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Abstract. In this paper we introduced and investigated the concept
of inverse domination in bipolar fuzzy graph G and denoted by γ8(G). We
obtained many results related to γ8(G). Finally we introduced and study
the relationship of γ8(G) with some others parameters in bipolar fuzzy
graph.
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1. Introduction

Graph theory has numerous applications to the problems in computer science,
electrical engineering, system analysis, operations research, economics, networking
routing, transportation, etc. In 1973, Kaufmann [10] introduced definition of fuzzy
graphs. Rosenfeld [12] introduced another elaborated definition including fuzzy ver-
tex and fuzzy edges and several fuzzy analogs of graph theoretic concepts such
as paths, cycles, connectedness, etc. The concept of domination in fuzzy graphs
was investigated by Somasundaram and Somasundaram [14], and A. Somasundaram
[15] presented the concepts of independent domination, total domination, connected
domination of fuzzy graphs. Akram introduced the concept of bipolar fuzzy graphs,
he discussed the concept of isomorphism of these graphs, and investigated some of
their important properties, also defined some operations on bipolar fuzzy graphs
[1, 2, 3, 4, 5]. The concepts of domination in bipolar fuzzy graphs was investigated
by Karunambigai et al. [9]. The concept of inverse domination in fuzzy graphs
was investigated by Ghobadi et al. [6]. Because of the wide application of inverse
domination in the real live, such as backup stations for radio broadcasting, reserve
stations for electricity networks, computer networks and the internet network we
will study and investigate the concept of the inverse domination concept in bipolar
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fuzzy graphs. The rapid growth of research in this area is due to the following: 1.
Due to its importance in the practical side of electricity and internet networks, etc.
2. The wide variety of domination parameters that can be defined in bipolar fuzzy
graphs. 3. Due to the wide variety of application of domination in bipolar fuzzy
graphs. 4. Due to the work of domination on fuzzy graph and bipolar fuzzy graph.
In this paper we will introduce and investigate the concept of inverse domination in
bipolar fuzzy graphs and we will obtain many result related to this concept. The
relationship between this concept and the others in bipolar fuzzy graph will be given.
Finally, we introduce the concept of inverse domatic number in bipolar fuzzy graph

2. Preliminaries

In this section, we review some basic definitions related to bipolar fuzzy graphs
and inverse domination in fuzzy graph. A bipolar fuzzy graph (briefly, BFG), G is
of the form G = (V,E), where

(i) V = {v1, v2, ....., vn} such that µ+ : V → [0, 1] and µ− : V → [−1, 0],
(ii) E ⊂ V × V , where ρ+ : V × V → [0, 1] and ρ− : V × V → [−1, 0] such that

ρ+ = ρ+(vi, vj) ≤ µ+(vi) ∧ µ+(vj) and ρ− = ρ−(vi, vj) ≥ µ−(vi) ∨ µ−(vj),

for all vi, vj ∈ V.
In a bipolar fuzzy graph G, if ρ+ = ρ− = 0 for some i and j, then there is no

edge between vi and vj . Otherwise, there exists an edge between vi and vj .
A bipolar fuzzy graph, BFG G = (V,E) is said to be semi − ρ+ strong bipolar

fuzzy graph, if ρ+ = min(µ+
i , µ

+
j ) for every i and j.

A bipolar fuzzy graph BFG G = (V,E) is said to be semi − ρ− strong bipolar
fuzzy graph, if ρ− = max(µ−i , µ

−
j ), for every i and j.

Let G = (V,E) be a bipolar fuzzy graph. Then
(i) the cardinality of G is defined to be

|G| =
∑
vi∈V

1 + µ+(vi) + µ−(vi)

2
+

∑
(vi,vj)∈E

1 + ρ+(vi, vj) + ρ−(vi, vj)

2
,

(ii) the vertex cardinality of G is defined by

|V | =
∑
vi∈V

1 + µ+(vi) + µ−(vi)

2
.

The total number of different members in V is called the order of a bipolar fuzzy
graph is denoted by P (G).

The edge cardinality of a bipolar fuzzy graph G is defined by

|E| =
∑

(vi,vj)∈E

1 + ρ+(vi, vj) + ρ−(vi, vj)

2
.

The total number of different members in E is called the size of a bipolar fuzzy
graph is denoted by q(G).

An edge e = (x, y) of a bipolar fuzzy graph is called an strong edge, if

ρ+(x, y) = min{µ+(x), µ+(y)} and ρ−(x, y) = max{µ−(x), µ−(y)}.
68
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The degree of a vertex can be generalized in different ways for a bipolar fuzzy
graph G = (V,E). The effective degree of a vertex v in a bipolar fuzzy graph,
G = (V,E) is defined to be sum of the weights of the strong edges incident at v and
it is denoted by dE(v).

The minimum effective edges degree of G is δE(G) = min{dE(v)|v ∈ V } and the
maximum effective degree of G is ∆E(G) = max{dE(v)|v ∈ V }.

The vertex v is adjacent to a vertex u, if they reach between the strong edge.
Two vertices vi and vj are said to be neighbors in a bipolar fuzzy graph G =

(V,E), if either one of the following conditions holds:
(i) ρ+(vi, vj) > 0 and ρ−(vi, vj) > 0,
(ii) ρ+(vi, vj) = 0 and ρ−(vi, vj) < 0,
(iii) ρ+(vi, vj) > 0 and ρ−(vi, vj) = 0, vi, vj ∈ V.

And they are strong neighbor, if ρ+(v, u) = min{µ+(v), µ+(u)} and ρ−(v, u) =
max{µ−(v), µ−(u)}. A vertex subset N(v) = {u ∈ V : v adjacent to u} is called
the open neighborhood set of a vertex v and N [v] = N(v) ∪ {v} is called the closed
neighborhood set of v. The neighborhood degree of a vertex v in a bipolar fuzzy
graph, G = (V,E) is defined to be sum of the weights of the vertices adjacent to v,
and it is denoted by dN (v), that is mean that dN (v) = |N(v)|.

The minimum neighborhood degree of G is δN (G) = min{dN (v)|v ∈ V } and the
maximum neighborhood degree of G is ∆N (G) = max{dN (v)|v ∈ V }.

A bipolar fuzzy graph, G = (V,E) is said to be complete bipolar fuzzy graph, if

ρ+(vi, vj) = min{µ+(vi), µ
+(vj)}, ρ−(vi, vj) = max{µ−(vi), µ

−(vj)},

for all vi, vj ∈ V and is denoted by Kp.
The complement of a bipolar fuzzy graph, G = (V,E) is a bipolar fuzzy graph,

G = (V ,E) where
(i) V = V ,

(ii) µ+ = µ+, µ− = µ− for all vertex,

(iii) ρ+ = min{µ+
i , µ

+
j } − ρ+ and ρ− = max{µ−i , µ

−
j } − ρ−,

for all i, j = 1, 2, 3, · · · , n.
A bipolar fuzzy graph G = (V,E) is said to bipartite, if the vertex set V of G can

be partitioned into two non empty sets V1 and V2 such that
(i) ρ+(vi, vj) = 0 and ρ−(vi, vj) = 0, if vi, vj ∈ V1 or vi, vj ∈ V2,
(ii) ρ+(vi, vj) > 0 and ρ−(vi, vj) < 0, if vi ∈ V1 and vj ∈ V2 for some i and

j or ρ+(vi, vj) = 0 and ρ−(vi, vj) < 0, if vi ∈ V1 and vj ∈ V2 or ρ+(vi, vj) >
0, ρ−(vi, vj) = 0, if vi ∈ V1 and vj ∈ V2 for some i and j.

A bipartite bipolar fuzzy graph G = (V,E) is said to be complete bipartite bipolar
fuzzy graph, if ρ+(vi, vj) = min{µ+(vi), µ

+(vj)} and ρ−(vi, vj) = max{µ−(vi), µ
−(vj)}

for all vi ∈ V1 and vj ∈ V2. Its denoted by Km,n, where |V1| = m, |V2| = n.
A vertex u ∈ V of a bipolar fuzzy graph, G = (V,E) is said to be an isolated

vertex, if ρ+(v, u) = 0 and ρ−(v, u) = 0, for all v ∈ V . That is N(u) = φ. Thus an
isolated vertex does not dominate any other vertex in G.

A bipolar fuzzy graph, G = (V,E) is said to be strong bipolar fuzzy graph, if
ρ+ = min(µ+

i , µ
+
j ), for every i and j and ρ− = max(µ−i , µ

−
j ), for all (vi, vj) ∈ E.
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A bipolar fuzzy graph, H = (X,Y ), is said to be a bipolar fuzzy subgraph of

G = (V,E), if X ⊆ V , and Y ⊆ E. That is, µ
8+ ≤ µ+

i , µ− ≥ µ− and ρ
8+ ≤ ρ+,

ρ
8− ≥ ρ−.

A subset (D ⊆ V ) of V (G) is called dominating set in bipolar fuzzy graph BFG,
if for each v ∈ V −D, there exists u ∈ D such that (u, v) is a strong edge.

A dominating set D of (BFG) is called minimal dominating set, if D − u is not
dominating set for every u ∈ D. A minimal dominating set D with |D| = γ(G) is
denoted by γ − set.

Let D be γ-set of G. If V −D contains γ − set, D8 of (G), then D8 is called an
inverse dominating set with respect to D of G.

An inverse dominating set D8 of G, is called minimal inverse dominating set, if
D8 − {u} is not inverse dominating set, for every u ∈ D8.

The minimum cardinality among all minimal inverse dominating sets of G, is
called the inverse domination number of G and denoted by γ8(G) or γ8.

3. Inverse domination in bipolar fuzzy graphs

Definition 3.1. let D be γ − set of BFG G. If V −D contains γ − set, D8, then
D8 is called an inverse dominating set with respect to D of G.

Definition 3.2. An inverse dominating set D8 of BFG G is called minimal inverse
dominating set, if D8 − {u} is not inverse dominating set, for every u ∈ D8.

Definition 3.3. The minimum cardinality among all minimal inverse dominating
sets of BFG G is called the inverse dominating number of BFG G and denoted by
γ8(G) or γ8.

Definition 3.4. An inverse dominating set of BFG G with |D8| = γ8(G), is denoted
by γ8 − set.

Remark 3.5. For any complete BFG G, γ8(G) = min{|v|; v ∈ V −D}.

Example 3.6. For the bipolar fuzzy graph G in Figure 3.1 such that every edge is
strong edge
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Figure 3.1

D = {v2, v5} is dominating set. Then V −D = {v1, v3, v4, v6}. Thus D8 = {v3, v6}
is minimal dominating set with minimum fuzzy cardinality. So γ8(G) = 0.9.
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Theorem 3.7. For any BFG G with at least one isolated vertex, γ8(G) = 0.

Proof. Let G = (V,E) be any BFG, x be an isolated vertex in G and let D be γ−set
of G. Then x ∈ D. Now, Suppose that G has an inverse dominating set say D8 and
suppose that D8 6= φ. Then every vertex in D8 is not isolated. Since D8 ⊆ V −D,
for every vertex y ∈ D8, there exists at least one vertex x ∈ D, adjacent to a vertex
y in D8, which is a contradiction. �

Theorem 3.8. For any BFG G, with γ8 − set,

γ8(G) + γ(G) ≤ p.

Furthermore, equality holds if V −D is an independent.

Proof. Let G be BFG, let D be γ − set of G and D8 be γ8 − set with respect to
D of G. Then D8 ⊆ V − D. Thus |D8| ≤ |V − D|. So γ8(G) ≤ p − γ(G). Hence
γ8(G) + γ(G) ≤ p. �

Theorem 3.9. For any strong BFG, γ8 ≤ p
2 .

Proof. Since γ ≤ p
2 and γ(G) ≤ γ8, by Theorem 3.8, γ8(G) ≤ p− p

2 = p
2 . �

Example 3.10. For the strong bipolar fuzzy graph G in Figure 3.2.
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Figure 3.2

Then clearly, D8 ≤ P
2 .

The condition in above theorem is convincing because if V −D independent then
this theorem not realized.

Example 3.11. For the strong bipolar fuzzy graph G in Figure 3.3.
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Figure 3.3

D = {v3, v5} is a γ−set of G, Then D8 = V −D = {v1, v2, v4} is independent. Thus
γ8 
 P

2 .

Theorem 3.12. An inverse dominating set D8 of BFG G, is minimal inverse
dominating set if and only if one of the following condition holds:

(1) N(v) ∩D8 = φ,
(2) there is a vertex u ∈ V −D8 such that N(u) ∩D8 = {v}.

Proof. Let G be BFG, let D8 be γ8− set of G and let v ∈ D8. Then D8 − {v} is not
dominating set of G and there exists a vertex u ∈ V −{D8−{v}} such that u is not
dominated by any vertex of D8 − {v}. If u = v, then N(v) ∩D8 = φ. If u 6= v, then
N(u) ∩D8 = {v}. Thus (1) or (2) holds.

Conversely, Suppose that D8 is an inverse dominating set and for each a vertex v ∈
D8, one of two conditions holds. Suppose that D8 is not minimal inverse dominating
set. Then there is a vertex v ∈ D8 such that D8 − {v} is an inverse dominating set.
Thus v is adjacent to at least one vertex in D8 − {v}. So the condition (1) dose not
hold. If D8 − {v} is inverse dominating set, then every vertex in V −D8 is adjacent
to at least one vertex in D8 − {v}. Thus the condition (2) dose not hold, which a
contradiction. Hence D8 is minimal inverse dominating set. �

Theorem 3.13. For any BFG G without isolated vertices, γ8(G) ≤ β0(G)

Proof. let G be BFG and D be a vertex covering set of G. Then D is dominating
set of G. Thus V −D is an inverse dominating set in BFG. So γ8(G) ≤ |V −D| =
P − α0(G) = β0(G) �

Theorem 3.14. For any BFG G, γ8 ≤ p−∆N .

Proof. Let G be BFG and let v be a vertex in G with dN (v) = |N(v)| = ∆N . Then
V −N(v) is γ − set and D8 ⊆ V −N(v),then |D8| ≤ |V −N(v)| = p− |N(v)|. Thus
γ8(G) ≤ p−∆N ≤ p− δE . �
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Corollary 3.15. γ8 ≤ p−∆E and γ8 ≤ p− δN .

Proof. Since ∆E ≤ ∆N for any fuzzy graph, by Theorem 3.14, γ8 ≤ p−∆E . Simi-
larly, since δN ≤ ∆N , p−∆N ≤ p− δN . Thus γ8 ≤ p− δN . �

Theorem 3.16. Let G = (V,E) be a complete bipartite bipolar fuzzy graph, then
γ8(G) = min{|v|; v ∈ V1 −D}+min{|u|;u ∈ V2 −D}.

Proof. Let D be dominating set of G. Then γ(G) = min{|v|; v ∈ V1}+min{|u|;u ∈
V2}. Let x ∈ V1 and y ∈ V2 such that x, y /∈ D. Then by Definition 3.1 and the
definition of complete bipolar bipartite, we get

γ8(G) = min{|x|;x ∈ V1 −D}+min{|y|; y ∈ V2 −D}.
�

Theorem 3.17. For any BFG G, γ8(G) ≤ Γ(G). Furthermore, the equality holds
if G is a path.

Proof. The inequality is trivial. Now let P be a path in BFG G = (V,E) and let D
be γ8 − set. Since every path contains only two dominating sets say D and V −D.
Then D8 = V −D. Thus γ8(P ) = |V −D| = Γ(P ), �

Definition 3.18. A bipolar fuzzy graphG is called wheel, if V (G) can be partitioned
in to two vertex subsets V1 = {v1, v2, . . . , vn} and V2 = {u} such that V1 is inde-
pendent and u adjacent to every vertex vi in V1, and is denoted by WP = Wt,P−1,
where t = |u|. In this case, u is called a root vertex.

Theorem 3.19. Let G be a wheel BFG. Then γ8(WP ) = γ(Cp−t).

Proof. Let D8 be γ8 − set of G with respect to D. Then D8 ⊂ V − D. Since
WP = CP−t∪{u} such that u is a root vertex, D = {|u| = t} and γ(WP ) = |D| = |u|.
Thus D8 ⊆ V (C) + {u}− {u} = V (C). So D8 ⊆ V (CP−t). Let S be γ− set of CP−t.
Then γ(CP−t) = |S|. Since D8 is minimal dominating set of G with minimum fuzzy
cardinality and D8 ⊆ V (CP−t), D

8 = S. Thus |D8| = |S|. �

Theorem 3.20. For any BFG G with at least one inverse dominating set,

γ(G) ≤ p+ γ8(G)

3
.

Proof. Let G = (V,E) be BFG with γ8 − set, since γ ≤ γ8(G) and γ ≤ p
2 . Then the

result holds. �

Theorem 3.21. Every inverse dominating set of BFG is inverse dominating set of
a crisp graph G∗, but the converse is not true.

Proof. Let G = (V,E) be BFG on V (G), with inverse dominating set D8 with
respect to D of G. Since γ − set D of a fuzzy graph is γ − set of a crisp G∗ (See
Theorem 5.2.1 in [11]), γ − set of BFG is γ − set in G∗. Then D is dominating set
of G∗. By Definition 3.1, D8 ⊆ V −D. Thus for every vertex u ∈ V −D, u ∈ V −D
in G∗. Also any vertex x ∈ D8, x ∈ V −D. So x ∈ V −D in G∗. Hence D8 is an
inverse dominating set in (G∗). �

In the following example, we show that the conversely Theorem 3.21 is not true.
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Example 3.22. For the bipolar fuzzy graph G in Figure 3.4.
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Figure 3.4

Then D = {v2, v5} is dominating of G∗ and D8
1 = {v1, v4, v3} is inverse dominating

set of G∗. But D8 = {v2, v4} is inverse dominating set of BFG.

Theorem 3.23. Let G be BFG, with inverse dominating of G. Then γ8(G) ≤
γ8(G∗). Furthermore, the equality holds, if |v| = 1, ∀v ∈ V (G).

Proof. Let G be BFG with γ8-set D8 of G with respect to D. Then γ(G) ≤ γ8(G).
Since γ(G) ≤ γ(G∗), by Theorem 5.2.1 in [14], γ8(G) ≤ γ(G∗). Since γ(G∗) ≤
γ8(G∗), γ8(G) ≤ γ8(G∗). �

Theorem 3.24. For any BFG G, γ8(G) + γ8(Ḡ) ≤ p.

Proof. Since γ(G) + γ8(G) ≤ p, γ8(G) ≤ p− γ(G), and also γ8(Ḡ) ≤ p− γ(Ḡ). Then
γ8(G) + γ8(Ḡ) ≤ 2p− (γ(G) + γ(Ḡ)). Since γ(G) ≤ p

2 and γ(Ḡ) ≤ p
2 ,

γ8(G) + γ8(Ḡ) ≤ 2p− p = p.

�

Definition 3.25. Let G = (V,E) be BFG and let D8 be inverse dominating set of
G with respect to D, if the induced subgraph < V −D8 > satisfies the following:

(i) if < V −D8 > is disconnected, then D8 is called split inverse dominating set
of G,

(ii) if < V −D8 > is connected, then D8 is called non-split inverse dominating set
of G.

Definition 3.26. A split (non-split) inverse dominating set D8 γ8s − set (γ8ns − set)
of G are said to be minimal split (non-split) inverse dominating sets, if D8 − {v} is
not split ( not non-split) dominating set,∀{v} ∈ D.

Definition 3.27. (i) The minimum fuzzy cardinality among over all minimal split
inverse dominating sets is called an inverse split domination number and is denoted
by γ8s(G) or γ8s.

(ii) The inverse non-split dominating number is the minimum fuzzy cardinality
among over all minimal inverse non-split dominating sets and is denoted by γ8ns(G)
or γ8ns.
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Theorem 3.28. For any BFG G, γ8(G) ≤ γ8s(G) ≤ γ8ns(G).

Proof. Let G = (V,E) be BFG, and D8 be a split inverse dominating set of G.
Then < V −D8 > is disconnected. Since every split inverse dominating set is inverse
dominating set of G, γ8(G) ≤ γ8s(G). Sinnce γ8s(G) ≤ γ8ns(G), γ8(G) ≤ γ8s(G) ≤
γ8ns(G). �

Theorem 3.29. For any BFG G = (V,E),

γ8(G) ≤ P.∆N (G)

∆N (G) + 1
.

Proof. Let G be BFG and D8 be an inverse dominating set of G with respect to D.
Then by Theorem 3.2.5 in [11],

γ(G) ≥ P

∆N (G) + 1
.

Since γ(G) ≤ P − γ8(G),

P

∆N (G) + 1
≤ P − γ8.

Thus

γ8(G) ≤ P∆N (G)

∆N (G) + 1
.

�

Definition 3.30. Let G = (V,E) be BFG with inverse dominating set D8 of G
with respect to D. Then a partition P 8 = V −D = {D8

1, D
8
2, . . . , D

8
n} of V −D is

called an inverse dominatic partition of G, if D8
i is an inverse dominating sets of G.

The inverse dominatic number is maximum fuzzy cardinality of ||P 8|| and is denoted
by d8(G), where

||P 8|| =
−∑
i=1

O(D8)

|D8|
.

That is, d8(G) = max{||P ||}. Such that |D8| is the number of element in D8 and
O(D8) is fuzzy cardinality of D8.

Example 3.31. For the strong bipolar fuzzy graph G in Figure 3.5.
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Figure 3.5.

D8
1 = P 8

1 = {v2, v4, v5}, D8
2 = P 8

2 = {(v2, v4), (v2, v4)}, D8
3 = P 8

3 = {v2, v5} with
||P 8

1|| = 1.6
3 = 0.53, ||P 8

2|| = 0.7+0.5
2 + 0.4+0.5

2 = 1.05, ||P 8
3|| = 0.4+0.5

2 = 0.45. Then
d8(G) = 1.05.

Theorem 3.32. Let T be bipolar fuzzy tree (BFT ). For any end vertex adjacent at
least one non-end vertex in T , γ(T ) + γ8(T ) = P.

Proof. Let D be the minimal dominating set of T and let u be any non-end vertex.
Then u ∈ D, Therefore u /∈ V −D. Since D is dominating set, V −D is dominating
set of T . Thus V −D is inverse dominating set with respect to D in T not contain
u. So every two vertices in V −D are not adjacent. Hence V −D is an independent.
Therefore |D|+ |V −D| = P . �

Remark 3.33. If H is any connected bipolar fuzzy spanning subgraph of BFG G,
then γ8(G) ≤ γ8(H).

4. Conclusion

In this paper, an inverse domination number and inverse dominatic number are
defined on bipolar fuzzy graphs and also applied for the various types of bipolar fuzzy
graphs and suitable examples have given. We have done some results with examples
and Relations of inverse domination number and known parameters in bipolar fuzzy
graph were discussed with the suitable examples. Further, we introduced and inves-
tigated some result of inverse dominatic number in bipolar fuzzy graph and some
suitable examples have given.
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