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ABSTRACT. In this paper, we introduce the concept of cubic bipolar
BC(C-ideal and investigate several properties. Also, we give relations be-
tween cubic bipolar BC'C-ideal and cubic bipolar BC'C-ideal. The image
and the pre-image of cubic bipolar BCC-ideal in BCC-algebras are de-
fined and how the image and the pre-image of cubic bipolar BC'C-ideal
in BC'C-algebras become cubic bipolar BC'C-ideal are studied. Moreover,
the Cartesian product of cubic bipolar BC'C-ideal in Cartesian product
BCC-algebras is given.
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1. INTRODUCTION

I 1966, Iséki and Tanaka [9, 10] introduced the notion of BC K-algebras. Iséki []
introduced the notion of a BCI-algebra which is a generalization of BC K-algebra

Since then numerous mathematical papers have been written investigating the
algebraic properties of the BCK/BCI-algebras and their relationship with other
structures including lattices and Boolean algebras. There is a great deal of literature
which has been produced on the theory of BCK/BCI-algebras, in particular, the
emphasis seems to have been put on the ideal theory of BCK/BCI-algebras. Iséki
posed an interesting problem (solved by Wronski [25] whether the class of BOK-
algebras is a variety. In connection with this problem, Komori [15] introduced a
notion of BCC-lgebras, and Dudek [2, 3] redefined the notion of BC'C-algebras by
using a dual form of the ordinary definition in the sense of Komori. Dudek and Zhang
[6] introduced a notion of BC'C-ideals in BC'C-algebras and described connections
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between such ideals and congruences. In 1965, Zadeh [26] introduced the notion
of fuzzy sets. At present this concept has been applied to many mathematical
branches. The idea of “intuitionistic fuzzy set” was first published by Atanassov
[1] as a generalization of the notion of fuzzy sets. In 1991, Ougen [20] applied the
concept of fuzzy sets to BCI, BCK, MV-algebras. Dudek and Jun [5] considered
the fuzzification of BC'C-ideals in BC'C-algebras. Lee [17] introduced the notion of
bipolar-valued fuzzy sets which is an extension of fuzzy sets. Lee [1(] introduced
the notion of bipolar fuzzy subalgebras/ideals of a BC K-algebra, and investigated
several properties. Jun et al. [11, 12, 13, 14] introduced the concept of a cubic set
and applied it to the cubic set to BCK/BCI-algebras. Senapati et al. [23, 24] make
the combination of cubic set and intuionistic fuzzy set of several ideals. Riaz and
Tehrim [21, 22] presented the concept of internal cubic bipolar fuzzy sets and external
cubic bipolar fuzzy sets and discussed some properties. Now, in this paper, we use
the idea of Riaz and Tehrim [21, 22] to establish the notion of cubic bipolar BC'C-
ideal of BC'C'—-algebras and investigate several properties as have been mentioned
in the abstract.

2. PRELIMINARIES

We review some definitions and one property that will be useful in our results.

Definition 2.1 (See [2, 3]). An algebraic system (X, x*,0) of type (2,0) is called a
BC(C-algebra, if it satisfying the following conditions: for any z, y, z € X,
(BCC-1) ((xxy) x (zxy)) * (xx2z) =0,
(BCC-2) x 0 = z,
(BCC-3) x xx =0,
(BCC-4) 0x2=0
(BCC-5) xxy =0 and y xx =0 imply = y.

In a BCC-algebra X, we can define a partial ordering “<” by x < y if and only if
x*xy = 0. Any BCK-algebra is a BCC-algebra, but there are BCC-algebras which
are not BC K-algebras (See [2]). Note that a BC'C-algebra is a BC K-algebra if and
only if for all z, y, z € X, it satisfies the equality: (z *y)*z = (x % 2) * y.

Proposition 2.2 (See [2, 3]). Let (X, *,0) be a BCC-algebra. Then the followings
hold: for any z, y, z € X,

(a1) (z*xy)*xx =0,

(a2) © <y implies x x z < Yy * z,

(ag) = <y implies zxx < zxy,

(ag) (w*y)*(zxy) <z*2=0.

Definition 2.3 (See [6]). A non-empty subset I of a BCC-algebra X is said to be
a BCK-ideal of X if, it satisfies the following conditions: for any z, y € X,

Iy oel,

(I2) x xy € I and y € I implies x € I.
Definition 2.4 (See [6]). A non-empty subset I of a BC'C-algebra X is said to be
a BC(C-ideal of X if, it satisfies the following conditions: for any z, y, z € X,

(beel) 0 € 1,

(bee2) (xxy)*z €I and y € I implies x % z € I.
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Definition 2.5 ([1]). Let (X,*,0) be a BCC-algebra. Then a fuzzy set A in X is
called a fuzzy sub-algebra of X, if for any z, y € X, A(x xy) > A(x) A A(y).

Definition 2.6 ([1]). Let (X,*,0) be a BCC-algebra. Then a fuzzy set A in X
is called a fuzzy BCC-ideal of X, if it satisfies the following conditions: for any
xz, Yy, z € X,

(F1) A(0) > A(a),

(F2) A(w % 2) > A((z ) * 2) A Aly).

Definition 2.7 ([16]). Let (X,x*,0) be an algebraic system of type (2,0) and let
A = (AN, AP) be a bipolar fuzzy set in X. Then A is called a bipolar fuzzy ideal of
X, if it satisfies the following conditions: for any z, y € X,

(B1) AN(0) < AN(x) and AF(0) > AP (2),

(Bg) AN(x) < AN(zxy) v AN(y) and AP (2) > AP (zxy) A AP (y).

Definition 2.8. Let (X, *,0) be a BCC-algebra and let A = (AN, A”) be a bipolar
fuzzy set in X. Then A is called a bipolar fuzzy BC'C-ideal of X, if it satisfies the
following conditions: for any z, y, z € X,

(BI,) AN(0) < AN(z) and AP (0) > AP (z),

(BLy) AN(zx2) < AN((x*y)*2) VAN (y) and AF (wx2) > AP ((x*y)x2) NAL (y).

Now, we begin with the concepts of interval-valued fuzzy sets. Let D|0, 1] denote
the set of all closed subintervals of [0, 1], i.e.,

D[0,1]={a=[a",a"]:aC[0,]]and0<a” <a* <1}.

Each member of D[0, 1] is called an interval-valued number. We define the operations
<, >, =, min (denoted by A) and max (denoted by V) between two elements in D0, 1]
as follows: for any a, be DJo, 1],

Ma<biffa™ <b-,at <bT,

(ii)a>biff a= >b", at >bT,

(iii)a=0biffa= =b~, a™ = b+,

(iv)aAb=[a" Ab~,at AbT],

(V)avb=[a" Vb ,at VbT]

Here we consider that 0 = [0, 0] as the least element and 1 = [1, 1] as the greatest
element. Now let {a; : j € J} C D[0,1]. Then its inf and sup are defined as follows:

inf;cja; = [/\ a;, /\ a;r], SUpjc a; = [\/ a;, \/ a;r].
jeJ  jed jeJ  jed
Let D[—1,0] denote the set of all closed subintervals of [—1,0]. Then min, max,
inf and sup of members of D[—1,0] are defined similarly to the above.

Definition 2.9 ([7, 19]). For a nonempty set X, a mapping A : X — [I] is called
an interval-valued fuzzy set (briefly, an IVF set) in X. Let [I]X denote the set of
all IVF sets in X. For each A € [I]X and z € X, A(z) = [A~(z), AT (x)] is called
the degree of membership of an element x to A, where A=, AT € IX are called a
lower fuzzy set and an upper fuzzy set in X, respectively. For each A € [I]¥X, we
write A = [A~, AT]. In particular, 0 and 1 denote the interval-valued fuzzy empty
set and the interval-valued fuzzy empty whole set in X.
91
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Also, refer to [7, 19] for the inclusion, intersection, union of two IVF sets and the
complement of an IVF set

Definition 2.10 ([14]). For a nonempty set X, a pair A = (A, \) is called a cubic
set in X, where A is an IVF set in X and )\ is a fuzzy set in X.

Definition 2.11 (21, 22]). For a nonempty set X, a pair A = (AN, AP) is called
an interval-valued bipolar fuzzy set (briefly, IVBFS) in X, if AY : X — D[-1,0]
and AF : X — D[0,1]. In this case for each z € X, AN (z) = [AN:~(z), AN (2)]
and A? (z) = [AP~ (x), APF(2)] are called the interval-valued positive and negative
membership degree of . In fact, for each x € X,

A(z) = ([AN (2), AN ()], [AP (), AP (2)]).
3. CuBIC BIPOLAR BCC-IDEALS IN BCC-ALGEBRAS

In this section, we introduce a new notion called cubic bipolar BC'C-ideal in
BCC-algebras and study its several properties.

Definition 3.1. Let X be a nonempty set. Then a pair 4 = (A, A) is called a
cubic bipolar set in X, if A = (A", AF) is an interval-valued bipolar fuzzy set and
A = (AN AP) is an bipolar fuzzy set in X, where
AN : X - D[-1,0], AP : X — D[0,1]
and
AN X — [-1,0], AT : X —[0,1].
We will denote the set of all cubic bipolar sets in X as CB(X).
Definition 3.2. Let X be a BCC-algebra and let A = (A, A) € CB(X). Then A
is called a cubic bipolar subalgebra of X, if it satisfies the following conditions: for
any x, y € X,
(SC1) AP (2 xy) = AP(2) NAT(y), AN (zxy) < AN(z) v AN (y),
(SC2) AP (z xy) = AP (x) N AT (y), AV (2 x y) < AV (2) v AV (y).
Example 3.3. Let X = {0,1,2,3} be a set with a binary operation * defined by
the following table:

*x0 1 2 3
0/0 0 0 O
11 0 1 0
212 2 0 0
313 3 1 0
Table 3.1

Then we can easily see that X, x,0) is a BCC-algebra. Consider the cubic bipolar
fuzzy set A = (A, A) defined as follows:
Alz) = ([-0.9,-0.5],[0.3,0.9]) if z € {0,1}
7 ([~0.8,-0.2],0.1,0.6]) otherwise,

A(0) = (=0.5,0.7), A(1) = (=0.3,0.6) ,

A(2) = (=0.2,0.5), A(3) = (—0.1,0.4) .
Then we can easily check that A is a cubic bipolar subalgebra of X.
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The following is the immediate result of Definitions 2.1 (BCC-3) and 3.2.

Lemma 3.4. Let X be a BCC-algebra and let A € CB(X). If A is a cubic bipolar
subalgebra of X, then it satisfies the following conditions: for each x € X,

(1) AP(0) > AP (z), AN (0) < AN (a),

(2) AP(0) > AP (z), AN(0) < AN (2).

Definition 3.5. Let X be a BCC-algebra and let A = (A, A) € CB(X). Then A
is called a cubic bipolar BC'K-ideal of X, if it satisfies the following conditions: for
any z, y € X,

(BC1) AP(z) > AP(z +y) NA"(y),

(BC2) AN(z) < AV(zxy) v AN(y),

(BC3) A (x) > A" (z xy) A A" (y),

(BCy) AN(2) < AN(z xy) v AN (y).

Example 3.6. Let X = {0, 1,2,3} be a BCC-algebra with Table 3.1. Consider the
cubic bipolar fuzzy set A = (A, A) defined as follows:
Alr) = { ([709,-03],[05,0.9]) if = € {0,2}
1 ([-0.6,—0.2],[0.2,0.6]) otherwise,
A(0) = A(2) = (—04,0.6), A(1) = A(3) =(-0.1,0.3).
Then we can easily check that A is a cubic bipolar BC' K-ideal of X.

Definition 3.7. Let X be a BCC-algebra and let A = (A, A) € CB(X). Then A
is called a cubic bipolar BC'C-ideal of X, if it satisfies the following conditions: for
any z, y, z € X,

(CCy) AP (2 2) > AP (w4 y) +2) A AP(y)

(CCo) AN(zx2) < AN((z*y)*2) VAN (y),

(CC3) AP (zx2) > AP ((z x y) x 2) AN AP (y),

(CCy) AN (z % 2) < AN ((z*y) x 2) V AN (y).

Example 3.8. Let X = {0, 1,2,3} be a BCC-algebra with Table 3.1. Consider the
cubic bipolar fuzzy set A = (A, A) defined as follows:

A) = ([-0.9,-0.5],10.2,0.8]) if € {0,1}
| ([-0.8,-0.2],[0.1,0.5]) otherwise,
A(0) = A(1) = (-0.3,0.5), A(2) = A(3) = (—0.2,0.3).
Then we can easily check that A is a cubic bipolar BC'C-ideal of X. Moreover, we
can check that A is a cubic bipolar BC K-ideal of X.
The following is the immediate result of Definitions 2.1 (BCC-2), 3.5 and 3.7.

Proposition 3.9. Fvery cubic bipolar BCC-ideal of X is a cubic bipolar BCK -ideal
of X. But the converse is not true in general.

Example 3.10. Let A be the cubic bipolar BC'K-ideal of X given in Example 3.6.
Then
AP (1%3)=10.2,0.6] 2[0.5,09 = AP ((1%2) x3) A AP (2).
Thus A is not a cubic bipolar BC'C-ideal of X.
93
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Lemma 3.11. Let X be a BCC-algebra and let A € CB(X). If A is a cubic bipolar
BCC-ideal of X, then it satisfies the following conditions: for each x € X,

(1) AP(0) > AP (2), AV (0) < AN{x),

(2) AP(0) > AP (z), AN (0) < AN ().

Proof. Tt is straightforward. O

Lemma 3.12. Let X be a BCC-algebra and let A be a BCC-ideal of X. Then for
any x, y € X such that x <y, it satisfies the following conditions:

(1) AP(y) > AP(z), AN (y) < AN(x),

(2) AT (y) = AP (x), AN (y) < AN (2).

Proof. Let x, y € X such that x < y. Then clearly, z *xy = 0. Let 2 = 0. Then
AP (z) = AP (z % 0) [By (BCC-2)]
> AP((z xy) x0) A AP (y) [By Definition 3.7
= AP (0x0)AAP(y)
— AP(0) A AP (y) [By (BCC-2)]
= AP(y) [By Lemma 3.11 (1)]

AN(z) = A¥ (2 % 0) [By (BCC-2)]
< AN(( xy) * 0) V AN (y) [By Definition 3.7]
AN(00) v AV (y)
= AN( )V A¥(y) [By (BCC-2)]

= AP(y). [By Lemma 3.11 (2)]
Similarly, we have AN (z) < AN(y) and A () > AP (y). O

Lemma 3.13. Let X be a BCC-algebra and let A be a BCC-ideal of X. Then for
any x, y, z € X such that x xy < z, it satisfies the following conditions:

(1) AP(z) = AP(y) A AP (2), AN (z) < AP(y) v AP(2),

(2) AP (z) < AP(y) v AP (2), AN (z) = AN (y) N AN (2).

Proof. Let x, y, z € X such that x *y < z. Then clearly, (x * y) x z = 0. Thus
AFP(x) = AP(z%0) By (BCC-2)]
> AP((x*y) x0) A AP (y) [By Definition 3.7]
= AP (zxy) AN AP (y) [By (BCC-2)]
> AP(2) A AP (y) [Since AP (x *y) > AP (2), by Lemma 3.12 (1)]
= ATl AAT(E)
AN(z) = AN (2 +0) [By (BCC-2)
< AN(( x1) x0) vV AN (y) [By Definition 3.7
AN () v AV(y) [By (BCC-2)
< AN(z) vV AN (y) [Since AN (z *y) < AN(2), by Lemma 3.12 (2)]
— AN(y) v AN (2).
Similarly, we have AN (z) < AN(y) v AN (2) and AP () > AP (y) A AP (2). O

Proposition 3.14. Let X be a BCC-algebra. Then every cubic bipolar BC K -ideal
of X is a cubic bipolar subalgebra of X. But the converse is not true in general (See
Ezample 3.16).

Proof. Let A be a BCK-ideal of X and let z, y € X. Since X is a BCC-algebra,
x xy < x by Proposition 2.2 (a1). Then
AP (zxy) > AP((z xy) * x) A AP (2) [By Definition 3.7 (CC,)]
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AN
=
B)
*
£
A A TV
:>a>a>2>>:>u>:>
(=)
<
AN
=

N(z) v AN (y).
Similarly, we can show that the followings hold:
AN(zxy) < AN(z) v AN(y), A" (zxy) > AP () A AP (y).
Thus A is a cubic bipolar subalgebra of X. O

From Propositions 3.9 and 3.14, we can easily obtain the following result.

Corollary 3.15. Let X be a BCC-algebra. Then every cubic bipolar BCC-ideal
of X is a cubic bipolar subalgebra of X. But the converse is not true (See Example
3.16).

Example 3.16. Let X be the BCC-algebra and A be the subalgebra in Example
3.3. Then
AP(3x2) AN AP (2) = 0.5 £ 0.4 = AP (3),
AP((3x2)x 1) ANAT(2) =05 £ 0.4 = AP(3%1).
Thus A is neither a BC K-ideal nor a BCC-ideal of X.

Proposition 3.17. Let X be a BCC-algebra and let A be a cubic bipolar subalgebra
of X. Suppose the following conditions hold: for any x, y, z € X such that zxy < z,
(i) AP (z) > AP(y) A AP (2), AN (2) < AN(y) v AN (2),
(i) AP (z) > AP (y) A AP(2), AN (z) < A (y) V AN (2).
Then A is a cubic bipolar BCC-ideal of X .

Proof. Let A be a cubic bipolar subalgebra of X and let . € X. Then from Lemma
3.4, we have
AP (0) > AP (z), AN(0) < AN(x), AP(0) > AP (), AN(0) < AN (x).

Let z, y, z € X such that = xy < z. Then clearly, (z * 2) x ((x * y) *x 2) < y. Thus
by Lemma 3.13, we have

AP(zxz2) > AP((zx2) xy) NAP(y), AN (zx2) < AN((z%2) xy) vV AN (y),

AP (% 2) > AP (% 2) xy) A AT (y), AN (zx2) < AV ((z % 2) xy) vV AV (y).
So A is a cubic bipolar BC'C-ideal of X. O

The members of (D[—1, 0] x D[0,1]) x ([—1,0] x [0, 1]) will be called cubic bipolar

numbers and denoted by a, b, ¢, etc., where
a=(a,a) = <([aN"7,aN’+], [ap’f,aP’Jr]), (aV, aP)> )

Now we define the operations <, =, min (denoted by A) and max (denoted by
V) between two cubic bipolar numbers, and inf and sup of arbitrary cubic bipolar
numbers as follows: for any @, b € (D[~1,0] x D[0,1]) x ([~1,0] x [0,1]),

(1) @ <biff a¥— >0V, aPm <bPF, o >N, o < B,
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(i) a =
(iil) @ A

= (([a¥
(iv)

ifa=0b, a=b,

G‘I? >

“ VN ot v N [P AP o ABPT]), (o VBN, aP ABP)),

G“ \

avV
(([a™= ADN= o AN [P v oD ot v bP ), (@ ABY P v bP)).
Definition 3.18. Let X be a nonempty set, let A € CB(X) and let a be any cubic
bipolar number. Then the subset [A]z of X

Az ={z € X : AP (z) >a", AV(x) <aV, AP(z) > o, AN(z) <aV}
is called the a-level set of A,
where a” = [aP~,a®T] € D[0,1] and @V = [a™'~,a™F] € D[-1,0].

Theorem 3.19. Let X be a BCC-algebra, let a be any cubic bipolar number and
let Ae CB(X). Then A is a cubic bipolar BCC'-ideal of X if and only if [A]z is a
BCC-ideal of X, where [Alz # ¢.

Proof. Suppose A is a cubic bipolar BCC-ideal of X and [A]z # qb For any x, y, z €

X, let (zxy)*z, y € [Alz and let a¥ = [aP~,aP 1), &N = [aN ].Thm1
(3.1) AP ((@xy)xz) >a", AN ((zxy)* )SaN,

(3.2) AP ((zxy) % 2) > P,AN«x*w z) <aV,

(3.3) AP(y)=a”, AN(y) <

(3.4) AP(y) > a”, AN(y) <

Thus

AP (x*2) > AP((x*y) * 2) A AP (y) [By the hypothesis]
>al AaP, [By (3.1) and (3.3)]
—aP,
AN (2% 2) < AN((z xy) * 2) V AN (y) [By the hypothesis]
<aV val, By (3.2) and (3.4)]
=al.
Similarly, we have AN (z % 2z) <@V and AP (zx 2) > a®. So x* 2 € [A]z. Hence [A]
is a BCC-ideal of X.
Conversely, suppose [Alz(# ¢) is a BCC-ideal of X. We prove that A satisfies
the conditions of Definition 3.7.
Case 1: Assume that (C'C}) does not true. Then there are xg, yo, 20 € X such
that AP (2o * 20) < AT ((zo * o) * 20) A AP (yg). Let

AP ((zo*yo) * z0) = [bD7,05F], AP (yo) = [P, P, AP (20 % 20) = [aP, a7,
where [bP~, 0P, [, P [aP 7, aPT] € D[0,1]. Then clearly,
P aP ] < P 0P A [P P = 0P AP T 0P A P

a

[a
Let [dP'~, dPﬂ [2(aP= +bP7 AcP7), 2 (aPT + 0P+ AP )] Then we can easily
obtain the followmg inequalities:
1
N §(aP’_ + 0P AT > aPm,
96
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1
bP’+/\cP’+>dP’+:§(aP’++bP’+/\cP’+)>aP’+.

Thus b= A P 00T A P > [dP—,dPF] > [af et = AP (2 % 29). So
(@0 * Yo) * 20, Yo € [Alz but (z¢ * 20) & [Alz.

Case 2: Assume that (C'Cy) does not true. Then there are xg, yo, 20 € X such
that AN (zg * z0) > AN ((wo * yo) * 20) V AN (yp). Let

AN ((zoxyo)x20) = [N, 0], AN (yo) = [V, N, AN (2ox20) = [, 0™ T,
where [bV:= BN F] [N NF]) (a7, oM F] € D[—1,0]. Then clearly,

[, a ] > PV 0N v [N N = oY v N T v V.

Let [dY—,dVF] = [$(a™™ + 0N~ v Vo), 2@t + bVt v M )] Then we can
easily obtain the following inequalities:
1
WomveNT < dV = §(aN’7 + oV v ey < ah,

1
bVt v N < gt = §(LLN"+—|—bN’+ VeV <ot

Thus [b™~ v N bV v eNF) < [@N 7 dN ] < a7, eVt = AN (20 % 20). So
(xo *Yo) * 20, Yo € [Alz but (zo * 20) & [Alz.

Case 3: Assume that (C'C5) does not true. Then there are xg, yo, 20 € X such
that AP (zg x z0) < AP ((z0 * yo) * 20) A AP (o). Let

AP((:L'O *Yo) * 20) = e, AP(yo) =P, AP(J}()*Z()) =a",

where b7, ¢, a” € [0,1]. Then clearly, a” < b” A cP. Let d¥ = L(a” + 0" v cP).
Then we can easily obtain the following inequalities:

1
bP/\cP>dP:§(aP+bP/\cP)>aP.

Thus b Al > dP > af = AP (x9%20). So (zo*y0)*20, Yo € [Alz but (zox20) & [Alz.

a

Case 4: Assume that (C'Cy) does not true. Then there are xg, yo, 20 € X such
that AN (2 * z0) > AN ((wo * yo) * z0) V AN (yo). Let

AN((xO*yO) % 20) = b, AN(yO) =N, AN(aco % 20) = aV,

where bV, ¢, o’V € [~1,0]. Then clearly, a™¥ > bV VN, Let dV = S (a™¥ +b6" vlY).
Then we can easily obtain the following inequalities:

1
bN\/cN<dN=§(aN+bN\/cN)>aN.

Thus bV VeV < dV < aV = AN (zg%20). So (zo*yo)*20, Yo € [Alz but (zo*20) & [Alz.
This completes the proof.

Theorem 3.20. Let X be a BCC-algebra and let A € CB(X). Then A is a cubic
bipolar BCC-ideal of X if and only if A is a bipolar interval-valued fuzzy BCC'-ideal
and A is a bipolar fuzzy BCC-ideal of X.
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Proof. Suppose A is a cubic bipolar BCC-ideal of X. Then by Lemma 3.11, we
have for each x € X,

(3.5)

APT(0) > AP (2), APT(0) > AP (), ANT(0) < AV (@), ANF(0) < AN (2),

(3.6) AP (0) > AP (), AN (0) < AN ().

Now let z, y, z € X. Then
[AP= (2 2), AP T (2 2)]
=AP(zx2)
> AP ((xxy)x2z) NAT(y)
= [AD7 ((wxy) % 2), ADH((w x y) * 2)] A [AP (y), APF(y)]
= [APT ((zxy) x 2) N AP (y), APT((z x y) x 2) A APT(y)],

[AN= (2 2), AN (2 % 2))
=AN(zx2)
S AN((zxy)*2) vV AN (y)
= [AN T ((z xy) % 2), AVH ((z % y) * 2)] V [AN (y), AV (y)]
= (A (' y) 5+ 2) VAN (y), AN (2 5 ) 5 2) VAN ()]
Thus we have
(3.7)
AP (wx2)) > AP ((mry)x2) NAPT (y), APF(x2)) > AP ((wxy) x2) ANADT (y),

(3.8)

AN (2x2)) < AN ((xy) x2) VAT (y), AN (2x2)) < AN ((2xy)x2) VAT (y).
Also we can easily see that the followings hold:

(3.9) AP(z*2) > AP ((xxy) x2) NAT (y), AN(zx2) < AN ((wxy) * 2) v AN ().

So by (3.5), (3.7), (3.8) and (3.6), (3.9), A is a bipolar interval-valued fuzzy BCC-
ideal of X and A is a bipolar fuzzy BCC-ideal of X.

Conversely, suppose A is a bipolar interval-valued fuzzy BCC-ideal of X and A
is a bipolar fuzzy BC'C-ideal of X. Then clearly, we have for each = € X

(3.10) AT(0) > AP (), AY(0) < AN (),

(3.11) AP (0) > AP (), AN (0) < AN ().
Let x, y, z € X. Then
AP(zx2) = [AP~ (z % 2), AT (2 % 2))

> [AD7 ((xxy) = 2) A AP (). APH((2 5 y) % 2) A ATH(y)]
= [AT((z xy) % 2), AP (2 xy) = 2)] A AP (y), AP (y)]
=A"((zxy) *z) NAT(y).

Thus we have

(3.12) AP(zx2) > AP ((xxy) x 2) N AT (y).

AP (zx2) < AP ((z % y) x 2) vV AP (y).
Similarly, we have
(3.13) AN (zx2) < A/ ((zxy) * 2) vV AP (y),
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(3.14) AP (z%2) > AP ((xxy)x 2) N AT (y), AN (x%2) < AN ((x % y) x 2) v AN (y).
Thus A is a cubic bipolar BC'C-ideal of X. O

Proposition 3.21. Let X be a BCC-algebra and let (A;) ey be a family of cubic
bipolar BCC-ideals of X. Then ﬂjeJAj is a cubic bipolar BCC-ideal of X .

Proof. The proof is straightforward. O

4. THE IMAGE AND THE PREIMAGE OF A CUBIC BIPOLAR BCC-IDEAL UNDER A
HOMOMORPHISM OF BCC-ALGEBRAS

Definition 4.1. Let (X, *,0) and (Y, */,O/) be two BCC-algebras. Then a mapping
f: X =Y is called a homomorphism, if f(z *xy) = f(z) * fly) for any =, y € X
It is clear that f(0) =0

Definition 4.2. Let (X, *,0) and (Y, */,0/) be two BC(C-algebras, and let A €
CB(X), Be CB(Y).

(i) The image of A, denoted by f(.A), is a cubic bipolar set in Y defined as follows:
foreach y €Y,

f Naesorgy Al) if [~ (y) # ¢
f(A)(y) = { <([0,{)]’ EQ? 0]), (0,0)) otherwise,

where A,e () A@) = (Ase 1) A@): Ay Ala))
/\xeffl(y) A(z) = ([\/meffl(y) AN (), Vxeffl(y) AN ()],
Naer10) A" @) Asegor A @),
/\zef*l(y) A(.’IJ) = (\/me‘f*l(y) AN(x)’ /\zef*l(y) AP(.,L.)])
(ii) The preimage of B under f, denoted by f~!(B), is a cubic bipolar set in X
defined as follows: for each z € X,

[ B))(2) = B(f(x)) = (B(f(x)), B(f(«))) = [/~ (B)](=). [/ (B)](x))

Proposition 4.3. Let f : X — Y be a homomorphism of BCC-algebras and let
B e CB(Y). If B is a cubic bipolar BCC-ideal of Y, then f~1(B) is a cubic bipolar
BCC-ideal of X.

Proof. Suppose B is a cubic bipolar BCC-ideal of Y. Then clearly, by Definition
3.7, B is a bipolar interval-valued fuzzy BCC-ideal of X and B is a bipolar fuzzy
BCC-ideal of X. Let z € X. Then
[f~H(BY)(x) = BY(f(x))
< BP(0') [Since B is a bipolar fuzzy BCC-ideal of Y]
= BP(f ( (0)) [Since f is a homomorphism]
P

)
[ H(B1))(0),
[f~1B)](z) = BY(f(x))
<B”(0)
[Since B is a bipolar interval-valued fuzzy BCC-ideal of Y]
= BP( f(0 )) [Since f is a homomorphism]
=171 (B))(0).
similary, weave (/3 (BY))) 2 [/ (B)(0)and 1 (BY)) 2 17~ (B0
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Now let z, y, z € X. Then
[ (BP)](a +2) = BP(f(a *2))
= BY(f(z) * f(2)) [Since f is a homomorphism|
> BY((f(x) = f(y) = f(2)) ABY(f(y))
[Since B is a bipolar fuzzy BCC-ideal of Y|
= BY((f(z xy) x2)) A BT ((y))
[Since f is a homomorphism]
= [FHBO)((@ xy) = 2) ALFHBD (),
[fHBY)](@ + 2) = BY(f(x + 2))
=BP(f(z) * ,f(z)) [Slince f is a homomorphism|]
> BY((f(x) = f(y)* () AB”(f(y))
[Since B is a bipolar interval-valued fuzzy BC'C-ideal of Y]
=BP((f(z*y) = 2)) AB(f(y))

[Since f is a homomorphism]

= [ B ((zxy) = 2) A [fHBP)](y).

Similarly, we have the following inequalities:
[fTHBY)(@*2) < [fTHBY)((@*y) = 2) v [F7H(BY)](y),
[ BY)](@*2) < [fTHBY)]((xxy) = 2) v [f7HBY)](y).
Thus f~!(B) is a bipolar fuzzy BCC-ideal of X and f~!(B) is a bipolar interval-

valued fuzzy BCC-ideal of X. So by Theorem 3.20, f~1(B) is a cubic bipolar
BC(C-ideal of X. g

Proposition 4.4. Let f: X — Y be an epihomomorphism of BCC-algebras and
let B€ CB(Y). If f~Y(B) is a cubic bipolar BCC-ideal of X, B is a cubic bipolar
BCC-ideal of Y.

Proof. Suppose f~1(B) is a cubic bipolar BCC-ideal of X and let a € Y. Since f is
surjective, there is € X such that f(z) = a. Then

BF(a) = ( () =[f~ (BP)]( )

<[f~Y(B)(O ) [Slnce f~Y(B) is a bipolar fuzzy BCC-ideal of X]
= BP( f(0)) = ( "), [Since f is a homomorphism]
B"(a) = -0 (( (J;))) :)[ HB)](2)

(
[Since f~1(B) is a bipolar interval-valued fuzzy BCC-ideal of X]
— B(£(0)) = B"(0). |
Similarly, we have BY (b) > BY(0'), BN (b) > BV (0).
Now let a, b, ¢ € Y. Then clearly, there are x, y, z € X such that

f(ac):a, f(y):bv f(Z):
Thus )
Bf(ax ¢) = BP(f( % z)) [Since f is a homomorphism]|
— [/ (B 2)
> [fHBO)((@xy) = 2) AFHB)(y)
[Since f~1(B) is a bipolar fuzzy BCC-ideal of X]|
= B"(((f(2) ¥ f(y)* f()) AB(f(y))
[Since f is a homomorphism]
100



Mostafa et al./Ann. Fuzzy Math. Inform. 20 (2020), No. 1, 89-103

x
(zxy)*2) ALfHB)](y)
[Since f~1(B) is a bipolar interval-valued fuzzy BCC-ideal of X]

=BI(((f(z)* f(y)  f(2) "B (f(1))
[Since f is a homomorphism]
=B ((ax b) % ¢) ABF(b).
Similarly, we have the following inequalities:

BN(ax ¢) < BN((a* b)x ¢)V BN (b),

BY(ax ¢) <BN((ax b)% ¢)vBN(b).
So B is a a bipolar fuzzy BC'C-ideal of Y and B is a bipolar interval-valued fuzzy
BC(C-ideal of Y. Hence by Theorem 3.20, B is a cubic bipolar BC'C-ideal of Y. O

5. PRODUCT OF CUBIC BIPOLAR BCC-IDEALS

Definition 5.1. Let X, Y be nonempty sets and let A € CB(X), B € CB(Y).
Then the Cartesian product of A and B, denoted by A x B = (A x B, A x B), is a
cubic bipolar set in X x X defined as follows: for each (z,y) € X x Y,

(A x B)P(z,y) = AP(2) ABF (1), (A xB)N(z,y) = AV (z) v BN (y),
(A x B)P(z,y) = AP (z) A BP (y), (A x B)N(z,y) = AN (z) v B" (y).

In fact, (A x B)Y : X xY — D[0,1], (A xB)Y : X xY — D[-1,0], (A x B)?:
XxY =[0,1], (Ax BN : X xY - [~1,0].

Remark 5.2. Let X, Y be two BC(C-algebras. We define the binary operation *
on X xY as follows: for any (z1,v1), (z2,y2) € X x Y,

(w1,y1) * (w2, y2) = (21 * T2, Y1 * Y2).

Then clearly, (X x Y, *,(0,)) is a BCC-algebra.

Proposition 5.3. Let X, Y be two BCC-algebras and let A € CB(X), B € CB(Y).
If A is a cubic bipolar BCC-ideal of X and B is a cubic bipolar BCC-ideal of Y,
then A x B is a cubic bipolar BCC-ideal of X x Y.

Proof. Suppose A is a cubic bipolar BC'C-ideal of X and B is a cubic bipolar BCC-
ideal of Y. Then clearly, A [resp. B] is a bipolar interval-valued fuzzy BCC-ideal
of X [resp. Y] and A [resp. B] is a bipolar fuzzy BCC-ideal of X [resp. Y]. Let
(z,y) € X xY. Then

(A x B)P(z,y) = A”(z) AB"(y) < AP(0) AB”(0) = (A x B)"(0,0),

(A x B)P(z,y) = AP (z) A BP (y) < AP(0) A BP(0) = (A x B)F(0,0).
Similarly, we have (AxB)" (z,y) > (AxB)N(0,0), (AxB)N (z,y) > (AxB)N(0,0).

Let z = ($1,y1), Yy= ($27y2)7 z = (z3ay3) € X x Y. Then
(A x B)P(z % 2)
= (A xB)"((z1,91) * (3,93))
= AP (1 % 23) A AP (y1 % y3)
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v

[AP (21 x9) * m3) A AP (22)] A B ((y1 % y2) * y3) A B (y2)]
[AP (21 % z2) % 23) ABP((y1 % y2) * y3)] A[AL (z2) A BP (y2)]
= AP (((w1,91) * (x2,92)) * (x3,y3)) A AL (22, 92)

= (AP xBP)((z xy) x z) A (AP x BP)(y),

(A xB)P((xxy)*z) A (A xB)"(y),

(Ax B)Y(zx2)
= (A x B)P((M,yl) * (r3,Y3))

= AP (z1 % 23) N AT (yy * 3)
> [AP (1 * w) % 23) A AP( 2)] A B ((y1 % y2) * y3) A BY (2)]
= [AP((wy * 22) % x3) A AP ((y1 * y2) * ys)]( [AP (z2) A B (y2)]

= AP (((z1,11) * (w2, y2)) * (w3,y3)) A AT
= (AP x BP)((z xy) * z) A (AT x BY)(y)
= (Ax B)P((xxy)*2) AN(Ax B)F(y).
Similarly, we have
(AxB)N(zx2) <(AxB)N((zxy)*2) V(A xB)N(y),

(AxB)N(z+2) < (Ax B)YN((zxy)*2) V(A x BN (y).
Thus A x B is a bipolar interval-valued fuzzy BCC-ideal of X x Y and A X B is a
bipolar fuzzy BCC-ideal of X x Y. So by Theorem 3.20, A x B is a cubic bipolar
BCC-ideal of X x Y. O

$2»y2)

6. CONCLUSIONS

We have studied the cubic bipolar BC'C-ideal in BC'C-algebras. Also we discussed
few results of cubic bipolar BC'C-ideal in BC'C-algebras, the image and the preimage
of cubic bipolar BC'C-ideal in BC'C-algebras under a homomorphism were defined.
How the image and the preimage of cubic bipolar BC'C-ideal in BC'C-algebras be-
came cubic bipolar BC'C-ideal were studied. Moreover, the product of cubic bipolar
B(C'C-ideal to product cubic bipolar BC'C-ideal is established. Furthermore, we con-
struct some algorithms theory applied to BC'C-ideal in BC'C-algebras. The main
purpose of our future work is to investigate the cubic bipolar ideal of algebraic
structure such as a cubic bipolar hyper KU-ideal in hyper KU-algebras.
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