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ABSTRACT. In 2012, Jun et al. introduced the notion of a cubic set,
which is a generalization of Zadeh’s fuzzy set. In 1999, Ganter and Wille
put forward formal concept analysis theory(FCA), formal context, concept
lattice are two main notions and tools. In the paper, we define formal
context, Galois connection, concept lattice on cubic sets, and generalize
formal concept analysis theory on cubic sets structure.
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1. INTRODUCTION

In 1965, Zadeh [1] initiated fuzzy sets. As a generalization, in 2012, Jun et al.
[2] introduced the notion of a cubic set. After then, Kang and Kim [3] defined a
mapping of cubic sets, Kim et al. [1] investigated a cubic relation between cubic sets.
The related contents may be referred [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18].

Ganter and Wille [19] put forward formal concept analysis theory(FCA), which
is an order-theoretical analysis of scientific data. Formal context, concept lattice
are two main notions and tools. In [20], from the point of view of graded approach,
Beélohlavek established L-order, L-context and L-concept lattice. Djouadi and Prade
[21] investigated the interval-valued formal concept analysis and Brito et al. [22]
considered fuzzy formal concept analysis. We also discussed approximate concept
lattice in fuzzy setting and the relation to fuzzy rough sets [23, 24]. More references
see International Conference Homepages: Concept Lattices and Their Applications.

In the paper, we introduce the notions of formal context, concept lattice on cubic
sets, combine formal concept analysis and cubic sets together. The contents are
arranged into two parts, Section 3: Concept lattice on Cubic sets. In Section 2, we
give an overview of concept lattice and cubic sets, which surveys Preliminaries
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2. PRELIMINARIES

The section is devoted to some main notions for each area, i.e., formal concept
analysis [19, 20] fuzzy sets [1], interval-valued fuzzy sets [25, 26] and cubic sets [2, 4].

2.1. Formal Concept Analysis. FCA is an order-theoretic method for the math-
ematical analysis of scientific data, pioneered by Wille and others [19], has attracted
a growing number of researchers and practitioners. We introduce by formalizing the
notion of (formal) context.

A context is a triple (G, M, ) consisting of two sets G and M and a relation I
between them. The elements of G are called the objects and the elements of M are
called the attributes. We write gI'm or (g,m) € I to show that the object g has the
attribute m.

For a set A C G of objects define A" = {m € M | gIm for all g € A}. Corre-
spondingly, for a set B C M of attributes define B = {g € G | gIm for all m € B}.
A concept of the context (G, M, ) is a pair (4, B) where AC G,BC M, A' = B
and B' = A. We call A the extent and B the intent of the concept (A, B).

Suppose (A1, B1), (As, B2) are two concepts of the context (G, M, I), we define
an order <, where (A1, By) < (Asg, Bs) if Ay C Ay (which is equivalent to By O Bs).

Let C(G, M, I, <) be the set of all concepts of the context (G, M, I') with the order
<. It forms a complete lattice (Concept Lattice) in which join and meet are given
by:

V (45,B) = ((U 4)", N Bj), A (4;,B)=(N 4;.(U B))").

jeJ jEJ jeJ jeJ jeJ jEJ

2.2. Fuzzy sets. We introduce some basic definitions about fuzzy sets, fuzzy rela-
tions [1].

For a set X, a mapping A : X — T is called a fuzzy set in X, where I = [0, 1].
The collection of all fuzzy sets in X is denoted by IX. In particular, 0 and 1 denote
the fuzzy empty set and the fuzzy whole set in X, respectively.

For any A, p € IX, the join (V) and meet (A) of A and p, denoted by AV u and
A A p, are defined as follows: for each x € X,

AV )(@) = max{A@),u@}, (A p)(@) = min{A@), u(@)).
For any family (A;);es of fuzzy sets in X, the join (V) and meet (A) of (X)) e,

denoted by \/,c; Aj and /\;c; A;, are defined as follows: for each z € X,
(\V X)(@) = supje s (x) (/\ )(x) = infjes A (@).
jeJ jed

For two sets X, Y, r € IX*Y is called a fuzzy relation from X to Y.

2.3. Interval-valued fuzzy sets. In the section, we introduce some basic defini-
tions related to interval-valued fuzzy sets and interval-valued fuzzy relations (See
[25, 26, 27)).

The set of all closed subintervals of I is denoted by [I], and members of [I] are
called interval numbers and are denoted by @, b, ¢, etc., where @ = [a™,a™| and
0 <a” <a' <1. In particular, if a= = a™, then we write as a = a.
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We define relations < and = on [I] as follows:
(Va, be [I)@=b+=>a" <b anda® <b"),
(Va, bell)@=b<>a=banda=b),i.ec.,
(Va, be[I)(a=b<>a =b" and a™ =b™).

Tosay'd<g,yemeanajgand'd#g. N N
For any a, b € [I], their minimum and maximum, denoted by @ A b and a V b are
defined as follows:

anb=la" Ab-,at AbT], avb=la" Vb ,at Vb

Let (aj)jes C [I]. Then its inf and sup, denoted by \;c;a; and V¢ ;ay, are

defined as follows:

Na-Aa Aol V=V Val

jeJ jeJ JjEJ JjEJ JjEJ Jje€J

jeg

For a nonempty set X, a mapping A : X — [I] is called an interval-valued fuzzy
set (briefly, an IVF set) in X. Let [I]* denote the set of all IVF sets in X. For each
Ae [l andz € X, A(z) = [A~(z), At (z)] is called the degree of membership of an
element z to A, where A=, A € IX are called a lower fuzzy set and an upper fuzzy
set in X, respectively. For each A € [I]X, we write A = [A~, A*]. In particular, 0
and 1 denote the interval-valued fuzzy empty set and the interval-valued fuzzy whole
set in X, respectively. We define relations C and = on [I]¥ as follows:

(VA, Be[II*)(AC B+ (z € X)(A(z) < B(z)),

(VA, Be[II*)(A=B<+= (z € X)(A(z) = B(x)).
For any (A;)jes C [I]¥, its intersection ;. ; A; and union |J

respectively as follows: for each x € X,

() 4@ = N\ 45(), (U 4)@) =V 45).

JjeJ JjeJ Jje€J Jje€J

g ies A; are defined,

For two sets X, Y, R € [I]**Y is called an interval-valued fuzzy relation (briefly,
IVF relation) from X to Y.

2.4. Cubic sets and cubic relations. As a generalization, the notions of a cubic
fuzzy set and a cubic fuzzy relation are introduced in [2, 4].

Definition 2.1 ([2]). Let X be a nonempty set. Then a complex mapping A =<
AN > X — [I] x I is called a cubic setin X.

In special, a cubic set A =< A, A > in which A(z) = 0 and A(z) = 0 (resp.
A(xz) =1 and M(z) = 1) for each z € X is denoted by 0 (resp. 1). In this case, 0
(resp. 1) will be called a cubic empty (resp. whole) set in X.

We denote the set of all cubic sets in X as ([I] x I)*.
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Definition 2.2 ([2]). Let A=< A, A\ >, B=< B, >¢€ ([I] x I)*. Then we define
the following relations:

(i) (Equality) A=B<< A= B and A = p,

(ii) (P-order) AC B< A C B and A < u,

(iii) (R-order) A€ B AC Band A > p

Definition 2.3 ([2]). Let A =< A,A >, B=< B,u>€ ([I[]xI)X and let (A;)jes =
(< Aj,\j >)jes C ([I] x I)*. Then the complement A¢ of A, P-union LI, P-
intersection MM, R~union W and R-intersection M are defined as follows, respectively:
for each = € X,
(i) (Complement) A%(x) =< A°(x), A°(z) >,
(ii) (P-union) (AU B)(x) =< (AU B)(x), ( )
WjerA) (@) =< User A)@). (Vjes M)
(iii) (P-intersection) (AN B)(z) =< (AN B)(x), (A A )
)
J

In special, for cubic sets < a, A >, < g,,u >, < aj, A >, < bj,u; > (jeJ) we
also adopt the above symbols:

<UASC<bpu>=a=<band A < p, <UA>=<bpu>=a=>band A= p,

<TUGASU<bpu>=<aVvb AVpu>, <AASTI<bpu>=<aAb AAu>,
|_| <Zij,/\j >=< \/ Zij, \/ Aj >, Micg <Zij,>\j >=< /\ Zij, /\ Aj >,
jeJ jed  jeJ jea T jed

<UA>E<bpu>=a=<band A > p
Definition 2.4 ([1]). Let A =< A, A >€ ([I] x I)X, let @ € [I] with a™ > 0 and let
a € I with @ > 0. Then A =< A, X\ > is called a cubic point in X with the support
z € X and the value < @, a >, denoted by z.g o>, if for each y € X,

U a,a > ify==z
o> <0,0 > otherwise.

The set of all cubic points in X is denoted by Mx.

Definition 2.5 ([1]). Let 254> € Mx and let A =< A, X >¢€ ([I] x I)*.
(1) <z o> is said to belong to A by P-order type, denoted by x<z o> €p A, if
a = A(z) and a < A(x), i.e., x5z € A and z, € A
(i) T<g,a> is said to belong to A by R-order type, denoted by <5 o> €r A, if
a = A(z) and a > A(z), i.e., vz € A and x1_, € A°.

Proposition 2.6 ([1]). Let x<z0> € Mx and let A =< A, X >, B =< B,u >¢
([1] x I)X.
(1) AT B if and only if v<g.o> €p B, for each x5 o> €p A.
(2) A€ B if and only if <5 o> €r B, for each x5 o> €r A.
Proposition 2.7 ([1]). Let A=< A, )X >, B=< B,u>€ ([I] x )X, let (A;)jes =
(< Aj, N >)jes C (I x 1) and let 2.0~ € Mx.
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1) If xcgo> €p A 0r g o> €p B, then v o> €p AUB.

)/ If there is j € J such that <z o> €p Aj, then ¥z o> €p UjcsAj.
) Ifvcga> €ERA 0r Teg o> €R B, then 50> €Er AUB.
)

If there is j € J such that T<zo> € Aj, then g o> €r UjesA;.

(
(1
(2
(2

3. CONCEPT LATTICE ON CUBIC SETS

In the section, we introduce the notions of Galois connection, formal context,
concept lattice on cubic sets. First, Galois connection is the basic structure related
to concept lattice, closure operator, etc..

Definition 3.1. A Galois connection between two cubic sets X and Y is a pair
(f,9) of mappings

£ x DX = (1] x )Y, g: (I x I)Y = (1] x )X, satisfying
(1) AiC Ay = f(A2) C f(A1), (2) BT By = g(Bz2) C g(By),
(3) AC gf(A), (4) BC fg(B),

for any A, Ay, Az € ([I] x I)X and B, By, By € ([I] x I)Y

In the theory of formal concept analysis, formal context is one of important no-
tions and tools. On cubic sets, a formal context is the triple structure (X,Y,R),
where X is the sets of all objects, Y the sets of all attributes, R is a cubic relation
between them. See the follow example.

Example 3.2. Let X = {a,b,c}, Y = {p, ¢} be two sets, a cubic relation R between
X and Y given by the following table:

R=<R,r> p
a <[0,1],1 <[0408]04>
<[0.2, 6]O4> <[0.2,1],1
<[0,0.5],0.5 > < [0.5,1], O5>
Table 3.1

Suppose R is a cubic relation on X x Y, we obtain a Galois connection (T?, iR),
in simple way, (T, ).

Definition 3.3. Suppose R is a cubic relation on X x Y, for any A € ([I] x I)X
B ([I] x I)Y, and for every x € X, y € Y, two cubic sets are defined.

A'y) =Meex || {<bu>[<bp>nNAR) CR(z,y)}

y<g7#>€My
BY(z) = MNyey |_| {<a,A>|<a,A>NB(y) C R(z,y)}

Teaa>EMx

If AT = B, and A = B*, then (A, B) is called a cubic concept of (X,Y,R), A is

the extent and B the intent of the concept (A, B). The set of all cubic concepts is

denoted by C(X,Y,R). i.e
33
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C(X,Y,R) = {(A,B) | A" = B,A=B%}
We define a partial order C on C(X,Y,R), for (A1, B1), (A2, B2) € C(X,Y,R),

(A1,B1) C (A2,B) & Ay T A (which is equivalent to Ba T B;). Clearly
(A1,By) = (A2, B2) & A; = Ay (which is equivalent to By = By ).

Next, we introduce a example as follows:

Example 3.4. Following Example 3.2, for a cubic set A = 1x on X, we obtain AT,
ATp) =Meex U {<bpu>|<bp>nNA(x) C R(z,p)}

P p > EMy
=( U A{<bpu>l<bpu>n<1,1>c<[0,1],1>})
Pcp,u> €My
e L {<bp><bu>n<1,1>C<[0.20.6],04>})
p<g’“>€MY
Nt [l {<bpu>l<bpu>n<1,1>C<][0,05],0.5>)
P_p, s EMy
=< [0,1],1 > M < [0.2,0.6],0.4 > M1 < [0,0.5],0.5 >
=< [0,0.5],0.4 >

In the same way, we obtain A"(g) =< [0.2,0.8],0.4 >. Then A" is a cubic set on
Y.

Furthermore, let B = A", we obtain B¥, B¥(a)=<1,1>,B*(b)=<1,1>,
B'(c) = <1,1>,ie., Bt =1x. Clearly B* is a cubic set on X, and B* = A.

By Definition 3.3, we know that (A, B) is a cubic concept of the cubic formal
context (X,Y,R).

Third, we prove the set C(X,Y,R) forms a complete lattice.
Proposition 3.5. Suppose x € X,y € Y, we have
(T<1,15)T (W) = (y<1,15)* (2)
Proof. (1) (z<112)1(y) = Maex LI {<bp>I< by > Mecris(2) © R(zp))

y<5,,u>
= (I_IZ#I I_l {< 57;“‘ >|< gvu > |_|3'4’<1,1>(Z) C R(Zay)})
y<g,u>
H( I_I {< b?M >|< b?ﬂ’ > |_|£C<171>(£C) C R(xay)})
Y<b,u>
= (Mara Ll {<bp>[<bp>M<0,0>CR(2y)})
y<g,pr>
(U {<bu>|<bp>N<1,1>CR(z,y)})
y<E,/,L>
= (M2 {< L,1>HM( U {<bp>|<bpu>CR(z,y)})
y<g,u>
=<1,1>0( | {<bp><bu>CR(y)})
y<g,,u>
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= | {<bu>|<bp>CRy)}

Y<b,u>
= R(z,y),
(2) In the similar way, we obtain (y<11>)(z) = R(z,y).
So x<1,1>(y) = R(z,y) = y<1,1>(2). O

Now, we consider the surpremum, the infimum of a family cubic concepts of

C(X,Y,R).

Proposition 3.6. Suppose (A;,B;) (j € J) is a family of cubic concepts of C(X,Y,R),
then

(U AT =myesAl, (U By =yesBy.

jeJ jeJ

Proof. (1) We first to prove (| | A;)" = I_IjEJ.A]T.
jeJ

For every y_; . € (Ll A;)"
jeT

=VeeX, <bu>n(l] Aj)(z) C R(x,y)

jET
SVzeX, <bu>nl|] Aj(z) C R(x,y)
jedJ
=VjeJ, VeeX, <bu> NA;(z) C R(z,y)
=Vied, Y, €A
=Vied, Y, €MesAL
Then (|| 4;)"C WjeJA;.
jeJ
On the other hand,
For every y_3 . € ﬂjeJA}
=Vjed, Yy, €Al

=VjelJ, VzeX, <bpu>nNAiz) CR(xy)

SVeeX, <bpu>r|] A;(z) T R(x,y)
jeJ
SVzeX, <bu>n(L] A)(x)CRzy)
jeJ
~ Y
= y<b7H> € (]lglJA]) .
Thus ﬂjeJAljr C (IEIJ A;)T. So the equality holds.
J
(2) In the similar way.

Since A} = B;, we obtain (| ] A;)T = Hje]A} = MjesB;.

jeJ
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In the similar way, we prove (M;c;B;)* = || Aj. Then (( 1] A;)™,MjesB;) is a
JET jed
cubic concept of (X,Y,R).

Moreover, we also obtain (MjesA;, (L] B;)¥") is a cubic concept of (X,Y,R).
JjeJ

In C(X,Y,R), we define ((|| A;)™,M;esB;) as the surpremum of the family
jeJ
(A;,B;) (j € J) cubic concepts of (X,Y,R), and (MjecsA;, (| B;)') as the infi-
JjeJ

mum of the family (A;,B;) (j € J) cubic concepts of (X,Y,R). So we obtain,

Proposition 3.7. (C(X,Y,R),C) forms a complete lattice with respect the opera-
tors | | and M, where
LI (A;,B;) = ((,UJAJ‘)Na MjesBs)s  Mies(Ay,B5) = (Mjes Ay, (L B;)*Y).

VIS

JjeJ jeJ
By Definition 3.3 and the above results, we obtain

Proposition 3.8. Suppose R is a cubic relation between X and Y, then ("%, +7)
is a Galois connection induced by R.

Conversely, suppose (T, +) is a Galois connection on cubic sets, we also define a
cubic relation R as: for any z € X,y € Y, R(z,9) = (2<1.15)7(y) = (y<1.15)%(2),
and (T, ¥) is precisely generated by R, i.e., (T, ¥) = (T® =),

Note: In the paper, we introduce the notions of Galois connection, Concept lattice
on cubic sets with respect to the P-order, P-union, P-intersection. The above results
hold with respect to the R-order, R-union, R-intersection.

CONCLUSION

In the paper, we define formal context, Galois connection, concept lattice on cubic
sets, thus combine formal concept analysis and cubic sets together, provide a new
platform to further study.
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