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ABSTRACT. In the current paper, we investigate the concept of Fi-
bonacci lacunary statistical convergence in intuitionistic fuzzy n-normed
linear spaces which removes any ambiguity that could arise from the previ-
ously defined notion of the same. Some inclusion relations between the sets
of Fibonacci statistically convergent and Fibonacci lacunary statistically
convergent sequences are examined in an intuitionistic fuzzy n-normed lin-
ear space. We also define Fibonacci lacunary statistical Cauchy sequence in
an intuitionistic fuzzy n-normed linear space and prove that it is equivalent
to Fibonacci lacunary statistically convergent sequence.
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1. INTRODUCTION AND BACKGROUND

The concept of statistical convergence for real number sequences was first orig-
inated by Fast [13]. Later, it was further investigated from sequence point of view
and linked with summability theory by Fridy [16] and Saldt [53]. Theory of lacu-
nary statistical convergence has become an important working area after the study
of Fridy and Orhan [17].

The concept of 2-normed spaces was introduced and studied by Géhler [18]. This
notion which is nothing but a two dimensional analogue of a normed space got the
attention of a wider audience after the publication of a paper by Albert George,
White Jr. [67] of USA in 1969 entitled 2-Banach spaces. In the same year Géahler
[19] published another paper on this theme. Siddiqi delivered a series of lectures on
this theme in various conferences in India and Iran. His joint paper with Gé&hler
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and Gupta of 1975 also provide valuable results related to the theme of this paper.
Results up to 1977 were summarized in the survey paper by Siddiqi [62].

Fuzziness has revolutionized many areas such as mathematics, science, engineer-
ing, medicine. This concept was given by Zadeh [68]. The concept of fuzziness
are using by many researchers for Cybernetics, Artificial Intelligence, Expert Sys-
tem and Fuzzy control, Pattern recognition, Operation research, Decision making,
Image analysis, Projectiles, Probability theory, Agriculture, Weather forecasting.

Recently, the fuzzy logic became an important area of research in several branches
of mathematics like metric and topological spaces, theory of functions etc. It at-
tracted many researchers on sequence spaces and summability theory to introduce
various types of sequence spaces and examine their different properties.

The notion of a fuzzy norm on a linear space was first originated by Katsaras
[35]. Felbin [14] gave an alternative idea of a fuzzy norm whose concerned metric is
of Kaleva and Seikkala [25] type.

Intuitionistic fuzzy sets was first examined by Atanassov [2]. The notion of in-
tuitionistic fuzzy metric space has been introduced by Park [51]. Furthermore, the
concept of intuitionistic fuzzy normed space is given by Saadati and Park [52]. A
lot of improvement has been made in the area of intuitionistic fuzzy normed space
after the studies of [7, 33, 34, 39, 45, 47, 48, 54, 55].

Recently, motivated by the theory of 2-norm and n-normed linear space [21, 22,

, H6, 57, 58, 64] and fuzzy normed linear space [3, 4, 6, 15], the notions of fuzzy
n-normed linear space [19] and intuitionistic fuzzy n-normed linear space [50] were
examined. Also, we refer [8, 9, 10, 11, 40, 41, 42, 43, 60, 61, 63] for details in the

area of intuitionistic fuzzy n-normed linear space.
Fibonacci sequence was initiated in the book Liber Abaci of Fibonacci which was
written in 1202. However, the sequence is based on older history. The sequence had

been described earlier as Virahanka numbers in Indian mathematics [20]. In Liber
Abaci, the sequence starts with 1, nowadays the sequence begins either with fo =0
or with f; = 1.

The numbers in the bottom row are called Fibonacci numbers, and the number
sequence

1,1,2,3,5,8,13,21,34, 55,89, 144, ...

is the Fibonacci sequence [44].

The Fibonacci numbers are a sequence of numbers (f,) for n = 1,2,... defined
by the linear recurrence equation f,, = fn+1 — frn—2, n > 2. From this definition,
it means that the first two numbers in Fibonacci sequence are either 1 and 1 (or 0
and 0) depending on the chosen starting point of the sequence and all subsequent
numbers are the sum of the previous two.

The Fibonacci sequence was firstly used in the theory of sequence spaces by Kara
and Basarir [27]. Afterward, Kara [26] defined the Fibonacci difference matrix F
by using the Fibonacci sequence (f,,) for n € {1,2,3,...} and introduced the new
sequence spaces related to the matrix domain of P

Following [27] and [26], high quality papers have been produced on the Fibonacci
matrix by many mathematicians [1, 5, 12, 23, 24, 28, 29, 30, 31, 32, 36, 65].
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Kiriggi and Karaisa [37] defined Fibonacci type statistical convergence and inves-
tigated some fundamental properties. Afterward, Kiriggi [38] examined Fibonacci
statistical convergence on intuitionistic fuzzy normed spaces.

In this paper, we have given a new definition of the notion of convergence of a
sequence in an intuitionistic fuzzy n-normed linear spaces which is different from the
one defined in [63] and other related works.This definition removes any ambiguity
that could arise from previous definitions. We have developed all our results based
on this new definition.

In view of the recent studies of convergence in intuitionistic fuzzy m-normed,
it looks like very natural to extend the interesting concept of Fibonacci lacunary
statistical convergence in intuitionistic fuzzy n-normed further by using Fibonacci
sequence which we mainly do here.

The aim of the present paper is to introduce and investigate the Fibonacci la-
cunary statistical convergence and Fibonacci lacunary statistical Cauchy sequence
on intuitionistic fuzzy n-normed linear spaces and obtain some important results on
them.

We recall some useful definitions and results.

Definition 1.1 ([59]). A binary operation x* : [0,1] x [0,1] — [0,1] is a continuous
t-norm, if * satisfies the following conditions:

(i) * is commutative and associative,

(ii) * is continuous,

(iii) a * 1 = a, for all a € [0,1],

(iv) axb < ¢+ d whenever a < ¢ and b < d and a,b,¢,d € [0, 1].

Definition 1.2 ([59]). A binary operation < : [0,1] x [0,1] — [0, 1] is a continuous
t-co-norm, if < satisfies the following conditions:

(i) © is commutative and associative,

(ii) < is continuous,

(i) a®0 = a for all a € [0,1],

(iv) a®b < ¢Od whenever a < ¢ and b < d and a,b,¢,d € [0,1].

Definition 1.3 ([66]). An intuitionistic fuzzy n-normed linear space or in short
i-f-n-NLS is an object of the form

A={(X,0(x,t),w(x,t)) : x = (21, T2, ..., Ty) € X"},
where X is a linear space over a field F and ¢,w are fuzzy sets on X™ x (0,00), ¢
denotes the degree of membership and w denotes the degree of non-membership of
(1,22, ..., Tpn,t) € X™ x (0,00) satisfying the following conditions:
) o(xt) +wxt) <1,
ii) ¢ (x,t) > 0,
i) ¢ (xl, X2y .y Tp,t) = 1 if and only if 21, 29, ..., 2, are linearly dependent,
iv) ¢ (1,22, ..., Tp,t) is invariant under any permutation of z1, zs, ..., Tp,

V) ¢ (21, T2, ..., Ty, t) = (.’171,1)2, N W) ife#£0,cel,
)

(
(
(
(
(
(Vi) ¢ (z1, 22, ..y Tp, 8) * @ (T1, T2y oy @l 1) < D (21, T2, ooy Ty + 20, 8+ 1),
(vii) ¢ (x,0) : (0,00) — [0, 1] is continuous in ¢,
(viil) w (x,t) > 0,
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ixX) w(x1,x2, ..., 2y, t) = 0 if and only if x1,xa, ..., x, are linearly dependent,
X) w (21, T2, ..., Ty, t) is invariant under any permutation of 1, xa, ..., Ty,

Xii) W (1, X2, ooy Tny 8) * W (X1, Tay ooy T, B) > W (X1, T2y ooy Ty + X0, 8+ 1),

(
(
(xi) w(x1, X9, .y Ty, t) = w (ml,xg, vy Ty ﬁ) ifc#0, ceF,
(xi
(xiii) w (x,0) : (0,00) — [0, 1] is continuous in ¢.

Corollary 1.4. For convenience we denote the intuitionistic fuzzy n-normed linear
space by A =(X,p,w,*, ).

Definition 1.5 ([50]). A sequence {x,, } in an i-f-n-NLS A is said to convergence to
¢ € X with respect to the intuitionistic fuzzy n-norm (¢,w), if for every e > 0 and
t > 0, there exists a positive integer ng such that ¢ (z1, 2, ..., xp—1, Tp, — §,t) > 1—¢
and w (1, T, ..., L1, Ty, — &, t) < e for all k > ng.

The element ¢ is called the limit of the sequence {x,, } with respect to the intu-
itionistic fuzzy n-norm (¢,w) and is denoted as (¢, w) — limz,, = &.

Definition 1.6 ([50]). A sequence {z,,} in an i-f-n-NLS A is said to be Cauchy
with respect to the intuitionistic fuzzy n-norm (¢, w), if for every € > 0 and ¢ > 0,
there exists a positive integer mq such that ¢ (v1, 2, ..., Tp_1,Tn, — Tp,,t) > 1 —€
and w (1‘1,1‘2, oy Tp—1, Ty, — an,t) < ¢ for all p,q > my.

Definition 1.7 ([17]). A lacunary sequence is an increasing integer sequence § =
{k,} of positive integers such that kg = 0 and h, =k, — k,_1 — 00 as r — oo.

Throughout this paper the intervals determined by 6 will be denoted by I, =
(kr—1, k), and ratio 72— will be abbreviated by g,.

Definition 1.8 ([17]). For a lacunary sequence 6 = {k,} the sequence (z;,) is said
to be lacunary statistically convergent to &, provided that for each € > 0,

1
limh—|{k€b:|xk—§|2€}\:0.

In this case, we write Sy — lim ), = &.

Definition 1.9 ([38]). Take an IFNS (X,¢,w,*, ). A sequence () is said to be
Fibonacci statistical convergence with respect to IFN (¢,w), if there is a number
& € X such that for every € > 0 and t > 0, the set

Ks(ﬁ) = {k gn:gb(ﬁmk—g,t) <l-¢ orw(ﬁxk —f,t) 25}
has natural density zero, i.c., d(K.(F)) = 0. That is,

lim fHk<n ¢(kaf§t> Slfeorw(ﬁxkff,g 25}‘:0.

n—o00 N

In this case, we write d(F )IFN —limay =& or xp — E(S(F )IFN)
210
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2. MAIN RESULTS

Definition 2.1. Let A be an i-f-n-NLS. We define an open ball B (z,r,t) (F) with
center z on the n'* coordinate of X™ and radius 0 < r < 1, as

~ yeX: ¢ L1, X2y ey Ty F(r— >1—rand
B (x,r.1) (F) = (Flowan wan-) a1

w(F(ml,xQ,...,xn_l) F( ) t) <r
for t > 0.

Definition 2.2. Let A be an i-f-n-NLS. A sequence {z,, } of elements in X is said
to be Fibonacci statistically convergent to £ € X with regards to the i-f-n-norm
(¢p,w), if for every € > 0 and ¢ > 0, there exists p € N such that

{k <p:¢ (ﬁ (T1,Z2y ooy Tp1) s ﬁ(xnk) —§,t> <1-—¢and
w (ﬁ (21,22, .o, Tn_1) ( L) — f,t) > 5}‘ =0.

The element ¢ is called the statistical limit of the sequence {z,, } with regards to

lim 1
pA)OO p

the intuitionistic fuzzy n-norm (¢,w) and is denoted as F'St(4 ) — limx,, = ¢ or
T, — 5 (ﬁSt((b,w)).

Definition 2.3. Let A be an i-f-n-NLS and 0 be a lacunary sequence. A sequence
{zn,} of elements in X is said to be Fibonacci lacunary statistically convergent to
¢ € X with regards to the i-f-n-norm (¢,w), if for every € > 0 and ¢t > 0,

lim, oo 7 e Hk cl, ¢( (1,22, e, Tp—1), F A(xnk) £, t) <1—¢and
w (ﬁ (1,22, Tp-1), F A(:cnk) &, t) }’ =0.

The element ¢ is called the Fibonacci lacunary statistical limit of the sequence
{zn,} with regards to the intuitionistic fuzzy n-norm (¢,w) and is denoted as
135&5 w) ~limzy, =& or zy, — ¢ (FS?WU)

We denote by F S( 6 w) (X), the set of all Fibonacci lacunary statistically conver-
gent sequences in i-f-n-NLS A.

Next we show that for any fixed 6, F S( ) )—hmit is unique provided it exists.

Theorem 2.4. Let A be an i-f-n-NLS and 0 be a lacunary sequence. If {xy,} is a
sequence in X such that FS?Qs w) lim x,, =& exists, then it is unique.

Proof. Assume that there exist two distinct elements &1, s € X such that F S(e¢ W)~

limz,, =& and FS(¢ ) —limx,, = &. Let ¢ > 0 be arbitrary. Choose s > 0 such
that

(2.1) (I-95)*x(1—s)>1—cand sOs <e.
For any ¢ > 0, we take
= {k el : ¢ (ﬁ(a:l,xg,...,xn_l),ﬁ(acnk) —51,75) >1—sand

w (ﬁ (21, 2, ...,xn_l),ﬁ(xnk) - fl,t) < s}
211
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and

{k el, <Z)( (21, 22, ...,xn,l),ﬁ(xnk) — fg,t) >1—sand
w (ﬁ (331,.1?2, "'71‘7L—1)7ﬁ (xnk) - §2at> < 3} .
We shall first show that for & # & and t > 0, KNL = @. For, if p € KN L, then
¢ (F (T1,22, ., Tp-1), &1 *f%t)

2¢<ﬁ(x17x27"'7xn71) ( ) 5172) *¢( (x17x27"'7mn71)3ﬁ(mp)_527%)
>(1—s)x(1—s)>1—c¢,
by (2.1). Since € > 0 is arbitrary, we have ¢ (ﬁ (T1,%2y ey Tp1) , €1 — §2,t) =1 for

every t > 0. Similarly, w (Z3 (1,22, .y Tp_1),&1 — {2,t) = 0 for every t > 0. This

implies that & — & = 0, a contradiction to & # &. Thus KN L =@. So K C L°.
Hence, we have

lim, oo = e Hk el (;5( (21,22, .0y Tp—1) ,ﬁ(mnk) —51,15) >1—sand
w (F (X1, T, ey Ty 1),ﬁ(xnk) —«fht) < s}‘
{k el : ¢ ( (21,22, sy Tp—1) ,ﬁ(xnk) —Eg,t> <1-sand
w(ﬁ(ml,;@,...,xn_l) A(acnk) &, ) }’

< limy oo 7 e

Since FS(¢ ) —limx,, = &, it follows that
lim, oo = e Hk eI, (b( (1,22, Tp-1), F A(xnk) &, ) >1—sand
w (P (@122, i), F (wn,) = 1,1) <5} <0,

Since this can not be negative, we have

lim, o 2 e Hk eI, q§( (1,22, Tp-1), F A(zm) &, ) >1—sand
w(l/:‘\(xl,xg,...wn,l) A(xnk) &1, ) H:O.

This contradicts the fact that FS(¢ ) —limx,, =& . Therefore £ = &. 0

Theorem 2.5. F\S& ) s a linear space.

Proof. Let {z,,} be a sequence X.
(i) If FS(¢ o) ~limay, = ¢ and a # 0 € R, then we need to prove that

ﬁS(Od)’w) —lim oz, = aé.

Let £ > 0 and t > 0. If we take

K= {k‘ el :¢ (ﬁ (T1,22, ey 1) ,ﬁ(mnk) —f,t) >1—¢and

w(F\(xlvl?a"'azn—l)7ﬁ(xnk)757t> <€}
212
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and
{k; el, gb( (z1, 22, ... ,xn_l),ﬁ(amnk) —af,t) >1—¢ and
w (ﬁ (1,22, ...,xn_l),ﬁ(axnk) — aﬁ,t) < s}
Let p € K. Then, we have

qb( (z1, 23, ,xn,l),ﬁ(axp)—af,t)
=6 (F (@122, 0m01), P ap) = € )
> d)(A(m xQ,...,xn_l),ﬁ(xp) —f,t) *QS(O, ‘t‘ t)
>0 (A(I $27...,1}n_1),ﬁ(1'p) —f,t) x1
> ¢ (F (21,2, n 1), P ag) —€,1) > 1—2
and
w(ﬁ(ml,:@,...,xn,l),ﬁ(awp) af,t)
=w (A(m s X2y ey Ty 7ﬁ(a:p) -¢, ‘fl‘)
<w (A(Q’J T2y ey Ty ) ,ﬁ(mp) - f,t) Sw (0, ‘le - t)
<w (A(xl,xg, ey L) ,ﬁ(xp) - {,t) <0
<w ( (21,22, ey Ty 1),13(1‘17)—5 t) <E.
Thus p € L. So we have K C L. Hence L C K*¢. It follows that

lim, oo = e Hk eI, ¢< (1,22, ... ,xn,l),ﬁ(axnk) —a&t) <1-—¢and
w(F(.CC17.Z‘27.. 1), F (a@n, ) — o, t) 5}‘
{ke[ ¢( (€1, 225 0oy Tn1) s F (2ny ) — gt)gl—sand
w(ﬁ(ggl,xg,...,zn_l) F(z,) - 5,) H

Since FSY, ) — lima,, =&, it follows that F'S?, | —limaz,, = af.

< limy o0 7 e

(ii) Let {xnk} and {yn, } be two sequences in X. If FS(¢w —limz,, = ¢ and

FS(¢ ) —lim y,, =7, then we have to prove that FS (6.w) —lim (xn, + Yn,) =€+
Let € > 0 be given. Choose s > 0 as in (2.1). For ¢t > 0, we define the following sets:

A= {ke[ gb( (sr:l,xg,..,xn,l),ﬁ(xnk—&—ynk)—(f—&—n),t)>1—5and
w (F (21,22, oy Tn-1)  F (T + Uny) — (€ +17) ,t) < s},

B:{kelrmz)( (21, T2y ooy Tn1) s B () — f,t)>1—sand
(7 1), F(2n,) = 61) <5,
C:{keIT:¢( (z1, %2, .. xn,l),ﬁ(ynk)—n,t)>1—sand
o
)

w $1,$2,...,

ﬁ .131,.’132,.- 7xn—1)aﬁ(ynk)_nat> <8}'

Let p € BN C. Then by (2.1), we have
213
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“q>

( ), F (2 +yp) — (£+n),t)
(P 1o ) Flay) — €+ Flyy) —m. 3+ 5)

( ), F (2) — 5,2)*¢( (xlax%"'uxn*l)vﬁ(yp)_777%)
S

w (ﬁ (21,02, oy Tr_1) ,ﬁ(xp +yp) —(E+n),t
(xp) — &, %) Qw (ﬁ (T1, T2, ooy Tn—1) F (yp) — m, %)

=)

S w (F\ (1'17372, "'7‘7/‘7’1,71) bl
< sOs <e.
Thus p € A. So (BN C) C A. Hence we have A° C (B°U C°). It follows that

lim, oo = e Hk eI, qS( (z1, 22, ... 7xn,1),ﬁ(xnk + Yn, ) — (f—i—n),t) <1l—¢and
w (ﬁ (21,22, oy Tn1) s F (2, + yn,) — (E+17) ,t) > 5}

< limy oo 7 e H cl, gb( (21,22, ey 1) (Can) £, t) <1-—sand
w (ﬁ (21,22, oy Tp—1) s (fnk) &, t) }

+ lim, oo A i Hk el, (b( (1,22, .y Tp—1) 7ﬁ(ynk) — mt) <1-—sand
w(ﬁ(xl,xg,...,xn_l),ﬁ(ynk) —n,t) > 8} _

Since FS(¢ ) —limx,, =¢ and ﬁS(e(b’w) —limy,, =7, we have

ﬁS?¢7w) —lim (@, + Yn,) =&+ 1.

This completes the proof. O
Theorem 2.6. Let A be an i-f-n-NLS. For any lacunary sequence 6, ﬁSt(WJ) (X) C
FS&Sw (X) iff iminf, ¢, > 1.

Proof. Sufficient part: Assume that liminf, ¢. > 1. Then there exists a § > 0 such

that ¢, > 1+ ¢ for sufficiently large r which implies that Z—: > %. If {xy,} is

Fibonacci statistically convergent to £ with regards to i-f-n-norm (¢,w), then for
each € > 0, t > 0 and sufficiently large r, we have

1+6h {k c I, q§( (1,22, ... ,xn_l),ﬁ(znk) ff,t) <1l-—¢and
w (F (21,22, ey Tn—1) s F (20,,) — &, t) H
ﬁ(ml,xg, vy o), F (zn,) — &, t) <1-¢and
F (01,02, s01) F (2,) = ) 2 ¢
+ % Hk <k.:9 (ﬁ (1,22, ey Tn—1), F (Tn,) — E,t) <1l—¢and
w (ﬁ (21,22, ey, 1) ,ﬁ(wnk) - §7t) > EH .
Thus %f(FS((Zs )) So ﬁst(¢7w)( ) C FS(¢W)( ).
Necessary part: Suppose that liminf, ¢, = 1. Then we can select a subsequence

{k.(j)} of the lacunary sequence 6 such that - i (J) <143 L and 2= EJ) L > j, where
214
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r(j)>r(j—1)+2. Let £ #0 € X. We define a sequence {z,, } as follows:
_J & itk el for some j =1,2,..
T =00, otherwise.

We shall show that {z,, } is Fibonacci statistically convergent to £ with regards to
the i-f-n-norm (¢,w). Let e > 0, ¢ > 0. Choose &1 € (0,1) such that B (0,e1,t) (F) C
B(0,e,t) (F) and € ¢ B(0,¢,t) (F). Also for each p we can find a positive number
Jp such that k.; ) <p < k.(j,)+1. Then, we have

limp_m)%‘{k<p QS( (T1,Z9y ooy Tp—1) s (xm) £, > <1-¢and
(ﬁ (z1,22, .y Tn—1), (xnk) &, t) H
(

L X1, L2y ey Ty—1), F A(xnk) &, t) <1-—¢; and

- kT(Jp)

w
{kSp:(ﬁ(ﬁ

€
/N
)
"
=
=
v
=
3
)
» 8
End
o
-
N—
\Y%
o
bt

w (F (@122 00 1), (xn,g HEET
+ Hkr(jp) <k<p:¢ (l/*—’\ (T1,22y ooy Tp—1) s F(;Enk) — f,t)
w(ﬁ(ml,xg,...,xn,l) F(xn,)—&t) >er

H\_/

ﬁ(mlax27“-axnfl)7F<x’ﬂk>_57

®
w (ﬁ (1,29, .., Tp—1), F A(xnk) £, t) > 51}‘
Jrk(li) (kr(gp)41 — kr(jp>)
+1-1=2+

.7 +1 ]p"l‘l

for each p. It follows that FSt(¢7w) —limz,, — £. Next we shall show that {z,, } is
not Fibonacci lacunary statistically convergent with regards to the i-f-n-norm (¢, w).
Since £ # 0 we choose € > 0 such that £ ¢ B (0,¢,t) (F) for ¢ > 0. Thus

limj oo 15 Hk"m—l <k < kgt o (1E (21,82, o0y 1) , F (wn,) — O,t) <l-eand
w (ﬁ (z1,22, .y Tn—1) , ﬁ(xnk) — O,t) > EH
= limysoe s (kr) = Frion) = limyoee 7 (Arp) = 1
and

lim, o0 ;%
r#r(j),j=1,2,.

{kr L <k <k qs( (a;l,xg,...,xn_l),ﬁ(%)—g,t)g1—aand

w (Z3 (1,22, Tp—1), F A(xnk) &, t) H =1#0.

So neither & nor 0 can be Fibonacci lacunary statistical limit of the sequence {x,, }
with regards to the i-f-n-norm (¢, w). No other point of X can be Fibonacci lacunary
statiitical limit of the sequence as well. Hence {z,, } ¢ FS(0¢,w) (X) completing thDe
proof.

The following example establishes that Fibonacci lacunary statistical convergence
need not imply Fibonacci statistical convergence.
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Example 2.7. Let (X, |.,...,s]|) be a n-normed linear space, where X = R. Define
a*b=aband a®Cb = min {a + b, 1} for all a,b € [0,1],

~ t
¢ (F(xlax%"'axnk)?t) = Py
t 4+ HF(zl,IQ, ey Ty, ) ’

t+ Hﬁ (1,2, ..., Tn,,)
Then A = (X,¢,w, *,<) is an i-f-n-NLS. We define a sequence {z,, } by

| nk, forkr—(\/h,»)—&—lgkgk,«,reN
T = 0, otherwise.

and

Hﬁ(x17x27...7mnk)

w (F\ (1,2, ..., Tn,,) ,t)

Fore >0 and ¢ > 0,

K, (g,t) = {k eN: ¢ ﬁ(zl,xg, iy Tp—1,Tn, ) ,t) <1—¢cand
w (F (21,29, e Tp1,Tny ) 1t 26}.
Thus
K, (e, t) = keN: — <1-—¢and
( ) { t+||F(zl,zg,‘..,xn,l,znk)”
e .
t+||ﬁ(a:1,xg,...,a:n,1,a:nk)| =€
= {k eN: HF(xl,xg,...,a:n_l,xnk) >+ > O}
={keN:z,, =nk}
:{k:eN:kr—(\/h,)+1§k§kr,reN}.
So we get

LK (e t) =L {keNk — (Vh,) +1 <k <k, reN}| < ¥l
= limy o0 7- | K, (6,8)] =0

= 2, — 0 ﬁ5f¢7w)) )

On the other hand, x,, - 0 (ﬁSt((ﬁ)w)), since

(25(ﬁ(l‘hxz,...,mn,l,gjnk)7t> = t )

t+| ﬁ(xl,xg,...,zn_l,xnk ||
_ Hﬁ, fOrkr—(\/hr)+1SkSkr,reN
0, otherwise
<1

and
5 . | F (1,22, 0, )|
w (F (zl’x27 .."xTL_l’znk)’t) B t+ |ﬁ(w17$27-~-7wn717$nk)H

:{ nk_ for k. — (Vh) +1<k<k,reN

t+nk’
0, otherwise

> 0.
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Hence, we have x,, - 0 (ﬁSt(@w)) .

Theorem 2.8. Let A be an i-f-n-NLS. For any lacunary sequence 6, FS(¢ (X) C
FSt(qw (X) iff limsup,. ¢, < oo.

Proof. Sufficient part: If limsup, ¢, < oo, then there is a H > 0 such that ¢, < H

for all . Assume that z,, — ¢ (FSW w)), and let

er[ ¢( (xl,xg,...,xn_l),ﬁ(znk)—g,t) <1—¢and
w (F\ (ml,xg,...,xn,l),ﬁ(mnk) —f,t) > 5}’

By definition of a Fibonacci lacunary statistical convergent sequence, there is a
positive number ry such that

K,
(2.2) T < ¢ for all r > ry.

Now let P = max{K, : 1 <r <1y} and p be any integer satisfying k,_; < p < k.
Then we have

Hk <p: gi)( (z1, 22, ..., xn_l) (Tn,) — ) 1—¢ and
w (ﬁ X1y X2y ey Tyt ) 5 (wnk) £, ) }‘
g H <k ( (21,22, ey Tp—1) (xnk) £, t) <1-—¢and
w(F(zl,xQ,...,xn_l) A(a:nk) &, t) H
< k'rl—l (K + Ko+ oo + Ky + Kpg1 + . + K, }
< %7‘0 T i {h,.oﬂf::: Tt h[h(’“}
< ]:fi + k‘rl—l gsupwrO ‘;( {hro41 + ... + by}
< ;Oi sk’”k:il’"ﬂ (by 2,2)
B

Thus {z,, } is Fibonacci statistically convergent. So F\S(O@w) (X) C F\St(@w) (X).

Necessary part: Suppose that limsup,q. = co. Let £ # 0 € X. Choose a
subsequence {kT(j)} of the lacunary sequence 6 = {k,} such that q,(;y > j, kyj) >
j + 3. Define a sequence {x,, } as follows:

_ f, if kr(j)fl <k< ri(j)fl for some j= 1,2,...
Lo = 0, otherwise.
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Since £ # 0, we can select € > 0 such that £ ¢ B (0,¢,t) for ¢t > 0. Now for j > 1,

Hk’ <kpgy @ (13 (X1, %2,y Tp—1) ,ﬁ(mnk) - O,t) <1-¢and
hr ) - -
w F(xlax27“'7mnfl)7F(xnk)_07t) ZE}‘
1
< — (k=
gy (o)

=gy (Fr@-1) < 321

Then we have {z,, } € ﬁS(e w) (X). But {@y, } ¢ ﬁSt(,ﬁ’w) (X). For

1 ~ ~
_— Hk < 2kp(jy—1: @ (F (1,22, s Tp—1), F (zn,,) — O,t) <1-—¢and

2k ()1
w (F (.%'1,1'2, ...727”71) ) F (:E’nk) - 07t> > 5}‘
1 1
< — (kry—1 + k21 + o+ R )21) > o
Sy -t Ryt k) > 5
This shows that {z,, } cannot be Fibonacci statistically convergent with regards to
the intuitionistic fuzzy n-norm (¢, w). O

Theorem 2.6 and Theorem 2.8 immediately give the following Corollary.
Corollary 2.9. Let A be an i-f-n-NLS. For any lacunary sequence 0, I*AﬁS(a(ﬁ’w) (X) =
ﬁSt(qw) (X) iff 1 < liminf, g, < limsup, ¢, < oo.

Finally, we define Fibonacci lacunary statistical Cauchy sequence in an intuitionis-
tic fuzzy n-normed linear space and prove that it is equivalent to Fibonacci lacunary
statistically convergent sequence in an intuitionistic fuzzy n-normed linear space.

Definition 2.10. Let A be an i-f-n-NLS and 6 be a lacunary sequence. A sequence
{zn,} in X is said to be Fibonacci lacunary-6-statistically Cauchy provided there

is subsequence {xnk_,m} of the sequence {z,,} such that k' (r) € I, for each r,

(p,w) — lim, Ty, =& and for each € > 0 and t > 0,

lim, o0 % Hk; el.: ¢ (ﬁ (xl,xg,...,xn_l),ﬁ(mnk) - F (xnk,(r)> ,t) <1-—¢and
w (ﬁ (x17$27...7l'n_1),ﬁ(xnk) - F (xnk,m) ,t) > 5}‘ =0.

Theorem 2.11. Let A be an i-f-n-NLS and 6 be a lacunary sequence. A sequence
{zn,} in X is Fibonacci lacunary statistically convergent iff it is Fibonacci lacunary-
0-statistically Cauchy.

Proof. We first suppose that ﬁS(qu) —limz,, =& Fort>0and j €N, let
K (j,t) = {k eN:¢ (ﬁ (1,22, .y Tp—1) ,ﬁ(xnk) —f,t) >1- % and
w (ﬁ (X1, %2,y Tp—1) ,ﬁ(a:nk) — §,t) < %}

Then we have the following:
(i) K(j+1,t) C K(j,t) and
K(j,t)N1,
(ii) %%lasr%o&
Since this implies that we can select a positive integer m (1) such that for r > m (1),
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K (1,t)Nn 1, .
we have M > 0, i.e., K (1,t)NI. # @. Next we can select m (2) > 1) so

) =m(

that r > m (2) i;nplies K (2,t)NI,. # @. Then for each r satisfying m (1) <r < m (2),
choose k' (r) € I, such that k' (r) € I, N K (1,1), i.e

1) (F\ (T1,%2, ey 1) ,ﬁ (3an/ T)) &, t)
and

w (F (x1, T2y oy Tp—1) , F (xnk,(r)) —§,t) <1
In general, we can choose m (p + 1) > m (p) such that

r>m(p+1) implies I, N K (p+ 1,t) # @.

Thus for all r satisfying m (p) <r < m (p+ 1), choose k' (r) € I, N K (p, t), i.e.,

¢ (ﬁ (Z‘l,xg, ...,an_l) ,F\ (l‘nk,(”) — g,t) >1-—
w (ﬁ (x17x27"'7xn—1)7ﬁ (Ink/(,,.)> 7Eat> <

So k' (r) € I, for each r together with (2.3) implies that (¢, w) —lim, o0 2, = &
For € > 0, choose s > 0 such that (1 —s)* (1 —s) >1—¢ and sCs <. For ¢t > 0,
if we take

A= {k eI, (b( (21,22, .y Tp—1) ,ﬁ(znk) —F (a:nk/“.)) ,t) >1—¢ and
w (ﬁ (1,29, 0y p_1), F (@ny) — F (xnk,m) ,t) < 5} ,

&
=
o,

(2.3)

SR SE

B = {ke]r:gb(ﬁ(xl,xg,.. Tp—1), ﬁ(xnk) &, t) >1—sand
w(ﬁ(;vl,mg,..., ~1), (xnk) ft) },

C= {ke] (;5( (21,22, ey Tp—1) ﬁ(mnk,()) >>175and
), F

(xnk_,m) —f,t) < s,},

then we find that (BN C) C A and therefore A° C (B°U C¢). Thus we get

w (F (z1,22, ey Tp—1

~

lim, oo = i Hk; cl, ¢>< ($17x2,...7$n_1),ﬁ($nk) —F (xnk,(r)) ,t) <1—¢and
w(F(xl,:L’g,.. Tn_1), ﬁ(xnk)—ﬁ<xnk,(r)>,t) Zs}’
< im0 7 e Hk el : ¢ ( (1,22, ey Tp1) ,ﬁ(xnk) —&t) <1-—sand
w (F (X1,Z2, .., Tp—1), F A(xnk) g, t) H
+ limy o0 2 i Hk el, (b( (21,22, ey 1) ,ﬁ (x”k,w> —§,t> <1-sand
w (ﬁ (21,22, s Zp_1) , F (mnmr)) - f,t) > s}’ .
Since FS(¢ ) —limz,, =¢ and (¢,w) — lim,_, Ty = &, it follows that {z,, } is

FS (6w) —Cauchy
Conversely, assume that {z,, } is a Fibonacci lacunary-6-statistically Cauchy with

regards to the i-f-n-norm (¢,w). By definition, there is a subsequence {‘T"mr)} of
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the sequence {z,, } such that &' (r) € I, for each r, (¢,w) — lim; 00 7y, ,, = § and
for each ¢ > 0 and t > 0,
(2.4)

: 1
hmrﬂoo K

{k el : ¢ (F\ (w1, 2, ~~-,$n71)vﬁ(mnk) ~F (x”k’m) )
>

1—¢eand
w (ﬁ (:cl,xg,...wnq),ﬁ(xnk) - F (xnk'm) ) ‘

3=

As before, we have the following inequality:

hmr_wCh Hk;e[ (b( (x1,%2, e, Tp—1), F A(xnk) §t>§1—5and

Since (¢, w)—1lim, o0 Tp,,

(1]

[9

(10]
(11]
(12]

[13]
(14]

[15]

w (ﬁ(l’l,l’g,... Tn-1), (Ink) g, ) }‘
{k €l : ¢ (F (1,29, s p_1), F (2n,) — F (xnk,(r)) ,t)

w (ﬁ (X1,Z9, .., Xp—1), F (acnk) F (Jcnk,m) ,t) > s}‘
{k el (;5( (1, T2y ey Tn_1), F (xnqu)) —§,t> <1-sand
w (F (21, @9,y Tp1) , F (:cnk,m) ff,t) > s}‘ .

= ¢, it follows from (2.4) that FS —limz,, =¢§ O

< 1m0 7 e

: 1
+limy o0 h

(r)
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