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ABSTRACT. We have studied and investigated the soft integers as a significant
subset of soft real numbers, as we have developed many well-known theorems over
integers to deal with the soft theory like the Chinese remainder theorem over the
soft integers beside many other theories. Also, we have studied and investigated the
p-adic numbers in the aspect of the soft theory to introduce the ring of soft p-adic
numbers and study some of their properties.
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1. INTRODUCTION

In 1999, Molodtsov [!] proposed the soft set theory as a new approach to managing
uncertainties as he introduced the concept of the soft set to be a set associated with a set
of parameters applied in several directions, that makes it a comprehensive extension for the
theories of fuzzy sets [2], vague sets [3], and rough sets [4]. All these theories have their
applications in many directions such as physics, biology, and computer science. Whereas
the soft set theory is the most recent among these theories, nevertheless it has achieved
fascinating results in all branches of mathematics and other sciences. Moreover, many
authors studied the relationship between all of these theories such as [5, 6, 7, 8].

In [9], the authors defined new types of belong and non-belong relations and utilized
them to define strong types of soft separation axioms. Then, Al-shami and El-Shafei
[10, 11] presented two applications of these relations on the fields of soft separation axioms
and decision-making problems. The interrelations between soft topological space and its
parametric topological spaces were investigated in [12]. Recently, the concepts of soft
topological ordered spaces and sum of soft topological spaces have been introduced in
[13] and [14], respectively. Recently, many concepts have developed in soft theory. For
instance, Acar et al [15] studied the soft algebraic structures of rings by introducing the
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idea of soft rings. Shabir and Naz [16] studied the soft topological structures by adding
the notion of soft topology, which has been extensively studied and investigated by several
authors like [17, 18, 19]. After that, some authors went to examine the connection between
the soft topological structures and the soft algebraic structures such as the concepts of soft
topological soft groups and rings [20], soft topological soft modules [2 | ] and soft topological
rings [22].

Furthermore, Das and Samanta [23] introduced the notions of soft real numbers and soft
complex numbers and studied their fundamental properties; like the normal differentiation
and partial differentiation of soft functions. In the same year, they have introduced the
concept of soft metric space and discussed the sequences on soft real numbers in the
papers [24, 25].

After that and based on the concept of soft real numbers, many papers have appeared,
discussing the significant role of soft real numbers in extended many concepts and main
theorems in the soft setting in all mathematics areas. For example, Das and Samanta [26]
introduced the notion of integral of a soft function of complex numbers and established
Cauchy’s theorem, and Thakur and Samanta [27] discussed the differentiability of functions
of soft real numbers, also he extended fundamental theories in soft setting, like Rolle’s
theorem and Lagrange’s mean value.

On the other hand, over the last century, p-adic numbers [28] and p-adic analysis [29]
have come to play a central role in modern number theory. This importance comes from the
fact that they afford a natural and powerful language for talking about congruences between
integers, and allow the use of methods borrowed from calculus and analysis for studying
such problems. More recently, p-adic numbers have shown up in other areas of mathematics,
and even in physics.

Our motive is to complete the gaping in the studies of the applications and extensions of
the soft set theory to the number theory and abstract algebra.

In this paper, in Section 2, we presented well-known results of the essential preliminaries
related to soft set and soft real numbers. In Section 3, the soft prime integers have been
introduced; also, the fundamental theorem of soft arithmetic has been stated and proved such
that for all nonzero soft integer there exist a unique soft factorization of soft prime integers.
Moreover, some of the fundamental theorems like division theorem extended to soft integer
numbers. In Section 4, we have defined p-adic soft absolute value over rings like the rings
of soft real numbers and soft rational numbers. In Section 5, we have investigated the p-adic
numbers in the aspect of the soft theory to introduce the ring of soft p-adic numbers and
study some of their properties.

2. PRELIMINARIES

In this section we give some background material that will be made use of in the paper,
especially some terminology and notation. For more basic material on p-adic numbers (See
[28, 29]) and on ring theory (See [30]). In this paper, E is assumed to be a nonempty set of
parameters. Let X and Y denote initial universal sets. Mainly in this section, we remember
some concepts and results related to soft sets.

Definition 2.1 ([1]). A soft set F4 over X is defined to be a mapping F4 : A — P(X),
where A C E.
180
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Let S(X) denotes the class of all soft sets over X. Let F4 € S(X). We may write
Fp ={(a,Fa(a)) | ae€ A} and if A = E, we write F instead of F4. If F4 is defined such
that Fa(a) = ¢,Ya € A, then F, is called a null soft set over X and denoted by ¢4. And if
F4 is defined such that Fs(a) = X,Va € A, then Fj, is called an absolute soft set over X,
and denoted by X4 (See [31]). If Fx(a) is a singleton set for each a € A, then Fj, is called
a singleton soft set over X. We denote the class of all singleton soft sets over X by X. Note
thatif X C Y, then X C Y.

Let Fa, G € S(X). Then Fj, is called a soft subset of Gp, if A C B and Fa(a) C
Gpg(a) VYa € A. In this case, we write F4 C Gp.

If F4 € R, then Fy is called a soft real number (See [23]). Similarly, one can define soft
integers and soft rational numbers.

We will use the notations 7, 7, l@, - -+ to denote soft real numbers. If 7i(a) = {n},Va € A,
then 7i is denoted by 7.

Definition 2.2 ([32]). The Cartesian product of Fx € S(X) and Gg € S(Y) is defined to
be the soft set (Fa X GB)(AXB) € S(X xY), such that (Fs X GB)(Axg)(a, b) = Fa(a) X
Gp(b),¥(a,b) € Ax B. We write shortly F4 X Gp instead of (F4 X Gp)axp). Moreover,
R € S(X xY) is called a soft relation from Fa to Gp,if R C (Fqa X Gp).

2.1. Soft real numbers. Mainly in this subsection, we remember some concepts and results
related to soft real numbers. From now on, we will assume that all soft sets defined on the
set of parameters E. For simplicity we take E = {1,2,...,s}. If i1 € R, we put (i) = {n;}
and (72); = n;,VYi € E,and i1 = (ny,ny, - - -, ng).

Definition 2.3 ([23]). Suppose that 7, m € R, k € N and {fij}jes is a class of soft real
numbers.
(i) The addition of 7 and 7 is defined to be the soft real number 7 + 7, such that
(7 + m)(i) = {n; + m;} foreachi € E.

(ii) The multiplication of 7i and / is defined to be the soft real number #i - 7 (or 7int)
such that
(n - m)(@) = {n;m;} foreachi € E.
(iii) The division of 7 by i, where m; # 0,Vi € E, is defined to be the soft real number

il
— such that
m

(g)(i) = {ﬂ} for eachi € E.
m .

13

(iv) A soft power of 7i is a soft real number A™ such that
A™ (i) = {(n;)™}, for eachi € E.

The multiplication of {#i;};c; is denoted by [] 7;. And the soft real number7-7---- 7 (k
jer

=

times) is denoted by 7*. Note that A¥ = Ak,

). Leti,m € R and k,r € N. Then

k+r

>

Proposition 2.4 (
() ak - ar
(2) (%)
(3) (A - m)

N~ SH

n

s

Ak mk,

=~

s~k
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Definition 2.5 ([33]). Suppose that 7, 7 € R. Then

(i) 7 is said to be smaller than or equal (resp. smaller than) m and denoted by
< i (resp. i < M), ifn; < m; (resp.n; < m;) Vi € E,

is called a positive (resp.negative) soft real number, if n; > 0 (resp. n; < 0)
Vi € E. The set of all positive soft real numbers is denoted by R*.

S D

(ii)

Definition 2.6 ([33]). Suppose that 7, € R, k € N and {fij}jes is a class of soft real
numbers.

(i) The additive inverse of i is defined to be the soft real number —7 such that (—7); =
—n; foralli € E.

(ii) The multiplicative inverse of i such that n; # 0 Vi € E, is defined to be the soft real
number A~! such that (A~!); = (n;)~! foralli € E.

(iii) The meet (or infimum) of ii and m is defined to be the soft real number 71 A i1 (or
inf{A, m}) such that (A A 7); = n; Am; ¥i € E. And the infimum of {7;};¢; is
defined to be the soft real number A 7i; such that ( A i;); = A (n;); foralli € E.

jeJ jes jes

(iv) The join (or supremum ) of i1 and 1 is defined to be the soft real number 7 V i1 (or
sup{#, m}) such that (A V M1); = n; V.m;, ¥i € E. And the supremum of {;};¢; is
defined to be the soft real number

\/ flj such that ('\/ flj)i =V (l’lj)i foralli € E.
JjeJ jeJ jeJ

3. ON SOFT INTEGERS

Definition 3.1. The usual absolute value on R is defined to be the function | | : R — M}
such that for all 4 € R, (|7); = |n;| foralli € E, where |n;| is the usual absolute value of n;.

Note that Z, Q and R are commutative rings with zero element 0 and one element 1 with
respect to addition and multiplication of soft real numbers.

Proposition 3.2. Let it and m be two soft positive integers. Then
Hn+m =avm,
2)-( + m) < —-nA—m.

Proof. Let i and 1 be two soft positive integers.

(1) Leti € E. Then (42 + m); = n; + m;, where n;,m; € Z" and (A V #); = n; V m;.
Since n; + m; > n; V m; for each i € E, it follows directly that i + m > i V .

(2) It can be proven by the same manner as proof of (i). |

Definition 3.3. Let 4, b, p € 2.

(i) We say that d divides b and write a | b, if there exists ¢ € Z such that b = @ - ¢é.
Also, @ and ¢ are called divisors of b and b is called a multiple of 4. If a does not
divide 5, we write @ { b.

(ii) If p # 1 and p; is a prime or p; = 1, Vi € E. Then p is called a soft prime. If a soft
prime p has exactly one prime p;, then it is called an i'"* soft prime.

Remark 3.4. Let g, Z;, pe 7. Then
(1)a | bifand only if a; | b;, Vi € E,
(2) p is an i"" soft prime if and only if T and p are the only divisors of p.
182
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It is clear that the mapping
2 -7
i (ny,ng, -, ng)
is an isomorphism of rings. Also, we have Q ~ Q* and R ~ R®.

Proposition 3.5. Let & € 7. For every order of the primes in the prime factorizations of

aiy,- - ,as there exists a unique factorization of a into the product of soft powers of soft
primes.

ny;  Ny; Nr;i . . . .
Proof. Let a; = pll‘ pzl2 Py be the prime factorization of a;, i = 1,2,---,s and let
r = max{ry,rp,---,rs}. Then

a=@p)h <ﬁz>ﬁ2 < ()", where
R _Jpji if j <r; R _Jnji if j <r;
(7)), = oo, md (7)), = -
i 1 if j > 7 i 1 if j >r;.
Note that each soft integer has a unique factorization into product of soft i" primes, i € E,
because each soft prime is a product of i™ soft primes, i € E. O

Example 3.6. Let E = {1,2,3} and 4 = (30,45, 18). Then

a; =30=2x3x5 = P11 X P21 X p31, a2 =45 =32X5 =p%2><p22,a3 = 18=32X2=
p?3 X p3. Since ry = 3,7, = r3 = 2, we have r = 3. Thus @ = (p1)™" (52)™ (3)™, where
Pr = (p11, P12, p13) = (2,3,3), p2 = (pa1, p22. p23) = (3,5,2),p3 = (p31, p32, p33) = (5, 1, 1),
fy = (nn, niz,m3) = (1,2,2), fia = (n21, n22, n23) = (1,1, 1), i3 = (n31, n32, n33) = (1, 1, 1).
Definition 3.7. Let 4,b € Z. If d = sup{iv € Z : /i | @ and /i | b}, then d is called the
greatest common divisor of @ and b and denoted by ged(d, b). If ged(a, b) = 1, then we say
that 4 and b are relatively soft prime integers.

Note that d = ged(4, b) if and only if d; = ged(ay, b;), Vi € E.

Example 3.8. Let E = {1,2,3}, @ = (36,42,24) and b = (28, 16,48).
Then ged(d, b) = (ged(36,28), ged (42, 16), ged(24, 48)) = (4,2,24).

Proposition 3.9. Ler 4, b € 7 such that a; # 0 and b; # 0Yi € E. Let d be the greatest
common divisor of 4 and b. Then there exist soft integers £ and $ such that -2 +b-$ = d.

Proof. Let d= gcd(a, b) Then d; = ged(a;, b;), Vi € E. Thus there exists x;, y; € Z such
that aixi + b,yt =d;,Vie E. Letx = (x1,x2,---,x5)and ¥ = (y1,y2,--*,¥s). Then
R+b-9=d. |

Theorem 3.10 (Division theorem for soft real numbers). Ifd, b € Z such that b; #0Vi € E,
then there exist unique §,7 € 7 such that & = q - b+fand0 < 7 < | b |, where || is the
usual absolute value on R.

Here § is called the quotient of the division @ by b and 7 is called the remainder.

~ A

Proof. Let a,b € Z such that b; # 0, Vi € E. Then there exist unique g;, r; € Z such that
a; =qib;+riand0 <r; <| b; | Vi € E.

~>

Thus there exist unique § = (q1,¢2, - ¢s) and 7 = (ry,rp,---rg) such that d = § - b +
and0 < 7 <|b|.

O
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Definition 3.11. Let /2 € Z be a positive soft integer. The congruence modulo i is the
relation --- = --- (mod 72) on the set 7 defined as follows:

=9 (modm)eom|(x-39),
where X — § := X + (-9).
Remark 3.12. Note that
() x=m-qg+7ifand onlyif £ =7 (mod 1),
2)x =9 (mod m) © x; =y; (mod m;), Vi € E,
(3) the congruence modulo 7 is an equivalence relation. We denote the equivalence class
(or residue class) of @ € Z by [d],, i-e.

X=d (mod r)}
x; =a; (mod m;),Vie€ E}
={% | xi € laily,.ViecE},
where [a;],,, is the equivalence class of a; modulo m;.
Let Z; = {[fz],h |d e Z} and ¢ be a mapping defined as follows:
G2 Ly = Loy X Ly X -+ X Ly,
[l = (1@, > (@), (s, )
Since ¢ is a bijective mapping, | 2 |= mims - - - mg. Also, we can write
[alin = [a1]lm, X [a2]p, X - - X [as]m, -
Note that if [d],; € Z,ﬁ, such that @ ¢ m, then there is beZsuchthath < mand b = a
(mod 7). Thus we have Z,; = {[al,; | 0 < & < ).

Definition 3.13. Let 7z be a positive soft integer. The operations of addition modulo i and
the multiplication modulo m on 7. are defined respectively as follows:for all [d],; , [l;] €
Z”Al’

[l + [b]m - [& +b]m’ [ - [b]m = [d ' b]m'

It is clear that Z,; is a commutative ring under addition and multiplication modulo 7 with
zero element [()]m and one element [T]m Let mZ = {md | 4 € Z). Then mZ is a subgroup
of Z. Tt is clear that /7 is an ideal of 2. The rings Z/n%Z, 2., and Ly, X Ly X -+ X Ly,
are isomorphic. Also, if p € 7 such that p; is a prime number for all i € E, then Zﬁ \ {[0] p}
is a multiplicative group with respect to the multiplication modulo p. Note that

Z5 \ {1015} = Zp, \ {[01p,} X Zp, \{[0]p,} X -+ X Zp \ {[O], }.
Note that the congruence relation modulo 7z in the form
a-%=b (modm)
is called a linear congruence modulo nu.

Theorem 3.14. If gcd(d, ) = 1, then the linear congruence

a-%=>b (mod m)

has a unique solution £ = b - # (mod ), where # - 4 =1 (mod ).
184
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Proof. Since ged(a, m) = 1, we have ged(ai,m;) = 1,V¥i € E. Andsinced-X = b (mod ),
we have a;x; = b; (mod m;), Vi € E. Then there exists a unique solution x; = b;r;
(mod m;), where r;a; =1 (mod m;) for the linear congruence a;x; = b; (mod m;). Thus
there exists a unique solution X = b-# (mod ) for the soft congruence d - X = b (mod i),

where 7 - a=1 (mod ). o
Theorem 3.15 (Chinese soft remainder theorem for soft numbers). Let iy, nip, - - - , ity
be soft integers such that (mj); # O, for alli € E and j = 1,2,---,r. Assume that
ged(my,my) = 1, forall 1 <1 # k < r. Then for any soft integers ay,dr, -+, d,, the
congruences

X=a; (modmj), j=12,---,r
have a common solution, which is unique modulo m, where i = mfy - - - .

Proof. Since gcd(ify, my) = Tforalll, k € {1,2,3,---,r)with] # k, wehave gcd((my);, (my);) =
1, Vi € E. Since £ = d; (mod mi;), j = 1,2,---,r, we have x; = (a;); (mod (m;);)
j=12---,r,Vi € E. Then it follows, from the Chinese remainder theorem, that there
exists a common solution which is unique modulo (m;);(my); - - - (m;,);. Thus the congru-
ences £ = d; (mod ;) j = 1,2,---,r have a common solution which is unique modulo
my My - My O

Let 7y, i1z, - - - , i, be positive soft integers such that gcd(iy;, i) = 1 for all different
i,jin {1,2,---,r}. Let i = My - - - .. Then it follows, from Theorem 3.15, that
w:Z,;L —>Z,;“ XZmZX--'XZmr
[l & (1L, - (@, .- [dla, )

is an isomorphism of rings.

4. THE pP-ADIC SOFT ABSOLUTE VALUE

Definition 4.1. Let p € Z be a soft prime. The p-adic valuation on 7 is the function
Vp 7 — Ny U {oo} such that for all 7 € Z,
N vp,(n;) if p; is a prime
(vpy), =4 Pt
! 0 lfp,' = 1,
where v, is the p;-adic valuation on Z.
Note that if n; # 0, then n; = p;”"(ni)

then A = p¥» @i, where p 1 .

Example4.2. Lets = 3,4 = (20,0,18) and p = (1,3,2). Then v, () = (0, v3(0), v2(18)) =
(0,00, 1)

m;, where p; ¥ m;. Thusifn; # Oforalli € E,

Definition 4.3. Let p € Z be a soft prime. The p-adic valuation on @ is the function
Vp i Q — Z U {oo} such that for all 7 € Q,

.\ Jvp;(n;) if p; is a prime,
(mmm—{o —

where v),; is the p;-adic valuation on Q.
185
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Note that since v, (%) =vp(a) —vp(b), where a,b € Z, b # 0 and p is a prime, we have

.

where a,b € 2, b; # 0 foralli € E.

) =v3(a) — vp(b),

Sl

. . . Vpi (%) Ci
Also, since for each i € E, £+ = p, d—’, where a;, b;, ¢;,d; # 0 and p; t ¢;d;, we
1 .
1
have R
(a)é
= ﬁ"P(zs)_A,

Sl

where a;, b;, c;,d; # Oforalli € E and p { éd.

Proposition 4.4. Let p be a soft prime and X,y € Q. Then
(1) vp(XP) = vp(X) + vp(P),
Q) vp(E+3) =vp(X) Avp(P).

Proof. (1) For alli € E, we have

A vp, (x;y;) if p; is a prime
(vp(e9)) = Py L PR AR
! 0 ifp; =1

_Jvpi(xi) +vp, (yi) if p; is a prime
1o if p; = 1.

Then vy (£9) = v (X) + vp(P).
(2) For all i € E, we have

A vp, (x; +y;) if p; is a prime
(vﬁ(x+y))i:{0p o ifpl.zl

_vpi(xi) Avp,(yi)  if p; is a prime
1o if p; = 1.

Then v (£ + §) = v (&) A v (D).

Definition 4.5 ([29]). Let R be a ring with identity.
(1) An absolute value on R is a function | |: R — R* U {0} such that for all x, y € R,
G |x|=0 & x=0,
(i) lxyl = [xllyl,
(i) |x +yl < [x] + [yl
(2) An absolute value on R is called non-archimedian, if it satisfies the condition
lx+yl < |x|VIylVx,y € R.

Definition 4.6. Let R be a ring with identity.

(1) A function | |: R — m} is called a soft absolute value on the ring R if it
satisfies the following conditions: for all £, § € R,
O (XD =0 &= x; =0,
i) [ X9 =1 X119,
(i) [ X+9I<I X[+
186
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(2) A soft absolute value on R is called non-archimedian, if it satisfies the condition
|£+ 9 < X V9|, VX, 9 € R.

Remark 4.7. Let || be an absolute value on R. Then the function | |: R - m} defined
by (|71 ]); =| n; | foralli € E and 71 € R, is a soft absolute value on R

Definition 4.8. Let p be a soft prime. The p-adic soft absolute value on Q@ is the function
| 15: @ = R* U {0} such that forall # € Q and i € E,

(| i | ) | n; |p, if p; is a prime
n s =
Pl | ni | if p; = 1.

Where | |, is the p;-adic absolute value on Q and | | is the trivial absolute value on Q.

Remark 4.9. Let p be a soft prime and 7 € Q. Then | A lp= ﬁ‘vﬁ(ﬁ)ﬁﬁ such that 715 € No
is defined by:

. 1 if p; is a prime
(p)i = .
Ini | ifpi=1,

where | | is the trivial absolute value on Q.

Proposition 4.10. The p-adic soft absolute value on Q is a non-archimedean soft absolute
value.

A

Proof. Let | |5 be the p-adic soft absolute value on Q Let i, ii € Q.
(i) It is clear that (| 7 |ﬁ)i =0 & m; =0.

(ii)
A | m;n; |p1 if p; is a prime
| mi |
| min; | if p; = 1
mz lp;| ni |p,  if p; is a prime
m; || n; | ifp;=1
( |7l5), VieE.
(iii)
i +n; |,, if p; is a prime
(|ﬁ1+ﬁ|ﬁ) = |ml ni |Pl . pi P
! | m; +n; | if p; =1

< {I m; |p; + | n;lp, if p; is a prime
| mi |+ |n;| ifp; =1
=(Imlp+1als), ViekE.
187
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@iv)
o | m; +n; |p, if p; is a prime
(|m+n|ﬁ) = .
/ | m; +n; | ifp; =1
- | mi |p; VI nilp, if p;isaprime
| mi |V |n;] ifp; =1
:(|m|ﬁv|n|ﬁ)i VieE.
Then | i+ 7 [p<| it |p V [ 75 . -

Definition 4.11. Let R be a ring with identity.
(1) [29] A function d : R X R — R* U {0} is called a metric on R, if the following
conditions are satisfied: for all x, y, z € R,
(i) d(x,y) >0andd(x,y) =0 &< x =,
(i) d(x,y) =d(y,x),
(iii) d(x,y) < d(x,z) +d(z, L Y).
(2) A function d : Rx R — R* U {0 {0} is called a soft metric on R, if the following
conditions are satisfied: for all %, §, Z € R,
() d(%,9)>0andd(£,9) =0 = £ =7,
(i) d(£,9) =d(9, %),
(i) d(x,9) <d(,2) +d(Z, D).
Remark 4.12. Let R be a ring with identity and d : R x R —> R* U {0} be defined by
dix,9) = x -9 |, forall X,y € R, where | | is a soft absolute value on R. Then d is soft
metric on R.

Remark 4.13. Let p be a soft prime. Let d : Q x Q — M} be a function defined by
d(%,9) =| £ -3 |p, forall £, 9 € Q, where | | is the p-adic soft absolute value on Q. Then
d is soft metric on Q. This follows directly from Proposition 4.10 and Remark 4.12.

Up now on we consider that any soft metric d on R, where R is a a ring with 1dent1ty, is
defined by d(%,9) =| £ —y |forall X,y € R, where | | is a soft absolute value on R.

5. THE RING OF SOFT P-ADIC NUMBERS

Definition 5.1. Let | | be a soft absolute value on R defined as in Remark 4.7. A sequence of
soft real numbers (£,,) is called a Cauchy sequence, if for every € € R*, there exists M € N
such that | X, — X, |< € Ym,n > M.

Put (X,); = x,i, Vi € E. Note that each sequence (X,) of soft real numbers corresponds
to the sequences (x,;),i = 1,2,---,s.

Note also that the sequence (£,,) of soft real numbers is a Cauchy sequence if and only if
(x,;) is a Cauchy sequence, i = 1,2,---,s.

Proposition 5.2. Let | | be a non-archimedean soft absolute value on Q Let (X,,) be a
sequence with X, € Q Then (X,,) is a Cauchy sequence if and only zf hm | Xpe1 =%, |1=0
Proof. Let (%,) be a Cauchy sequence. Then for any é > 0, there exists k € N such that

| #m — fn |< & Vmn> k.
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Letm > nand m = n + r. Since | | is a non-archimedean absolute value, we have

A

| £ = Xn |51 Bnar — X | =1 Xnar = Znwr-1 + Xpwr-1 — Xpar25 o005 X — 2 |
< SUP{| £n+r - £n+r71 |, | )enJrr—l - ﬁn+r—2 |’ ) | £n+1 - )en |}

Then we have

| Xmi=Xni 1< SUP{| X(nar)i=Xnar-1)i b | X(nar=1)i=Xnar=2)i b+ | X(na1yi—Xni 1} Vi € E.

Thus lim | X1y — X |= im (| £p41 =%, 1); = 0Vi € E. So lim | £,41 — %, |= 0.
n—oo n—oo n—o

The inverse direction is clear. O

Definition 5.3. Let p be a soft prime. Let
Ry ={(X,) | £n € Q and (£,) is a Cauchy sequence with respectto | |5}

We define the addition and multiplication on Ry as fallows: for all (£,), (J,) € Rp,

(Xn) + O = En + In)s () (Fn) = EnFn)-
Remark 5.4. Let p be a soft prime. Let
Ry, = {(x,) | x, € Qand (x,) is a Cauchy sequence with respect to | |,,}.

If p; = 1, then | |; denotes the trivial absolute value on Q. Thus R, is a ring for every
i=1,2---,s.

Let  : Ry = Ry, X Ry, X -+ X Ry, such that y () = ((n1)s (xn2)s++ » (¥ng)),
¥(%n) € Rp. Then it is clear that ¢ is an isomorphism of rings.

Proposition 5.5. R is a ring with identity element (D).

Proof. Let (X,,),(Jn) € Rp. The sequence (£, + $,) corresponds to the sequences (x,1 +
Yn1)s (Xn2 + Yu2), -+ 5 (Xns + Yns). Since (Xp; + Yni) = (Xni) + (Yni) is a Cauchy sequence
with respect to | |, (if p; = 1, then | |; denotes the trivial absolute value on Q), we have
(£, + In) € Rp. Similarly, (£,9,) € Rp. Then it is easy to see that R is a ring with zero
element (0) and one element (1). |

Proposition 5.6. Let p be a soft prime. Then
My = {(&a) € Ry | Jim 12l = 0)
is an ideal of Rp.

Proof. Let (£,) € Mp. Since lim |%,]; = 0 if and only if lim [Xn;lp; =0,Vi € E,
n—oo n—oo

(in) € My, = {Cxn) € Ry, | Jim [l =0}
n—oo
Then y(Mp) = Mp, X Mp, X --- X Mp,_. Since Mp,, (i =1,2,---,5)is an ideal of R, we
have Mj is an ideal of Ry and My =~ M), X Mp, X --- X M), . |
The ring Q,; = Ry /My is called the ring of the soft p-adic numbers. Note that
Qp = Rs/Mp = Rpy X Ry, X - X Ry [ Mp, X Mp, X -+ X My,
= PI/MPI XRPZ/Mpz X"'XRPs/M s
:QPI XQPz X.'.XQPS'
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Note that Q and Q can be regarded as subrings of Ry and Qﬁ, since

Q- Rp Q- Qp
x = (X) ’ x0—>(£)+Mﬁ’
Q- Ry and Q- Qp
X (%) )?0—)()?)+Mﬁ

are monomorphisms of rings.

5.1. The ring of p-adic soft integers. Note that | |, : Q, — R* U {0} is defined by
[(xp) + Mplp = limnMp Y(x,) € Ry (see [29]).

Let| |5 : Qs — R* U {0}, where p is a soft prime with p; is a prime for all i € E such
that

|(Xn) + Mplp = lim |Xulp . V(Xn) € Rp.
Note thatif (£,) + Mp = (9,) + Mp, then lim |£,|; = lim |$,]5 and so [(£,) + Mplp =
n—00 n—0oo
[(Pn) + Mp|p5. Thus | |5 is well defined. Moreover, note that ( lim |X, |ﬁ) = lim [x,;lp, =
n—oo l n—oo
(Xni) + MLy i = 1,2+ 5. S0 (1(2) + Mplp) . = 1(¥ni) + My, |, Vi € E.
Proposition 5.7. | |5 is a non-archimedean absolute value on Qp.
Proof. Follows directly from the fact that | |, is a non-archimedean absolute value on Qp,
where p is a prime (see [29]). And (l()?n) + M,;|,3)i = |(xpi) + My, |p, Vi € E. m|
Definition 5.8. Let R be a ring with identity.
(i) A soft open ball of center G € R and radius # € R* is the set
B(4,7) = {% € R| d(&,a) < 7).

(ii) A softsubset S c R is called dense in R, if B(4,7) N S # ¥ € Rand 7 € R*.
Proposition 5.9. Let f be a mapping defined from Q to Qﬁ such that f(X) = (X) + Mp,
VX € Q Then f(Q) is dense in Qﬁ.

Proof. Let the metric on Q,, and Q,; be defined by | [, and | |5. Let (£,) + M € Qﬁ and

7 € R*. Since the image under the mapping f; : Q = Qp,, x = (x) + M), is dense in Qp,

for all i € E, there exists (y;) + Mp,, € B((x,;) + Mp,,r;) foralli € E. Then we get
d((xXni) + Mp,, (yi) + Mp,) = |(Xni = yi) + Mp,|p,

lim |(xm-—y,-)|pi <r; ViekE.

Thus [(£, — ) + Mplp = lim, o [(£, — 9)|p < 7. Let $ € Q such that (§); = y; Vi € E.
Then (§) + My € B((%,) + Mp, 7). Thus f(Q) is dense in Qp. O
Note that for any prime p, Z,, = {(xn) +Mp €Qp | [(xp) + My, < 1} is a commutative
subring of Q, (see [29]).
Assume that Zﬁ = {()2,,) +M;p € Qp [ 1(Zn) + Mplp < T}. Then it is clear that Z,; isa
commutative subring of Qﬁ with identity element (M + M;.

Definition 5.10. Z,; is called the ring of p-adic soft integers.
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Proposition 5.11. The followings hold:

(1) Z is a subring of Zp,

PSS a P

2)QnZp = {(E) +Mp IP’(b},

() Zp =Zp, XZpy X+ XZLp,,

@Iy = {()?,,) +M;p € Qﬁ [ 1(£n) + Mplp < T} is a principle ideal onﬁ generated by
(P) + Mj.
Proof. (1) Since the mapping Z — Zﬁ, X > (%) + Mj, is a monomorphism of rings, we
have the required.

(2) Note first that Q is a subring of Qﬁ and Q is a subfield of Q,, for any prime p. Now,
we have

A

(Gn)+Ms €QNZs = |(8) + Mplp < T
= [(x)+Mp,lp, <1, i=12--s

ai .
— (-xi)+Mp[€Qan,j (:{F-"_M]J[GQP['pi*bi}), l:1929"'
L

@xi:ﬁ’pi*bh i:1,2,"',s.
b;
Then G N2, = (%)+M,3 |15+B}.
(3) Since

Zp = Zp, XLy, X+ X Lp,
(Xp) & ((xnl) + Mpl’ (xn2) + Mpzv coe (X)) + Mps)
is an isomorphism of rings, we have the required.
DIy, = {(x,,i) + Mp, € Qp, | |(xni) + Mp,Ip, < 1} isaprincipleideal of Z,,; generated
by (p:;) + Mp,;. Then it follows from (3) that I, = I, X I,,, X---X I, . Thus I is a principle
ideal of Zﬁ generated by (p) + Mj. O

Proposition 5.12. The image of Z under the mapping
Z il Zﬁ
2 (R)+ M
is dense in Zﬁ.

Proof. Similar to proof of Proposition 5.9. O

6. CONCLUSIONS

We have produced the concept of the soft prime integers; also, the fundamental theorem
of soft arithmetic has been stated and proved such that for all nonzero soft integer there
exist a unique soft factorization of soft prime integers. Moreover, some of the fundamental
theorems like division theorem extended to soft integer numbers. We have defined p-adic
soft absolute value over rings like the rings of soft real numbers and soft rational numbers.
We have investigated the p-adic numbers in the aspect of the soft theory to introduce the
ring of soft p-adic numbers and study some of their properties.
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