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Abstract. We have studied and investigated the soft integers as a significant
subset of soft real numbers, as we have developed many well-known theorems over
integers to deal with the soft theory like the Chinese remainder theorem over the
soft integers beside many other theories. Also, we have studied and investigated the
p-adic numbers in the aspect of the soft theory to introduce the ring of soft p̂-adic
numbers and study some of their properties.
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1. Introduction

In 1999, Molodtsov [1] proposed the soft set theory as a new approach to managing
uncertainties as he introduced the concept of the soft set to be a set associated with a set
of parameters applied in several directions, that makes it a comprehensive extension for the
theories of fuzzy sets [2], vague sets [3], and rough sets [4]. All these theories have their
applications in many directions such as physics, biology, and computer science. Whereas
the soft set theory is the most recent among these theories, nevertheless it has achieved
fascinating results in all branches of mathematics and other sciences. Moreover, many
authors studied the relationship between all of these theories such as [5, 6, 7, 8].

In [9], the authors defined new types of belong and non-belong relations and utilized
them to define strong types of soft separation axioms. Then, Al-shami and El-Shafei
[10, 11] presented two applications of these relations on the fields of soft separation axioms
and decision-making problems. The interrelations between soft topological space and its
parametric topological spaces were investigated in [12]. Recently, the concepts of soft
topological ordered spaces and sum of soft topological spaces have been introduced in
[13] and [14], respectively. Recently, many concepts have developed in soft theory. For
instance, Acar et al [15] studied the soft algebraic structures of rings by introducing the
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idea of soft rings. Shabir and Naz [16] studied the soft topological structures by adding
the notion of soft topology, which has been extensively studied and investigated by several
authors like [17, 18, 19]. After that, some authors went to examine the connection between
the soft topological structures and the soft algebraic structures such as the concepts of soft
topological soft groups and rings [20], soft topological soft modules [21] and soft topological
rings [22].

Furthermore, Das and Samanta [23] introduced the notions of soft real numbers and soft
complex numbers and studied their fundamental properties; like the normal differentiation
and partial differentiation of soft functions. In the same year, they have introduced the
concept of soft metric space and discussed the sequences on soft real numbers in the
papers [24, 25].

After that and based on the concept of soft real numbers, many papers have appeared,
discussing the significant role of soft real numbers in extended many concepts and main
theorems in the soft setting in all mathematics areas. For example, Das and Samanta [26]
introduced the notion of integral of a soft function of complex numbers and established
Cauchy’s theorem, and Thakur and Samanta [27] discussed the differentiability of functions
of soft real numbers, also he extended fundamental theories in soft setting, like Rolle’s
theorem and Lagrange’s mean value.

On the other hand, over the last century, p-adic numbers [28] and p-adic analysis [29]
have come to play a central role in modern number theory. This importance comes from the
fact that they afford a natural and powerful language for talking about congruences between
integers, and allow the use of methods borrowed from calculus and analysis for studying
such problems. More recently, p-adic numbers have shown up in other areas of mathematics,
and even in physics.

Our motive is to complete the gaping in the studies of the applications and extensions of
the soft set theory to the number theory and abstract algebra.

In this paper, in Section 2, we presented well-known results of the essential preliminaries
related to soft set and soft real numbers. In Section 3, the soft prime integers have been
introduced; also, the fundamental theorem of soft arithmetic has been stated and proved such
that for all nonzero soft integer there exist a unique soft factorization of soft prime integers.
Moreover, some of the fundamental theorems like division theorem extended to soft integer
numbers. In Section 4, we have defined p̂-adic soft absolute value over rings like the rings
of soft real numbers and soft rational numbers. In Section 5, we have investigated the p-adic
numbers in the aspect of the soft theory to introduce the ring of soft p̂-adic numbers and
study some of their properties.

2. Preliminaries

In this section we give some background material that will be made use of in the paper,
especially some terminology and notation. For more basic material on p-adic numbers (See
[28, 29]) and on ring theory (See [30]). In this paper, E is assumed to be a nonempty set of
parameters. Let X and Y denote initial universal sets. Mainly in this section, we remember
some concepts and results related to soft sets.

Definition 2.1 ([1]). A soft set FA over X is defined to be a mapping FA : A −→ P(X ),
where A ⊆ E.
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Let S(X ) denotes the class of all soft sets over X . Let FA ∈ S(X ). We may write
FA = {(a, FA (a)) | a ∈ A} and if A = E, we write F instead of FA. If FA is defined such
that FA(a) = φ,∀a ∈ A, then FA is called a null soft set over X and denoted by φ̃A. And if
FA is defined such that FA(a) = X,∀a ∈ A, then FA is called an absolute soft set over X ,
and denoted by X̃A (See [31]). If FA(a) is a singleton set for each a ∈ A, then FA is called
a singleton soft set over X . We denote the class of all singleton soft sets over X by X̂ . Note
that if X ⊆ Y , then X̂ ⊆ Ŷ .

Let FA, GB ∈ S(X ). Then FA is called a soft subset of GB , if A ⊆ B and FA(a) ⊆
GB (a) ∀a ∈ A. In this case, we write FA ⊆ GB .

If FA ∈ R̂, then FA is called a soft real number (See [23]). Similarly, one can define soft
integers and soft rational numbers.

We will use the notations n̂, m̂, k̂, · · · to denote soft real numbers. If n̂(a) = {n},∀a ∈ A,
then n̂ is denoted by ñ.

Definition 2.2 ([32]). The Cartesian product of FA ∈ S(X ) and GB ∈ S(Y ) is defined to
be the soft set (FA × GB)(A×B) ∈ S(X × Y ), such that (FA × GB)(A×B) (a, b) = FA(a) ×
GB (b),∀(a, b) ∈ A × B. We write shortly FA × GB instead of (FA × GB)(A×B) . Moreover,
R ∈ S(X × Y ) is called a soft relation from FA to GB , if R ⊆ (FA × GB).

2.1. Soft real numbers. Mainly in this subsection, we remember some concepts and results
related to soft real numbers. From now on, we will assume that all soft sets defined on the
set of parameters E. For simplicity we take E = {1, 2, ..., s}. If n̂ ∈ R̂, we put n̂(i) = {ni }
and (n̂)i = ni , ∀i ∈ E, and n̂ = (n1, n2, · · · , ns ).

Definition 2.3 ([23]). Suppose that n̂, m̂ ∈ R̂, k ∈ N and {n̂ j } j ∈J is a class of soft real
numbers.

(i) The addition of n̂ and m̂ is defined to be the soft real number n̂ + m̂, such that

(n̂ + m̂)(i) = {ni + mi } for each i ∈ E.

(ii) The multiplication of n̂ and m̂ is defined to be the soft real number n̂ · m̂ (or n̂m̂)
such that

(n̂ · m̂)(i) = {nimi } for each i ∈ E.

(iii) The division of n̂ by m̂, where mi , 0,∀i ∈ E, is defined to be the soft real number
n̂
m̂

such that

(
n̂
m̂

)(i) = {
ni
mi
} for each i ∈ E.

(iv) A soft power of n̂ is a soft real number n̂m̂ such that

n̂m̂ (i) = {(ni )mi }, for each i ∈ E.

The multiplication of {n̂ j } j ∈J is denoted by
∏
j ∈J

n̂ j . And the soft real number n̂ · n̂ · · · · n̂ (k

times) is denoted by n̂k . Note that n̂k = n̂k̃ .

Proposition 2.4 ([23]). Let n̂, m̂ ∈ R̂ and k, r ∈ N. Then
(1) n̂k · n̂r = n̂k+r ,
(2) (n̂k )r = n̂kr ,
(3) (n̂ · m̂)k = n̂k · m̂k .
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Definition 2.5 ([33]). Suppose that n̂, m̂ ∈ R̂. Then
(i) n̂ is said to be smaller than or equal (resp. smaller than) m̂ and denoted by

n̂ ≤ m̂ (resp. n̂ < m̂), if ni ≤ mi
(
resp. ni < mi

)
∀i ∈ E,

(ii) n̂ is called a positive (resp.negative) soft real number, if ni > 0 (resp. ni < 0)
∀i ∈ E. The set of all positive soft real numbers is denoted by R̂+.

Definition 2.6 ([33]). Suppose that n̂, m̂ ∈ R̂, k ∈ N and {n̂ j } j ∈J is a class of soft real
numbers.

(i) The additive inverse of n̂ is defined to be the soft real number −n̂ such that (−n̂)i =
−ni for all i ∈ E.

(ii) The multiplicative inverse of n̂ such that ni , 0 ∀i ∈ E, is defined to be the soft real
number n̂−1 such that (n̂−1)i = (ni )−1 for all i ∈ E.

(iii) The meet (or in f imum) of n̂ and m̂ is defined to be the soft real number n̂ ∧ m̂ (or
inf{n̂, m̂}) such that (n̂ ∧ m̂)i = ni ∧ mi ∀i ∈ E. And the infimum of {n̂ j } j ∈J is
defined to be the soft real number

∧
j ∈J

n̂ j such that (
∧
j ∈J

n̂ j )i =
∧
j ∈J

(n j )i for all i ∈ E.

(iv) The join (or supremum ) of n̂ and m̂ is defined to be the soft real number n̂∨ m̂ (or
sup{n̂, m̂}) such that (n̂ ∨ m̂)i = ni ∨ mi , ∀i ∈ E. And the supremum of {n̂ j } j ∈J is
defined to be the soft real number∨
j ∈J

n̂ j such that (
∨
j ∈J

n̂ j )i =
∨
j ∈J

(n j )i for all i ∈ E.

3. On soft integers

Definition 3.1. The usual absolute value on R̂ is defined to be the function | | : R̂→ GR+ ∪ {0}
such that for all n̂ ∈ R̂, ( |n̂|)i = |ni | for all i ∈ E, where |ni | is the usual absolute value of ni .

Note that Ẑ, Q̂ and R̂ are commutative rings with zero element 0̃ and one element 1̃ with
respect to addition and multiplication of soft real numbers.

Proposition 3.2. Let n̂ and m̂ be two soft positive integers. Then
(1) n̂ + m̂ ≥ n̂ ∨ m̂,
(2) −(n̂ + m̂ ) ≤ −n̂ ∧ −m̂.

Proof. Let n̂ and m̂ be two soft positive integers.
(1) Let i ∈ E. Then (n̂ + m̂)i = ni + mi , where ni,mi ∈ Z

+ and (n̂ ∨ m̂)i = ni ∨ mi .
Since ni + mi ≥ ni ∨ mi for each i ∈ E, it follows directly that n̂ + m̂ ≥ n̂ ∨ m̂.

(2) It can be proven by the same manner as proof of (i). �

Definition 3.3. Let â, b̂, p̂ ∈ Ẑ.
(i) We say that â divides b̂ and write â | b̂, if there exists ĉ ∈ Ẑ such that b̂ = â · ĉ.

Also, â and ĉ are called divisors of b̂ and b̂ is called a multiple of â. If â does not
divide b̂, we write â - b̂.

(ii) If p̂ , 1̃ and pi is a prime or pi = 1, ∀i ∈ E. Then p̂ is called a soft prime. If a soft
prime p̂ has exactly one prime pi , then it is called an ith soft prime.

Remark 3.4. Let â, b̂, p̂ ∈ Ẑ. Then
(1) â | b̂ if and only if ai | bi , ∀i ∈ E,
(2) p̂ is an ith soft prime if and only if 1̃ and p̂ are the only divisors of p̂.
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It is clear that the mapping
Ẑ→ Zs

n̂ 7→ (n1, n2, · · · , ns )

is an isomorphism of rings. Also, we have Q̂ ' Qs and R̂ ' Rs .

Proposition 3.5. Let â ∈ Ẑ. For every order of the primes in the prime factorizations of
a1, · · · , as there exists a unique factorization of â into the product of soft powers of soft
primes.

Proof. Let ai = pn1i
1i pn2i

2i · · · p
nri i

ri i
be the prime factorization of ai , i = 1, 2, · · · , s and let

r = max{r1, r2, · · · , rs }. Then
â = (p̂1)n̂1 (p̂2)n̂2 · · · (p̂r )n̂r , where(

p̂j

)
i
=



pj i if j ≤ ri
1 if j > ri

and
(
n̂ j

)
i
=



n j i if j ≤ ri
1 if j > ri .

Note that each soft integer has a unique factorization into product of soft ith primes, i ∈ E,
because each soft prime is a product of ith soft primes, i ∈ E. �

Example 3.6. Let E = {1, 2, 3} and â = (30, 45, 18). Then
a1 = 30 = 2× 3× 5 = p11 × p21 × p31, a2 = 45 = 32 × 5 = p212 × p22, a3 = 18 = 32 × 2 =

p213 × p23. Since r1 = 3, r2 = r3 = 2, we have r = 3. Thus â = (p̂1)n̂1 (p̂2)n̂2 (p̂3)n̂3 , where
p̂1 = (p11, p12, p13) = (2, 3, 3), p̂2 = (p21, p22, p23) = (3, 5, 2),p̂3 = (p31, p32, p33) = (5, 1, 1),
n̂1 = (n11, n12, n13) = (1, 2, 2), n̂2 = (n21, n22, n23) = (1, 1, 1), n̂3 = (n31, n32, n33) = (1, 1, 1).

Definition 3.7. Let â, b̂ ∈ Ẑ. If d̂ = sup{m̂ ∈ Ẑ : m̂ | â and m̂ | b̂}, then d̂ is called the
greatest common divisor of â and b̂ and denoted by gcd(â, b̂). If gcd(â, b̂) = 1̃, then we say
that â and b̂ are relatively soft prime integers.

Note that d̂ = gcd(â, b̂) if and only if di = gcd(ai, bi ),∀i ∈ E.

Example 3.8. Let E = {1, 2, 3}, â = (36, 42, 24) and b̂ = (28, 16, 48).
Then gcd(â, b̂) =

(
gcd(36, 28), gcd(42, 16), gcd(24, 48)

)
= (4, 2, 24).

Proposition 3.9. Let â, b̂ ∈ Ẑ such that ai , 0 and bi , 0,∀i ∈ E. Let d̂ be the greatest
common divisor of â and b̂. Then there exist soft integers x̂ and ŷ such that â · x̂ + b̂ · ŷ = d̂.

Proof. Let d̂ = gcd(â, b̂). Then di = gcd(ai, bi ), ∀i ∈ E. Thus there exists xi, yi ∈ Z such
that ai xi + bi yi = di , ∀i ∈ E. Let x̂ = (x1, x2, · · · , xs ) and ŷ = (y1, y2, · · · , ys ). Then
â · x̂ + b̂ · ŷ = d̂. �

Theorem 3.10 (Division theorem for soft real numbers). If â, b̂ ∈ Ẑ such that bi , 0 ∀i ∈ E,
then there exist unique q̂, r̂ ∈ Ẑ such that â = q̂ · b̂ + r̂ and 0̃ ≤ r̂ < | b̂ |, where | | is the
usual absolute value on R̂.

Here q̂ is called the quotient of the division â by b̂ and r̂ is called the remainder .

Proof. Let â, b̂ ∈ Ẑ such that bi , 0, ∀i ∈ E. Then there exist unique qi, ri ∈ Z such that
ai = qibi + ri and 0 ≤ ri < | bi | ∀i ∈ E.

Thus there exist unique q̂ = (q1, q2, · · · qs ) and r̂ = (r1, r2, · · · rs ) such that â = q̂ · b̂ + r̂
and 0̃ ≤ r̂ < | b̂ |. �
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Definition 3.11. Let m̂ ∈ Ẑ be a positive soft integer. The congruence modulo m̂ is the
relation · · · ≡ · · · (mod m̂) on the set Ẑ defined as follows:

x̂ ≡ ŷ (mod m̂) ⇔ m̂ | ( x̂ − ŷ),

where x̂ − ŷ := x̂ + (−ŷ).

Remark 3.12. Note that
(1) x̂ = m̂ · q̂ + r̂ if and only if x̂ ≡ r̂ (mod m̂),
(2) x̂ ≡ ŷ (mod m̂) ⇔ xi ≡ yi (mod mi ), ∀i ∈ E,
(3) the congruence modulo m̂ is an equivalence relation. We denote the equivalence class

(or residue class) of â ∈ Ẑ by [â]m̂ , i.e.
[â]m̂ = { x̂ | x̂ ≡ â (mod m̂)}

= { x̂ | xi ≡ ai (mod mi ),∀i ∈ E}

=
{
x̂ | xi ∈ [ai]mi

,∀i ∈ E
}
,

where [ai]mi
is the equivalence class of ai modulo mi .

Let Ẑm̂ =
{
[â]m̂ | â ∈ Ẑ

}
and φ be a mapping defined as follows:

φ : Ẑm̂ → Zm1 × Zm2 × · · · × Zms

[â]m̂ 7→
(
[a1]m1 , [a2]m2 , · · · , [as]ms

)
,

Since φ is a bijective mapping, | Ẑm̂ |= m1m2 · · ·ms . Also, we can write
[â]m̂ = [a1]m1 × [a2]m2 × · · · × [as]ms

.

Note that if [â]m̂ ∈ Ẑm̂ , such that â ≮ m̂, then there is b̂ ∈ Ẑ such that b̂ < m̂ and b̂ ≡ â
(mod m̂). Thus we have Ẑm̂ =

{
[â]m̂ | 0̃ ≤ â < m̂

}
.

Definition 3.13. Let m̂ be a positive soft integer. The operations of addition modulo m̂ and
the multiplication modulo m̂ on Ẑm̂ are defined respectively as follows:for all [â]m̂ ,

[
b̂
]
m̂
∈

Ẑm̂ ,
[â]m̂ +

[
b̂
]
m̂
=

[
â + b̂

]
m̂
, [â]m̂ ·

[
b̂
]
m̂
=

[
â · b̂

]
m̂
.

It is clear that Ẑm̂ is a commutative ring under addition and multiplication modulo m̂ with
zero element

[
0̃
]
m̂
and one element

[
1̃
]
m̂
. Let m̂Ẑ = {m̂â | â ∈ Ẑ}. Then m̂Ẑ is a subgroup

of Ẑ. It is clear that m̂Ẑ is an ideal of Ẑ. The rings Ẑ/m̂Ẑ, Ẑm̂ , and Zm1 × Zm2 × · · · × Zms

are isomorphic. Also, if p̂ ∈ Ẑ such that pi is a prime number for all i ∈ E, then Ẑp̂ \ {[0̃]p̂ }
is a multiplicative group with respect to the multiplication modulo p̂. Note that

Ẑp̂ \ {[0̃]p̂ } ' Zp1 \ {[0]p1 } × Zp2 \ {[0]p2 } × · · · × Zps \ {[0]ps }.

Note that the congruence relation modulo m̂ in the form

â · x̂ ≡ b̂ (mod m̂)

is called a linear congruence modulo m̂.

Theorem 3.14. If gcd(â, m̂) = 1̃, then the linear congruence

â · x̂ ≡ b̂ (mod m̂)

has a unique solution x̂ = b̂ · r̂ (mod m̂), where r̂ · â ≡ 1̃ (mod m̂).
184



Fawzan Sidky et al. /Ann. Fuzzy Math. Inform. 21 (2021), No. 2, 179–193

Proof. Since gcd(â, m̂) = 1̃, we have gcd(ai,mi ) = 1,∀i ∈ E. And since â · x̂ ≡ b̂ (mod m̂),
we have ai xi ≡ bi (mod mi ), ∀i ∈ E. Then there exists a unique solution xi ≡ biri
(mod mi ), where riai ≡ 1 (mod mi ) for the linear congruence ai xi ≡ bi (mod mi ). Thus
there exists a unique solution x̂ = b̂ · r̂ (mod m̂) for the soft congruence â · x̂ ≡ b̂ (mod m̂),
where r̂ · â ≡ 1̃ (mod m̂). �

Theorem 3.15 (Chinese soft remainder theorem for soft numbers). Let m̂1, m̂2, · · · , m̂r

be soft integers such that (m̂ j )i , 0, for all i ∈ E and j = 1, 2, · · · , r . Assume that
gcd(m̂l, m̂k ) = 1̃, for all 1 ≤ l , k ≤ r . Then for any soft integers â1, â2, · · · , âr , the
congruences

x̂ ≡ â j (mod m̂ j ), j = 1, 2, · · · , r
have a common solution, which is unique modulo m̂, where m̂ = m̂1m̂2 · · · m̂r .

Proof. Since gcd(m̂l, m̂k ) = 1̃ for all l, k ∈ {1, 2, 3, · · · , r }with l , k, we have gcd((ml )i, (mk )i ) =
1, ∀i ∈ E. Since x̂ ≡ â j (mod m̂ j ), j = 1, 2, · · · , r , we have xi ≡ (a j )i (mod (m j )i )
j = 1, 2, · · · , r , ∀i ∈ E. Then it follows, from the Chinese remainder theorem, that there
exists a common solution which is unique modulo (m1)i (m2)i · · · (mr )i . Thus the congru-
ences x̂ ≡ â j (mod m̂ j ) j = 1, 2, · · · , r have a common solution which is unique modulo
m̂1 m̂2 · · · m̂r . �

Let m̂1, m̂2, · · · , m̂r be positive soft integers such that gcd(m̂i, m̂ j ) = 1̃ for all different
i, j in {1, 2, · · · , r }. Let m̂ = m̂1m̂2 · · · m̂r . Then it follows, from Theorem 3.15, that

ϕ : Ẑm̂ → Zm̂1 × Zm̂2 × · · · × Zm̂r

[â]m̂ 7→
(
[â]m̂1 , [â]m̂2 , · · · , [â]m̂r

)
,

is an isomorphism of rings.

4. The p̂-adic soft absolute value

Definition 4.1. Let p̂ ∈ Ẑ be a soft prime. The p̂-adic valuation on Ẑ is the function
νp̂ : Ẑ→ GN0 ∪ {∞} such that for all n̂ ∈ Ẑ,(

νp̂ (n̂)
)
i
=



νpi (ni ) if pi is a prime
0 if pi = 1,

where νpi is the pi-adic valuation on Z.

Note that if ni , 0, then ni = p
νpi

(ni )
i mi , where pi - mi . Thus if ni , 0 for all i ∈ E,

then n̂ = p̂ν p̂ (n̂)m̂, where p̂ - m̂.

Example 4.2. Let s = 3, n̂ = (20, 0, 18) and p̂ = (1, 3, 2). Then νp̂ (n̂) = (0, ν3(0), ν2(18)) =
(0,∞, 1)

Definition 4.3. Let p̂ ∈ Ẑ be a soft prime. The p̂-adic valuation on Q̂ is the function
νp̂ : Q̂→ GZ ∪ {∞} such that for all n̂ ∈ Q̂,(

νp̂ (n̂)
)
i
=



νpi (ni ) if pi is a prime,
0 if pi = 1,

where νpi is the pi-adic valuation on Q.
185
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Note that since νp
(
a
b

)
= νp (a) − νp (b), where a, b ∈ Z, b , 0 and p is a prime, we have

νp̂

(
â

b̂

)
= νp̂ (â) − νp̂ (b̂),

where â, b̂ ∈ Ẑ, bi , 0 for all i ∈ E.

Also, since for each i ∈ E, ai

bi
= p

νpi

(
ai
bi

)
i

ci
di
, where ai, bi, ci, di , 0 and pi - cidi , we

have
â

b̂
= p̂ν p̂

(
â
b̂

) ĉ

d̂
,

where ai, bi, ci, di , 0 for all i ∈ E and p̂ - ĉd̂.

Proposition 4.4. Let p̂ be a soft prime and x̂, ŷ ∈ Q̂. Then
(1) νp̂ ( x̂ ŷ) = νp̂ ( x̂) + νp̂ ( ŷ),
(2) νp̂ ( x̂ + ŷ) = νp̂ ( x̂) ∧ νp̂ ( ŷ).

Proof. (1) For all i ∈ E, we have(
νp̂ ( x̂ ŷ)

)
i
=



νpi (xi yi ) if pi is a prime
0 if pi = 1

=



νpi (xi ) + νpi (yi ) if pi is a prime
0 if pi = 1.

Then νp̂ ( x̂ ŷ) = νp̂ ( x̂) + νp̂ ( ŷ).
(2) For all i ∈ E, we have(

νp̂ ( x̂ + ŷ)
)
i
=



νpi (xi + yi ) if pi is a prime
0 if pi = 1

=



νpi (xi ) ∧ νpi (yi ) if pi is a prime
0 if pi = 1.

Then νp̂ ( x̂ + ŷ) = νp̂ ( x̂) ∧ νp̂ ( ŷ).
�

Definition 4.5 ([29]). Let R be a ring with identity.
(1) An absolute value on R is a function | |: R→ R+ ∪ {0} such that for all x, y ∈ R,

(i) |x | = 0 ⇐⇒ x = 0,
(ii) |xy | = |x | |y |,
(iii) |x + y | ≤ |x | + |y |.

(2) An absolute value on R is called non-archimedian, if it satisfies the condition
|x + y | ≤ |x | ∨ |y | ∀x, y ∈ R.

Definition 4.6. Let R be a ring with identity.
(1) A function | |: R̂ → GR+ ∪ {0} is called a soft absolute value on the ring R̂ if it

satisfies the following conditions: for all x̂, ŷ ∈ R̂,
(i) (| x̂ |)i = 0 ⇐⇒ xi = 0,
(ii) | x̂ ŷ |=| x̂ | | ŷ |,
(iii) | x̂ + ŷ |≤| x̂ | + | ŷ |.
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(2) A soft absolute value on R̂ is called non-archimedian, if it satisfies the condition
| x̂ + ŷ | ≤ | x̂ | ∨ | ŷ |, ∀x̂, ŷ ∈ R̂.

Remark 4.7. Let | | be an absolute value on R. Then the function | |: R̂→ GR+ ∪ {0} defined
by ( | n̂ |)i =| ni | for all i ∈ E and n̂ ∈ R̂, is a soft absolute value on R̂

Definition 4.8. Let p̂ be a soft prime. The p̂-adic soft absolute value on Q̂ is the function
| |p̂ : Q̂→ GR+ ∪ {0} such that for all n̂ ∈ Q̂ and i ∈ E,

(
| n̂ |p̂

)
i
=



| ni |pi if pi is a prime
| ni | if pi = 1.

Where | |pi is the pi-adic absolute value on Q and | | is the trivial absolute value on Q.

Remark 4.9. Let p̂ be a soft prime and n̂ ∈ Q̂. Then | n̂ |p̂= p̂−ν p̂ (n̂) n̂p̂ such that n̂p̂ ∈ N̂0
is defined by:

(n̂p̂ )i =



1 if pi is a prime
| ni | if pi = 1,

where | | is the trivial absolute value on Q.

Proposition 4.10. The p̂-adic soft absolute value on Q̂ is a non-archimedean soft absolute
value.

Proof. Let | |p̂ be the p̂-adic soft absolute value on Q̂. Let m̂, n̂ ∈ Q̂.
(i) It is clear that

(
| m̂ |p̂

)
i
= 0 ⇐⇒ mi = 0.

(ii)

(
| m̂n̂ |p̂

)
i
=



| mini |pi if pi is a prime
| mini | if pi = 1

=



| mi |pi | ni |pi if pi is a prime
| mi | | ni | if pi = 1

=
(
| m̂ |p̂ | n̂ |p̂

)
i
∀i ∈ E.

(iii)

(
| m̂ + n̂ |p̂

)
i
=



| mi + ni |pi if pi is a prime
| mi + ni | if pi = 1

≤



| mi |pi + | ni |pi if pi is a prime
| mi | + | ni | if pi = 1

=
(
| m̂ |p̂ + | n̂ |p̂

)
i
∀i ∈ E.
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(iv)(
| m̂ + n̂ |p̂

)
i
=



| mi + ni |pi if pi is a prime
| mi + ni | if pi = 1

≤



| mi |pi ∨ | ni |pi if pi is a prime
| mi | ∨ | ni | if pi = 1

=
(
| m̂ |p̂ ∨ | n̂ |p̂

)
i
∀i ∈ E.

Then | m̂ + n̂ |p̂≤| m̂ |p̂ ∨ | n̂ |p̂ . �

Definition 4.11. Let R be a ring with identity.
(1) [29] A function d : R × R → R+ ∪ {0} is called a metric on R, if the following

conditions are satisfied: for all x, y, z ∈ R,
(i) d(x, y) ≥ 0 and d(x, y) = 0 ⇐⇒ x = y,
(ii) d(x, y) = d(y, x),
(iii) d(x, y) ≤ d(x, z) + d(z, y).

(2) A function d : R̂ × R̂ → GR+ ∪ {0} is called a soft metric on R̂, if the following
conditions are satisfied: for all x̂, ŷ, ẑ ∈ R̂,
(i) d( x̂, ŷ) ≥ 0̃ and d( x̂, ŷ) = 0̃ ⇐⇒ x̂ = ŷ,
(ii) d( x̂, ŷ) = d( ŷ, x̂),
(iii) d( x̂, ŷ) ≤ d( x̂, ẑ) + d( ẑ, ŷ).

Remark 4.12. Let R be a ring with identity and d : R̂ × R̂ → GR+ ∪ {0} be defined by
d( x̂, ŷ) =| x̂ − ŷ |, for all x̂, ŷ ∈ R̂, where | | is a soft absolute value on R̂. Then d is soft
metric on R̂.

Remark 4.13. Let p̂ be a soft prime. Let d : Q̂ × Q̂ → GR+ ∪ {0} be a function defined by
d( x̂, ŷ) =| x̂ − ŷ |p̂ , for all x̂, ŷ ∈ Q̂, where | |p̂ is the p̂-adic soft absolute value on Q̂. Then
d is soft metric on Q̂. This follows directly from Proposition 4.10 and Remark 4.12.

Up now on we consider that any soft metric d on R̂, where R is a a ring with identity, is
defined by d( x̂, ŷ) =| x̂ − ŷ | for all x̂, ŷ ∈ R̂, where | | is a soft absolute value on R̂.

5. The ring of soft p̂-adic numbers

Definition 5.1. Let | | be a soft absolute value on R̂ defined as in Remark 4.7. A sequence of
soft real numbers ( x̂n ) is called a Cauchy sequence, if for every ε̂ ∈ R̂+, there exists M ∈ N
such that | x̂m − x̂n |< ε̂, ∀m, n ≥ M .

Put ( x̂n )i = xni , ∀i ∈ E. Note that each sequence ( x̂n ) of soft real numbers corresponds
to the sequences (xni ), i = 1, 2, · · · , s.

Note also that the sequence ( x̂n ) of soft real numbers is a Cauchy sequence if and only if
(xni ) is a Cauchy sequence, i = 1, 2, · · · , s.

Proposition 5.2. Let | | be a non-archimedean soft absolute value on Q̂. Let ( x̂n ) be a
sequence with x̂n ∈ Q̂. Then ( x̂n ) is a Cauchy sequence if and only if lim

n→∞
| x̂n+1 − x̂n |= 0̃.

Proof. Let ( x̂n ) be a Cauchy sequence. Then for any ε̂ > 0̃, there exists k ∈ N such that

| x̂m − x̂n |< ε̂, ∀m, n > k .
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Let m > n and m = n + r . Since | | is a non-archimedean absolute value, we have

| x̂m − x̂n |=| x̂n+r − x̂n | =| x̂n+r − x̂n+r−1 + x̂n+r−1 − x̂n+r−2 , · · · , x̂n+1 − x̂n |

≤ sup{| x̂n+r − x̂n+r−1 |, | x̂n+r−1 − x̂n+r−2 | , · · · , | x̂n+1 − x̂n |}.

Then we have

| xmi−xni |≤ sup{| x (n+r )i−x (n+r−1)i |, | x (n+r−1)i−x (n+r−2)i |, · · · , | x (n+1)i−xni |} ∀i ∈ E.

Thus lim
n→∞

| x (n+1)i − xni |= lim
n→∞

(| x̂n+1 − x̂n |)i = 0 ∀i ∈ E. So lim
n→∞

| x̂n+1 − x̂n |= 0̃.
The inverse direction is clear. �

Definition 5.3. Let p̂ be a soft prime. Let

Rp̂ = {( x̂n ) | x̂n ∈ Q̂ and ( x̂n ) is a Cauchy sequence with respect to | |p̂ }

We define the addition and multiplication on Rp̂ as fallows: for all ( x̂n ), ( ŷn ) ∈ Rp̂ ,

( x̂n ) + ( ŷn = ( x̂n + ŷn ), ( x̂n )( ŷn ) = ( x̂n ŷn ).

Remark 5.4. Let p̂ be a soft prime. Let

Rpi = {(xn ) | xn ∈ Q and (xn ) is a Cauchy sequence with respect to | |pi }.

If pi = 1, then | |1 denotes the trivial absolute value on Q. Thus Rpi is a ring for every
i = 1, 2, · · · , s.

Let ψ : Rp̂ → Rp1 × Rp2 × · · · × Rps such that ψ (( x̂n )) = ((xn1), (xn2), · · · , (xns )),
∀( x̂n ) ∈ Rp̂ . Then it is clear that ψ is an isomorphism of rings.

Proposition 5.5. Rp̂ is a ring with identity element (1̃).

Proof. Let ( x̂n ), ( ŷn ) ∈ Rp̂ . The sequence ( x̂n + ŷn ) corresponds to the sequences (xn1 +
yn1), (xn2 + yn2), · · · , (xns + yns ). Since (xni + yni ) = (xni ) + (yni ) is a Cauchy sequence
with respect to | |pi (if pi = 1, then | |1 denotes the trivial absolute value on Q), we have
( x̂n + ŷn ) ∈ Rp̂ . Similarly, ( x̂n ŷn ) ∈ Rp̂ . Then it is easy to see that Rp̂ is a ring with zero
element (0̃) and one element (1̃). �

Proposition 5.6. Let p̂ be a soft prime. Then

Mp̂ =

{
( x̂n ) ∈ Rp̂ | lim

n→∞
| x̂n |p̂ = 0̃

}
is an ideal of Rp̂ .

Proof. Let ( x̂n ) ∈ Mp̂ . Since lim
n→∞

| x̂n |p̂ = 0̃ if and only if lim
n→∞

|xni |pi = 0, ∀i ∈ E,

(xni ) ∈ Mpi =

{
(xn ) ∈ Rpi | limn→∞

|xn |pi = 0
}
.

Then ψ(Mp̂ ) = Mp1 × Mp2 × · · · × Mps . Since Mpi ( i = 1, 2, · · · , s) is an ideal of Rpi , we
have Mp̂ is an ideal of Rp̂ and Mp̂ ' Mp1 × Mp2 × · · · × Mps . �

The ring Q̂p̂ = Rp̂/Mp̂ is called the ring of the soft p̂-adic numbers. Note that

Q̂p̂ = Rp̂/Mp̂ ' Rp1 × Rp2 × · · · × Rps/Mp1 × Mp2 × · · · × Mps

' Rp1/Mp1 × Rp2/Mp2 × · · · × Rps/Mps

= Qp1 × Qp2 × · · · × Qps .
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Note that Q and Q̂ can be regarded as subrings of Rp̂ and Q̂p̂ , since
Q→ Rp̂

x 7→ ( x̃) ,
Q→ Q̂p̂

x 7→ ( x̃) + Mp̂
,

Q̂→ Rp̂

x̂ 7→ ( x̂)
and

Q̂→ Q̂p̂

x̂ 7→ ( x̂) + Mp̂

are monomorphisms of rings.

5.1. The ring of p̂-adic soft integers. Note that | |p : Qp → R+ ∪ {0} is defined by
|(xn ) + Mp |p = limn→∞ |xn |p ∀(xn ) ∈ Rp (see [29]).

Let | |p̂ : Q̂p̂ → GR+ ∪ {0}, where p̂ is a soft prime with pi is a prime for all i ∈ E such
that

|( x̂n ) + Mp̂ |p̂ = lim
n→∞

| x̂n |p̂ ,∀( x̂n ) ∈ Rp̂ .

Note that if ( x̂n )+Mp̂ = ( ŷn )+Mp̂ , then lim
n→∞

| x̂n |p̂ = lim
n→∞

| ŷn |p̂ and so |( x̂n )+Mp̂ |p̂ =

|( ŷn )+Mp̂ |p̂ . Thus | |p̂ is well defined. Moreover, note that
(
lim
n→∞

| x̂n |p̂
)
i
= lim

n→∞
|xni |pi =

|(xni ) + Mpi |pi i = 1, 2. · · · , s. So
(
|( x̂n ) + Mp̂ |p̂

)
i
= |(xni ) + Mpi |pi ∀i ∈ E.

Proposition 5.7. | |p̂ is a non-archimedean absolute value on Q̂p̂ .

Proof. Follows directly from the fact that | |p is a non-archimedean absolute value on Qp ,
where p is a prime (see [29]). And

(
|( x̂n ) + Mp̂ |p̂

)
i
= |(xni ) + Mpi |pi ∀i ∈ E. �

Definition 5.8. Let R be a ring with identity.
(i) A soft open ball of center â ∈ R̂ and radius r̂ ∈ R̂+ is the set

B(â, r̂) = { x̂ ∈ R̂ | d( x̂, â) < r̂ }.

(ii) A soft subset Ŝ ⊂ R̂ is called dense in R̂, if B(â, r̂) ∩ Ŝ , φ̃ ∀â ∈ R̂ and r̂ ∈ R̂+.

Proposition 5.9. Let f be a mapping defined from Q̂ to Q̂p̂ such that f ( x̂) = ( x̂) + Mp̂ ,
∀x̂ ∈ Q̂. Then f (Q̂) is dense in Q̂p̂ .

Proof. Let the metric on Qp and Q̂p̂ be defined by | |p and | |p̂ . Let ( x̂n ) + Mp̂ ∈ Q̂p̂ and
r̂ ∈ R̂+. Since the image under the mapping f i : Q→ Qpi , x 7→ (x) + Mpi , is dense in Qpi

for all i ∈ E, there exists (yi ) + Mpi ∈ B
(
(xni ) + Mpi , ri

)
for all i ∈ E. Then we get

d
(
(xni ) + Mpi , (yi ) + Mpi

)
= |(xni − yi ) + Mpi |pi

= lim
n→∞

|(xni − yi ) |pi < ri ∀i ∈ E.

Thus |( x̂n − ŷ) + Mp̂ |p̂ = limn→∞ |( x̂n − ŷ) |p̂ < r̂ . Let ŷ ∈ Q such that ( ŷ)i = yi ∀i ∈ E.
Then ( ŷ) + Mp̂ ∈ B

(
( x̂n ) + Mp̂, r̂

)
. Thus f (Q̂) is dense in Q̂p̂ . �

Note that for any prime p, Zp =
{
(xn ) + Mp ∈ Qp | |(xn ) + Mp |p ≤ 1

}
is a commutative

subring of Qp (see [29]).
Assume that Ẑp̂ =

{
( x̂n ) + Mp̂ ∈ Q̂p̂ | |( x̂n ) + Mp̂ |p̂ ≤ 1̃

}
. Then it is clear that Ẑp̂ is a

commutative subring of Q̂p̂ with identity element (1̃) + Mp̂ .

Definition 5.10. Ẑp̂ is called the ring of p̂-adic soft integers.
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Proposition 5.11. The followings hold:
(1) Ẑ is a subring of Ẑp̂ ,

(2) Q̂ ∩ Ẑp̂ =

{(
â

b̂

)
+ Mp̂ | p̂ - b̂

}
,

(3) Ẑp̂ ' Zp1 × Zp2 × · · · × Zps ,
(4) Ip̂ =

{
( x̂n ) + Mp̂ ∈ Q̂p̂ | |( x̂n ) + Mp̂ |p̂ < 1̃

}
is a principle ideal of Ẑp̂ generated by

(p̂) + Mp̂ .

Proof. (1) Since the mapping Ẑ → Ẑp̂ , x̂ 7→ ( x̂) + Mp̂ , is a monomorphism of rings, we
have the required.

(2) Note first that Q̂ is a subring of Q̂p̂ and Q is a subfield of Qp for any prime p. Now,
we have

( x̂n ) + Mp̂ ∈ Q̂ ∩ Ẑp̂ ⇐⇒ |( x̂) + Mp̂ |p̂ ≤ 1̃
⇐⇒ |(xi ) + Mpi |pi ≤ 1, i = 1, 2, · · · , s

⇐⇒ (xi ) + Mpi ∈ Q ∩ Zpi (= {
ai

bi
+ Mpi ∈ Qpi | pi - bi }), i = 1, 2, · · · , s

⇐⇒ xi =
ai

bi
, pi - bi, i = 1, 2, · · · , s.

Then Q̂ ∩ Ẑp̂ =

{(
â

b̂

)
+ Mp̂ | p̂ - b̂

}
.

(3) Since

Ẑp̂ → Zp1 × Zp2 × · · · × Zps

( x̂n ) 7→
(
(xn1) + Mp1, (xn2) + Mp2, · · · , (xns ) + Mps

)
is an isomorphism of rings, we have the required.

(4) Ipi =
{
(xni ) + Mpi ∈ Qpi | |(xni ) + Mpi |pi < 1

}
is a principle ideal ofZpi generated

by (pi )+Mpi . Then it follows from (3) that Ip̂ ' Ip1 × Ip2 × · · · × Ips . Thus Ip̂ is a principle
ideal of Ẑp̂ generated by (p̂) + Mp̂ . �

Proposition 5.12. The image of Ẑ under the mapping

Ẑ→ Ẑp̂

x̂ 7→ ( x̂) + Mp̂

is dense in Ẑp̂ .

Proof. Similar to proof of Proposition 5.9. �

6. Conclusions

We have produced the concept of the soft prime integers; also, the fundamental theorem
of soft arithmetic has been stated and proved such that for all nonzero soft integer there
exist a unique soft factorization of soft prime integers. Moreover, some of the fundamental
theorems like division theorem extended to soft integer numbers. We have defined p̂-adic
soft absolute value over rings like the rings of soft real numbers and soft rational numbers.
We have investigated the p-adic numbers in the aspect of the soft theory to introduce the
ring of soft p̂-adic numbers and study some of their properties.
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