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ABSTRACT. In this paper, we investigate rough AZs-convergence as
an extension of rough convergence. We define the set of rough AZ»-limit
points of a sequence and analyze the results with proofs.
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1. INTRODUCTION

Statistical convergence of a real number sequence was firstly originated by Fast
[18]. Theory of Z-convergence has become an important working area after the
study of Kostyrko et al. [29]. Nuray and Ruckle [37] introduced the same concept
as generalized statistical convergence. A lot of improvement has been made in the
area of Z-convergence after the studies of [5, 6, 10, 11, 17, 20, 30, 34, 35, 36, 12].

Rough convergence was firstly given by Phu [38, 39, 40] in finite dimensional
normed spaces. He denoted that the set LIM is bounded, convex and closed and
he investigated the concept of rough Cauchy sequence. Aytar [4] examined of rough
statistical convergence and obtained the set of rough statistical limit points of a
sequence and showed two statistical convergence criteria related with this set. Also,
Aytar [3] obtained the rough limit set and the core of a real sequence. In [33], rough
statistical convergence of double sequences in finite dimensional normed linear spaces
was studied. Rough convergence of double sequences has been originated by Malik
and Maity [32] and some properties of this convergence were given. Diindar and
Cakan [15, 16] investigated the rough Z-convergence and the set of rough Z-limit
points of a sequence and also obtained the notion of rough convergence and the set
of rough limit points of a double sequence. Also, we refer ([1, 2, 12, 13, 14, 19, 21,

, 23, 24, 25, 41, 43]) for details in the area of rough convergence.
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The concept of rough sets, fuzzy sets and intuitionistic fuzzy sets are closely
related. We benefit from some important studies to prepear our study (for details,
see [7, 8, 9, 26, 27, 28, 31]).

In view of the recent studies of rough convergence, it looks like very natural to
extend the interesting concept of rough AZs-convergence further by using ideals
which we mainly do here.

2. DEFINITIONS AND NOTATIONS

We recall some notations and basic definitions used in this paper.

Definition 2.1 ([29]). A family of sets Z C 2V is called an ideal, if it satisfies the
following conditions:

(i) emptyset € T,

(ii) for each P, R€Z, PUR €I,

(iii) for each P € Z and each RC P, R € Z.

An ideal is called non-trivial, if N ¢ 7 and non-trivial ideal is called admissible,
if {n} € T for each n € N.

Definition 2.2 ([29]). A family of sets F C 2V is a filter in N, if it satisfies the
following conditions:

(i) @ ¢ F,

(ii) for each P,R € F, have PNR € F,

(iii) for each P € F and each R 2 P, R € F.

Lemma 2.3 ([29])). If T C 2" is a nontrivial ideal, then the family of sets
FZ)={MCN:34e€ZT : M=N\ A}

is a filter of N.
In this case, F (Z) is called the filter associated with the ideal Z.

Definition 2.4 ([20]). A real sequence x = (zy) is said to be A-ideal convergent to
x € R, provided for each € > 0,

{keN:|Azx, —z| >e} el

Definition 2.5 ([6]). A nontrivial ideal Zp of N x N is called strongly admissible, if
{i} x N, N x {i} € I, for each i € N.

It is obvious that a strongly admissible ideal is admissible also. We will take Zo
as a strongly admissible ideal in N x N.

Definition 2.6 ([6]). A double sequence & = (Z,,,) in X is said to be Zy-convergent
to L € X, if for any € > 0, we have

A(e) ={(m,n) e NX N: p(xyn, L) > e} € In.

In this case, we write

Is- lim z,,, = L.
m,n— 00
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Definition 2.7 ([38]). A sequence z = () is said to be r-convergent to ., denoted
by x sz, provided that

Ve>03i. eN: k>i. = ||z —zi] <7 +e.

The set
LIM "z := {z. € R" : 2, — 2.}

is called the r-limit set of the sequence = = ().

During the paper, let » > 0 and R™ demonstrate the real n-dimensional space
with the norm ||.||. Think z = (z5) C X = R™.

Definition 2.8 ([15]). A sequence x = (xy) is said to be rough Z-convergent (r-Z-

convergent) to x, with the roughness degree r, denoted by =% T4, provided that
{k e N: |z — x| >r+e} €T for every € > 0 or equivalently, if the condition

Z-limsup ||z — x| < r

holds. We can write 2y ~—% x, iff the inequality ||zx — z«|| < r + € holds for every
€ > 0 and almost all k.

Definition 2.9 ([15]). A double sequence x = (&, ) is called to be rough convergent
to x,, provided that

Ve >0 Jk. e Nimyn > ke = ||Tmn — x| <7 + ¢,
with the roughness degree r or equivalently, if
limsup ||Zmn — x| < 7
In this case, we write x,,, s 2.
Definition 2.10 ([16]). A double sequence & = (x,y,) is called to be r-Zs-convergent
to z, with the roughness degree r, denoted by %, - T4, provided that
{(m,n) e N X N: ||zpmn — 2| =1+ ¢} € I,
for every € > 0; or equivalently, if the condition
To-limsup ||Zmn — x| < 7
is satisfied. In addition, we can write Z,, s x, iff the inequality ||z mn—z.|| < r+e
holds for every e > 0 and almost all (m,n).
3. MAIN RESULTS

Definition 3.1. For some given real number r» > 0, a double sequence (Axy;) is
called to be rough Zs-convergent to x, with the roughness degree r, provided that

(3.1) {(k,]) e NxX N: ||[Azp — zs|| > 7+ e} € Io,
for every € > 0 or similarly, if the statement
(3.2) To —limsup ||Axg — 2] <7

is satisfied. In addition, we can write Az % , if the inequality |Azg — x| < r+e
holds for every e > 0 and for almost all (k,1).
107



Omer KiSI/Ann. Fuzzy Math. Inform. 20 (2020), No. 2, 105-114

We obtain the concept of Zs-cluster point of (Azy;) and of Zs-boundedness for a
double sequence (Azy;).
¢ € R" is called a Zy-cluster point of a double sequence (Axy;) stated that

{(k,)) eNXN: [|Azyy —c]| < £} ¢ Ty

for every € > 0. We demonstrate the set of all Z,-cluster point of a double sequence
(Azg) by Zs (Taz) -

A double sequence (Azy;) is called to be Zo-bounded ,if there exists M > 0 such
that

{(kj,l) eNxN: ||A.’L‘MH > M} € L.

Remark 3.2. r-convergence implies r-AZs-convergence according as the roughness
degree.

If we take r = 0, then we get the ordinary AZs-convergence of a double sequence.
Overall, the r-Z,-limit of a double sequence might not be unique for the roughness
degree r. Hence, we should think the so-called rough Z-limit set of (Axg;), which
is shown by
Tp-LIM" Az :— {x ER": Azy P x} .
A double sequence (Axy;) is called to be r-Zy-convergent if Zo-LIM"™Ax # &.

As indicated above, we can’t say that the r-Zs-limit of a double sequence is unique
for the roughness degree r > 0. The following theorem is related to this claim.

Theorem 3.3. For a sequence (Axy;),
diam (IQ-L]M (A.’I}kl)) S 2r.
In general, diam (Zo-LIM" (Axy;)) has no smaller bound.
Proof. Assume that
diam (Zo-LIM" (Azy;)) = sup{|ly — z|| ; ¥, z € Zo-LIM" (Axg;)} > 2r.

Then, there exist y,z € Zo-LIM" (Axy,;) such that ||y — z|| > 2r. Now, we select
€ > 0 so that ¢ < w — 7. Since y, z € Zo-LIM" (Azy,), for every € > 0, we have
Ay (e) ={(k,]) e NXN: ||Azg —y|| > r+e} ey

and
A (e) ={(k,1) e Nx N : ||Azyy — z|| > r + e} € Ts.
In that case, we have
AS (e) ={(k,]) ENXN: ||Azp —y|| <7 +e} € F(Zo)
and
A5 (e) ={(k,1) e Nx N: ||Azyp — z|| < r+ e} € F(Za) .
Using the properties of F (Z3), A (e) N AS (¢) # & and we getA§ (e) N A§ () €
F(Z2).
Thus, we can write
-z
Iy = 20 < Az~ + 80 = 2l <2 o) <2 (4 B0y -y,
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for all (k,1) € A (¢) N A§ (g), which is contradiction. So
diam (Zo-LIM" (Azy;)) < 2r.

For proof the second part of the theorem, take a double sequence (Axy;) such
that Zo-lim Axy; = z,. Let ¢ > 0. Then, we can write

{(k,l) e Nx N: ||Azg — z4|| > €} € To.
Thus, we have
[Azr — yll < [[Azk — 2ol + (|24 = yll < [ Azpy — 2] 47 <7+ €
for each
y€B(z.)={y eR": [ly —a.| <1}
So, we get
Az —yl| <7 +e,

for each (k,1) € {(k,]) e NxN: ||Azg — z.| <e}. Since the double sequence
(Azy;) is Zo-convergent to ., we have

{(k,1) e N X N: ||Azy — x| < e} € F(Zs).
Hence, we have y € Zo-LIM" (Azy,;) and as a result,

(3.3) Io-LIM" (Azgy) = By (4) -
This shows that in general upper bound 2r of the diameter of the set Zo-LIM" (Axy;)
can not be decreased any more. O

Now we give some geometrical and topological properties of the r-Z-limit set of
(A:Z?kl) .

Theorem 3.4. The set Zo-LIM™ (Axy;) of a sequence (Axy;) is a closed set.

Proof. If Zo-LIM" (Axy;) = &, then there is nothing to prove.
Assume that Z5-LIM" # &. Now, consider a double sequence (Ayy;) in Zs-
LIM" (Azg;) with kllim Ayr, = y«. We must show that y, € Zo-LIM" (Axg).
J—00

Choose € > 0. Since Ayg; — Y., there exists n. € N such that
|Ayrr — sl <,
for all k,1 > n..
Now select an (ko,lo) € N x N such that k > kg, | > ly. Then, we obtain
||Aykolo - y*” <Ee.

In other words, since (Ayy;) C Zo-LIM" (Azy;), we have (Ayg,i,) € Zo-LIM" (Azy),
that is,

(34) A(E) = {(k,l) eENxN: ||A5L'kl - AykoloH >r+ E} €.
Now, let us denote that the inclusion
(3.5) A (e) C A (2¢)

holds, where
A(2e) = {(k,1) e N X N: [|Azpy — yul| > 7+ 22}
109
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Put (p,q) € A°(g). Then we obtain
”Aqu = Ayroo | <7 +e.

Thus
[AZpg = ysll < 1 AZpg — Akt | + | AYko1y — ysll <7+ 26,

that is, (p,q) € A°(2¢), which gives (3.5). So, we prove A (2¢) C A (). Because of
A(e) € Iy by (3.4) (i-e., y« € Zo-LIM" (Axy;)), which completes the proof. O

Theorem 3.5. The set Zo-LIM" (Axy;) of a double sequence (Axy;) is conver.
Proof. Let yo,y1 € Zo-LIM" (Azy;) and € > 0 be given. Let
Ag(e) ={(k,]) e Nx N : ||Axg —yol| >r+e} €1y
and
Aq (6) = {(k,l) eNxN: HAiL’kl 7y1H > T+€} € L.
Then, we have
Az — [(1 = N yo + Al = [[(1 = A) (Azp — yo) + A Az —y1)|| <7+,

for each (k,1) € A§(e) N A§ (¢) and each A € [0,1]. Because of (A§ (e) N A§ (¢)) €
F (Zz), by the property of F (Zs), we get

{(k,) e NxN: ||Azp — [T =N yo + An]|| > r +e} € Iy,

which shows that (1 — X\) yo + Ay1 € Zo-LIM" (Axy,;) for any A € [0, 1]. Thus the set
Zo-LIM" (Axy;) is convex. O

Theorem 3.6. Let r > 0. Then, (Axy;) is rough Iy-convergent to . iff there exists
(Aygi) such that

(3.6) Ty — lim Ayy = . and ||Axy — Ayp|| <7, for all (k,1) € N x N.

Proof. Necessity: Let Ax i 2. Then, we have

(3.7) Ty — limsup ||Azg — x| < 7.
Now, we define
Ay = { f T —Awyy it ”Ax{d —odlsr
Tr + T Aze—a otherwise.
Then, we have
0 if |Azg —ai <7

Ay — 2| =
|Azy — z.|| — r  otherwise,

by the definition of Ayyy,

(3.8) |Azg — Ayl <7

for all (k,1) € N x N. By (3.7) and the definition of Ayy;, we get
T, — limsup [[Ayg — 24| = 0,

which implies that Zo — lim Ayy; = x,.
110
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Sufficiently: Assume that (3.6) holds. Because of Zy — lim Ay, = z., we have
A(e) ={(k,]) e NXN: [Ayps — x| = 7 + €} € Iy,
for each € > 0. Now we define the set
B(e) ={(k,]) e Nx N : ||Azy; — x| > r+¢€}.
It is easy to understand that the inclusion
B(e)C A(e)

holds. Because of A (¢) € T, we get B (¢) € Zy. Hence (Axy,) is rough Zs-convergent
to . 0

Lemma 3.7. For an arbitrary ¢ € I (F(Amkl)) of a double sequence (Axy;), we
have

|ze —c|| <7 for all . € To-LIM" (Axyy) .
Proof. If possible suppose that there exists ¢ € Z (P(Amkl)) and z, € Zo-LIM" (Azg)

such that ||z, —c|| > r. Let e = w Then, we have
(3.9)
{(k,)) e NXN: [|Azpy —c|| >r+e} CT{(k,]) e NXN: ||Az — x| > r+¢€}.

Because of ¢ € 7, (F(AIM)), we get
{(k,]) e NxN:||Azp —c|| >r+e} ¢ Io.
By the definition of Z;-convergence, since
{(k,1) e NxX N: ||Azg — x| > r+ e} € T,
so by (3.9), we have
{(k,]) e N N: ||[Azy —c|| < e} € Iy,
which contradicts with the fact ¢ € Z (F(AIM)). O

Theorem 3.8. (1) If c € Iy (P(Axkl))’ then

(3.10) Ty-LIM" (Azyy) C B, (c).
(2)
(3.11)
To-LIM" (Azyy) = N B, (c) = {2 €R" : Ty (T(anw)) € Br (z4)} .

€2 (T (a0yy))
Proof. (1) If ¢ € I3 (T (agy,))» then by Lemma 3.7, we have ||z, — ¢|| < r, for all
Ty €Ty — LIM" (Axyy) .
Otherwise, we get
{(k,]) e NX N: |[Azy — x| > 1+ e} ¢ Iy,

for ¢ := 1Z:=<l=" " Because of ¢ is an To-cluster point of (Azy;), this contradicts

with the fact that x, € Zo-LIM" (Axzyy) .
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(2) From (3.10), we have
(3.12) To-LIM" (Azyy) C N B, (c).

Let
ye (B0
c€ls (F(Azkz)>

Then, we have |ly — c|| <, for all ¢ € T (T'(az,,)) Which is same as

I, (F(Aﬂckz)) - Er (y) , l.e.,

(3.13) N B, (¢) = {2 €R" : Tp ([ (any) C Br ()}
2 (T (ary)
Now, let y ¢ Zo-LIM" (Axy;). Then there exists an € > 0 such that
{(k,)) e NxN:||Azp —y|| >r+e} ¢ 1y

which gives the existence of an Zs-cluster point ¢ of the sequence (Axzy;) with
ly —c|| > r + e, that is,

Lo (Cian)) € Br(y) and y ¢ {w. €R": T, (T(axy)) € Br(2.)}-
Thus, y € Zo-LIM" (Azy,) obtains from y € {2, € R" : T (D (az,,)) € Br (z4)}, iee.,

(314) {1'* eR": 1, (F(Azkl)) - ET (.’E*)} C IQ—LIMT (Al‘kl)
So, the relations (3.12)—(3.14) ensure that (3.11) holds, i.e.,
To-LIM" (Azyy) = N B, (c) = {2. €R" : T (T(any)) € Br (2.)}

celz (F(Amkl))

0
Theorem 3.9. Let (Axyg;) be an Iy-bounded sequences. If r > diam (IQ (F(Awkz)))7
then we have Iy (T'(azy,)) € To-LIM™ (Azy) .
Proof. Let ¢ ¢ To-LIM" (Axy;). Then there exist an € > 0 such that
(3.15) {(k,]) eENXN: ||Azp —c|| >r+e} ¢ Is.

Since (Axy;) is Zo-bounded and from (3.15), there exists an Z,-cluster point ¢; such
that
llc = el > r+ e,

where €1 := 5. Thus, we get
diam (IQ (F(A:L’m))) >r+eq,

which proves the theorem.
Also, the converse of the theorem holds, i.e., if T (I(azy,)) € Zo-LIM" (Azy),
then we have r > diam (Ig (F(Aa:k,))) . O
112



Omer KiSi/Ann. Fuzzy Math. Inform. 20 (2020), No. 2, 105-114

4. CONCLUSION

In the present paper, we have given a more general type of convergence for double
sequences, that is, rough AZs-convergence in a more general setting. This defini-
tion and results provide new tools to deal with the convergence problems of double
sequences occurring in many branches of science.
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