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ABSTRACT. In this paper, fuzzy sets having the property of fuzzy
Baire in the fuzzy topological spaces are introduced by means of fuzzy first
category sets. The conditions for the existence of fuzzy Baireness and fuzzy
resolvability of fuzzy topological spaces are established by means of fuzzy
sets having the property of fuzzy Baire. It is established that there are
no fuzzy sets having the property of fuzzy Baire in fuzzy hyperconnected
spaces and fuzzy sets having the property of fuzzy Baire in fuzzy Baire
spaces are fuzzy second category sets.
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1. INTRODUCTION

In 1965, the concept of fuzzy sets as an new approach for modeling uncertainities
was introduced by Zadeh [1]. The concept of fuzzy topological spaces was introduced
by Chang [2] in 1968 and his works paved the way for the subsequent tremendous
growth of the numerous fuzzy topological concepts. The concepts of fuzzy first
category and fuzzy residual sets were introduced in [3, 4]. The concept of Baire
spaces in fuzzy setting was introduced and studied by Thangaraj and Anjalmose in
],

The purpose of this paper is to introduce the notion of fuzzy sets having the
fuzzy Baire property in fuzzy topological spaces in terms of fuzzy first category
sets. Several characterizations of fuzzy sets having the property of fuzzy Baire, are
established in this paper. The conditions for the existence of fuzzy Baire and fuzzy
resolvable spaces are established by means of fuzzy sets having the property of fuzzy
Baire.



G. Thangaraj, N. Raji/Ann. Fuzzy Math. Inform. 21 (2021), No. 2, 147-160

2. PRELIMINARIES

Some basic notions and results used in the sequel, are given in order to make the
exposition self-contained. In this work by (X,T") or simply by X, we will denote a
fuzzy topological space due to Chang. Let X be a non-empty set and I be the unit
interval [0, 1]. The fuzzy set A in X is a mapping from X into I. The fuzzy set Ox
is defined as Ox (z) = 0, for all z € X and the fuzzy set 1x is defined as 1x(z) =1,
for all x € X.

Definition 2.1 ([2]). Let (X, T) be a fuzzy topological space and A be any fuzzy set
in (X, T). The interior, the closure and the complement of A are defined respectively
as follows:
(i) int(A)=V{p | p<Xand peT},
(i) dN)=Mp | A<pandl—peT},
(iii) N(z)=1-A(z), Vz € X.

Lemma 2.2 ([5]). For a fuzzy set A of an fuzzy topological space X,
(1) 1—int(A) =cl(l-2N),
(2) 1—cl(N) =int(1—N).

Definition 2.3 ([6]). Let A be a fuzzy set in an fuzzy topological space X. Then
the fuzzy boundary of A is defined as Bd(\) = cl(A) A cl(X°).

Definition 2.4. The fuzzy set A in the fuzzy topological space (X,T) is called a:

(i) fuzzy regular-open set in (X, T), if A = intcl(\), and fuzzy regular-closed
set in (X, T), if A = clint(\) [5].

(ii) fuzzy Gs-set in (X,T), if A = A2, (\;), where A\; € T for i € I, and fuzzy
Fy-set in (X, T), if A= V52 (\;), where 1 = \; € T for i € I [7].

(iii) fuzzy dense set in (X, T), if there exists no fuzzy closed set p in (X, T') such
that A < p <1, ie, cd(N)=1,in (X,T) [3],

(iv) fuzzy nowhere dense set, if there exists no non-zero fuzzy open set p in
(X,T) such that p < cl()N), i.e., intcl(A) =0, in (X, T) [3].

(v) fuzzy first category set in (X,T), if A = V2,(\;), where ()\;)’s are fuzzy
nowhere dense sets in (X, 7). Any other fuzzy set in (X, T) is said to be of
fuzzy second category [3].

(vi) fuzzy residual set in (X,T), if 1 — X is an fuzzy first category set in (X, T)
o)

(vii) fuzzy Baire set in (X,T), if A = p A 0, where p is an fuzzy open set and ¢
is an fuzzy residual set in ( X,T ) [3].

(viii) fuzzy simply open set in (X, T), if bd()) is an fuzzy nowhere dense set in
(X, 1) [9].

Definition 2.5. The fuzzy topological space (X, T) is called a:

(i) fuzzy resolvable space, if there exists an fuzzy dense set A in (X,T) such
that cl(1 — A) = 1. Otherwise (X, T) is called an fuzzy irresolvable space
[10]

(ii) fuzzy Baire space, if int (Vi2;(A;)) = 0, where (\;)’s are fuzzy nowhere
dense sets in (X, T) [4].
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(iii) fuzzy hyperconnected space, if every non-null fuzzy open subset of (X,T')
is a fuzzy dense set in (X,T) [11].

(iv) fuzzy P-space, if each fuzzy Gg-set in (X, T) is an fuzzy open set in (X, T)
[12]

(v) fuzzy submaximal space, if for each fuzzy set A in (X, T') such that cl(\) = 1,
AeT [7].

(vi. fuzzy O-space, if each fuzzy Gs-set in (X,T) is an fuzzy simply open set in
(X,7) [17].

(vii) fuzzy first category space, if 1x = V2, (\;), where (\;)’s are fuzzy nowhere
dense sets in (X, T). A fuzzy topological space which is not of fuzzy first
category is said to be of fuzzy second category [3].

Theorem 2.6 ([5]). In the fuzzy topological space,

(1) the closure of a fuzzy open set is a fuzzy regular closed set,
(2) the interior of a fuzzy closed set is a fuzzy reqular open set.

Theorem 2.7 ([8] ). If A < p and p is a fuzzy first category set in an fuzzy topological
space (X, T), then X is also a fuzzy first category set in (X, T).

Theorem 2.8 ([1]). Let (X, T) be a fuzzy topological space. Then the following are
equivalent:

(1) (X,T) is a fuzzy Baire space,

(2) int(\) =0, for every fuzzy first category set A in (X, T),

(3) c(p) =1, for every fuzzy residual set p in (X, T).

Theorem 2.9 ([8]). If A is a fuzzy residual set in an fuzzy topological space (X,T),
then there exists a fuzzy Gg-set p in (X, T) such that p < \.

Theorem 2.10 ([12]). If A is a fuzzy residual set in an fuzzy submazimal and fuzzy
P-space (X, T), then X\ is a fuzzy open set in (X, T).

Theorem 2.11 ([8]). Let (X,T) be a fuzzy topological space. Then the following
are equivalent:

(1) (X,T) is a fuzzy Baire space,

(2) each non-zero fuzzy open set is a fuzzy second category set in (X, T).
Theorem 2.12 ([12]). If A is a fuzzy Gs-set in a fuzzy Baire and fuzzy P-space
(X,T), then X is a fuzzy second category set in (X, T).

Theorem 2.13 ([8]). If X\ is a fuzzy Baire set in a fuzzy submazimal and fuzzy
P-space (X, T), then X\ is a fuzzy open set in (X, T).

Theorem 2.14 ([13]). If X is a fuzzy residual set in a fuzzy submazimal and fuzzy
0-space (X,T), then X is a fuzzy simply open set in (X, T).

Theorem 2.15 ([12]). If X is a fuzzy residual set in a fuzzy P-space (X, T), then
int(\) # 0.

Theorem 2.16 ([3]). If X is a fuzzy residual set in a fuzzy submaximal space (X, T),
then X is a fuzzy Gs-set in (X,T).

Theorem 2.17 ([4]). If the fuzzy topological space (X,T) is a fuzzy Baire space,

then (X,T) is a fuzzy second category space.
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3. Fuzzy SETS HAVING THE FUZZY BAIRE PROPERTY

Definition 3.1. Let (X,T) be a fuzzy topological space. The fuzzy set A defined
on X is said to have the property of fuzzy Baire , if there exists a fuzzy open set
in (X, T) such that AA (1 —p) and pA (1 — ) are fuzzy first category sets in (X, T).

Example 3.2. Let X = {a, b, c}. Consider the fuzzy sets «, 5, v, A, § and 6 defined
on X as follows:

a: X —[0,1] is defined as a(a) =0.8; «a(b) =0.6; «afc)=0.7,
B : X —[0,1] is defined as f(a) = 0.6; S(b) =0.9; B(c)=0.38,
~v: X —[0,1] is defined as y(a) = 0.7; ~(b) =0.5; ~(c) =0.9,
A: X —[0,1] is defined as A(a) = 0.7;  A(b) =0.9; A(c) =0.9,
0:X —[0,1] is defined as 6(a) = 0.4; 4(b) =0.1; d(c) =0.2,

0 : X —[0,1] is defined as 6(a) =0.3; 6(b) =0.1; 6(c) =0.1.

Then T = {0, , B8,v,aV B, aVy,BVy,aAB,arNy, LAy, aV (BAY), BV (aAy),vV
(aAB),aN(BVY),BA(aVy),yA(aVB),aVBVy,ahBAy,1} is a fuzzy topology
on X. On computation, one can find that 1 —c, 1 -5, 1—~, 1 — (aV @), 1 — (aVy),
1_(6\/7)7 1_(a/\ﬁ)v 1_(a/\7)7 1_(6/\7)7 1_[a\/(6/\’7)]7 1_[5\/(0‘/\7)]»
1_[7\/(04/\5)]’ 1_[04/\(5\/’)/)], 1—[ﬁ/\(a\/’y)], 1_['7/\(04\/5)]7 1_(04\/5\/'7)
and 1 — (a A B A7) are fuzzy nowhere dense sets in (X, 7). Also on computation,
5= (1-B)VI—(arB V- (BAN]V{1—[BA V]V (aABAY)] and
0=Q0-7)VA—-(aAy)]VA=@BVV{L-[BV(aAN]}V{l-[yV(aAp)}
are fuzzy first category sets in (X,T') and for the fuzzy set A, there exists an fuzzy
open set 8 in (X,T) such that 6 = AA (1 — ) and § = S A (1 — A). Thus the fuzzy
set A is having the property of fuzzy Baire in (X, T).

Proposition 3.3. If A is a fuzzy set having the property of fuzzy Baire in a fuzzy
topological space (X, T), then
(1) there exists a fuzzy open set p in (X, T) such that p < A2, (0;), where (6;)’s
are fuzzy dense sets in (X, T),
(2) A < A2 (i), where (v;)’s are fuzzy dense sets in (X,T).

Proof. Let A be a fuzzy set having the property of fuzzy Baire in (X, T). Then there
exists a fuzzy open set p in (X,T) such that AA (1 — p) and p A ( A) are fuzzy
first category sets in (X,T'). This implies that A A (1 — ) =V, (\i), where (\;)’s
are fuzzy nowhere dense sets in (X,T) and p A (1 —\) = ( i), where (u;)’s are
fuzzy nowhere dense sets in (X, T).

(1) Since AAN(L—p) < (L—p), p <{I-DPAA=-pw]} =1-VZ, (M) =
AL (1 = N;). Since (X;)’s are fuzzy nowhere dense sets in (X, T), intcl(A;) = 0 and
int(N\;) < intcl(A;). Then int(A;) = 0. Thus cl(1—X;) =1—int(N\;) =1—-0=1. So
(1 — \;)’s are fuzzy dense sets in (X, T). Let §; = 1 — ;. Then p < A$2,(0;), where
(6;)’s are fuzzy dense sets in (X, 7).

(2) Since u A1 =X < 1=A), A< {IT—[nA@=N}=1-VE () =
A4 (1 — ;). Since (p;)’s are fuzzy nowhere dense sets, intcl(p;) = 0, in (X,T) and
int(u;) < intel(p;). Then int(p;) = 0. Thus ¢l(1 — p;) =1 —int(pn;)) =1-0= 1.
So (1 — p;)’s are fuzzy dense sets in (X,T). Let v; = 1 — p;. Then A < A2, (74),
where (v;)’s are fuzzy dense sets in (X, 7). O
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Proposition 3.4. If A is a fuzzy set having the property of fuzzy Baire in a fuzzy
topological space (X,T), then

(1) there exists a fuzzy first category set § in (X, T) such that § <\,

(2) there exists a fuzzy first category set np in (X, T) such that n < (1 —)\).

Proof. Let X be a fuzzy set having the property of fuzzy Baire in (X, T). Then there
exists a fuzzy open set p in (X, T) such that A A (1 — p) and p A (1 — A) are fuzzy
first category sets in (X, T).

(1) Clearly, A\A (1 — ) < Xin (X,T). Let 6 = AA (1 — p). Then § is a fuzzy first
category set in (X, 7). Thus for the fuzzy set A having the property of fuzzy Baire
in (X, T), there exists a fuzzy first category set ¢ in (X, T) such that § < \.

(2) Clearly, uA(1—=X) < (1—=A)in (X,T). Let n = uA(1=X). Thenn < (1—A).
Thus there exists a fuzzy first category set 7 in (X, T') such that n < (1 — \). O

Proposition 3.5. If the fuzzy set A is having the property of fuzzy Baire in an fuzzy
topological space (X, T), then there exists a fuzzy closed set § in (X,T) such that
AV and (1= X))V (1 —=0) are fuzzy residual sets in (X, T).

Proof. Let A be a fuzzy set having the property of fuzzy Baire in (X,T). Then
there exists a fuzzy open set p in (X,T) such that AA (1 — p) and p A (1 — \) are
fuzzy first category sets in (X,7T). Thus 1 — [AA (1 —p)] and 1 — [ A (1 — V)]
are fuzzy residual sets in (X,7T). This implies that (1 — A) vV (1 — (1 — p)) and
I—p)V[I—(1=XN]=1-p)VAare fuzzy residual sets in (X,T). Let § =1 — p.
Then § is a fuzzy closed set in (X, T). Thus for the fuzzy set A having the property
of fuzzy Baire in (X, T'), there exists a fuzzy closed set § in (X,T) such that AV ¢
and (1 — X)) V (1 — 0) are fuzzy residual sets in (X, T). O

The following propositions show that fuzzy open and fuzzy first category sets are
having the property of fuzzy Baire in fuzzy topological space.

Proposition 3.6. If \ is a fuzzy open and fuzzy first category set in a fuzzy topo-
logical space (X, T), then the fuzzy set X is having the property of fuzzy Baire in
(X, T).

Proof. Let X be a fuzzy open and fuzzy first category set in (X,T). Now for the
fuzzy set, AA (1 —X) < Ain (X,T). Since A is the fuzzy first category set in (X, T,
by Theorem 2.7, AA (1 — ) is a fuzzy first category set in (X, T). Let u = A. Then p
is a fuzzy open set in (X, T'). Also AA(1—p) = AA(1=X) and pA(1—X) = AA(1=N).
Thus there exists a fuzzy open set p in (X, T) such that AA (1 —p) and p A (1= X)
are fuzzy first category sets in (X,T). So the fuzzy open and fuzzy first category
set A is having the property of fuzzy Baire in (X, T). d

Proposition 3.7. If A < (1 — ), where X\ is a fuzzy first category set and p is an
fuzzy open and fuzzy first category set in a fuzzy topological space (X,T), then the
fuzzy set A is having the property of fuzzy Baire in (X, T).

Proof. Let \ be a fuzzy first category set and u be a fuzzy open and fuzzy first

category set in (X,T). By hypothesis, A < (1 — p) in (X, 7). This implies that

p<(1—=X)in (X,T). Then AA (1 —p) =X and g A (1 —X) = p. Thus there exists

a fuzzy open set p in (X, T) such that AA (1 — p) and p A (1 — X) are fuzzy first
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category sets in (X,T). So the fuzzy first category set A is having the property of
fuzzy Baire in (X, T). O

Proposition 3.8. If A < (1 — u), where X is a fuzzy first category set and p is a
fuzzy open and fuzzy first category set in a fuzzy topological space (X, T), then A and
w are the fuzzy sets having the property of fuzzy Baire in (X, T).

Proof. Suppose that A < (1 — p), where A is a fuzzy first category set and p is a
fuzzy open and fuzzy first category set in (X, T). Then by Proposition 3.3, the fuzzy
set u is having the property of fuzzy Baire in (X,T). Thus by Proposition 3.4, the
fuzzy first category set A is having the property of fuzzy Baire in (X,T). So A and
u are the fuzzy sets having the property of fuzzy Baire in (X, T). O

Proposition 3.9. If A < u, where X\ is a fuzzy first category set and p is a fuzzy
closed and fuzzy residual set in an fuzzy topological space (X, T), then the fuzzy first
category set A is having the property of fuzzy Baire in (X,T).

Proof. Let A be a fuzzy first category set and p be a fuzzy closed and fuzzy residual
set in (X, T'). By hypothesis, A < p in (X, T'). This implies that A < (1—(1—p)) in
(X,T). Since p is an fuzzy closed and fuzzy residual set in (X, T), 1 — p is a fuzzy
open and fuzzy first category set in (X, T'). Then by Proposition 3.7, the fuzzy first
category set A is having the property of fuzzy Baire in (X, T). O

Proposition 3.10. If A < pu, where X is a fuzzy open and fuzzy first category set
and p is an fuzzy residual set in a fuzzy topological space (X, T), then the fuzzy first
category set 1 — p is having the property of fuzzy Baire in (X, T).

Proof. Let X\ be a fuzzy open and fuzzy first category set and u be a fuzzy residual
set in (X, T). By hypothesis, A < p, in (X,T'). This implies that (1 — p) < (1 =),
in (X,T). Since p is an fuzzy residual set, 1 — p is a fuzzy first category set in
(X,T). Since A is an fuzzy open and fuzzy first category set, 1 — A is a fuzzy closed
and fuzzy residual set in (X,T). Then by Proposition 3.9, the fuzzy first category
set 1 — p is having the property of fuzzy Baire in (X, T). O

Proposition 3.11. If the fuzzy set A is having the property of fuzzy Baire in an
fuzzy topological space (X,T), then there exists a fuzzy open set p in (X,T) such
that (AN (1 —p)] V[ A (1= X)] is a fuzzy first category set in (X, T).

Proof. Let A be the fuzzy set defined on X having the property of fuzzy Baire
in (X,T). Then there exists a fuzzy open set p in (X,T) such that A A (1 — p)
and p A (1 — X) are both fuzzy first category sets in (X,T'). This implies that
AA Q=] VIpA (1 —=N)]is a fuzzy first category set in (X, T). O

Proposition 3.12. If X\ is a fuzzy open and fuzzy first category set in a fuzzy topo-
logical space (X,T), then X = (uAS)Vn, where p is a fuzzy open set, § is a fuzzy
residual set and 1) is a fuzzy first category set in (X, T).

Proof. Let A be a fuzzy open and fuzzy first category set in (X,7T). Now, for the

fuzzy set A, AA(1—X) < Xin (X, T). Also, [AA(1—X)]VA = A. Since A is the fuzzy

first category set in (X, T), (1 — \) is a fuzzy residual set in (X,T). Let § =1 — A

and p = A. Then ¢ is a fuzzy residual set and p is an fuzzy open set in (X, 7). Thus
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A= (uAJ)Vn, where p is a fuzzy open set, J is a fuzzy residual set and n (= A) is
a fuzzy first category set in (X, 7). O

Proposition 3.13. If the fuzzy open set A is having the property of fuzzy Baire in
a fuzzy topological space (X, T), then A = (a Ad) V1, where v is a fuzzy open set, §
is a fuzzy residual set and 1) is a fuzzy first category set in (X, T).

Proof. Let X be a fuzzy open set having the property of fuzzy Baire in (X,T'). Then
there exists a fuzzy open set p in (X,T) such that AA (1 — ) and p A (1 — \) are
fuzzy first category sets in (X,T). Now, for the fuzzy set A\, AA (1 —p) < Ain
(X,T). Also, we have

(3.1) INA (1= )] VA=A

Since u A (1 =2 <1 =N in (X,T), [uA(1=X)]V (1 —=X)=1-A Thus we have
(3.2)
A=1={lpn(1=NVA-N)} = {1=[pAQ=NEAL=A=N] = {1=[pAT=A)]F AN

Since p A (1 — ) is a fuzzy first category set, 1 — [u A (1 — A)] is a fuzzy residual set
in (X,T). Let d=1—[pA(1=XN)],n=AA(1—p) and a = \. Then ¢ is a fuzzy
residual set and 7 is the fuzzy first category set in (X, T). So from (3.1) and (3.2),
A=0AXand A =nV Xin (X,T). This implies that A =nV (§ A X). Let o = A.
Then A = (a A d) V 1, where « is a fuzzy open set, J is a fuzzy residual set and 7 is
a fuzzy first category set in (X, 7). O

Proposition 3.14. If the fuzzy set \ is having the property of fuzzy Baire in a
fuzzy Baire space (X,T), then there exists a fuzzy open set p in (X,T) such that
int(A) <ecl(u) <c(X) in (X,T).

Proof. Let A be a fuzzy set A having the property of fuzzy Baire in (X,T). Then
there exists a fuzzy open set p in (X, T) such that AA (1 —p) and pA(1—X) are fuzzy
first category sets in (X,T). Since (X,T) is a fuzzy Baire space, by Theorem 2.8,
it AA (1 —p)] =0and int[pA(1—A)]=0in (X,T). Thus int(A) Aint(1 —pu) =0
and int(p) Adnt(l — A) = 0. This implies that int(\) < [1 — int(1 — )] and
int(p) < [1 —nt(l —N)], in (X,7). So int(\) < {1 —[1 — cl(p)]} and int(u) <
{1—=1[1—="cl(N)]}. That is., int(\) < cl(p) and int(p) < cl(N). Since p is a fuzzy
open set in (X,T), u = int(u) < cl(N\). Hence cl(u) < cl(cl(A) = cl(X). Therefore
int(A) < cl(p) < c(N) in (X, T). O

Proposition 3.15. If the fuzzy set X is having the property of fuzzy Baire in a fuzzy
Baire space (X,T), then there exists a fuzzy regular closed set ¢ in (X, T) such that
nt(A\) < <cl(N) in (X,T).

Proof. Let X\ be a fuzzy set A having the property of fuzzy Baire in (X,T). Since

(X,T) is a fuzzy Baire space, by Proposition 3.14, there exists an fuzzy open set u

in (X, T) such that int(A) < cl(p) < cl(N). Let 6 = cl(p). Since p is a fuzzy open

set in (X, T), cl(p) is a fuzzy regular closed set d in (X,T"). Then for the fuzzy set

A having the property of fuzzy Baire in (X,T), there exists a fuzzy regular closed

set § in (X, T) such that int(\) < < cl(A), in (X, T). O
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Proposition 3.16. If the fuzzy set X is having the property of fuzzy Baire in a fuzzy
topological space (X,T), then there exists a fuzzy open set p in (X,T) such that
AQ=N]<p<{1-[AA1—=p)]}, where \A(1—pu) and p A (1 —XN) are fuzzy
first category sets in (X, T).

Proof. Let X\ be an fuzzy set having the property of fuzzy Baire in (X,T). Then
there exists a fuzzy open set p in (X,7T) such that AA (1 — p) and p A (1 — \) are
fuzzy first category sets in (X, T). Now AA (1 — u) < (1 — ) and this implies that
w<1—-AAN1—=p). AlsouA(1—X) <pin (X,T). Then [uA(1—-X)] < p<
{I1-PA1=w]}in (X,T). O

Proposition 3.17. If A is a fuzzy set having the property of fuzzy Baire in a fuzzy
topological space (X, T), then there exist fuzzy first category sets A A (1 — p) and
pA (L —=X) such that (AN (1 — )] Al A (L= N)] <bd(N), where p €T in (X,T).

Proof. Let A be a fuzzy set having the property of fuzzy Baire in (X,T). Then
there exists a fuzzy open set p in (X,T) such that AA (1 — p) and p A (1 — N)
are fuzzy first category sets in (X,7T"). Now, AN (1 —pu) < dand pA(1—-A) <
(I—=A). Thus AA(1—p) <A<cdA)and pA(1—=X) < (1-X) <c(l—-XN). So
AAT=@A[pA1=N)] < cd(MN)Acd(1—=X) in (X, T). Since bd(A) = cl(A) Acl(1—=XN),
for the fuzzy set A having the property of fuzzy Baire in (X, T'), there exist fuzzy first
category sets AA (1 —p) and pA (1= X) such that [AA (1 —p)]AluA (1—=N)] < bd(N)
in (X, 7). O

Proposition 3.18. If the fuzzy set A having the property of fuzzy Baire is a fuzzy
simply open set in a fuzzy topological space (X, T), then int{{(AN (1 — )] A[pA(1—
M|} =0, where peT.

Proof. Let A be a fuzzy set having the property of fuzzy Baire in (X,T"). Then by
Proposition 3.17, there exist fuzzy first category sets A A (1 — p) and p A (1 — )
such that [AA (1 — )] A e A (1= A)] < bd(N\), where o € T. This implies that
int{[ANA (L — )] A A1 —=N]} < intlbd(\)]. By the hypothesis, A is a fuzzy
simply open set in (X,T). Thus bd(}) is a fuzzy nowhere dense set in (X,T). So
intel[bd(N\)] = 0in (X,T). Now int[bd(N\)] < intcl[bd(N)] implies that int[bd()\)] = 0.
Hence int{{(AA (1 — p)]A[pA(1—=X)]} =0, where p € T. O

Proposition 3.19. If the fuzzy set \ is having the property of fuzzy Baire in a
fuzzy topological space (X, T), then AN (1 — ) is a fuzzy first category set such that
A[AN(1—p)] #1, where w € T, in (X,T).

Proof. Let X be a fuzzy set having the property of fuzzy Baire in (X, T'). Then there
exists an fuzzy open set p in (X, T') such that A (1—p) and uA(1—\) are fuzzy first
category sets in (X, 7). By Proposition 3.16, [uA (1 =N)] <pup <{1-AA1-p)]}.
Then int[uA(1—N)] < int(p) < int{1—[AA (1= )]} in (X, T). AN (1—p)] =1,
then int{l —AA (1 —p)]}=1—-dc[AA(1—p)] =1-1=0 and this implies that
int(u) = 0, a contradiction since p € T. Thus A A (1 — p) is a fuzzy first category
set such that cl[A A (1 — p)] # 1, where p € T in (X, T). O

Proposition 3.20. If A is a fuzzy set having the property of fuzzy Baire in an fuzzy
topological space (X, T), then there exist fuzzy first category sets § and n in (X,T)
such that § < XA < (1 —n).
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Proof. Let X\ be an fuzzy set having the property of fuzzy Baire in (X,7T"). Then
by Proposition 3.4, there exist fuzzy first category sets § and n in (X, T) such that
d<Xand n < (1—X)in (X,T). This implies that § <A < (1 —n) in (X, T). O

Proposition 3.21. If the fuzzy set A is having the property of fuzzy Baire in an
fuzzy topological space (X, T), then A > (a A B) Vv, where « is a fuzzy open set,
is an fuzzy residual set and 7y is a fuzzy first category set in (X, T).

Proof. Let X be a fuzzy set having the property of fuzzy Baire in (X,T). Then by
Proposition 3.4, there exist fuzzy first category sets § and n in (X,T) such that
0<Xand n<(1-X)in (X,T). Since J is an fuzzy first category set in (X, T) and
int(d) < 6§, by Theorem 2.7, int(d) is an fuzzy first category set in (X,T). Now,
int(d) < int(A) < X implies that

(3.3) int(9) Vint(\) = int(\) < A
Now int(A) < A < (1 —n) implies that
(3.4) int(A) A (1 —n) = int(X).

From (3.3) and (3.4), int(0) V [int(A) A (1 —n)] = int(A) < A Let a = int(N),
B =1—mnand v = int(5). Then for the fuzzy set A having the property of fuzzy
Baire, A > (a A 8) Vv, where « is a fuzzy open set, 8 is an fuzzy residual set and ~
is a fuzzy first category set in (X, T) O

Proposition 3.22. If the fuzzy set A is having the property of fuzzy Baire in a fuzzy
topological space (X,T), then X > (§ V ), where 0 is a fuzzy Baire set and 7y is a
fuzzy first category set in (X,T).

Proof. Let X be a fuzzy set having the property of fuzzy Baire in (X,T). Then by
Proposition 3.21, A > (e An) Vv, where « is a fuzzy open set, 8 is an fuzzy residual
set and v is a fuzzy first category set in (X,T). Let § = a A . Thus § is a fuzzy
Baire set in (X, 7). So A > (6 V), where ¢ is a fuzzy Baire set and + is a fuzzy first
category set in (X, T). O

Remark 3.23. From the above proposition one will have the following result: “If
the fuzzy set X is having the property of fuzzy Baire in a fuzzy topological space
(X,T), then there exists a fuzzy Baire set 0 in (X,T') such that § < \”.

Proposition 3.24. If the fuzzy set X is having the property of fuzzy Baire in a fuzzy
topological space (X, T), then there exist fuzzy Gs-sets B1 and B2 in (X, T) such that
b1 <1—[AAN{1—=p)] and o <1 —[uA(1—=N)], where p € T.

Proof. Let X be a fuzzy set having the property of fuzzy Baire in (X, T'). Then there
exists a fuzzy open set y in (X,T) such that A A (1 — p) and p A (1 — A) are fuzzy
first category sets in (X, 7). Then 1 — [AA (1 —p)] and 1 — [u A (1 — N)] are fuzzy
residual sets in (X, T). Thus by Theorem 2.9, there exist fuzzy Gs-sets 51 and 33 in
(X,T) such that 81 <1—[AA(1—p))and B2 <1—[uA(1—=A)], where p€T. O

Proposition 3.25. If the fuzzy set \ is having the property of fuzzy Baire in a
fuzzy topological space (X,T), then there exist fuzzy F,-sets 61 and 6o such that
AN —p) <61 and p A (1 —X) < da, where AN (1 — ) and p A (1 — X) are fuzzy
first category sets and p € T.
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Proof. Let A be a fuzzy set having the property of fuzzy Baire in (X, T'). Then there
exists a fuzzy open set p in (X, T) such that A A (1 — p) and p A (1 — A) are fuzzy
first category sets in (X, T'). Thus by Proposition 3.24, there exist fuzzy Gs-sets 1
and P in (X,7T) such that 8 <1 —-AA(1—p)]and B2 < 1—[uA(1-=A)]. So
[/\/\(17#)] S 17ﬂ1 and [,u/\(lf)\)] S 1752 Let 51 = 17&1 and 52 = 17ﬂ2 Then
01 and 6 are fuzzy F,-sets in (X, T). Thus for the fuzzy set A having the property
of fuzzy Baire in (X, T), there exist fuzzy F,-sets §; and 5 such that AA(1—p) < 6y
and p A (1 —A) < da, where AA (1 — p) and g A (1 — A) are fuzzy first category sets
and peT. O

Proposition 3.26. If the fuzzy set A is having the property of fuzzy Baire in a fuzzy
topological space (X, T), then there exists an fuzzy closed set n in (X, T) such that
(1 =X A(1=n) and A An are fuzzy first category sets in (X, T).

Proof. Let X be a fuzzy set having the property of fuzzy Baire in (X, T). Then there
exists an fuzzy open set p in (X, T) such that AA (1 — p) and p A (1 — A) are fuzzy
first category sets in (X,T). Now pA(1—=A)=(1—(1—p))A(1—A). Let n=1—p.
Then uA(1—=X) =1 —-n) A1 =X and AA(1—p)=AAn. Since p € T, nis a
fuzzy closed set in (X, T). Thus (1 — X\) A (1 —n) and A A n are fuzzy first category
sets in (X, T). O

4. Fuzzy SETS HAVING THE PROPERTY OF FUZZY BAIRE IN FUZZY BAIRE
SPACES, FUZZY HYPERCONNECTED SPACES AND FUZZY P-SPACES

The following propositions give conditions for fuzzy topological spaces to become
fuzzy Baire and fuzzy resolvable spaces.

Proposition 4.1. If there exists a fuzzy set A having the property of fuzzy Baire in
a fuzzy topological space (X, T) such that int(A) = 0 and cl(X) =1, then (X,T) is a
fuzzy Baire and fuzzy resolvable space.

Proof. Let A be a fuzzy set having the property of fuzzy Baire in (X,T). Then
by Proposition 3.4 (1), there exists a fuzzy first category set ¢ in (X,T) such that
0 < A If nis any fuzzy set defined on X such that n < §, then by Theorem
2.7, n is also a fuzzy first category set in (X,T). Now n < § < X implies that
int(n) < int(5) < int(A) and int(A) = 0 implies that int(n) = 0 and int(J) = 0 in
(X,T). Thus for the fuzzy first category set n < X in (X, T), int(n) = 0.

Also, for the fuzzy set A having the property of fuzzy Baire in (X, T'), by Propo-
sition 3.20, there exist fuzzy first category sets 6 and 7 in (X, T) such that 6 < A <
(1 —-m7n). Now A < (1 —n) implies that n < (1 — X). Then int(n) < int(1 — \) =
1—¢l(A) =1—1=0. Thus for the fuzzy first category set n in (X,T), int(n) = 0.
By Theorem 2.8,

(3.5) (X,T) is a fuzzy Baire space.

From the hypothesis, int(A\) = 0 and thus cl(1 —A) =1 —int(\) =1-0=11in
(X,T). So there exists an fuzzy set A such that cl(A) =1 and ¢l(1 — A) = 1. Hence

(3.6) (X, T) is a fuzzy resolvable space.

Therefore from (3.5) and (3.6), (X, T) is a fuzzy Baire and fuzzy resolvable space. [
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Proposition 4.2. If there exists a fuzzy set A having the property of fuzzy Baire in
a fuzzy topological space (X, T) and if int(y) = 0, for each fuzzy F,-set v in (X,T),
then (X,T) is a fuzzy Baire space.

Proof. Let A be a fuzzy set having the property of fuzzy Baire in (X,T). Then by
Proposition 3.25, there exist fuzzy F,-sets §; and dy such that AA (1 —p) < §; and
A (1 —=X) < g, where AA (1 — p) and p A (1 — N) are fuzzy first category sets and
w € T in (X,T). By hypothesis, int(d;) = 0 and int(d2) = 0. This implies that
int[AA (1 — p)] =0 and int[u A (1 — )] = 0. Thus for the fuzzy first category sets
AN(1—p)and pA(1—=X)in (X,T), int[]AA (1 — p)] =0 and int[u A (1 — A)] = 0.
So by Theorem 2.8, (X,T) is a fuzzy Baire space. O

The following proposition shows that fuzzy sets having the property of fuzzy Baire
in the fuzzy Baire spaces are fuzzy second category sets.

Proposition 4.3. If the fuzzy set A is having the property of fuzzy Baire in a fuzzy
Baire space (X, T), then X is a fuzzy second category set in (X, T).

Proof. Let X be a fuzzy set having the property of fuzzy Baire in (X, T'). Then there
exists an fuzzy open set p in (X, T) such that AA (1 —p) and uA(1—\) are fuzzy first
category sets in (X,T). Now, AA (1 —p) < X and thus int[AA (1 —p)] < int(A) < A
So int[A A (1 — p)] < A. Suppose that A is a fuzzy first category set in (X, T). Then
by Theorem 2.7, int[A A (1 — p)] is a fuzzy first category set in (X,T) which is a
contradiction, since no fuzzy open set is an fuzzy first category set in a fuzzy Baire
space. Thus X is not a fuzzy first category set. So A is a fuzzy second category set
in (X,T). O

The following proposition establishes that there are no fuzzy sets having the
property of fuzzy Baire in the fuzzy hyperconnected spaces.

Proposition 4.4. If there exists a fuzzy set having the property of fuzzy Baire in a
fuzzy topological space (X,T), then (X, T) is not a fuzzy hyperconnected space.

Proof. Suppose that there exists a fuzzy set A having the property of fuzzy Baire
in (X,T). Then by Proposition 3.16, there exists a fuzzy open set p in (X,T) such
that [u A (1= X)] < p < {1 —=[AA (1 —p)]}, where AA (1 — p) and p A (1 —N)
are fuzzy first category sets in (X,T). Then cl(p) < {1 — [A A (1 — p)]}. Thus
c(p) <1—int[AN(1—p)] and 1 —int[AA (1 — )] is a fuzzy closed set in (X, T'). So
the fuzzy open set p is not a fuzzy dense set in (X,T). Hence (X, T) is not a fuzzy
hyperconnected space. O

Proposition 4.5. If the fuzzy set A is having the property of fuzzy Baire in a fuzzy
submazimal and fuzzy P-space (X, T), then AN (1 —p) and pA(1—X) are fuzzy first
category and fuzzy closed sets in (X, T), where u € T.

Proof. Let X be a fuzzy set having the property of fuzzy Baire in (X, T'). Then there

exists a fuzzy open set y in (X, T) such that A A (1 — p) and p A (1 — A) are fuzzy

first category sets in (X,T). Then 1 — [AA (1 — p)] and 1 — [u A (1 — N)] are fuzzy

residual sets in (X,T). Since (X,T) is a fuzzy submaximal and fuzzy P-space, by

Theorem 2.10, 1 — [AA (1 — p)] and 1 — [ A (1 — A)] are fuzzy open sets in (X, T).
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Thus AA (1 — p) and p A (1 — X) are fuzzy first category and fuzzy closed sets in
(X,T). O

Proposition 4.6. If the fuzzy set A is having the property of fuzzy Baire in a fuzzy
Buaire and fuzzy P-space (X,T), then there exist fuzzy second category sets $1 and
B2 in (X, T) such that 1 < {1 —[AAN (1 —p)]} and B2 < {1 —[uA(1—=N)]}, where
neT.

Proof. Let A be a fuzzy set having the property of fuzzy Baire in (X,T). Then
by Proposition 3.24, there exist fuzzy Gs-sets 1 and B in (X,T) such that £, <
{1- AN A=)} and Bz < {1 —[uA(1—=N)]}, where p € T. Since (X, T) is a fuzzy
Baire and fuzzy P-space, by Theorem 2.12, the fuzzy Ggs-sets $1 and (o are fuzzy
second category sets in (X, T). Thus there exist fuzzy second category sets 81 and
B2 in (X, T) such that 51 < {1 —[AA(1—p)]} and B2 < {1 —[puA (1 = A)]}, where
neT. O

Proposition 4.7. If the fuzzy set A is having the property of fuzzy Baire in a fuzzy
submazimal and fuzzy P-space (X, T), then X > (8 V), where § is a fuzzy open set
and vy is a fuzzy first category set in (X,T).

Proof. Let X be a fuzzy set having the property of fuzzy Baire in (X, 7). Then by
Proposition 3.22, A > (§ V 7), where ¢ is a fuzzy Baire set and v is a fuzzy first
category set in (X,T'). Since (X,T) is a fuzzy submaximal and fuzzy P-space, by
Theorem 2.13, the fuzzy Baire set ¢ is a fuzzy open set in (X, T'). Thus for the fuzzy
set A having the property of fuzzy Baire in (X,T), A > (0 V ), where 6 € T and ~
is a fuzzy first category set in (X, T). O

Proposition 4.8. If A is a fuzzy set having the property of fuzzy Baire in a fuzzy
submazimal and fuzzy 0-space (X, T), then there exists a fuzzy simply open set v in
(X,T) such that A <.

Proof. Let A be a fuzzy set having the property of fuzzy Baire in (X,T). Then by
Proposition 3.20, there exists fuzzy first category sets § and 1 in (X,T') such that
§ <A< (1-n). Since (X,T) is a fuzzy submaximal and fuzzy 0-space, by Theorem
2.14, the fuzzy residual set 1 — 7 is a fuzzy simply open set in (X,T). Let y = 1—n.
Then, for the fuzzy set A having the property of fuzzy Baire in (X, T), there exists
a fuzzy simply open set v in (X, T) such that A < . O

Proposition 4.9. If the fuzzy set A is having the property of fuzzy Baire in a fuzzy
P-space (X, T), then AN (1 —p) and u A (1 — ) are not fuzzy dense sets in (X,T).

Proof. Let A be a fuzzy set having the property of fuzzy Baire in (X,T). Then
there exists a fuzzy open set p in (X,T) such that AA (1 — p) and p A (1 — \) are
fuzzy first category sets in (X,T). Now 1 — [AA (1 — )] and 1 — [ A (1 — N)] are
fuzzy residual sets in (X,T). Since (X,T) is a fuzzy P-space, by Theorem 2.15,
int{l1—[AAN(1—p)]} #0and int{l —[uA(1—=X)]} #0. Then 1 —cl[AAN(1—p)] #0
and 1 —cl[pA(1—AN)]#0. Thus AN (1—p)] #1and d[uA(1—N)] # 1in (X, T).
So AA (1 —p) and p A (1 — A) are not fuzzy dense sets in (X, T). O
Proposition 4.10. If the fuzzy set X is having the property of fuzzy Baire in a fuzzy
P-space (X, T), then
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(D) 1=AAQ=p)] and 1 — [ A (1 = N)] are fuzzy Gs-sets in (X,T), where
peT,
(2) AN —p) and p A (1 — N) are fuzzy Fy-sets in (X, T), where p € T.

Proof. (1) Let A be a fuzzy set having the property of fuzzy Baire in (X,T). Then
there exists a fuzzy open set p in (X,7T) such that AA (1 — p) and p A (1 — \) are
fuzzy first category sets in (X,T). Now 1 — [AA (1 — )] and 1 — [ A (1 — N)] are
fuzzy residual sets in (X,T'). Since (X,T) is a fuzzy submaximal space, by Theorem
2.16, the fuzzy residual sets 1 — [AA (1 — p)] and 1 — [ A (1 — )] are fuzzy Gs-sets
in (X,T).

(2) The proof follows from (1). O

Proposition 4.11. If the fuzzy set X is having the property of fuzzy Baire in a fuzzy
P-space (X, T), then A > V2, (u;), where (p;)’s are fuzzy closed sets in (X, T).

Proof. Let A be a fuzzy set having the property of fuzzy Baire in (X, T). Then there
exists a fuzzy open set p in (X, T) such that A A (1 — p) and p A (1 — A) are fuzzy
first category sets in (X,T). Since (X,T) is a fuzzy P-space, by Proposition 4.10,
AN (1—p) and pA (1 — ) are fuzzy Fy-sets in (X, T). Thus AA (1 —p) = V2, (1),
where (p;)’s are fuzzy closed sets in (X,T). Since AA (1 —p) < X in (X,T),
A > V52, (u;), where (u;)’s are fuzzy closed sets in (X, T). O

Proposition 4.12. If the fuzzy set \ is having the property of fuzzy Baire in a
fuzzy topological space (X,T) in which fuzzy closed sets are having zero interior,
then (X,T) is a fuzzy second category space.

Proof. Let A be an fuzzy set having the property of fuzzy Baire in (X, T). Then by
Proposition 3.26, there exists a fuzzy closed set n in (X, T') such that (1—-X)A(1—n)
and A A 7 are fuzzy first category sets in (X, 7). By the hypothesis, for the fuzzy
closed set, int(n) = 0 in (X, T). Now (A A7) < n implies that int(A An) < int(n).
Thus int(AAn) =0in (X,T). So by Theorem 2.8, (X,T) is an fuzzy Baire space.
Hence by Theorem 2.17, the fuzzy Baire space (X,T) is a fuzzy second category
space. O

5. CONCLUSIONS

In this paper, fuzzy sets having the property of fuzzy Baire in the fuzzy topological
spaces are introduced by means of fuzzy first category sets. The conditions for
the existence of fuzzy Baireness and fuzzy resolvability of fuzzy topological spaces
are established by means of fuzzy sets having the property of fuzzy Baire. It is
established that there are no fuzzy sets having the property of fuzzy Baire in fuzzy
hyperconnected spaces and fuzzy sets having the property of fuzzy Baire in fuzzy
Baire spaces are fuzzy second category sets. The existence of denseness of an fuzzy
set which is having the property of fuzzy Baire, ensures the fuzzy Baireness of fuzzy
topological space. It is established that fuzzy open and fuzzy first category sets are
the fuzzy sets having the property of fuzzy Baire in fuzzy topological spaces.
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