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ABSTRACT. The aim of this paper is to introduce the concept of ideals
and prime (semiprime) ideals of the nearness hemiring theory defined in
weak nearness approximation spaces and to introduce some properties of
such ideals.
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1. INTRODUCTION

Peters studied near set theory that is a generalization of rough sets [17, 18] in
2002. Peters defined an indiscernibility relation by using the features of the objects
to find the nearness of objects [21]. After that, he generalized approach theory of
the nearness of non-empty sets resembling each other [19, 20, 23].

In 2012, Inan and Oztiirk studied the concept of nearness groups [3, 4] (and other
algebraic approaches of near sets in [1, 5, 8, 9, 10, 11, 12, 14, 15, 16]).

Recently, Oztiirk considered nearness semirings and also analyzed some properties
of nearness semirings and ideals [7]. Also, Oztiirk et al. introduced some properties
of prime ideals in nearness semirings and analyzed their basic properties [13].

In this paper, we are to introduce the concept of the nearness hemiring theory
and also to analyze some properties of ideals and prime (semiprime) ideals.
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2. PRELIMINARIES

An object description is determined by means of a tuple of function values ®(x)
associated with an object x € X, which is a subset of an object space O. Assume
that B C F is a given set of functions representing features of sample objects X C
O. Let ¢; € B, where ¢; : O — R (set of reals). In combination, the functions
representing object features provide a basis for an object description ® : O —
RE, ®(x) = (¢1(x), p2(x), ..., 00 (z)) a vector containing measurements (returned
values) associated with each functional value @;(x), where the description length
| @ |= L (See [19]).

The important thing to notice is the choice of functions ¢; € B used to describe
an object of interest. Sample objects X C O are near each if and only if the objects
have similar descriptions. Recall that each ¢ defines a description of an object. Then
let Ay, denote Ay, =| ¢i(x) — ¢i(x) |, where 2,z € O. The difference ¢ leads to a
description of the indiscernibility relation “ ~p ”introduced by Peters in [19].

Definition 2.1 ([19]). Let 2,7 € O,B C F.
~p={(z,7) €O x O] Ly, =0 for all p; € B}
is called the indiscernibility relation on O, where description length ¢ <| @ |.

Comparing object descriptions is the basic idea in the near set approach to object
recognition. Sets of object X, X are called near each other if those sets contain the
objects with at least partial matching descriptions.

Definition 2.2 ([19]). Let X, X C O,B C F. Then X is called near X, if there
exists z € X,z € X, ¢; € B such that z ~, z.

A weak nearness approximation space is a tuple (O, F,~p,, N.(B)), where the
approximation space is defined with respect to a set of perceived objects O, set of
probe functions F representing object features, ~p, indiscernibility relation B, de-
fined relative to B, C B C F, and collection of partitions (families of neighbourhoods)
N,.(B). This relation ~p, defines a partition of O into non-empty, pairwise disjoint
subsets that are equivalence classes denoted by [z] 5 , where [z]p = {2’ € O |z ~p, 2'}.
These classes form a new set called the quotient set O, ~p,, where O/ ~p =
{[z], |z € O}. In effect, each choice of probe functions B, defines a partition
£o,B, on a set of objects O, namely, {o,g, = O,/ ~p,. Let we consider X C O,
then upper approximation of X defined by

N X= |J g,
[z] g, NX#D

and lower approximation of X defined by

N(B),X= |J g,
], CX

(See [14, 19]).
Theorem 2.3 ([14]). Let (O,F,~p,,N.(B)) be a weak nearness approximation

space and X, Y C O, then the following statements hold:
236
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1) N (B), ;

2) N, (B ) (XUY) = (N, (B)" X) U (N, (B)"Y),
3) X CY implies N, (B)* X C N, (B)"Y,

4) N, (B)* (X NY) € (N, (B)" X) N (N, (B)"Y),

XCXCN, (B)'X

(

Definition 2.4 ([5]). Let (O, F,~p,,N,.(B)) be a weak nearness approximation
space and S C O. If the following properties are satisfied, then S is called a
semigroup on weak approximate approximation space O, or in short, a nearness
semigroup.

(i)z-y€ N,.(B)" Sforallz,y €S,

(i) (z-y) -2 =2 (y-2) property holds in N, (B)*S for all z,y,z € S.

Definition 2.5 ([7]). (5, -) is called a nearness monoid, if S is a nearness semigroup
in which there exists an element e € N, (B)" S satisfying z-e = e-x = z, for all
xesS.

Definition 2.6 ([7]). A nearness monoid (S,-) ((S,+)) is called a commutative
(abelian), f z -y =y -z (z+y=y+z), forall z,y € S.

For other notions and definitions not mentioned in this paper, the readers are
referred to [1, 2, 3, 4, 5, 6, 7, 8, 13, 19, 20, 22].

3. NEARNESS HEMIRINGS

Definition 3.1 ([7]). A subset H of the weak near approximation space O is called
a hemiring on O, if the following properties are satisfied:

(NHRy) (H,+) is an abelian monoid on O with identity element O,

(NHR3) (H,-) is a semigroup on O,

(NHR3) for all z,y,z € H,

x-(y+z2)=z-y+z-z and (v+y)-z=x-24+y-2

properties hold in N, (B)" H,
(NHRy) for all z € H,

OH~CE:OH:$'OH

hold in N, (B)* S.

Definition 3.2. Let H be a hemiring on O, B, C F where r <| B |]and B C F,
~ g, be an indiscernibility relation on ©. Then ~p, is called a congruence indiscerni-
bility relation on nearness hemiring H, if x ~p, y and v ~p, (3, where x,y € H
implies (a+b) ~p, (y+b), (h+) ~5, (b+y) and (z-b) ~z, (y-b), (b-7) ~p, (b1)
for all a,b € H.

We will give the following Lemmas, with proofs that are symmetric to the proofs
of [7, Lemma 3.8] and [7, Lemma 3.10], respectively.

Lemma 3.3. Let H be a nearness hemiring. If ~p _is a congruence indiscernibility
relation on H, then [z]p, + [y]B,. C [ + y]B,, and [2]B, - [y]B, C [z - y]B, for all
T,y € H.

237



M. A. Oztiirk/Ann. Fuzzy Math. Inform. 20 (2020), No. 3, 235-242

Definition 3.4. Let H be a hemiring on O, B, C F where r <| B |]and B C F,
~p, be an indiscernibility relation on O. Then, ~p, is called a complete congruence
indiscernibility relation on nearness hemiring H, if [z]p, + [y]B, = [z + y]B, and
[*]B, - [ylB, = [r-y]p, forall z,y € H.

Let H be a nearness hemiring. Let X +Y = {z +y | 2 € X, and y € Y} and
X-Y={ wyi|x; € X,and y; € Y}, where X and Y are subsets of H.

finite

Lemma 3.5. Let H be a nearness hemiring, and ~p,be a congruence indiscernibility
relation on H. The following properties hold:

(1) if X,Y C H, then (N, (B)" X)+ (N, (B)"Y) C N, (B)" (X +Y),

(2) if X,Y C H, then (N, (B)" X)-(N,.(B)"Y)C N, (B)" (X -Y).

Definition 3.6. Let H be a nearness hemiring and let A be a non-empty subset of
H.
(i) A is called a sub-hemiring of H, if A+ AC N, (B)" Aand A-AC N, (B)" A.
(ii) A is called an upper-near sub-hemiring of H, if (N, (B)" A) + (N, (B)* 4) C
N, (B)*Aand (N, (B)"A)-(N,.(B)"A) C N, (B)" A.

Theorem 3.7. Let H be a nearness hemiring. The following properties hold:

(1) ifg£ACH, AHAC Aand A-A C A, then A is an upper-near sub-hemiring
of H,

(2) if A is a sub-hemiring of H, N, (B)* (N, (B)" A) = N, (B)" A, then A is an
upper-near sub-hemiring of H.

Proof. The proof is straightforward and similar to the proof of [7, Theorem 3.14]. O

Definition 3.8. Let H be a nearness hemiring, and A a sub-hemiring of H.
(i) A is called a right (left) ideal of H if A-S C N, (B)" A (S-AC N, (B)" A).
(ii) A is called an upper-near right (left) ideal of H if (N, (B)* A)-H C N, (B)" A
(H - (N, (B)" ) C N, (B)" A).

We will give the following Theorems, which are symmetric to the proofs of [7,
Theorem 3.16] and [7, Theorem 3.17], respectively.

Theorem 3.9. Let H be a nearness hemiring. The following properties hold:

(1) ifog+ACH, AHAC A and A- A C A, then A is an upper-near right (left)
ideal of H,

(2) if A is a right (left) ideal of H, and N, (B)" (N, (B)" A) = N, (B)" A, then
A is an upper-near right (left) ideal of H.

Theorem 3.10. Let {A; | i € I} be a set of ideals of nearness hemiring H, where
I is an arbitrary index set.
(1) If NT(B)*(ﬂAi) = mNT(B)*Ai, then ﬂAi is an ideal of H.
i€l i€l il
(2) UAi is an ideal of H.
i€l
238
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4. PRIME IDEALS OF THE NEARNESS HEMIRINGS

Definition 4.1. Let H be a nearness hemiring and let A, A;, As and P be ideals
of H. P is called a prime (resp. semiprime) ideal of H, if A;Ay C N,.(B)*P
(A2 = AA C N,(B)*P) implies A; C P or Ay C P (resp. AC P).

Definition 4.2. Let H be a nearness hemiring and let A, A;, As and P be ideals
of H. P is called an upper-near prime (resp. an upper-near semiprime) ideal of H,
implies N,.(B)*A; C P or N,.(B)*As C P (resp. N,.(B)*A C P).

Theorem 4.3. Let H be a nearness hemiring, ~p, be a congruence indiscernibility
relation on H, and let Ay, A2 and P be prime ideals of S such that N,.(B)*(N,(B)*A1)
= N,(B)*Ay, N.(B)*(N,(B)*As) = N,.(B)*Az and N,. (B)" (N,. (B)" P) = N,.(B)* P,
respectively. If (N.(B)*A1)(N.(B)*Asz) C N,.(B)*P, then P is an upper-near prime
ideal of H.

Proof. Since P is a prime ideal of H such that N,. (B)* (N, (B)* P) = N,.(B)" P, Pis
an upper-near-ideal of H by Theorem 3.9 (2). Suppose that (N, (B)*A1)(N,(B)*Az)
C N,(B)*P such that N,(B)*A; € P or N,(B)*As € P. Then there exists an
element x € N,(B)*A; such that x ¢ P and y € N,(B)*A; such that y ¢ P.
From here, [z]p, N A1 # @ and [y|p, N Az # @ = a1 € [z]p,,a1 € A; and as €
[#]B,.,a2 € As = = ~p, a1,a2 € Ay and y ~p, az,az € As. Since ~p, is a
congruence indiscernibility relation on H and A;, and As are ideals of H insert space
to obtain, we have (zy) ~p, (ai1a2),a1a2 € (N,.(B)*A;1)N(N,(B)*Az). Thus [zy]p.N
(No(B)* 1) 1 (No(B)* A2) # & = ay € No(B)*((No(B)* A1) N (N (B)* As)) =
xy € N.(B)*((N,-(B)*A;) and zy € N,.(B)*(N,(B)*Az)) by Theorem 2.3 (4). From
the hypothesis, we get zy € N,.(B)*A; and xy € N,(B)*Ay = (2y)? = (zy)(2y) €
(N,.(B)*A1)(N,(B)*As). So (zy)? € N,.(B)*P. Since P is a prime ideal, 2y € P,
which is a contradiction. Hence we have N,.(B)*A; C P or N,.(B)*A; C P. O
Theorem 4.4. Let H be a nearness hemiring, ~p, be a congruence indiscernibil-
ity relation on H, A and P be semiprime ideals of H such that N,.(B)*(N,.(B)*A) =
N,.(B)*A and N, (B)" (N, (B)* P) = N,. (B)" P, respectively. If (N,(B)*A)(N,(B)*A)
C N,.(B)*P, then P is an upper-near semiprime ideal of H.
Proof. The proof is straightforward and similar to the proof of Theorem 4.3. g
Let A be a non-empty subset of nearness hemiring H and h € H. Let hA =
{ Z hai|aiEA}.
finite
Theorem 4.5. Let H be a nearness hemiring, ~p,_be a congruence indiscernibility
relation on H, and let a € H. Then aH is a right ideal of H.

Proof. Let x,y € aH. In this case, z = Y. ah;; h; € Handy = Y. ah;; h, € H.

finite finite
Then z+y = ( . ah;))+( . ah;)= Y. as; € a(N.(B)*H) for all s; € H. Thus
finite finite finite

there exist z € N,.(B)*H such that x +y = az for any a € H and z € N,(B)*H =

2], NH # @ = c € [z]p,,c € H= z~p_ ¢,c € H. Since ~p, is a congruence

indiscernibility relation on H, we get ayz ~p, ayc,c € H,v € I' = ayc € [ayz]B,
239
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and ac € aH = [az]p, N(aH) # @. So we obtain +y = az € N,.(B)*(aH), namely,
(aH)+ (aH) C N,(B)*(aH).

Now, let * € aH and h € H. Then z = Y. ah,; h; € H. Thus we get xh =

finite

( 32 ah;)h = > a(h;h) € a(N,(B)*H). So there exists b € N,.(B)*H such that
finite finite
zh=abforall he Hand b€ N,(B)*H = [b]g, NH # @ = z € [bp.,z € H=
b~p, z,z € H. Since ~p, is a congruence indiscernibility relation on H, we obtain
ab~p, az,z € H = az € [ab]p, and az € aH = [ab]p, N(aH) # @. Hence we have
xh = ab € N, (B)*(aH). Therefore we obtain (aH)H C N,(B)*(aH). O

Theorem 4.6. Let H be a nearness hemiring and let {P; | i € I} be a set of prime
( resp. semiprime ) ideals of H, where I is an arbitrary index set.
(1) If NT(B)*(ﬂPZ-) = nNT(B)*PZ- , then ﬂPZ- is a prime (resp. semiprime)
il iel il
ideal of H.
(2) If P, C P, C P; C ..., then UPi is a prime (resp. semiprime) ideal of H.
iel
Proof. (1) From Theorem 3.10 (1), we get that ﬂPi is an ideal of H. Now, let
i€l
A1Ay C NT(B)*(ﬂPZ-) for any ideals A; and Ay of H. Then A1 Ay C ﬂNr(B)*PZ-
i€l el
by hypothesis, and we have A; Ay C N,.(B)*P; for all ¢ € I. Since P; are prime ideals
of H for all i € I, we get Ay C P; or Ay C P, for all 4 € I. In this case, A; C ﬂPi

iel
or A2 Q npz
iel
(2) UPi is an ideal of H, by Theorem 3.10 (2). AjAs C NT(B)*(UPi) for any
iel iel

ideals Ay and A of H. Then A1 Ay C UNT(B)*Pi, by Theorem 2.3 (2). Thus there
iel
is at least one iy € I such that Ay Ay C N,.(B)*P;,, by hypothesis. Since P;, is prime
ideal of H for igp € I, we have A; C P, or Ay C P;, for ip € I. So A; C UPi or
iel
Ay C UPi. O
iel

Theorem 4.7. Let H be a nearness hemiring, P be a right ideal of H such that
N, (B)*(N.(B)*P) = N.(B)*P and a,b € H. If aHb C N,.(B)*P implies a € P or
b€ P, then P is a prime right ideal of H.

Proof. Let A; and As be any two right ideals of H such that A4y C N,.(B)*P
and A; ¢ P. Then there exist an element a; € A; such that a; ¢ P. For any
as € Ay, we have ayHas = (a1H)ag C (N,.(B)*Aj)az. On the other hand, let
x € (N,.(B)*Ay)ag such that x = > ysa9; y; € N (B)*A1, as € Ay, 1 < i < n.
finite
Then y; € Np(B)*A1 = [y, N A1 # @ = ¢ € [yilp,, c € A1 = yi ~B, ¢
c € A, 1 <i<n. Since ~p, is a congruence indiscernibility relation on H, we
240
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get (yiaz) ~p, (caz), cas € A1As C N,(B)*P, 1 < i < n. Because of that P is a
right ideal of H such that N,.(B)*(N,.(B)*P) = N,.(B)*P, we get ( > y;as) ~p,

finite
(> cagy, > cax € Ny (B)*P, 1 < i <n. Thus ) cay € [ ) yia2]p, and
finite finite finite finite
> cas € N.(B)*P = [ > wias]p, N(N-(B)*P) # @ = [z]|p, N(N-(B)*P) # @.
finite finite
So we obtain € N,.(B)*(N,(B)*P) = N,(B)*P, namely, a1 Has C N,.(B)*P. Hence
we have as € P, by the hypothesis, i.e. , Ay C P. d

Theorem 4.8. Let H be a nearness hemiring, ~p, be a congruence indiscernibility
relation on H, and let P be a right ideal of H such that N,.(B)*(N.(B)*P) =
N.(B)*P and a € H. If aHa C N,(B)*P implies a € P, then P is a semiprime
right ideal of H.

Definition 4.9. Let H be a nearness hemiring and let A;, As and P be ideals of
H. P is called an irreducible (resp. a strongly irreducible) ideal of H, if Ay N Ay =
N,.(B)*P (resp. A1 N Ay C N,.(B)*P) implies A1 = P or Ay = P (resp. A; C P or
Ay C P).

Theorem 4.10. Let H be a nearness hemiring and let {A; | i € I} be a set of

ideals of H, where I is an arbitrary index set. If NT(B)*(ﬂAi) = ﬂNT(B)*Ai,
i€l iel

then every strongly irreducible and semiprime ideal of H is a prime ideal of H.

Proof. Let Nr(B)*(ﬂAi) = ﬂNr(B)*Ai and P be a strongly irreducible and
iel iel

semiprime ideal of H. Let A1 A5 C N,.(B)*P for any ideals A; and As of H. Then

A1 N Ay is an ideal of H, by Theorem 3.10 (1). Thus (A; N A3)? = (4; N As) (A1 N

Ay) € AjA; € N.(B)*P = (A1 N A3)? C N,.(B)*P. Since P is a semiprime ideal

of H, we get A1 N Ay C P. So Ay N Ay C N,.(B)*P, by Theorem 2.3 (1). Hence we

obtain A1 C P or Ay C P, for P is a strongly irreducible ideal of H. O
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