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ABSTRACT. M.Murali Krishna Rao [14] introduced the notion of tripolar
fuzzy set as a generalization of fuzzy set, bipolar fuzzy set and intuitionistic
fuzzy set.The tripolar fuzzy set representation is very useful in discriminat-
ing relevant elements, irrelevent elements and contrary elements. In this
paper,we introduce the notion of tripolar fuzzy interior ideal,tripolar fuzzy
soft ideal, tripolar fuzzy soft interior ideal over semigroup and study some
of their algebraic properties.
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1. INTRODUCTION

The theory of fuzzy sets is the most appropriate theory for dealing with uncer-
tainty was introduced by Zadeh [18] in 1965. After the introduction of the concept
of fuzzy sets by Zadeh, several researchers conducted the researches on the gener-
alizations of the notions of fuzzy sets with huge applications in computer science,
artifcial intelligence,control engineering, robotics, automata theory, decision theory,
finite state machine, graph theory, logic, operations research and many branches of
pure and applied mathematics. There are many extensions of fuzzy sets, for exam-
ple, intuitionistic fuzzy sets, hesitant fuzzy sets, interval valued fuzzy sets, vague
sets, type-2 fuzzy sets, fuzzy multi sets, bipolar fuzzy sets and cubic sets. The fuzzi-
fication of algebraic structure was introduced by Rosenfeld [17] and he introduced
the notion of fuzzy subgroups in 1971.

Many problems in different disciplines such as economics, engineering science,
social sciences, medical and artificial intelligence are not precise. There are always
many types of uncertainties involved in the data. In dealing with uncertainties,
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many theories have been recently developed. In 1999, Molodtsov [12] developed the
theory of soft sets involving enough parameters so that many difficulties that we
are facing become easier by applying soft sets. It has been shown by some authors
that soft sets also have applications in decision making problems and in information
science. Bipolar fuzzy set is an extension of fuzzy set whose membership degree
range is [—1,1]. In 1994, Zhang [19] initiated the concept of bipolar fuzzy set as a

generalization of fuzzy set. In 2000, Lee [9, 10] used the term bipolar valued fuzzy
sets and applied it to algebraic structure. Kim and Jun [7] studied intutionistic
fuzzy interior ideals in semigroups. Jun et al. [6] introduced the notion of bipolar

fuzzy ideals and bipolar fuzzy filters in BCK/BC1I-algebras. K. J. Lee [8] studied
bipolar fuzzy subalgebras and bipolar fuzzy ideals of BCK/BCI—algebras. In 2001,
Maji et al. [11] combined the concept of fuzzy set which was introduced by Zadeh in
1965 and the notion of soft set which was introduced by Molodstov in 1999. Fuzzy
soft set theory has been investigated by many researchers and proved to be useful
in many different fields such as decision making, data analysis forecasting and so
on. The notion of an intuitionistic fuzzy set was introduced by Atanassov [3] as
a generalization of notion of fuzzy set. Acar et al. [1] gave the basic concept of
soft ring. Aktas and Cagman [2] introduced the concept of soft group which was
extended to fuzzy soft group by Aygnnogln and Aygun [4]. Ghosh et al. [5] initiated
the study of fuzzy soft rings and fuzzy soft ideals.

Rao [14] introduced the notion of tripolar fuzzy set as a generalization of fuzzy
set, bipolar fuzzy set and intuitionistic fuzzy set, and studied tripolar fuzzy interior
ideals of I'—semigroup. Rao and Venkateswarlu [15, 10] investigated tripolar fuzzy
interior ideal, tripolar fuzzy soft ideal and tripolar fuzzy soft interior ideal of I'—
semigroup and I'—semiring. In 1999, Shum et al. [13] established that the regularity
of a semigroup M does not imply the regularity of a soft semigroup over M. Also,
the regularity of a soft semigroup over semigroup does not imply the regularity of
the semigroup. In this paper, we introduce the notion of tripolar fuzzy interior ideal
of semigroup, tripolar fuzzy soft ideals and tripolar fuzzy soft interior ideals over
semigroup. We study some of their algebraic properties and relations between them.

2. PRELIMINARIES

In this section, we will recall some of the fundamental concepts and definitions,
which are necessary for this paper.

Definition 2.1. A non-empty subset A of a semigroup M is called
(i) a subsemigroup of M, if AA C A,
(ii) an interior ideal of M, if MAM C A and AA C A,
(iii) a left (right) ideal of M, if MA C A(AM C A),
(iv) an ideal, if AM C A and MA C A.

Definition 2.2 ([14]). A fuzzy subset p of a semigroup M is called
(i) a fuzzy subsemigroup of M, if p(zy) > min {u(z), u(y)}, for all x,y € M,
(ii) a fuzzy left (right) ideal of M, if wp(zy) > u(y) (u(x)), for all z,y € M,
(iii) a fuzzy ideal of M, if p(xy) > maz {p(x), u(y)}, for all z,y € M.
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Definition 2.3 ([9]). A bipolar fuzzy set A of a non-empty set X is an object having
the form A = {(z, pa(z),da(x)) | x € X}, where pa : X — [0,1];04 : X — [-1,0].
wa(z) represents degree of satisfaction of an element z to the property corresponding
to fuzzy set A and d4(x) represents degree of satisfaction of an element x to the
implicit counter property of fuzzy set A.

Definition 2.4 ([11]). Let (f, A), (g, B) be fuzzy soft sets over a semigroup M. The
intersection of fuzzy soft sets (f, A) and (g, B) is denoted by (f, A)N (g, B) = (h,C)
where C = AU B is defined as: for all c€ AU B,

fCa lfCEA\B
h’C: gC7 ifCEB\A
feNge, ifce ANB.

Definition 2.5 ([11]). Let (f, A), (g, B) be fuzzy soft sets over a semigroup M. The
union of fuzzy soft sets (f, A) and (g, B) is denoted by (f, A)U(g, B) = (h,C) where
C = AU B is defined as: for all c€ AU B.

fes ifce A\B
he =19 9o, ifce B\ A
feUge, ifce ANB.

Definition 2.6 ([11]). Let (f, A), (g, B) be fuzzy soft sets over a semigroup M.
Then the meet of (f, A) and (g, B), denoted by (f, A) A (g, B), is defined by:

(f; AN (g, B) = (fNg,C) = (h,C),
where C' = A x B, h.(x) = min{ f,(z), g»(z)}, for all ¢ = (a,b) € Ax B and x € M.

Definition 2.7 ([11]). Let (f, A), (g, B) be fuzzy soft sets over a semigroup M.
Then the join of (f, A) or (g, B), denoted by (f, A) V (g, B), is defined by:

(f;A) v (g, B) = (h,C),
where C'= A x B and h.(x) = max{ f,(x), gp(z)}, for all ¢ = (a,b) € A x B,x € M.

Definition 2.8 ([14]). A fuzzy set A of a universe set X is said to be tripolar fuzzy
set, if

A={(z,pa(x), a(x),04(x)) |z € X and 0 < pa(x) + da(x) < 1},

where pa: X — [0,1], Ag: X —[0,1], 04 : X — [-1,0].

The membership degree p4(x) characterizes the extent that the element x satisfies
to the property corresponding to tripolar fuzzy set A, A4 (x) characterizes the extent
that the element x satisfies to the not property(irrelevant ) corresponding to tripolar
fuzzy set A and 04(x) characterizes the extent that the element x satisfies to the
implicit counter property of tripolar fuzzy set A. For simplicity A = (pa,Aa,04)
has been used for A = {(x, pa(z), \a(z),d4(2)) |2 € X,0 < pa(z) +Aa(z) <1}

Example 2.9 ([14]). Assuming the sweet taste of food stuff as a positive member-

ship value p4 () i.e. the element z is satisfying the sweet property. Then bitter taste

of food stuff as a negative membership value d4(z) i.e. the element x is satisfying

the bitter property, and the remaining tastes of food stuffs like acidic, chilly etc., as
245
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a non membership value A4(x) i.e., the element is satisfying irrelevent to the sweet
property.Then the tastes of food stuffs can be considered as a tripolar fuzzy set and

A= {(@, pa(@), Aa(2),64(2)) | = € X}.

3. TRIPOLAR FUZZY SOFT INTERIOR IDEALS OVER SEMIGROUPS

In this section, we introduce the notion of tripolar fuzzy subsemigroup, tripolar
fuzzy ideal, tripolar fuzzy interior ideal, tripolar fuzzy soft ideal and tripolar fuzzy
soft interior ideal over semigroup. We study some of their algebraic properties and
relations between them.

Definition 3.1. A tripolar fuzzy set A = (ua,Aa,04) of a semigroup M is called
a tripolar fuzzy subsemigroup of M, if A satisfies the following conditions: for all
T,Y,2 € Ma

(1) pa(zy) > min{pa(z), pa(z)},
(i) Aa(zy) < max{Aa(z), a(y)},
(iii) da(zy) < max{da(z),04(y)}.

Definition 3.2. A tripolar fuzzy subsemigroup A = (4, Aa,d4) of a semigroup M
is called a tripolar fuzzy ideal of M, if A satisfies the following conditions: for all
T,Y,2 € M7

(1) pa(zy) > max{pa(z), pay(z)},
(i) Aa(zy) < min{Aa(z), Aa(y)},
(iii) da(zy) < min{da(x),da(y)}

Definition 3.3. A tripolar fuzzy set A = (pa, Aa,d4) of a semigroup M is called
a tripolar fuzzy interior ideal of M, if A satisfies the following conditions: for all
z,Y,2 € M,
(i) pa(zy) = min{pa(z), pa(z)},
(i) Aa(zy) < max{Aa(e), Aa(y)},
(i) da(2y) < max{da(z),da(y)},
(iv) pa(zzy) > pa(z),
(v) Aa(zzy) < Aa(z),
(vi) 6a(22y) < 64(2).

Example 3.4. Let M = {a,b,c,d} Then M is a semigroup if the binary operation
-on M is defined as follows:

QIS
Q|||
QIO

d
a
b
a
d

[SH RSN I~} s

Consider the tripolar fuzzy set A = (4, a,d4) defined as follows:
wa ={(a,0.9),(b,0.7),(c,0.1),(d,0.1)}, A\a = {(a,0.1), (b,0.2), (¢, 0.3), (d,0.8) },
04 = {(a,—0.7), (b,—0.8), (¢, —0.3), (d, —0.1) }.
Then we can easily check that A is a tripolar fuzzy interior ideal of the semigroup
M.
246
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Definition 3.5. A tripolar fuzzy soft set (f, A) over a semigroup M is called a
tripolar fuzzy soft semigroup over M, if f(a) = {(tf(a)(2), Apa) (%), 05y (2)) | 2 €
M,a € A}, where ppq)(z) : M = [0,1]; Apq)(z) : M = [0,1]; 050y (2) : M — [-1,0]
such that 0 < pp)(z) + Af)(x) < 1 satisfying the following conditions: for all
z,y €M,
(1) ppa) (zy) = min{ppa) (2) pp(a) (7)1,
(i) Apea) (zy) < max{Ara) (@), Ar(a)(9)},
(ili) 6 (a)(zy) < max{dy(a)(2),d(a)(y)}-
Definition 3.6. A tripolar fuzzy soft set (f, A) over a semigroup M is called a
tripolar fuzzy soft ideal over M, if for all z,y € M and a € A,
(1) ppa) (zy) = maxtpsia) (@), by o) (@)}
(11> )‘f(a) (ch) < In.ln{)‘f(a) (:13), )‘f(a) (y)}a
(ili) 6 (a)(zy) < min{0s(a)(@), 1 (a)(¥)}-
Example 3.7. Let M = {x1,22,23}. Then We define binary operation with the
following table:

L1 | T2 | T3
Ty | T1 | T3 | T3
T2 | T3 | T2 | T3
T3 | T3 | T3 | T3
Let E = {a,b,c} and B = {a,b}. Then (¢, B) is a tripolar fuzzy soft set defined as
(6, B) = {8(a), 6(b)}, where

é(a) = {(21,0.2,0.7, —0.2), (22,0.3,0.6, —0.3), (3,0.6,0.3, —0.3)}

o(b) = {(x1,0.4,0.5,—0.3), (22, 0.6,0.3, —0.5), (x3,0.5, 0.4, —0.2) }.
Then we can see that (¢, B) is a tripolar fuzzy soft semigroup over M, (¢, B) is not
a tripolar fuzzy soft ideal over M and (¢, B) is a tripolar fuzzy soft interior ideal
over M.

Definition 3.8. A tripolar fuzzy soft set(f, A) over semigroup M is called a tripolar
fuzzy soft interior ideal of M, if for all z,y,z € M and a € A,

() pa)(@2y) > prsa)(2),
(i) Afa)(@2y) < Apa)(2),
(i) dp(ay(z2y) < d5(a)(2)-

The proofs of the following theorems are trivial, so we omit the proofs

Theorem 3.9. FEvery tripolar fuzzy ideal of a semigroup M is a tripolar fuzzy inte-
rior ideal of a semigroup M.

Theorem 3.10. If a tripolar fuzzy set A = (pa,Aa,04) of a semigroup M is an
interior ideal of a semigroup M then (pua,fis,04) where iy =1 — pa, is a tripolar
fuzzy interior ideal of a semigroup M.

Definition 3.11. Let A = (ua,Aa,04) be a tripolar fuzzy set of a semigroup M and
a € [0,1]. Then the sets pa, = {x € M | pa(z) > a}, Aa, = {z € M | Aa(z) < o}
and 04, _o = {x € M | d4(z) < —a} are called p—level « cut, A—level o cut and
d—level —a cut of A, respectively.
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Theorem 3.12. If A = (pa,Aa,04) is a tripolar fuzzy interior ideal of a semigroup
M then p—level tcut, A—level tcut and §—level tcut of A are interior ideals of the
semigroup M, for allt € Im(ua) N Im(Aa) C[0,1] and —t € Im(54).

Proof. Let t € Im(pua) N Im(Aa) € [0,1] and —t € Im(64) and z,y € pa,. Then
pa(z) = tand pa(y) = t. Thus pa(zy) = min{pa(z), pa(y)} = ¢ So xy € pay.
Hence f14 ¢+ is a subsemigroup of M.

Let , y€ M, z € pay. Then pa(zzy) > pa(z) > t. Thus 2y € pay. So pay is
an interior ideal of the semigroup M.

Suppose , y € Mg, . Then Ag(z) < ¢ and Aa(y) <t. Thus

Aa(ay) < max{Aa(e), Aa(y)} < t.

So zy € Aa . Hence A4, is a subsemigroup of M.
Let z, y € M, z € Aa¢ Then Ag(xzy) < Aa(z) <t. Thus zzy € Aaq.
Suppose x,y € 04,—¢.Then d4(z) < —t,54(y) < —t. Thus

da(zy) <max{da(x),04(y)} < —t.

So xay € 64,—¢.
Let ,y € M,z € 64,—¢. Then da(zzy) < dq(z) < —t. Thus 2y € 64,—¢. S0 54,y
is an interior ideal of the semigroup M. Hence the theorem holds. O

Theorem 3.13. If A = (ua, A4, 04) 18 a tripolar fuzzy interior ideal of a semigroup
M then

(1) pa(z) =sup{a € [0,1] [z € paa},

(2) da(z) =inf{a € [0,1] |z € Aaals

(3) da(zx) =inf{a € [-1,0] | x € 4,0}, for all x € M.
Proof. Proofs of (1) and (2) are similar to proof of Theorem 3.12 in [3], so we omit
the proof.

Let n = inf{a € [-1,0] | € d4,o}- Then we have
inf{a € [-1,0] | € da,a} <n+e for any e> 0.

Thus @ < 1+ ¢, for some @ < 0, € [-1,0], * € d4,4. since a < 0.04(z) < a,
da(z) <m.
Let d4(x) = B,8 € [-1,0]. Then x € d4
=pec{aec[-1,0]|z€daa}
=inf{a € [-1,0] |z €dan} <8
=n < 8 =1¥a(x).
=04(x) = 1.
Thus d4(z) = inf{a € [-1,0] | * € d4,4}. So the theorem holds. O
Theorem 3.14. Let A = (4, a,04) be a tripolar fuzzy set in a semigroup M such

that non-empty sets pa .o, Aa,a;04,—a are interior ideals of M, for all o € [0,1].
Then A is a tripolar fuzzy interior ideal of M.

Theorem 3.15. A tripolar fuzzy set A = (/QLAJ Aa,04) is a fuzzy interior ideal of a
semigroup M if and only if fuzzy subsets ua, Aa,d4 are fuzzy interior ideals of M.
248
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Proof. Suppose A = (ua,Aa,d4) is a tripolar fuzzy interior ideal of semigroup M.
Then obviously, pa,04 are fuzzy interior ideals of M.
Let z, y € M. Then
Aa(zy) =1 = Aa(zy) > 1 —max{Aa(2), Aa(y)}
=min{l — As(z),1 - Aa(y)}
= min{\4(z), /\Ai )} B
Suppose z, y, z € M. Then Aa(zzy) =1 — Aa(zzy) > 1 — Aa(2) = Aa(z). Thus
X is an fuzzy interior ideal of M.
Conversely, suppose that p1a,Aq,04 are fuzzy interior ideals of a semigroup M.
Let x, y, z € M. Then
Aa(zy) =1 - Aa(zy) B
> max{1l — Aa(x),1 —Aa(y)}
Sl )
Thus Aa(zzy) > Aa(2). So 1 — Aa(zzy) > 1 — Aa(z). Hence Ag(zzy) < Aa(2).
Therefore this completes the proof. O

Corollary 3.16. A tripolar fuzzy set A = (ua, a,04) is a tripolar fuzzy interior
ideal of a semigroup M if and only if the fuzzy subsets (pa,fig,04) and (Aa,Aa,04)
are tripolar fuzzy interior ideals of M.

Definition 3.17. Let f : X — Y be amap, A = (ua, a,04) and B = (up, A5, B)
be tripolar fuzzy sets in X and Y respectively. Then pre-image of B under f, denoted
by f~1(B) is a tripolar fuzzy set in X defined by:

S = (" Nus), fH(AB), 1 (6B)),
where = (up) = ps(f), f~'(AB) = Ap(f) and f~(65) = dB(f).

Theorem 3.18. Let f : M — N be a homomorphism of semigroups. If B =
(up, AB,0B) is a tripolar fuzzy interior ideal of a semigroup N, then f~Y(B) =
(f’l(uB),ffl()\B), ffl(ég)) is a tripolar fuzzy interior ideal of M.

Proof. Suppose B = (up, Ap,dp) is a tripolar fuzzy interior ideal of the semigroup
N and z,y € M. Then
fH us(2y)) = us(f(zy) = ps(f(2)f(y))
> min{pp(f(x)), pe(f(y))}
= min{f "} (up(@)), f~ (1B ()}
Suppose z,y,z € M. Then we have
fH us(azy)) = pp(f(z2y) = pe(f(2) f(2)f(y))
> pupf(z) = fHusf(2)),
f7H(AB(zy)) = Ap(f(zy)) = )\B( (=) f(y))
< max{Ap(f(x)), A6 (f(y))}
= max{f~'(A5(2)), T (A6 (¥))},
1 (AB(z2y)) = Ap(f(22y))
= Ag(f(2)f(2)f())
<>\B(f( )) =f (AB(f(Z)))
fH(6s(zy)) = dB(f =0p(f(2)f(v))
< max{(SB( ( )),(53

=max{f~(dp()), f~
49

A&‘!



M. Murali Krishna Rao /Ann. Fuzzy Math. Inform. 20 (2020), No. 3, 243256

B(f(z Y
Thus f~1(B) = (f~"(us), f~'(AB), [~ (05
semigroup M. O

Theorem 3.19. Let M and N be semigroups and ¢ : M — N be an onto homomor-
phism. If A is a homomorphism ¢ invariant tripolar interior ideal of a semigroup
M then the image of A under homomorphism ¢ is a tripolar fuzzy interior ideal of
a semigroup M.

Proof. Let A = (1a,Aa,04) bs e a tripolar interior ideal of the semigroup M and
x, y € N. Then there exist a,b € M such that ¢(a) = x, $(b) = y and

P(ua(zy)) = palab) > min{pa(x), pa(b)} = min{d(na) (@), d(pna)(y)}-
Suppose x, y, z € N. Then there exist a,b,c € N such that ¢(a) = z,6(b) =y
and 6(c) = z. Thus (i (v2y)) = alach) > ua(e) = 6(ua(2)). So ¢(sua) is a fuszy
interior ideal of the semigroup M.
On one hand,

P(Aa(zy)) = Aa(ab) <min{Aa(z), Aa(b)} = min{p(Xa)(z), ¢(Aa)(y)}

P(Aa(zzy) = Aalach) < Xa(c) = p(Aa(2)).

Then ¢(A4) is a fuzzy interior ideal of the semigroup M.

On the other hand,

P(6a(zy)) = da(ab) < min{da(z),d4(b)} = min{p(6a)(z),d(04)(y)}
and

6(64(22y) = a(ach) < da(c) = 9(64(2)).
Thus ¢(d4) is a fuzzy interior ideal of the semigroup M. So ¢(A) is a tripolar fuzzy
interior ideal of the semigroup M. g

and

Theorem 3.20. Fvery tripolar fuzzy soft ideal over a semigroup M is a tripolar
fuzzy soft interior ideal over a semigroup M.

Proof. Let (f, A) be a tripolar fuzzy soft ideal over a semigroup M. Then f(a) =
{u(a), A(a), f(a)} is a tripolar fuzzy ideal of M, a € A. Thus

() gy (x2y) 2 pp(a)(2) 2 tip(a)(2);
(i) Ao (@2y) < Apa) (22) < Apa)(2),
(iii) Of(a)(w2y) < 0f(a)(w2) < 0fa)(2) for all z,y,z € M.
So (f, A) is a tripolar fuzzy soft interior ideal over M. O

Theorem 3.21. FEvery tripolar fuzzy soft interior ideal over a regular semigroup M
is a tripolar fuzzy soft ideal over M.

Proof. Let (f, A) be tripolar fuzzy soft interior ideal over the regular semigroup M.
Then f(a) = {1tf(a), Af(a)» Of(a)} 18 & tripolar fuzzy ideal of M, a € A.
Suppose z,y € M. Then zy € M and there exists z € M such that xy = zyzzy.
Thus we have
1oy (@y) = bpa) (@yzay) = pp) (@y(zay) = pg@) ),
t(a)(@y) = ppa) ((@y2)Ty) = g0y ()
S0 pig(q) is a fuzzy ideal of M.
Also, we have
250
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>\f(a) (xy) = )‘f(a) (xyzxy) < )\f(a) (y)v
Aty (@) = Aoy ((zy2)zy) < Ap(ay(2)-
Then Af(q) is a fuzzy ideal of M.
Moreover, we have
01y (@Y) = 01 (a)(xyzzy) < df(a) (Y),
0f(a)(®Y) < Gp(a) (2)-
Thus df(,) is a fuzzy ideal of M. So f(a) is a tripolar fuzzy ideal of the regular
semigroup M. Hence (f, A) is a tripolar fuzzy soft ideal over the regular semigroup
M. O

Definition 3.22. A soft set (f A) over a semigroup M is called a soft set with

cover, if |J f(a) = M.
acA

Definition 3.23. A soft semigroup (f, A) over a semigroup M is called a soft
regular semigroup, if for each a € A, f(a) is regular subsemigroup.

Theorem 3.24. Let (f, A) be a soft regular semigroup over a semigroup M with
cover. If (f, A) is a tripolar fuzzy soft interior ideal over semigroup M, then (f, A)
is a tripolar fuzzy soft ideal over a semigroup M.

Proof. Suppose (f, A) is a soft regular semigroup with cover, (g, A) is a tripolar
fuzzy soft interior ideal over semigroup M and z € M. Then f(a) is a regular

subsemigroup of M for all a € A and M = J f(a). Thus there exists b € A such
acA
that « € f(b). Since f(b) is regular, there exists y € f(b) such that z = zyx. That

implies y € f(b) C |J f(a) = M. So M is a regular semigroup. Hence by Theorem
acA
3.21, (f, A) is a tripolar fuzzy soft ideal over the semigroup M. O

Theorem 3.25. If (f, A) and (g, B) are two tripolar fuzzy soft ideals over semigroup
M then (f,A) U (g, B) is a tripolar fuzzy soft ideal over M.

Proof. Suppose (f, A) and (g, B) are two tripolar fuzzy soft ideals over semigroup
M. Then by Definition 2.5, we have (f, A)U (g, B) = (h,C), where C = AU B, and

f(c) ifce A\B
h(c) = fUgl(c) =1 glc) ifce B\ A
fleyug(e) ifce ANB foral ce AUB.
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Case(i): If c€ A\ B, then fUg(c) = f(c). Thus we have

Kpoge)(@Y) = Bp(e) (@y)
> max{ ey (xY), ey (xy) }
= max{ftsug(c) (T); Lrug(e) (Y) }-

Apug(e)(@y) = Ap(e) (zy)
< min{Ape) (), A gy ()}
= min{A ug(e) (), Arug(e) (W) }-

Srug(e) (TY) = ey (zY)
< min{dy(e) (@), 07(c)(y)}
= min{du4(c) () S rug(e) (¥)}-

Case(ii): If ¢ € B\ A, then f U g(c) = g(c). Since g(c) is a tripolar fuzzy ideal

of a semigroup M, f U g(c) is a tripolar fuzzy ideal of a semigroup M.
Case(iii): If c€ AN B, then f U g(c) = f(c) Ug(c). Thus we have

1£0g(e) (XY) = B (e)ug(e) (TY)
= max{fts(e)(TY); Hg(e) (xy)}
> max{max{py(c)(2), s (o) (Y)}, max{pg(e) (z), pg(e) (Y) 1}
= max{max{s () (), ug(c)( )} max{pre) (Y): (o) (y) 1
= max{;u’f(c)u_q @ (T)s 1 (e)ug(e) (U )}
= max{fsug(c) (), tug(e)(¥) }-

Similarly, we can prove

/\ng(c) (:L‘y) < min{Ang(c) (x)u )\ng(c) (y)}7

dpug(e) (zy) < min{0 gy (), 0 pugee) ()}

So fUg(c) is a tripolar fuzzy ideal of M. Hence (f, A) U (g, B) is a tripolar fuzzy
soft ideal over M. O

Corollary 3.26. If (f, A) and (g, B) are two tripolar fuzzy soft interior ideals over a
semigroup M, then (f, A)U(g, B) is a tripolar fuzzy soft interior ideal of a semigroup
M.

Theorem 3.27. If (f, A) and (g, B) are two tripolar fuzzy soft interior ideals over a
semigroup M, then (f, A) A (g, B) is a tripolar fuzzy interior ideal over a semigroup
M.

Proof. Suppose (f, A) and (g, B) are two tripolar fuzzy soft interior ideals over the
semigroup M. Then obviously, (f, A) A (g, B) is a soft tripolar fuzzy subsemigroup
of M. By Definition 2.6, (f, A) A (¢,B) = (fNg,C), where C = A x B.
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Suppose (a,b) € C,z,y € M. Then

15 ng(a) (TYZ) = fif(a)ng () (2Y2)
> mil’l{ll/f(a)(y)v Hg(b) (¥)}
= uf(a)mg(b)(y)
= fifng(ab)(¥),
Arng(an) (Y2) = Af(a)ng(v) (2y2)
= min{ A (o) (2y2), Ay (7y2) }
< min{)xf(a)(y)v Ag(b) (v)}
= Af(a)ng(v) (¥)
= Afaglab) (V)
8 ngap) (TY2) = Sf(@)ng(v) (2Y2)
= min{dy(q)(zy2), o) (zyz)}
<min{d ) (y), 0g(0) ()}
= 0f(ayng(v) (¥)
= 0fng(ab) (¥)-

Thus (f, A)A(g, B) is a soft tripolar fuzzy soft interior ideal of the semigroup M. O

Corollary 3.28. If (f, A) and (g, B) are two tripolar fuzzy soft ideals over a semi-
group M then (f, A) A (g, B) is a tripolar fuzzy soft ideal over a semigroup M.

Corollary 3.29. If (f, A) and (g, B) are two tripolar fuzzy soft ideals over semigroup
M then (f, A) N (g, B) is a tripolar fuzzy soft ideal over M.

Corollary 3.30. If (f, A) and (g, B) are two tripolar fuzzy soft interior ideals over a
semigroup M then (f, A)N(g, B) is a tripolar fuzzy soft interior ideal of a semigroup
M.

The proof of following theorem follows from Theorem 3.21 and Corollary 3.30.

Theorem 3.31. If (f, A) and (g, B) are two tripolar fuzzy soft interior ideals over a
reqular semigroup M then (f, A)N (g, B) is a tripolar fuzzy soft ideal of a semigroup
M.

Definition 3.32. Let (f, A) and (g, B) be two tripolar fuzzy soft sets over a semi-
group M. The the product (f, A) and (g, B) is defined as (f, A)o(g,B) = (fog,C),
where C = Ao B.

1) (@) if ce A\ B
H(fog)(e) (@) = { Mo()(7) ifce B\ A
sup {min{yip) (1), tg(e)(2)}}  ifc€ ANB,

T=yz
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)\f(c)(x) lfCEA\B

Agog)(@) (@) = § Ag(e)(*) ifce B\ A
inf { max{\;)(y), A\g(e)(2)}} ifce ANB,
r=yYz

(5f(c)(x) lfCEA\B
(59(0) (x) ifce B\ A

Isog)(e) () =
inf { max{(Sf(c) (y), 59(0) (Z)}} ifce AN B.
r=yz

Theorem 3.33. If (f, A) and (g, B) are tripolar fuzzy soft interior ideals over semi-
group M then (f, A)o (g, B) is a tripolar fuzzy soft interior ideal over semigroup M.

Proof. Obviously (f,A) o (g,B) is tripolar fuzzy soft subsemigroup over M. Let
x, y, z € M. By Definition 3.32, (f,A) o (g9,B) = (f og,C), where C = AU B and
ceC, re M.

case(i): If c € A\ B, then we have

Iifog(e) = Hf(e)s Afogle) = Af(e)s Ofog(e) = Of(c)-

Since (f, A) is a tripolar fuzzy soft interior ideal over M, f o g(c) is a tripolar fuzzy
soft interior ideal of M.
case(ii): If c € B\ A, then we have

Iifog(e) = Hg(c)s Afog(e) = Ag(e)s Ofog(e) = g(c)-

Since (g, B) is a tripolar fuzzy soft interior ideal over M, f o g(c) is a tripolar fuzzy
soft interior ideal of M.
case(iii): If ¢ € AN B, then we have

[fog(e) () = sup {min{pga) (@), gy (@)},

Hog(e) (xyz) = sup { min{sga) (2y2), o) (vy2)} }

r=ab

> sup {min{uf(a)(y),/ig(b)(y)}}

r=ab
= :LLfog(c) (y)7
Afog(e)(zyz) = inf { max{Ap(a) (zy2), Ay (2y2) } }

< sup {max{Af(a)(y), >\g(b) (y)}}

z=ab
= Afog(e) (¥)s
dtog(e)(Tyz) = ziffb {max{0yq)(zy2), 640 (zy2)}
< inf {max{d;)(v), 0 (v)} }
= 0 fog(c) (Y)-
Thus f o g(c) is a tripolar fuzzy interior ideal of M. So (f, A) o (g, B) is a tripolar

fuzzy interior ideal over M. O
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Theorem 3.34. Let E be a parameter set and Y (M) be the set of all tripolar
E

fuzzy soft interior ideals over semigroup M. Then (> (M),U,N) forms a complete
E
distributive lattices along with the relation C .

Proof. Suppose (f,A) and (g, B) are soft interior ideals over M such that A C

E, B C E. Then by Corollaries 3.26 and 3.30, (f, A) U (g, B) and (f, A) N (g, B) are

tripolar fuzzy soft interior ideals over M. It is obvious that (f, A) N (g, B) is lub of

{(f,A),(g,B)} and (f, A)U(g, B) is glb of {(f, A), (g, B)}. Thus every sub collection

of > (M) has lub and glb. So > (M) is a complete lattice. Moreover, we can prove
E

E
that
(f,A) N ((9,B)U (h,0) = ((f.A) N (g, B)) U ((f, 4) N (h, C)).
Hence (>°(M),U,N) forms a complete distributive lattice. O
E

4. CONCLUSION

In this paper, we introduced the notion of tripolar fuzzy interior ideals of semi-
group. We proved that for any homomorphism ¢ from a semigroup M to a semigroup
N, if A is a tripolar fuzzy interior ideal of M then homomorphic image ¢(A) is a
tripolar fuzzy interior ideal of N and B is a tripolar fuzzy interior ideal of N then
the pre image ¢~ !(B) is a tripolar fuzzy interior ideal of M. We also introduced the
notion of tripolar fuzzy soft subsemigroup, tripolar fuzzy soft ideal, tripolar fuzzy
soft interior ideals over semigroup and studied some of their algebraic properties and
relations between them. We proved that thed (M) be the set of all tripolar fuzzy

E

soft interior ideals over semigroup M. Then (> (M), U,N) forms complete distribu-

E
tive lattices along with the relation C . where E is a parameter set. In continuity of
this paper,we study topology on tripolar fuzzy soft interior ideals over semigroup.
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