Annals of Fuzzy Mathematics and Informatics
Volume 21, No. 2, (April 2021) pp. 113-123 @FMH

ISSN: 2093-9310 (print version)

ISSN: 2287-6235 (electronic version) © Research Institute for Basic
http://www.afmi.or.kr Science, Wonkwang University
https://doi.org/10.30948 /afmi.2021.21.2.113 http://ribs.wonkwang.ac.kr

Uniform Hausdorff fuzzy metric on fuzzy sets

BaoQuN XiE, CONGHUA YAN

=
=L

® ©II
’ﬁ a:;ﬁm
Z =

=]

FMI
@F MTI
@F M I
@QF MT

@F M

Q[ M
@F I
@F MI
@ MT

@F MI

®
- ®
®
= =(|={|=|[ |[®]|e
2]

QFMI, @FMTI
Q@ ¥ M I

Reprinted from the

Annals of Fuzzy Mathematics and Informatics
Vol. 21, No. 2, April 2021



Annals of Fuzzy Mathematics and Informatics
Volume 21, No. 2, (April 2021) pp. 113-123 @FMH

ISSN: 2093-9310 (print version)

ISSN: 2287-6235 (electronic version) © Research Institute for Basic
http://www.afmi.or.kr Science, Wonkwang University
https://doi.org/10.30948 /afmi.2021.21.2.113 http://ribs.wonkwang.ac.kr

Uniform Hausdorff fuzzy metric on fuzzy sets

BaoQuN XiE, CONGHUA YAN

Received 23 October 2020; Revised 09 November 2020; Accepted 27 November 2020

ABSTRACT. In this paper, the uniform Hausdorff fuzzy metric is con-
structed in the sense of fuzzy metric spaces. Several topological properties
as precompactness, completeness and compactness are investigated. Given
a fuzzy metric space, we prove that a self mapping is continuous if and only
if its Zadeh’s extension is continuous which generated the result of Jardén
(2020) [15] and establish a new fixed point theorem for fuzzy mapping.
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1. INTRODUCTION

Fuzzy metric plays a significant role in the theory of fuzzy topology. The concept
of fuzzy metric space was firstly introduced by Kramosil [1] from the generalization
of probabilistic metric space. In order to overcome some limitations of this concept,
George and Veeramani [2, 3] modified the former definition of fuzzy metric spaces and
obtained a new class of fuzzy metric spaces which we called GV-fuzzy metric spaces
in general. Moreover, they proved that every GV-fuzzy metric space is Hausforff
and first countable.

Later on, several authors have contributed to study of fuzzy metric spaces. Gre-
gori and Romaguera [4, 5, 6, 7, 8] proved that the topological space induced by a
fuzzy metric space is metrizable. This important result closely make contact fuzzy
metric spaces with metric spaces. They not only proved that a fuzzy metric space
is compact if and only if it is precompact and complete, but also introduced some
definitions of continuous mapping and demonstrated the relationship between them.
Especially, given several useful examples of fuzzy metric spaces. Rodriguez-Loépez
and Romaguera [9, 10] constructed the Hausdorff fuzzy metric on the family of
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nonempty compact subsets in a fuzzy metric space and investigated some topolog-
ical properties of it. Gregori [5], Mihet [I1, 12, 13] and Vijayaraju [14] presented
several types of fuzzy contractive mappings and extended the classical fixed point
theorems to fuzzy metric spaces. Recently, Jardén [15] proved that the Zadeh’s
extension of a continuous function is also continuous in a metric space.

The aim of this paper is to establish the notion of uniform Hausdorff fuzzy metric
on the family of normal and semicontinuous fuzzy sets with compact support in a
given fuzzy metric space and investigate relations between a general fuzzy metric
space and its uniform Hausdorff fuzzy metric space. The framework is organized as
follows. In Section 2, we give some basic definitions and auxiliary results. In Section
3, we define the notion of the uniform Hausdorff fuzzy metric. After that, we discuss
some topological equivalence between these two classes of fuzzy metric spaces. In
Section 4, we mainly prove that a mapping is continuous if and only if its Zadeh’s
extension is continuous in the sense of Gregori. Finally, we present a fixed point
theorem of fuzzy mapping from a fuzzy metric space to its uniform Hausdorff fuzzy
metric space.

2. PRELIMINARIES

We start this section by recalling some necessary notions and fundamental results
which will be needed.

Given a metric space (X, d), a fuzzy set u on the space X is a function u : X —
[0,1]. Denote by u, the a-level cuts of v and u, = {x € X : u(z) > a} for each

a € (0,1]. Define the support of w as ug = |J uq. Let F(X) be the family of all
a€(0,1]

normal and upper semicontinuous fuzzy sets u : X — [0,1] with compact support.

It is well known that the Hausdorff metric of d on non-empty compact sets A, B of

X is defined by

H(A, B) = max{sup inf d(z,y), sup inf d(z,y)}.
rcAYEB yEB z€A

And the uniform Hausdorff metric on fuzzy sets u,v of F(X) is

D(u,v) = sup {H(ua,va)}-
a€el0,1]
Definition 2.1 ([2, 16]). A binary operation * : [0,1] x [0,1] — [0, 1] is a continuous
t-norm if it satisfies the following conditions: * is associative and commutative; * is
continuous; a * 1 = 1 for each a € [0,1]; a % b < ¢ * d whenever a < ¢ and b < d for
arbitrary a, b, c,d € [0,1].

There are some commonly used t-norms. The minimum t-norm a*b = min{a, b},
the usual product t-norm axb = ab, the Lukasiewicz t-norm axb = max{a+b—1,0}.

Definition 2.2 ([2, 17]). The 3-tuple (X, M, x) is said to be a fuzzy metric space if
X is a non-empty set, * is a continuous t-norm and M is a fuzzy set on X x X x (0, 00)
satisfying the following conditions:
(i) M(x,y,t) >0,
(11) M(l’,y,t) =lez=y,
(iii) M(z,y,t) = M(y, 2.1),
114
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(iv) M(z,y,s+1t) = M(z, 2,5)* M(z,y,1)

(v) M(z,y,-): (0,00) — [0,1] is continuous,
for all z,y,z € X,s,t € (0,00). If (X, M, %) is a fuzzy metric space, then (M, *) or
simply M is called a fuzzy metric on X.

Lemma 2.3 ([2]). M(x,y,-) is nondecreasing for all x,y in X.

George and Veeramani [2, 3] proved that every fuzzy metric M on X gener-
ates a topology 7a; on X which has as a base the family of open sets of the form
{Bu(z,mt) ={y e X : M(z,y,t) >1—r}:2xze€ X,t >0,r € (0,1)}. In addition,
(X, 7a) is a Hausdorff, first countable and metrizable topological space.

In a metric space, Jardén [15] proved that a function is continuous if and only if
its Zadeh’s extension is continuous under the uniform Hausdorff metric. For a given
function f : X — X, the Zadeh’s extension of f is denoted by f : F(X) — F(X)
and defined as follows (See [18]):

) (@) = { (S)tlp{U(y) rye fH (@)}, j:gg i gf
For any x € X, denoted by x{,} the characteristic function of z. It is clear that
X{z} € §(X).
Lemma 2.4 ([15]). Let X be a Hausdorff space. If f : X — X is a continuous

function, then [f(u)]a = f(ua) for eachu € F(X) and a € [0,1]. Moreover, for each
v € X, then f(X{z}) = Xf(x)-

Proposition 2.5. Let (X, M, *) be a fuzzy metric space, for every u € F(X) and
a € [0,1], uq is a compact set in X.

Proof. By the upper semicontinuity of w, it is easily to conclude that u, is a closed
set. Hence the compactness of u,, is a direct consequence of the compact support of
u. g

Next, we introduce some topological properties of fuzzy metric spaces.

Definition 2.6 ([1]). A fuzzy metric space (X, M, ) is called precompact if for each

t >0 and r € (0,1), there is a finite subset A C X, such that X = |J By (a,r,t).
a€cA

Definition 2.7 ([1]). A sequence {z,} in a fuzzy metric space (X, M, ) is called a
Cauchy sequence if and only if for each ¢t > 0 and r € (0,1), there exists ng € N such
that M (2, Tm,t) > 1 —r for all n,m > ng. A Cauchy sequence {x,} is convergent
in (X, M,x) if there exist x € X such that nhﬁn;(} M(zp,z,t) = 1. A fuzzy metric

space is said to be complete if every Cauchy sequence is convergent in it.
3. THE CONSTRUCTION OF THE UNIFORM HAUSDORFF FUZZY METRIC ON §(X)
Jesus Rodriguez-Lopez defined the Hausdorff fuzzy metric
Hy (A, B,t) = min{ inf sup M (z,y,t), inf sup M(x,y,t)},
2€A yep YEB ze A
where A, B € K(X) and K(X) denotes all the compact subsets of X. And several

theorems of Hausdorff fuzzy metric space are proved in [9, 19].
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Lemma 3.1 ([9]). Let (X, M, %) be a fuzzy metric space, then M is a continuous
functions on X x X x (0,00).

Lemma 3.2 ([9]). Let (X, M, x) be a fuzzy metric space, for each a € X, an arbitrary

compact subsets B of X and t > 0, there exist a by € B such that sup M(a,b,t) =
beB
M (a,bg,t). In addition, sup M(a,b,-) is a continuous function on (0,00).
beB

Lemma 3.3 ([9]). Let (X, M, x) be a fuzzy metric space, for each compact subsets

A, B of X and t > 0, there exist ag € A and bocp such that ingsup M(a,b,t) =
a€ApeB
M (ag, bo,t). In addition, inf sup M(a,b,-) is a continuous function on (0,00).

a€ApecB
Theorem 3.4. Let (X, M, x) be a fuzzy metric space, define a function Dy @ F(X) %
§(X) x (0,00) — [0,1] by
Dy(u,v,t) = inf min{ inf sup M(z,y,t), inf sup M(z,y,t)},
acl0,1] z€[ula yelv]a YEMa zeful,
for all u,v € F(X) and t > 0, then (F(X), D, *) is a fuzzy metric space.

Proof. (i) Let u,v,w € §(X) and s,t > 0. By the continuity of Hps on X x X x (0, c0)
and Lemma 3.2, there exists «g € [0, 1] such that

Dr(u,v,t) = Hpyr(Uag, Vags t) > 0.
It is clear that u = v < Dy (u,v,t) = 1 and Dys(u,v,t) = Dps(v,u,t). Then it
satisfies the conditions (ii) and (iii) of Definition 2.2.

(iv) Let € [0,1], € uqy and y € w,. By Lemma 3.3, there exist a point z, € v,
such that sup M (x,z,t) = M(x, z;,t). Then by the triangular inequality of M and

ZEVy
the continuity of *, we have

sup M($7y7t+ S) Z M(.T,Zw,t) * sup M(Zwaya S)'
YEW YEwq

Thus
inf sup M(z,y,t+s)> inf sup M(z,z,t) % inf sup M(z.,y,s).

TEUx yEw, TEUa zE, TE€UQ yEw,

Since {z; : ¢ € un} C vy, inf sup M(z;,y,s) > inf sup M(z,y,s). So we have

TEU YyEwWy ZEVq YEW
inf sup M(z,y,t+s)> inf sup M(z,z,t)* inf sup M(z,y,s).
TEUA YEWq TCEU 2Evq4 Z€EVq YEWq

Similarly, we obtain

inf sup M(x,y,t+s) > inf sup M(z,z,t)* inf sup M(z,y,s).

YEWa gcu, 2€Va gCu, YEWa zcu,
Since * is associative and commutative, we get
Dyr(u,w,s +1t) > Day(u, v, s) %« Dy(v,w, t).

(v) By Lemma 3.3, it is obvious that the function Dp(u,v, ) is continuous. This
completes the proof. O

The fuzzy metric Dy will be called the uniform Hausforff metric of M on F(X).
116
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Example 3.5. Denote by R the real number set. Define the function M (z,y,t) =
e~ on R, where d(z,y) = |x — y| for every z,y € R, take * be the minimum
t-norm A, then (R, M, A) is a fuzzy metric space. Thus (F(R), Das, A) is a fuzzy

metric space.

In the main result of this section, we investigate some topological equivalence
between (X, M, x) and (F(X), Dar, *).

Theorem 3.6. A fuzzy metric space (X, M, x) is precompact if and only if (§(X), D, *)
18 precompact.

Proof. Suppose that (F(X), Das,*) is precompact. For each ¢t > 0 and r € (0,1),

without loss of generality assume that the finite subset A = {u; : u; € F(X)},,n €

N such that §(X) = |J Bp,, (u;,r,t). Take 2 € X. Then the characteristic function
i—1

1=

of z, i.e., X{z3 € §(X). Thus there exist u; € A such that Das(x{z},ust) > 1 —7.
For each a € [0,1], we have [x{;}]la = {z}. So i[nf M(z,y,t) > 1—r. We
y

can find y; € [u;]1 € X such that M(z,y;,t) > yéﬁia(}\J(x,y,t) > 1 —r, which
means ¢ € Bp,,(y:,r,t). Hence the arbitrariness of x and finiteness of w; imply
X = O By (yq,m,t). Therefore (X, M, *) is precompact.

CoZrT\}ersely, suppose (X, M, *) is precompact. For each t > 0 and r € (0,1),

without loss of generality assume that the finite subset A = {a; : a; € X}, such
that X = (J Bu(a, §,t). Take u € F(X). Then ug € X. Thus there exist finite

a€A
set Ay, C A, we assume without loss of generality that A,, = {a1,a2, -+ ,ax :
k < n} such that uo € |J Bul(a,5,t). Moreover, ug N Bys(a;, 5,t) # @ for any
a€Ay,
1 <4 < k. Similarly, we assume that A,, = {a1,a2, - ,a, : m < k} such that
up € U Bwm(a,5,t) and uy N Bas(ai, 5,t) # D for any 1 < i < m. Since Ay, is
a€Ay,
a finite set of A, there exist a partition {a;}j_; C (0,1) such that A,, C A,, C
Ay, C -0 C Ay, = Ay, and for any o € (ajy1,q4],i = 1,2,--- ;¢ — 1, we have
uo € U Bul(a,3,t) and uq N Bu(a, 5,t) # @ for any a € A, . Next we We
aEAuai
construct a fuzzy set defined as
1, x € Ay,
ar, € Ay, [Auys
az, TE€A Ay,
Ve = 3 %1 el
) Y
ar, € Ay, [Au., |
0, x ¢ Ay,

Then it is obvious that V,, € F(X) and for each a € [0,1], there exist a; such
that [Vy]a = Au,,. Then for each x € uq, we can find a, € [Vu]a such that
x € By(ag, 5,t). Thus we have

inf sup M(x,a,t)Zl—f.
TEU aE[Vu]a 2
117
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Similarly, for each a € [V,]q, we can find z, € u, such that z, € By(a, §,t). So
r
inf  sup M(z,a,t) >1— —.
a€[Vyla wegl ( ) 2
Hence we get
Dag(u, Vi, t) > 1 — % >1-r.

SincetThe finiteness of A implies the family of subsets A, is finite, {V, : u € F(X)}

is a finite set. Therefore F(X)= U Bp, (V.7 t), ie., (F(X),Dp,*) is precom-
Ve{Vu}
pact. O

Theorem 3.7. A fuzzy metric space (X, M, x) is complete if and only if (F(X), Dar, %)
is complete.

Proof. Suppose that (F(X), Dy, *) is complete. For every Cauchy sequence {x,,} C
X, then xz,3 € §(X) for each n € N. It is obvious that for each ¢ > 0 and
r e (O, 1), there exist ng € N such that DM(X{LL},X{$M},t) = M(zn,xm,t) >1—r
for all n,m > ng. Then {x{,,}} is a Cauchy sequence in the complete fuzzy metric
space. Thus there exist u, € F(X) such that nan;O Dunr(X{z,}» te,t) = 1. Take

Yz € [ug)]1 € X. Then lim M(z,,ys,t) = 1. Thus (X, M, *) is complete.
n—00

Conversely, suppose (X, M, ) is complete. Then (K (X), Hpr, *) is complete. For
every Cauchy sequence {u,} C F(X), each t > 0 and r € (0, 1), there exist ng € N
such that Dps(up,tm,t) > 1 —r for all n,m > ng. By the definition of Dy, we
have Hpyr([un]a, [Um]a,t) > 1 —1r for each o € I. Thus {[u,]s} is a Cauchy sequence
in the complete fuzzy metric space (K (X), Hp, *). So there exist A, € K(X) such
that

nli}rr;o H]\/[([un]a, Aa, t) =1.

Next, for each ay, a0 € I and a1 < ag, we prove A,, D A,,. Suppose there exist
o € Aa, and zg ¢ An,. Since lim Hps([tn]ags Aas,t) = 1, for g € A,,, exist
n—oo

ny € N, for each n > nq, there exist yg € [un]a, such that M (zg,yo,t) > 1 — 1.
Moreover, lim Hp([un]ay, Aay,t) = 1, exist ng € N, for each n > max{nj,na}
n—oo

and yo € [Un]a, C [Un]a,, there exist z; € A,, such that M (z1,y0,t) > 1 — 7. Since
fuzzy matric M is continuous on X x X x (0,+00) and the compactness of A,,,
2o € Ay, which is contradictory with the hypothesis. Then A,, 2 A,,.

By the representation theorem of fuzzy numbers, there exists only V,, € F(X)
such that [Vy]o = Aa for each a € I. Thus nl;ngo Huy([un]as [Vula,t) = 1 for each

a€l. So
lm Dps(tn, Vi, t) = lim inf Hy([un]a, [Vila,t) = 1.

n—00 n—oo acl
i.e., (F(X),Das, *) is complete. O
Lemma 3.8. A fuzzy metric space (X, M, x) is compact if and only if it is precom-
pact and complete.

Theorem 3.9. A fuzzy metric space (X, M, x) is compact if and only if (F(X), Dar, *)
is compact.

Proof. 1t is a direct consequence of Theorem 3.6 and Lemma 3.8. O
118
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4. ZADEH’S EXTENSIONS ON F(X)

Zadeh’s extension principle plays an important role in fuzzy set theory. In this
section, we introduce the concept of fuzzy continuous functions in fuzzy metric spaces
and investigate some properties of its Zadeh’s extension.

Definition 4.1. Let (X, M, *) and (Y, Ma, *) be fuzzy metric spaces. A mapping
f (X, My, %) — (Y, Ma,%) is called continuous if for each x € X, ¢ > 0 and
r € (0,1), there exist ¢, > 0 and r, € (0,1) such that Ma(f(z), f(y),t) > 1—1r
whenever M (z,y,t,) > 1—r,.

Lemma 4.2. Let (X, M, A\) be a fuzzy metric space, K is a compact subset of X
and f: (X, M,N) = (X, M, \) is continuous. Then for any x € K, t> 0,7 € (0,1),
there exist to > 0, ro € (0,1) such that M(f(x), f(y),t) > 1 —r whenever y € X
and M(x,y,tg) > 1—ro.

Proof. Suppose that K is a compact subset of X. Let ¢ > 0, € (0,1) and = €
K. Then from the continuity of f, there exist t, > 0 and r, € (0,1), such that
M(f(x), f(y), %) > 1 —r whenever y € X and M(z,y,t,) > 1 —r,.

Clearly, K € U B]v[(l‘,?“w,%”). Since K is a compact set, we have K C

rz€Xq

n
U BM(asi,rmi,%i) for some n € N. Moreover, K N BM(xi,rm,%) # @ for
i=1
each 1 < i <mn. Lett = min{t;'i 2, and ro = min{ry,}? ;. Then for each
x € X1,y € X with M (z,y,t9) > 1—rg, there exist x; such that € By (z;, 72, %)
Thus

te
M(z,zi,ty,) > M(x,xi,?") >1 =1y,

and
M(y,xi,te,) > M(y,x, %) A M (z,z;, %) > My, z,t0) A (1 —7s,)
> (I=ro) A(1=rg,)
= (1—rg).
So M(f(y), f(z:), %) >1—rand M(f(x;), f(x), %) >1—r. It deduces that
M(f(), £(),) 2 M (@), f(2), 5) A M(F (i), f(), 5) > (1 =r) A (L=r) = 1=,

O

Theorem 4.3. Let (X, M, N\) be a fuzzy metric space. A mapping [ : (X, M,A) —
(X, M, N) is continuous if and only if f : (§F(X), Da, A) = (F(X), Dar, A) is con-
tinuous.

Proof. Suppose that f is continuous on X and take u € F(X). Since uy is a compact
set, by Lemma 4.2, for each « € ug, t > 0 and r € (0,1), there exist ¢, > 0 and r, €
(0,1) such that M(f(x), f(y),t) > 1 — 5 whenever y € X and M(z,y,t,) > 1 —17y.

Choose v € F(X) with Dps(u,v,t,) > 1—r, and we prove that Dy, (f(u), f(v),t) >
1 —r. Pick @ € [0,1]. Then for each = € u, C uy, there exist y, € v, C X such
119
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that M (z,ye,ty) > 1—7,. By Lemma 4.2, we have M (f(x), f(y),t) > 1— 5. From

Lemma 2.4, it implies that [f(u)]a = f(us). Thus we get
inf sup M(x,y,t)Zlfi.
welf (Wl yelf(wla 2
Similarly, for each y € vq, there exist z,, € uo C ug such that M (z,,y,t,) > 1—r,.
So we obtain ,
inf sup M(z,y,t) >1— .
yelf ()] ze[f(u)]a 2
Hence Dy (f(u), f(v),t) >1— 5>1—r, e, f is continuous on F(X).

Conversely, assume that f is continuous on §(X). Take z € X. Then x(,} €
F(X). Foreacht > 0and r € (0,1), there exist u € F(X), t, > 0and r, € (0, 1), such
that Dy (f(xga}), f(u),t) > 1—r whenever Das(X (s, U, tz) > 1—75. Let y € X and
M(x,y,t;) > 1—r;. Then it is clear that M (z,y,t:) = Dar(X{z}s X{y}>tz) > 1 =72
Thus by Lemma 2.4, we can obtain

M(f(z), f¥),t) = Dar(X{s(e)r X{r3o ) = Dar(F(xgay)s SOy ) s t) > 1 =1

So f is continuous on X. O

5. FIXED POINT THEOREM OF FUZZY MAPPING IN FUZZY METRIC SPACE

Heilpern [20] introduced the concept of fuzzy mappings in linear metric space. In
this section, we generate it to fuzzy metric space and obtain a fixed point theorem.

Definition 5.1. Let (X, M, ) be a fuzzy metric space, then T is called a fuzzy
mapping, if T is a mapping from X to §(X), i.e., T(z) € F(X) for each = € X.

Definition 5.2. ([21, 22]) Let u,v € §(X). Then u is more accurate than v, denoted
by u C v, if u(z) < v(z) for each z € X.

Definition 5.3. ([23, 24]) For a fuzzy mapping F : (X, M, x) — (F(X), D, *) and
a € [0,1], z € X is called a fixed point of T, if x(,3 C F(x), i.e.,, x € [F(x)];.
Equivalently, = € [F(z)], for each a € [0, 1].

Lemma 5.4. ForVr € X,a € [0,1],1 >0, if {2y C u € F(X), then sup M(z,y,t) =

YEU
1.
Lemma 5.5. ForVz,z € X,u € §(X),s,t > 0, then sup M(x,y,t+s) > M(x,z,t)*
YCuqn
sup M(z,y,s).
YEuUq

Lemma 5.6. For Vo € X,a € [0,1],u,v € F(X),t > 0, if X{z0} C u, then
sup M (2o,y,t) > Dy (u,v,1).
YEVq
Theorem 5.7. Let (X, M, *) be a complete fuzzy metric space. Suppose F : (X, M, *) —
(§(X), Das, %) is a fuzzy mapping satisfying

1

1<k
120
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for each z,y € X,t > 0 and k is a fized constant in (0,1). Then there exist a x,. € X
such that X,y C F(x4), i.e., 24 is a fized point of F'.

Proof. Let 1 € X, € [0,1] and ¢t > 0. Since F(x1) € F(X) is a normal fuzzy set,
there exist xo € [F(21)]1, i.e., X{z,} C F(21). Then by Lemma 5.6, we have
sup  M(z2,y,1)

YE[F (z2)]a
> inf sup  M(x,y,t
z€[F(21)]a ye[F(z2)]a ( :
> mln{ inf sup M($7 Y, t)’ inf sup M(Q?, Y t)}
.’L‘E[F(xl)}a ye[F(332)]a yE[F(J)2)]a xE[F(Qfl)]a

> DM(F(Il)vF(xz)vt)
Since M is continuous on X X X X oo and [F(z2)], is compact, there exist xz3 €
[F(22)]a such that M (zg,x3,t) = sup M(z2,y,t) > Dy (F(z1), F(22),t). Con-
yE[F (22)]a
tinuing in this way, we obtain a sequence {x,} C X such that x(,, 3 C F(7,-1) and
M (Zpt1,Zn,t) > Dy (F(zy), F(2p—1),t) for n = 2,3,4,---. Since k is a fixed con-
stant in (0,1), we have

1 1 1

_1< —1<k(——1).

Mmrn®) = D) Fand) = Sty

We can show by induction that
1 1
—_ 1<k (oo —1).
M(xn+17xn7t) o (M({Eg,l’l,t) )
For each r € (0, 1), there exist ng > 0 such that k"fl(m —1) < 1% for

each n > ng. Thus m —1< %, ie. M(2pq1,7p,t) > 1 — 7. Moreover,
for each s € (0,1), there exist r € (0,1) such that (1 —7)* (1 —7) >1—s. So by

the the triangular inequality of M, we have
t t
M (Znq2,%n,t) > M(Tni2, Tnyt, 5) * M(Tpi1, T, 5) >(I=r)x(1-7)>1-s.

This is obvious that M (2, Z;m,t) > 1 — s for each n,m > ng by induction. Hence
{zn} is a Cauchy sequence. Since (X, M, *) is complete, there exist z, such that
lim M (zp,x,t) = 1.

n—oo

Next, we will show that z, C F(z.). By the hypothesis, Lemma 5.5 and 5.6, we
can prove that

t
sup M(l'*7y,t) Z M(‘T*ﬂvnvf)* sup M(Q?n,y,t)
yEF(z.)]a 27 yelFa)la
t t
Z M(x*axn7§)*DM(F(xn—l)’F(JU*),i)
t t
> M(zs,Tp, =) * M(Tp_1,Ts, =).
2 2
Hence sup M(z.,y,t) =1, ie. x4 € [F(x4)]n for each o € [0,1]. This shows
YE[F(z:)]a
that z, is a fixed point of F. O
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6. CONCLUSION

In the present paper, we have introduced the notion of uniform Hausdorff fuzzy
metric on fuzzy sets in the sense of fuzzy metric spaces and discuss some interesting
properties for this fuzzy metric. Also, we generalized Jardén’s result from the clas-
sical metric spaces to fuzzy metric spaces. The question of extending this uniform
Hausdorff fuzzy metric to weak continuous and contractive mappings may aries in a
natural way and deserves attention in a further work.
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