A ⊆ B implies B ∈ F.
An ideal I ⊆ 2X is called non-trivial, if I 6= 2X . A non-trivial ideal I ⊆ 2X is called
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admissible, if {{x} : x ∈ X} ⊆ I. A non-trivial ideal is maximal, if there cannot
exist any non-trivial ideal J 6= I containing I as a subset.

The theory of sequences of fuzzy numbers was first introduced by Matloka [7]. He
introduced bounded and convergent sequences of fuzzy numbers and studied some
of their properties and showed that every convergent sequence of fuzzy numbers is
bounded. In [8], Nanda studied the sequences of fuzzy numbers and showed that
the set of all convergent sequences of fuzzy numbers forms a complete metric space.
Nuray and Savaş [9] defined the concepts of statistical convergence and statistically
Cauchy for sequence of fuzzy numbers. They proved that a sequence of fuzzy num-
bers is statistically convergent if and only if it is statistically Cauchy whereas Savaş
and Mursaleen [10] studied some equivalent alternative conditions for a sequence
of fuzzy numbers to be statistically Cauchy. Recently, Qiu et al. [11, 12] studied
algebraic and topological properties of the quotient space of fuzzy number based
on Mareš equivalence relations. Its is shown that every fuzzy number has only one
Mareš core and equivalence fuzzy number have the same Mareš cores. They have
also introduced a new concept of convergence under which the quotient space is
complete. As an application, it is shown that if we identify every fuzzy number with
corresponding equivalence class, there would be more differentiable fuzzy number
than what is found in the literature. In [13], Qiu et al. studied symmetric fuzzy
numbers and additive equivalence of fuzzy numbers. The fuzzy complex analysis
studied in [14]. For more details about fuzzy convergence see [15, 16, 17, 18].

Given any interval A, we shall denote its end points by A, A and by D the set of all
closed bounded intervals on R, that is, D = {A ⊂ R : A = [A,A]}. For A, B ∈ D, we
define A ≤ B if and only if A ≤ B and A ≤ B and d(A,B) = max{[A−B], [A−B]}.
It is easy to see that d defines a Hausdorff metric on D and (D, d) is a complete
metric space. Also, ≤ is a partial order on D.

A fuzzy number is a fuzzy set on the real axis, i.e., a mapping X : R → [0, 1]
which satisfies the following four conditions:

(i) X is normal, i.e., there exist an x0 ∈ R such that X(x0) = 1,
(ii) X is fuzzy convex, i.e., for x, y ∈ R and 0 ≤ λ ≤ 1,

X(λx+ (1− λ)y) ≥ min[X(x), X(y)],

(iii) X is upper semi-continuous,
(iv) the closure of {x ∈ R : X(x) > 0}, denoted by [X]0, is compact.

The properties (i) to (iv) imply that for each α ∈ [0, 1], the α−level set

Xα = {x ∈ R : X(x) > α} = [Xα, X
α

]

is a nonempty compact convex subset of R. Let L(R) denotes the set of all fuzzy
numbers. Define a map d : L(R)×L(R)→ R by d(x, y) = sup

α∈[0,1]

d(Xα, Y α). Puri and

Ralescu [19] proved that (L(R), d) is a complete metric space. For X,Y ∈ L(R),

we define X ≤ Y if and only if Xα ≤ Y α and X
α ≤ Y

α
for each α ∈ [0, 1], we

say that X < Y , if X ≤ Y and there exist α0 ∈ [0, 1] such that Xα0 < Y α0 or

X
α0

< Y
α0
. The fuzzy numbers X and Y are said to be incomparable, if neither

X ≤ Y nor Y ≤ X. For any X,Y, Z ∈ L(R), the linear structure of L(R) induced
280
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addition X + Y and scalar multiplication λX, λ ∈ R, in terms of α−level sets, by

[X + Y ]α = [X]α + [Y ]α and [λX]α = λ[X]α

for each α ∈ [0, 1].
The notion of difference sequence spaces was introduced by Kızmaz [20], who

studied the difference sequence spaces `∞(∆), c(∆) and c0(∆). The notion was
further generalized by Et and Çolak [25] by introducing the spaces `∞(∆m), c(∆m)
and c0(∆m). Later the concept have been studied by Bektaş et al. [36] and Et et
al. [21]. Another type of generalization of the difference sequence spaces is due to
Tripathy and Esi [24] who studied the spaces `∞(∆ν), c(∆ν) and c0(∆ν). Recently,
Esi et al. [22] and Tripathy et al. [26] have introduced a new type of generalized
difference operators and unified those as follows.

Let ν, m be non-negative integers. Then for Z a given sequence space, we have

Z(∆m
ν ) = {x = (xk) ∈ w : (∆m

ν xk) ∈ Z}

for Z = c, c0 and `∞,
where ∆m

ν x = (∆m
ν xk) = (∆m−1

ν xk − ∆m−1
ν xk+1) and ∆0

νxk = xk for all k ∈ N,
which is equivalent to the following binomial representation

∆m
ν xk =

m∑
i=0

(−1)i
(
m
i

)
xk+νi.

Taking ν = 1, we get the spaces `∞(∆m), c(∆m) and c0(∆m) studied by Et and
Çolak [25]. Taking m = ν = 1, we get the spaces `∞(∆), c(∆) and c0(∆) introduced
and studied by Kızmaz [20].

An Orlicz function M is a function, which is continuous, non-decreasing and
convex with M(0) = 0, M(x) > 0 for x > 0 and M(x) −→ ∞ as x −→ ∞.
Lindenstrauss and Tzafriri [27] used the idea of Orlicz function to define the following
sequence space:

`M =
{
x ∈ w :

∞∑
k=1

M
( |xk|
ρ

)
<∞, for some ρ > 0

}
which is called as an Orlicz sequence space. The space `M is a Banach space with
the norm

||x|| = inf
{
ρ > 0 :

∞∑
k=1

M
( |xk|
ρ

)
≤ 1
}
.

It is shown in [27] that every Orlicz sequence space `M contains a subspace iso-
morphic to `p(p ≥ 1). The ∆2−condition is equivalent to M(Lx) ≤ kLM(x) for all
values of x ≥ 0 and for L > 1.

A sequence M = (Mk) of Orlicz functions is called a Musielak-Orlicz function
(See [28, 29]). For more details about sequence spaces (See [30, 31, 32, 33]) and
references therein.

Let X and Y be two sequence spaces and A = (ank) be an infinite matrix of real or
complex numbers ank, where n, k ∈ N. Then we say that A defines a matrix mapping
from X into Y , if for every sequence x = (xk) ∈ X, the sequence Ax = {An(x)} is

281
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in Y , where

(1.1) An(x) =
∑
k

ankxk (n ∈ N).

converges for each n ∈ N. By (X,Y ) we denote the class of all matrices A such that
A : X → Y .

For a sequence space X, the matrix domain XA of an infinite matrix A is defined
by

(1.2) XA = {x = (xk) ∈ w : Ax ∈ X}
The approach for a new sequence space by means of the matrix domain of a particular
limitation method has recently been employed by several authors (See [34]).

Definition 1.1. A sequence X = (Xk) of fuzzy numbers is said to be I−convergent
to a fuzzy number X0, if for every ε > 0 such that

A = {k ∈ N : d(Xk, X0) ≥ ε} ∈ I.
The fuzzy number X0 is called I−limit of the sequence (Xk) of fuzzy numbers and
we write I − limXk = X0.

Definition 1.2. A sequence X = (Xk) of fuzzy numbers is said to be I−bounded,
if there exists M > 0 such that

{k ∈ N : d(Xk, 0) > M} ∈ I.

Let EF be denote the sequence space of fuzzy numbers.

Definition 1.3. A sequence space EF is said to be solid(or normal), if (Yk) ∈ EF
whenever (Xk) ∈ EF and d(Yk, 0) ≤ d(Xk, 0) for all k ∈ N.

Example 1.4. If we take I = IF = {A ⊆ N : A is a finite subset }. Then IF is a
nontrival admissible ideal of N and the corresponding convergence coincide with the
usual convergence.

Example 1.5. If we take I = Iδ = {A ⊆ N : δ(A) = 0}. where δ(A) denote the
asymptotic density of the set A. Then Iδ is a non-trival admissible ideal of N and
the corresponding convergence coincide with the statistical convergence.

Lemma 1.6 ([35]). If d is a translation invariant metric. Then
(1) d(X + Y, 0) ≤ d(X, 0) + d(Y, 0),
(2) d(λX, 0) ≤ |λ|d(X, 0), |λ| > 1.

Lemma 1.7. A sequence space EF is normal implies EF is monotone. (For the
crisp set case, one may refer to Kamthan and Gupta [37]).

Lemma 1.8 ([1]). If I ⊂ 2N is a maximal ideal then for each A ∈ N, we have either
A ∈ I or N \A ∈ I.

Throughout the paper wF denote the class of all fuzzy real-valued sequences. Also
N and R denote the set of positive integers and set of real numbers respectively.

Let I be an admissible ideal of N. Suppose p = (pk) is a bounded sequence of
positive real numbers, u = (uk) be a sequence of strictly positive real numbers for all
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k ∈ N, A = (ank) an infinite matrix, M = (Mk) be a sequence of Orlicz functions.
Let α ∈ [0, 1) be any real number, let λ = (λn) be an increasing sequence of positive
real numbers such that λn+1 = λn + 1, λ1 = 1, λn → ∞ as n → ∞. We define the
following new sequence spaces in this paper:

w
I(F )
λα [A,M, p, u,∆m

v ] ={
(xk) ∈ wF : ∀ε > 0,

{
n ∈ N :

1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v Xk, X0)

ρ

)]pk
≥ ε

}
∈ I,

for some ρ > 0 and X0 ∈ L(R)

}
,

w
I(F )
λα [A,M, p, u,∆m

v ]0 ={
(xk) ∈ wF : ∀ε > 0,

{
n ∈ N :

1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v Xk, 0)

ρ

)]pk
≥ ε

}
∈ I,

for some ρ > 0

}
,

wFλα [A,M, p, u,∆m
v ]∞ ={

(xk) ∈ wF : sup
n

1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v Xk, 0)

ρ

)]pk
<∞, for some ρ > 0

}
and

w
I(F )
λα [A,M, p, u,∆m

v ]∞ ={
(xk) ∈ wF : ∃ K > 0 such that

{
n ∈ N :

1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v Xk, X0)

ρ

)]pk

≥ K

}
∈ I, for some ρ > 0

}
,

where In = [n− λn + 1, n].

Example 1.9. Let Xk(t) = 1 for k = 2q, q = 1, 2, 3, . . ..

Xk(t) =


k
3 (t− 2) + 1 for t ∈

[
2k−3

2 , 2
]

−k3 (t− 2) + 1 for t ∈
[
2, 2k−3

2

]
0 otherwise.

If m = v = 1, then ∆m
v Xk = ∆Xk

[∆m
v Xk]α =

 −1− 3
k (1− α) k = 2q

1− 3
k (1− α) k 6= 2q.

0 otherwise.

Let A = (C, 1), the Cesàro matrix,M(x) = x, u = (uk) = 1, p = (pk) = 1, for all
k ∈ N and λαn = (1, 2, 3, ...), we have
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sup
n

1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v Xk, 0)

ρ

)]pk
<∞.

Then (Xk) ∈ wFλα [A,M, p, u,∆m
v ]∞ but (Xk) is not an Ideal convergent.

Let us consider a few special cases of the above sequence spaces:
(i) If Mk(x) = x for all k ∈ N, then we have

w
I(F )
λα [A,M, p, u,∆m

v ] = w
I(F )
λα [A, p, u,∆m

v ],

w
I(F )
λα [A,M, p, u,∆m

v ]0 = w
I(F )
λα [A, p, u,∆m

v ]0,

wFλα [A,M, p, u,∆m
v ]∞ = wFλα [A, p, u,∆m

v ]∞,

w
I(F )
λα [A,M, p, u,∆m

v ]∞ = w
I(F )
λα [A, p, u,∆m

v ]∞.

(ii) If p = (pk) = 1, for all k then we have

w
I(F )
λα [A,M, p, u,∆m

v ] = w
I(F )
λα [A,M, u,∆m

v ],

w
I(F )
λα [A,M, p, u,∆m

v ]0 = w
I(F )
λα [A,M, u,∆m

v ]0,

wFλα [A,M, p, u,∆m
v ]∞ = wFλα [A,M, u,∆m

v ]∞,

w
I(F )
λα [A,M, p, u,∆m

v ]∞ = w
I(F )
λα [A,M, u,∆m

v ]∞.

(iii) If we take A = (C, 1), i.e., the Cesàro matrix, then the above classes of se-

quences are denoted by w
I(F )
λα [w,M, p, u,∆m

v ], w
I(F )
λα [w,M, p, u,∆m

v ]0,

wFλα [w,M, p, u,∆m
v ]∞ and w

I(F )
λα [w,M, p, u,∆m

v ]∞, respectively.
(iv) If I = IF , then we obtain

wFλα [A,M, p, u,∆m
v ] ={

(xk) ∈ wF : lim
n→∞

1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v Xk, X0)

ρ

)]pk
= 0, for some ρ > 0

and X0 ∈ L(R)

}
,

wFλα [A,M, p, u,∆m
v ]0 ={

(xk) ∈ wF : lim
n→∞

1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v Xk, X0)

ρ

)]pk
= 0, for some ρ > 0

}
,

wFλα [A,M, p, u,∆m
v ]∞ ={

(xk) ∈ wF : lim
n,r→∞

1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v Xk, 0)

ρ

)]pk
<∞, for some ρ > 0

}
.

(v) If I = Iδ is an admissible ideal of N, then we have

w
I(F )
λα [A,M, p, u,∆m

v ] ={
(xk) ∈ wF : ∀ε > 0,

{
n ∈ N :

1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v Xk, X0)

ρ

)]pk
≥ ε

}
∈ Iδ,
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for some ρ > 0 and X0 ∈ L(R)

}
,

w
I(F )
λα [A,M, p, u,∆m

v ]0 ={
(xk) ∈ wF : ∀ε > 0,

{
n ∈ N :

1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v Xk, 0)

ρ

)]pk
≥ ε

}
∈ Iδ,

for some ρ > 0

}
,

and

w
I(F )
λα [A,M, p, u,∆m

v ]∞ ={
(xk) ∈ wF : ∃ K > 0 such that

{
n ∈ N :

1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v Xk, X0)

ρ

)]pk

≥ K

}
∈ Iδ, for some ρ > 0

}
.

The following inequality will be used throughout the paper. Let p = (pk) be a
sequence of positive real numbers with 0 < pk ≤ supk pk = H and let D =
max

{
1, 2H−1

}
. Then, for the factorable sequences (ak) and (bk) in the complex

plane, we have

(1.3) |ak + bk|pk ≤ D(|ak|pk + |bk|pk).

Also, |ak|pk ≤ max
{

1, |a|H
}

for all a ∈ C.

The main aim of this paper is to introduced and study some λ−convergent se-
quence spaces of fuzzy numbers by using the relation of an infinite matrix and a
sequence of Orlicz functions. We also make an effort to study some properties like
linearity, paranorm, solidity and some interesting inclusion relations between the
above defined spaces.

2. Main Results

In this section, we study some topological properties and some inclusion relations
between the sequence spaces which we have defined above.

Theorem 2.1. Let M = (Mk) be a sequence of Orlicz functions, p = (pk) be a
bounded sequence of positive real numbers and u = (uk) be a sequence of strictly pos-

itive real numbers. Then the spaces w
I(F )
λα [A,M, p, u,∆m

v ], w
I(F )
λα [A,M, p, u,∆m

v ]0

and w
I(F )
λα [A,M, p, u,∆m

v ]∞ are linear spaces over the complex field C.

Proof. We shall prove the result for the space w
I(F )
λα [A,M, p, u,∆m

n ]0 only and others
can be proved in the similar way. Let X = (Xk) and Y = (Yk) be two elements in
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w
I(F )
λα [A,M, p, u,∆m

n ]0. Then there exists ρ1 > 0 and ρ2 > 0 such that

A ε
2

=

{
n ∈ N :

1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v Xk, 0)

ρ1

)]pk
≥ ε

2

}
∈ I

and

B ε
2

=

{
n ∈ N :

1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v Yk, 0)

ρ2

)]pk
≥ ε

2

}
∈ I.

Let β and γ be two scalars. Then by using the inequality (1.3) and continuity of the
function M = (Mk), we have

1

λαn

∑
k∈In

ank

[
Mk

(
d(βuk∆m

v Xk + γuk∆m
v Yk, 0)

|β|ρ1 + |γ|ρ2

)]pk

≤ D 1

λαn

∑
k∈In

ank

[
|β|

|β|ρ1 + |γ|ρ2
Mk

(
d(uk∆m

v Xk, 0)

ρ1

)]pk

+ D
1

λαn

∑
k∈In

ank

[
|γ|

|β|ρ1 + |γ|ρ2
Mk

(
d(uk∆m

v Yk, 0)

ρ2

)]pk

≤ DK 1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v Xk, 0)

ρ1

)]pk

+ DK
1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v Yk, 0)

ρ2

)]pk
,

where K = max

{
1,

(
|β|

|β|ρ1+|γ|ρ2

)H
,

(
|γ|

|β|ρ1+|γ|ρ2

)H}
.

From the above relation we obtain the following:{
n ∈ N :

1

λαn

∑
k∈In

ank

[
Mk

(
d(βuk∆m

v Xk + γuk∆m
v Yk, 0)

|β|ρ1 + |γ|ρ2

)]pk
≥ ε

}
⊆

{
n ∈ N : DK

1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v Xk, 0)

ρ1

)]pk
≥ ε

2

}

∪

{
n ∈ N : DK

1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v Yk, 0)

ρ2

)]pk
≥ ε

2

}
∈ I.

This completes the proof. �

Theorem 2.2. Let M = (Mk) be a sequence of Orlicz functions, p = (pk) be a
bounded sequence of positive real numbers and u = (uk) be a sequence of strictly pos-

itive real numbers. Then the spaces w
I(F )
λα [A,M, p, u,∆m

v ], w
I(F )
λα [A,M, p, u,∆m

v ]0
286



Raj et al. /Ann. Fuzzy Math. Inform. 21 (2021), No. 3, 279–293

and w
I(F )
λα [A,M, p, u,∆m

v ]∞ are paranormed spaces with the paranorm g∆ defined by

g∆(X) = inf

{
(ρ)

pn
H :

(
1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v Xk, 0)

ρ

)]pk) 1
H

≤ 1,

for some ρ > 0, n = 1, 2, .... r ∈ N

}
,

where H = max{1, sup
k
pk}.

Proof. Clearly, g∆(−X) = g∆(X) and g∆(θ) = 0. Let X = (Xk) and Y = (Yk) be

two elements in w
I(F )
λα [A,M, p, u,∆m

v ]0. Then for every ρ > 0 we write

A1 =

{
ρ > 0 :

(
1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v Xk, 0)

ρ

)]pk) 1
H

≤ 1

}
and

A2 =

{
ρ > 0 :

(
1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v Yk, 0)

ρ

)]pk) 1
H

≤ 1

}
.

Let ρ1 ∈ A1 and ρ2 ∈ A2. If ρ = ρ1 + ρ2, then we get the following(
1
λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v (Xk + Yk), 0))

ρ

)])

≤ ρ1

ρ1 + ρ2

(
1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v Xk, 0)

ρ1

)])

+
ρ2

ρ1 + ρ2

(
1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v Yk, 0)

ρ2

)])
.

Thus, we have

1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v (Xk + Yk), 0)

ρ

)]pk
≤ 1

and

g∆(X + Y ) = inf{(ρ1 + ρ2)
pn
H : ρ1 ∈ A1, ρ2 ∈ A2}

≤ inf{(ρ1)
pn
H : ρ1 ∈ A1}+ inf{(ρ2)

pn
H : ρ2 ∈ A2}

= g∆(X) + g∆(Y ).

Let tmk → t, where tmk , t ∈ C, and let g∆(Xm
k −Xk)→ 0 as m→∞. To prove that

g∆(tmk X
m
k −tXk)→ 0 asm→∞. Let tk → t, where tk, t ∈ C, and g∆(Xm

k −Xk)→ 0
as m→∞. We have

A3 =

{
ρk > 0 :

1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v Xk, 0)

ρk

)]pk
≤ 1

}
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and

A4 =

{
ρ′k > 0 :

1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v Yk, 0)

ρ′k

)]pk
≤ 1

}
.

If ρk ∈ A3 and ρ′k ∈ A4 then by inequality (1.3) and continuity of the function
M = (Mk), we have that

Mk

(
d(uk∆m

v (tmXmk −tX,0))
|tm−t|ρk+|t|ρ′k

)

≤Mk

(
d(uk∆m

v (tmXm
k − tXk), 0)

|tm − t|ρk + |t|ρ′k

)
+Mk

(
d(uk∆m

v (tXk − tX, 0))

|tm − t|ρk + |t|ρ′k

)

≤ |tm − t|ρk
|tm − t|ρk + |t|ρ′k

Mk

(
d(uk∆m

v X
m
k , 0)

ρk

)

+
|t|ρ′k

|tm − t|ρk + |t|ρ′k
Mk

(
d(uk∆m

v (Xm
k −Xk), 0)

ρ′k

)
.

From the above inequality it follows that

1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v (tmXm
k − tX), 0)

|tm − t|ρk + |t|ρ′k

)]pk
≤ 1

and consequently,

g∆(tmk Xk + tX) = inf{(|tmk − t|ρk + |t|ρ′k})
pn
H : ρk ∈ A3, ρ

′
k ∈ A4}

≤ |tmk − t|ρ
pn
H

k inf{(ρk)
pn
H : ρk ∈ A3}+ |t|ρ′k inf{(ρ′k)

pn
H : ρ′k ∈ A4}

≤ max{|t|, |t|
pn
H }g∆(Xm

k −Xk).

Note that g∆(Xm
k ) ≤ g∆(Xm) + g∆(Xm

k − Xm), for all k ∈ N. Hence, by our
assumption the right hand tends to 0 as m→∞. This completes the proof. �

Theorem 2.3. (1) Let 0 < inf pk ≤ pk ≤ 1. Then

w
I(F )
λα [A,M, p, u,∆m

v ] ⊆ w
I(F )
λα [A,M, u,∆m

v ],

w
I(F )
λα [A,M, p, u,∆m

v ]0 ⊆ w
I(F )
λα [A,M, u,∆m

v ]0.

(2) Let 1 ≤ pk ≤ sup pk <∞. Then

w
I(F )
λα [A,M, u,∆m

v ] ⊆ w
I(F )
λα [A,M, p, u,∆m

v ],

w
I(F )
λα [A,M, u,∆m

v ]0 ⊆ w
I(F )
λα [A,M, p, u,∆m

v ]0.

Proof. (1) Let X = (Xk) be an element in w
I(F )
λα [A,M, p, u,∆m

v ]. Since 0 < inf pk ≤
pk ≤ 1, we have

1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v Xk, X0)

ρ

)]
≤ 1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v Xk, X0)

ρ

)]pk
.
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Then we get {
n ∈ N :

1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v Xk, X0)

ρ

)]
≥ ε

}

⊆

{
n ∈ N :

1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v Xk, X0)

ρ

)]pk
≥ ε

}
∈ I.

The other part can be proved in a similar way.

(2) Let X = (Xk) be an element in w
I(F )
λα [A,M, u,∆m

v ]. Since 1 ≤ pk ≤ sup pk <
∞, for each 0 < ε < 1, there exists a positive integer n0 such that

1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v Xk, X0)

ρ

)]
≤ ε < 1 for all n ≥ n0.

This implies that

1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v Xk, X0)

ρ

)]pk
≤ 1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v Xk, X0)

ρ

)]
.

Then we have{
n ∈ N :

1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v Xk, X0)

ρ

)]pk
≥ ε

}

⊆

{
n ∈ N :

1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v Xk, X0)

ρ

)]
≥ ε

}
∈ I.

The other part can be proved in the similar way. This completes the proof. �

Theorem 2.4. Let X = (Xk) be a sequence of Fuzzy numbers, M = (Mk) be a
sequence of Orlicz functions, p = (pk) be a bounded sequence of positive real numbers
and u = (uk) be a sequence of strictly positive real numbers. Then

w
I(F )
λα [A,M, p, u,∆m

v ]0 ⊂ wI(F )
λα [A,M, p, u,∆m

v ] ⊂ wFλα [A,M, p, u,∆m
v ]∞.

Proof. The inclusion w
I(F )
λα [A,M, p, u,∆m

v ]0 ⊂ wI(F )
λα [A,M, p, u,∆m

v ] is obvious. Let

X = (Xk) ∈ wI(F )
λα [A,M, p, u,∆m

v ]. Then there is some fuzzy number X0, such that

1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v Xk, X0)

ρ

)]pk
≥ ε.
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Now by inequality (1.3), we have

1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v Xk, 0)

ρ

)]pk
≤ D 1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v Xk, X0)

ρ

)]pk

+ D
1

λαn

∑
k∈In

ank

[
Mk

(
d(X0, 0)

ρ

)]pk
.

This implies that X = (Xk) ∈ wFλα [A,M, p, u,∆m
v ]∞. This completes the proof. �

Theorem 2.5. Let M = (Mk) and S = (Sk) be a sequence of Orlicz functions.
Then

w
I(F )
λα [A,M, p, u,∆m

v ] ∩ wI(F )
λα [A,S, p, u,∆m

v ] ⊂ wI(F )
λα [A,M+ S, p, u,∆m

v ].

Proof. Let X = (Xk) ∈ wI(F )
λα [A,M, p, u,∆m

v ] ∩ wI(F )
λα [A,S, p, u,∆m

v ] using the in-
equality (1.3), we have

1
λαn

∑
k∈In

ank

[
(Mk + Sk)

(
d(uk∆m

v Xk, X0)

ρ

)]pk

=
1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v Xk, X0)

ρ

)
+ Sk

(
d(uk∆m

v Xk, X0)

ρ

)]pk

≤ D

{
1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v Xk, X0)

ρ

)]pk

+
1

λαn

∞∑
k∈In

ank

[
Sk

(
d(uk∆m

v Xk, X0)

ρ

)]pk}
.

Then X = (Xk) ∈ wI(F )
λα [A,M+ S, p, u,∆m

v ]. This completes the proof. �

Theorem 2.6. The sequence spaces w
I(F)
λα [A,M,p,u,∆m

v ]0 and w
I(F)
λα [A,M,p,u,∆m

v ]∞
are normal as well as monotone.

Proof. We give the proof of the theorem for w
I(F )
λα [A,M, p, u,∆m

v ]0 only. Let X =

(Xk) ∈ wI(F )
λα [A,M, p, u,∆m

v ]0 and Y = (Yk) be such that d(Yk, 0) ≤ d(Xk, 0) for all
k ∈ N. Then for given ε > 0, we have

B =

{
n ∈ N :

1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v Xk, 0)

ρ

)]pk
≥ ε

}
∈ I,

again the set

B1 =

{
n ∈ N :

1

λαn

∑
k∈In

ank

[
Mk

(
d(uk∆m

v Yk, 0)

ρ

)]pk
≥ ε

}
⊆ B.
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Then B1 ∈ I and thus Y = (Yk) ∈ w
I(F )
λα [A,M, p, u,∆m

v ]0. So the space

w
I(F )
λα [A,M, p, u,∆m

v ]0 is normal. Also from the Lemma 1.8, it follows that

w
I(F )
λα [A,M, p, u,∆m

v ]0 is monotone. This completes the proof. �

Theorem 2.7. If I is not maximal ideal then the space w
I(F )
λα [A,M, p, u,∆m

v ] is
neither normal nor monotone.

Example 2.8. Let us consider a sequence of fuzzy numbers

Xk(t) =


1+t

2 −1 ≤ t ≤ 1
3−t

2 1 ≤ t ≤ 3
0 otherwise.

If m = 0, then ∆m
v Xk = 1. Let A = (C, 1), the Cesàro matrix, M(x) = x, u =

(uk) = 1, p = (pk) = 1, for all k ∈ N and λαn = (1, 2, 3, ...). Then we have (Xk) ∈
w
I(F )
λα [A,M, p, u,∆m

v ]. Since I is not maximal by Lemma 1.9, their exist a subset K
of N such that K /∈ I and N−K /∈ I. Let us define sequence Y = (Yk) by

Yk =

{
Xk k ∈ K
0 otherwise.

Then (Yk) belongs to the canonical pre image of the k-step spaces of

w
I(F )
λα [A,M, p, u,∆m

v ]. But Yk /∈ w
I(F )
λα [A,M, p, u,∆m

v ]. Thus w
I(F)
λα [A,M,p,u,∆m

v ]

is not monotone. So by Lemma 1.8, w
I(F )
λα [A,M, p, u,∆m

v ] is not normal.

Theorem 2.9. If I is neither maximal nor I = IF then the spaces

w
I(F )
λα [A,M, p, u,∆m

v ] and w
I(F )
λα [A,M, p, u,∆m

v ]0 are not symmetric.

Example 2.10. Let us consider a sequence of fuzzy numbers

Xk(t) =

 1 + t −1 ≤ t ≤ 0
1− t 0 ≤ t ≤ 1

0 otherwise.

If m = 0, then ∆m
v Xk = 1. Let A = (C, 1), the Cesàro matrix, M(x) = x, u =

(uk) = 1, p = (pk) = 1, for all k ∈ N and λαn = (1, 2, 3, ...). Then for k ∈ A ∈ I
(an infinite set), (Xk) ∈ wI(F )[A,M, p, u,∆m

v ]. Let K ⊂ N be such that K /∈ I and
N −K /∈ I. Let us consider a sequence Y = (Yk), a rearrangement of the sequence
space (Xk) is defined as

Yk =

{
Xk k ∈ K
0 otherwise.

Then (Yk) ∈ w
I(F )
λα [A,M, p, u,∆m

v ]. Thus w
I(F )
λα [A,M, p, u,∆m

v ] is not symmetric.

Similarly, w
I(F )
λα [A,M, p, u,∆m

v ] is not symmetric.

Theorem 2.11. The spaces w
I(F )
λα [A,M, p, u,∆m

v ] and w
I(F )
λα [A,M, p, u,∆m

v ]0 are
not convergent free in general.

Example 2.12. Let us consider a sequence of fuzzy numbers

Xk(t) =


1+t

2 −1 ≤ t ≤ 1
3−t

2 1 ≤ t ≤ 3
0 otherwise.
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If m = 0, then ∆m
v Xk = 1. Let A = (C, 1), the Cesàro matrix, M(x) = x, u =

(uk) = 1, p = (pk) = 1, for all k ∈ N and λαn = (1, 2, 3, ...). Then we have (Xk) ∈
wI(F )[A,M, p, u,∆m

v ]. Let Yk(t) = 1
k for all k ∈ N. Then (Yk) ∈ wI(F)

λα [A,M,p,u,∆m
v ].

But Xk = 0 does not imply Yk = 0. Thus w
I(F)
λα [A,M,p,u,∆m

v ] is not convergent free.

Similarly, w
I(F )
λα [A,M, p, u,∆m

v ]0 is not convergent free.
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quotient space of fuzzy numbers based on Mareš equivalence relation, Fuzzy Sets and Systems
245 (2014) 63–82.

[13] D. Qiu and W. Zhang, Symmetric fuzzy numbers and additive equivalence of fuzzy numbers,

Soft Computing 17 (2013) 1471–1477.
[14] D. Qiu, L. Shu and Z. W. Mo, Notes on fuzzy complex analysis, Fuzzy Sets and Systems 160

(2009) 1578–1589.

[15] S. A. Mohiuddine, A. Asiri and B. Hazarika, Weighted statistical convergence through differ-
ence operator of sequences of fuzzy numbers with application to fuzzy approximation theorems,

Int. J. Gen. Syst. 48 (5) (2019) 492–506.

[16] T. Yaying, B. Hazarika, S. A. Mohiuddine, M. Mursaleen and K. J. Ansari, Sequence spaces
derived by the triple band generalized Fibonacci difference operator, Advances in Difference

Equations (2020) 2020:639.
[17] ] B. Hazarika, A. Alotaibi and S. A. Mohiuddine, Statistical convergence in measure for double

sequences of fuzzy-valued functions, Soft Computing 24 (2020) 6613–6622.
[18] S. A. Mohiuddine, B. Hazarika and A. Alotaibi, On statistical convergence of double sequences

of fuzzy valued functions, J. Intell. Fuzzy Syst. 32 (6) (2017) 4331–342.

[19] M. L. Puri and D. A. Ralescu, Differential of fuzzy numbers, J. Math. Anal. Appl. 91 (1983)

552–558.
[20] H. Kızmaz, On certain sequence spaces, Canad. Math. Bull. 24 (1981) 169–176.
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