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ABSTRACT. In this paper, we introduced the notion of multiplier in
lattice implication algebra, and considered the properties of multipliers in
lattice implication algebras. We give a set of conditions which are equiv-
alent to be an identity multiplier. Also, we characterized the fixed set
Fizy(L) and Kerf by multipliers. Moreover, we prove that if f is a mul-
tiplier of a lattice implication algebra, every filter F' is a f-invariant.

2020 AMS Classification: 08A05, 08A30, 20105, Primary 16Y30
Keywords: Lattice implication algebra, Multiplier, Isotone, Fizs(L), Ker f.

Corresponding Author:  Kyung Ho Kim (ghkim@ut.ac.kr)

1. INTRODUCTION

The concept of lattice implication algebra was proposed by Xu [1], in order to
establish an alternative logic knowledge representation. Also, in [2], Xu and Qin
discussed the properties lattice H implication algebras, and gave some equivalent
conditions about lattice H implication algebras. Xu and Qin [3] introduced the
notion of filters in a lattice implication, and investigated their properties. The
present author [4, 5] introduced the notion of derivation and f-derivation in lattice
implications algebras and obtained some related results. In this paper, we introduced
the notion of multiplier in lattice implication algebra, and considered the properties
of multipliers in lattice implication algebras. We give a set of conditions which are
equivalent to be an identity multiplier. Also, we characterized the fixed set Fiz (L)
and Kerf by multipliers. Moreover, we prove that if f is a multiplier of a lattice
implication algebra, every filter F' is a f-invariant.
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2. PRELIMINARIES

A lattice implication algebra is an algebra (L; A, V, 1, —, 0, 1) of type (2,2, 1, 2,0, 0),
where (L; A, V,0,1) is a bounded lattice, “ 77 is an order-reversing involution and “
— 7 is a binary operation, satisfying the following axioms: for all x,y,z € L,

Ll) 2= (y—=2)=y— (x = 2),
(L2) z -z =1,

(L3) x »y=9y — o,

I4) z »y=y—oz=1=x=y,
(L5) (z = y) »y=(y—2z)—u,
(L6) (xVy) = z=(x—=2)A(y = 2),

(L7) (xAy) = z=(x = 2)V(y = 2).
If L satisfies conditions (L1) — (L5), we say that L is a quasi lattice implication

algebra. A lattice implication algebra L is called a lattice H implication algebra, if
it satisfies t Vy V ((x Ay) — 2) =1 for all z,y,2z € L (see [1]).

“

In the sequel the binary operation “ — ” will be denoted by juxtaposition. We can
define a partial ordering “ < ” on a lattice implication algebra L by x < y if and
only if x -y =1 for all z,y € L.

Theorem 2.1. In a lattice implication algebra L, the following hold:

(ul) 0=»z=1,1=sz=zandx—1=1,

(u2) z—=y<(y—2)— (z—2),

(w3) x <y impliesy > z<zx—zandz—z<z—y,
(ud) 2’ =2 — 0.

(us) zVy=(z—y) =y,

(u6) ((y = z) = y) =zAy=(z—=y) =),
(W7) 2 < (2 - y) > 3,

for all x,y,z € L (see [1]).

Definition 2.2. In a lattice H implication algebra L, the following hold, for all
x,y,z € L,

() z = (z = y)=2x—y,

(W9) z—= (y—2)=(z—=y) = (x— 2) (see [1]).

Definition 2.3. A subset I of a lattice implication algebra L is called a filter of L
it satisfies,

(F1) 1 € F,

(F2) x e Fand ¢ — y € F imply y € F, for all z,y € L (see [3]).

Definition 2.4. Let L; and Lo be lattice implication algebras.
(i) A mapping f : L1 — Lo is an implication homomorphism, if f(x — y) =
f(x) = f(y) for all x,y € L.
(ii) A mapping f : L1 — Lo is an lattice implication homomorphism, if f(zVy) =

@)V f), fmny) = f@) A fy), fa) = f(z) for all 2,y € Ly (see [2])
40
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3. MULTIPLIERS OF LATTICE IMPLICATION ALGEBRAS

In what follows, let L denote a lattice implication algebra unless otherwise spec-
ified.

Definition 3.1. Let L be a lattice implication algebra. A map f: L — L is called
a multiplier of L, if

fl@—=y)=z— fly)
for all z,y € L.

Example 3.2. Let L be a lattice implication algebra. Then

(1) f(z) =1 is a multiplier of L,
(2) f(x) =z is a multiplier of L.

Example 3.3. Let L := {0,a,b,¢,1}. Define the partial order relation on L as
0<a<b<c<1,and define

x Ay :=min{z,y}, x Vy = max{z,y}

for all z,y € L and “/’and “—” as follows:

x| -0 a b ¢ 1
01 01 1 1 1 1
al| c al|lc 1 1 1 1
bl b b|b ¢ 1 1 1
c| a cla b ¢ 1 1
110 110 a b ¢ 1

Then (L, V,A,/,—) is a lattice implication algebra. Define a map f: L — L by

1 ifz=c¢l

b ifz=a
T@=3, ite=o

c ifxz=0.

Then it is easy to check that f is a multiplier of lattice implication algebra L.

Example 3.4. Let L := {0,a,b,1} be a set with the Cayley table.

z |z —>‘0 a b 1
01 011 1 1 1
alb al|lb 1 1 1
bl a bla b 1 1
110 110 a b 1

For any x € L, we have 2’ = 2 — 0. The operations A and V on L are defined as
follows:

sVy=(x—=y) =y zAy=((a" —=y)—=y).

Then (L, V,A,/,—) is a lattice implication algebra. Define a map f : L — L by
41
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1 ifz=1,b
fley=<a ifz=0
b ifx=a.

Then it is easy to check that f is a multiplier of a lattice implication algebra L.

Proposition 3.5. Let f be a multiplier of L. Then the following conditions hold:
1 f@) =1,
(2) z < f(x) forallz € L,
(3) f(x)=f(z)Va forallz € L.

Proof. (1) Let f be a multiplier of L. Then we have

f)=f0=1)=0-= f(1) =1,
(2) Let f be a multiplier of L. Then by (1), for all z € L,

v = flo)=flz—z)=f(1)=1
which implies x < f(z).
(3) For all x € L, we have
f@)Vae=(fz) 2 2) 2 z=(x= f2) = fl2) =1—= fz) = f(2)
from (2). O

Let L be a lattice implication algebra and let f be a multiplier of L. If z < y
implies f(z) < f(y), f is said to be isotone.

Example 3.6. In Example 3.4, f is an isotone multiplier of L.

Proposition 3.7. Let f be a multiplier of L and let f be an implication homomor-
phism on L. Then f is isotone.

Proof. Let x <y for all z,y € L. Then x — y = 1. Now f(x) — f(y) = f(x = y) =
f(1) =1, which implies f(z) < f(y). This completes the proof. O

Proposition 3.8. Let f be a multiplier of L. Then we have f(x) — f(y) < f(z = y)
for all x,y € L.

Proof. Since x < f(x) for all x € L, it follows from (u3) that f(z) — f(y) <z —
fly) = f(x = y) for all z,y € L.
Il

Proposition 3.9. Let f be a multiplier of L and let f be non-expansive. Then f is
an implication homomorphism on L.

Proof. Let f be a multiplier of L and non-expansive. Then we have f(z) < x. Hence
fl@—=y)=a— f(y) < f(z) = f(y) by (u3) and so f(z) = f(y) = f(z — y), from
Proposition 3.8 and (L4). This completes the proof.

O

Proposition 3.10. Let L be a lattice implication algebra with x — y =y — x for
all x,y € L. Then every idempotent multiplier of L is an implication homomorphism
on L.

42
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Proof. Let f be an idempotent multiplier of L. Then f?(z) = f(z) for all x € L.
Thus for all z,y € L,

flx=y) ==y =ffl@—y)
=flx = f(y) = f(fly) = z)
= fy) = f(z) = f(x) = f(y),

which implies that f is an implication homomorphism on L.
O

Proposition 3.11. Let L be a lattice implication algebra and let f be a multiplier
of L. Then f: L — L is an identity map if it satisfies f(x) =y =z — f(y) for all
z,y € L.

Proof. Let © — f(y) = f(x) — y for all z,y € L. Then f(z) = f(1 - z) =1 —
f@)=f(1) 52 =1— o =z Thus f is an identity map of L.
O

Theorem 3.12. If f is a multiplier of L and f is an tmplication homomorphism
on L, then f is idempotent.

Proof. Let f be a multiplier of L. Then for all x € L, we have
f@) = f(f(@) = f(f(z) = f(x) = f(1) = 1.

Thus f(x) < f(f(z)). Also, since f is an implication homomorphism on L, we have
f(f(@) = f(@) = f(f(x) = 2) = flz) > flz) =1.

So f(f(x)) < f(x). Hence f(f(z)) = f(x). -

Theorem 3.13. Let L be a lattice implication algebra and f a multiplier of L. Then
f is one to one if and only if f is an identity multiplier of L.

Proof. Sufficiency is obvious. Suppose that f is one to one. For every =z € L, we
have

f(f(x) = z) = f(z) = f(z) =1=f(1)
and so f(z) =z =1, i.e., f(z) < x. Since z < f(z) for all z € L, from Proposition
3.5, it follows that f(x) = x, which implies that f is the identity multiplier.
O

In general, every multiplier of L need not be identity. However, in the following
theorem, we give a set of conditions which are equivalent to be an identity multiplier
of L.

Theorem 3.14. Let L be a lattice implication algebra. A multiplier f of L is an
identity map if and only if the following conditions are satisfied for all x,y € L,

(1) f is idempotent, i.e., f2(x) = f(z),
(2) fl&—=y)=flz) = f(y),
(3) f2(z) =y =f(z) = f(y).
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Proof. The condition for necessary is trivial. For sufficiency, assume that (1) and (2)
hold. Then for z,y € L, we get f(x) =y = f2(x) =y = f(x) = fly) = f(z = y).
Also, by the definition of the multiplier, we have f(x — y) = = — f(y). Thus
fl@a—=y)=x— fly) =flz) =y
So by the Proposition 3.11, f is an identity multiplier of L.
U

Let L be a lattice implication algebra and f1, fo two self-maps. We define fio f5 :
L — L by

(fio f2)(x) = fi(fa(2))

for all z € L.

Proposition 3.15. Let L be a lattice implication algebra and f1, fo two multipliers
of L. Then fy o fa is also a multiplier of L.

Proof. Let L be a lattice implication algebra and fi, fo two multipliers of L. Then

e have (f10 f2)(a—b) = fulfala— b)
= fi(a — f2(b)
— 4 fi(falD)
=a— (fi10f2)(b)

for any a,b € L. This completes the proof.

)
)
)
(

We define z LIy by
zUy=(x—y)—y
for all z,y € X.

Let L be a lattice implication algebra and f1, fo two self maps. We define f; U f5 :
L — L by

(il fo)(z) = fi(z) U fa(x)

for all z € L.

Proposition 3.16. Let L be a lattice H implication algebra and let fi1, fo be two
multipliers of L. Then f1 U fy is also a multiplier of L.

Proof. Let L be a lattice H implication algebra and let fi, fo be two multipliers of
L. Then we have, for all a,b € L,
(fiufa)(a—=b) = fila—=>b)U fala—b) =a— fi(b)Ua — f2(b)
= ((a = f1(b)) = (a = f1(b)) = (a — f2(b))

= (a = (f1(b) = f2(b))) = (a — f2(b))

=a = ((f1(0) = f2(b)) = f2(b))

=a — (f1(b) U f2(b))
)

=a— (fiUfo)(b
44
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This completes the proof. O

Let L be a lattice implication algebra and f;, fo two self-maps. We define f1V f5 :
L — L by

(f1V f2)(x) = fi(z) V fa(2)

for all x € L.

Proposition 3.17. Let L be a lattice H implication algebra and f1, fo two multipliers
of L. Then f1 V fa is also a multiplier of L.

Proof. Let L be a lattice H implication algebra and fi, fo two multipliers of L. Then
we have

(f1Vf2)la—=b) = fila—=b)V fala—b) = (a— fi(b) V (a = f2(b))
= ((a = f1(b)) = (@ = f2(b))) = (a — f2(b))
= (a = (f1(b) = f2(b))) = (a — f2(b))
=a = ((f1(b) = f2(b)) = f2(b))
=a— (f1(0) V f2(b))
=a— (f1V f2)(b)
for any a,b € L. This completes the proof.

2
—
—

O

Let Ly and Lo be two lattice implication algebras. Then L; x Lo is also a lattice
implication algebra with respect to the point-wise operation given by

(a,b) = (¢,d) = (a = ¢,b = d)
for all a,c € L1 and b,d € Lo.

Theorem 3.18. Let Ly and Lo be two lattice implication algebras. Define a map
f:Li x Ly = Ly X Ly by f(z,y) = (x,1) for all (x,y) € L1 X La. Then f is a
multiplier of Ly x Lo with respect to the point-wise operation.
Proof. Let (z1,y1), (z2,y2) € L1 X La. The we have
f((@1,91) = (22,92)) = flzr = 22,1 = y2)
= (z1 — 22,1)
= (21 = 2,51 = 1)
= (z1,91) = (22,1)
= (21,91) = f(z2,92).
Therefore f is a multiplier of the direct product L; x L.

Let f be a multiplier of L. Define a set Fix¢(L) by

Fizg(L):={z € L| f(z) =z}
for all x € L.
45
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Proposition 3.19. Let f be a multiplier of L. If v € Fixy(L). Then we have
—N—
(fofof-of)(z)=uz.
Proof. By definition of Fiz (L), the proof is straightforward.
O
Proposition 3.20. Let L be a lattice implication algebra and let f be a multiplier
of L. Then we have the following properties:
(1) ifz € L and y € Fixys(L), we have x — y € Fizy(L),
(2) ify € Fixy(L), xVy € Fixg(L) for all x € L.
Proof. (1) Let x € L and y € Fizy(L). Then we have f(y) = y. Thus we get
fle=y)=z— f(y)
=x—=y.
(2) Let z € L and y € Fixzy(L). Then we get
flevy) =f(z—=y) —y)
=(@—=y) > f(y)
=(@—=y) =y =zVy
O

Proposition 3.21. Let L be a lattice implication algebra and let f be a multiplier
of L. If x <y and x € Fizy(L), then we have y € Fixy(L).

Proof. Let x <y and x € Fizy(L). Then we have x — y = 1 and f(z) = x. Thus
we get
f)=f(A—=y)=fz—=y)=y)=flzvy) =zVy=y
from Proposition 3.20 (2).
O

Let us recall from Proposition 3.16 that the composition of two multipliers f and
g of an almost distributive lattice L is a multiplier of L where (f o g)(z) = f(g(z))
for all x € L.

Theorem 3.22. Let f and g be two idempotent multipliers of L such that fog = gof.
Then the following conditions are equivalent:

(1) f=g,
(2) f(L) = g(L),
(3) Fizy(L) = Fizg(L).

Proof. (1) = (2): It is obvious.

(2) = (3): Assume that f(L) = g(L). Let « € Fizy(L). Then = f(z) € f(L) =
g(L). Thus = = g(y) for some y € L. Now g(z) = g(g(y)) = ¢°(y) = g(y) = =
So z € Fizy(L). Hence Fizy(L) C Fixy(L). Similarly, we can obtain Fizy(L) C
Fix(L). Therefore Fixy(L) = Fixy(L).
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(3) = (1): Assume that Fizy(L) = Fizy(L). Let « € L. Since f(z) € Fixy(L) =
Fizy(L), we have g(f(x)) = f(x). Also, we obtain g(z) € Fizy(L) = Fixzs(L). Then
we get f(g(x)) = g(x). Thus we have

f(@) =g(f(x)) = (go f)x) = (feg)(x) = flg(z)) = g(z).
So f and g are equal in the sense of mappings.
g

Let L be a lattice implication algebra. Then, for each a € L, we define a map
fa: L — Lby
falx)=a—x
for all x € L.

Proposition 3.23. For each a € L, the map f, is a multiplier of L.

We call the multiplier f, of Proposition 3.23 as simple multiplier. Let us denote
S(L) by the set of all simple multipliers on L.

Proof. Suppose that f, is a map defined by f,(z) = a — « for each « € L. Then for
any =,y € L, we have
faw=y)=a—=(z—=y) =z (a—y) =z fuly)
Thus f, is a multiplier of L.
O

Proposition 3.24. Let L be a lattice H-implication algebra. Then the map f, is an
isotone multiplier of L.

Proof. Let z,y € L be such that x < y. Then we get x — y = 1. Thus f,(z) —
faly) = (@ 5 2) - (¢ > y) =a — (x - y) = a — 1 = 1, which implies
fa(z) < fa(y). This completes the proof.

O

Proposition 3.25. Let L be a lattice H-implication algebra. Then the map f, is an
implication homomorphism on L.

Proof. Let x,y € L. Then we get fo(z > y) =a = (z = y) =(a - z) = (a —
y) = fa(x) = fu(y) for every x,y € L. This completes the proof.
U

Proposition 3.26. Let L be a lattice implication algebra. Then, for each p € L, we
have ap(x VvV p) = 1.

Proof. For p € L, we have
ap(zVp)=op((p—z) > ) =p—((p—2z) > 1)
=p—z)=>p—oax)=1,

for any « € L. This completes the proof.
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Theorem 3.27. Let L be a lattice implication algebra. Then the following properties
hold for all p,q € L.

(1) The simple multiplier f1 is an identity function on L.
(2) If p < q, then fq < fp.

(3) Ifp 7£ q, then fq 7{ fp~

(4) fp(zup) =1, for allz € L.

Proof. (1) For every x € L, we have fi(z) =1 -z = z.

(2) Let p < g. Then we get ¢ = = < p — z, Thus fy(z) < fp(x) for all z € L.
That is, f; < fp.

(3) Let fq = fp- so fq(x) = fp(x) for all z € L. This implies p - = = ¢ — = for
all x € L. Now if z = p, then p — p = ¢ — p, which implies ¢ — p = 1, that is
q < p.if x = q, then p = ¢ = ¢ — ¢, which implies p — ¢ = 1, that is p < ¢. Thus
p = ¢, which is a contradiction. So if p # ¢, then f, # f,.

(4) For every p € L, we have

folzUp) = fplp =) = 2) =p = ((p = 2) = 2)
=(p—oz)>(p—z)=1

For any f,, f» € S(L), define two binary operations
(fo AN ) (@) = fp(x) A fo(), (fpV fo)(@) = f(z) V fo(z)
for any p,q,z € L.
Lemma 3.28. Let f,, f, € S(L). Then we have for all p,q € L,
fo AN fq€S(L) and f, V fqy € S(L).
Proof. Let fp, fy € S(L). Then we have for all z € L,
(fo N f)(@) = fp() A fo(z) = (p = ) A (g — )
= (p\/ q) — T = f(p\/q)(x)'

Since pV g € L, we have f, A f; € S(L).
Also, for every = € L, we get

(fpV f)(@) = fp() V fo(x) = (p—2) V(¢ = )
=(PANq) = 2= fpag(T).
Since p A g € L, we have f, V f, € S(L).

By using the Lemma 3.28, we have the the following theorem.

Theorem 3.29. Let L be a lattice implication algebra. Then S(L) is a bounded
A-semilattice with top element fo and bottom element fi.

Proposition 3.30. For any p € L, the mapping Bp(a) =p — (p — a) is a multiplier
of L.
48
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Proof. Let p € L. Then we have
Bpla —b) =

for all a,b € L. This completes the proof.
O

Proposition 3.31. Let L be a lattice H implication algebra. For any p € L, the
multiplier B,(a) =p — (p — a) is a homomorphism of L.
Proof. Let p € L. Then we have
Bpla—b) =p— (p— (a— b))
) = (p— b))

=(p—=@—a)—=@—@—0)

= Bp(a) = Bp(b)
for all a,b € L. This completes the proof.

=p—=>(p—a

O

Proposition 3.32. Let L be a lattice implication algebra. If a < b for any a,b € L,
we have By(a — b) = 1.

Proof. Let a and b be such that ¢ < b. Then a — b = 1. Thus we have f,(a — b) =
Bp(1) =p — (p = 1) = p — 1 = 1. This completes the proof.
O

Let L be a lattice implication algebra and let f be a multiplier of L. Define a
Kerf by
Kerf={zeL| f(z)=1}.

Proposition 3.33. Let f be a multiplier of a lattice implication algebra L. If f is
an implication homomorphism on L, Kerf is a filter of L.

Proof. Clearly, 1 € Kerf. Let x,x — y € Kerf. Then f(z) =1 and f(z — y) = 1.
Thus we have

l=flz—=y)=f2) = fly) =1=fy) = f(y),
which implies y € Kerf.
O

Proposition 3.34. Let L be a lattice implication algebra and let f be a multiplier
of L. If y € Kerf, then we have x Vy € Kerf for all x € L.

Proof. Let f be a multiplier of L and y € Kerf. Then we get f(y) = 1, and thus
flavy)=flz—=y) 2y =@@—-y) = flyy=@@—y) >1=1
So we have z Vy € Kerf.
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Proposition 3.35. Let L be a lattice implication algebra and f be a multiplier of
L. Ifx <y andx € Kerf, theny € Kerf.

Proof. Let x <y and xz € Kerf. Then we get x — y = 1 and f(x) =1, and thus
fy)=fl—=y)=f(z—y) —y)
=fly—z)—>a)=(y—2z)— fla)
=y—oz)—>1=1

So we have y € Kerf.
O

Proposition 3.36. Let L be a lattice implication algebra and let f be a multiplier
of L. If y € Kerf, then we have x — y € Kerf for all x € L.

Proof. Let y € Kerf. Then f(y) = 1. Thus we have
fe=y)=z— flyy=2—1=1

So we get x — y € Kerf.
O

Definition 3.37. Let L be a lattice implication algebra. A nonempty subset F' of
L is said to be a f-invariant, if f(F) C F where f(F) = {f(x) | x € F}.

Theorem 3.38. Let L be a lattice implication algebra and let f be a multiplier of
L. Then every filter F' is a f-invariant.

Proof. Let F be a filter of L. Let y € f(F). Then y = f(z) for some z € F. It follows
that * - y =« — f(x) = 1 € F, which implies y € F. Thus f(F) C F. So F is a
f-invariant.

O
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