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ABSTRACT. The first aim of this paper is to contribute for investigating
on soft S— metric space which is based on soft points of soft sets and to
prove some important theorems on sequential compact and totally bounded
in soft S— metric space. Moreover, we introduce soft uniformly continuous
mapping and examine some of its properties.
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1. INTRODUCTION

Metric space is one of the most useful and important notions in mathematics and
applied sciences. Some authors have tried to give generalizations of metric spaces in
different ways. Sedghi et al. [15] modified the concept of D—metric space and gave
the concept of D* —metric space. Later, they initiated the notion of S—metric space
which is different from other space as generalization of a metric space [16]. Some
authors have proved fixed point type theorems in these spaces.

Metric spaces provide a powerful tool to the study of optimization and approxi-
mation theory, variational inequalities and so many. After Molodtsov [13] initiated
concept of soft set theory as a new mathematical tool for dealing with uncertainties.
Applications of soft set theory in other disciplines and real life problems were pro-
gressing rapidly. The study of soft metric space was initiated by Das and Samanta
[6]. Gunduz et al. [3] initiated the notion of soft S—metric space which is based on
soft points of soft sets and gave some of its properties. Moreover, they [9] proved
some fixed point theorems of soft contractive mappings on soft S—metric space.

Topological structures of soft sets have been studied by some authors. Shabir
and Naz [17] initiated the study of soft topological spaces which are defined over an
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initial universe with a fixed set of parameters. They showed that a soft topological
space gives a parameterized family of topological spaces. Theoretical studies of soft
topological spaces have also been researched by some authors in [3, 4, 5, 7, 10, 12,

, 18,19, 20, 21], ete.

The purpose of this paper is to contribute for investigating on soft .S—metric
space which is based on soft points of soft sets. Firstly, we focus on compact sets in
soft S—metric space and explore the differences and similarities between the point
set topology and soft topology. In addition to, we define the concepts of sequential
compact and totally bounded in soft S—metric space and prove some important
theorems on this space. Finally, we give Lebesque number for soft open cover in soft
S—metric space. We show that soft compact S—metric space and soft sequentially
compact S—metric space are equivalent structures. Moreover, we introduce soft
uniformly continuous mapping and examine some of its properties.

2. PRELIMINARIES

We briefly give some basic definitions of concepts which serve a background to
this work. Throughout this paper, X denotes initial universe, E' denotes the set of
all parameters, P(X) denotes the power set of X and SP(X) be the collection of all

soft points of X, R(E)* denotes the set of all non-negative soft real numbers.

Definition 2.1 ([13]). A pair (F, E) is called a soft set over X, where F is a mapping
given by F': E — P(X).

Definition 2.2 ([1]). For two soft sets (F, E) and (G, E) over X, (F, E) is called a
soft subset of (G, E), denoted by (F, E)C(G, E), if Ya € E, F(a) C G(a).

Similarly, (F, E) is called a soft superset of (G, E), denoted by (F, E)2(G, E), if
(G, E) is a soft subset of (F, E).

Two soft sets (F, E) and (G, E) over X are called soft equal, if (F,E) is a soft
subset of (G, E) and (G, E) is a soft subset of (F, E).

Definition 2.3 ([1]). (i) The intersection of two soft sets (F, E) and (G, E) over
X, denoted by (F,E)N(G,E) = (H,E), is the soft set (H,E), where Ya € E,
H(a) = F(a) N G(a).

(ii) The union of two soft sets (F, E) and (G, E) over X, denoted by (F, E)U(G, E) =
(H, E), is the soft set (H, E), where Ya € E, H(a) = F(a) UG(a).
Definition 2.4 ([11]). (i) A soft set (F,E) over X is said to be a null soft set
denoted by @, if for all a € E, F(a) = 2.

(i) A soft set (F, E) over X is said to be an absolute soft set denoted by X if for
alla € B, F(a) = X.
Definition 2.5 ([17]). (i) The difference (H, E) of two soft sets (F, E) and (G, E)
over X, denoted by (F, E)\(G, E), is defined as H(a) = F(a)\G(a) for all a € E.

(ii) The complement of a soft set (F, F), denoted by (F, E)¢, is defined (F, E)¢ =
(F°,E), where F¢: E — P (X) is a mapping given by F°(a) = X\F (a),Va € E
and F° is called the soft complement function of F.

Definition 2.6 ([17]). Let 7 be the collection of soft sets over X, then 7 is said to

be a soft topology on X, if
56
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(i) @, X belong to 7,

(ii) the union of any number of soft sets in 7 belongs to T,

(iil) the intersection of any two soft sets in 7 belongs to 7.

The triplet (X, 7, E) is called a soft topological space over X. Then each member
of T are said to be a soft open set in X.

Definition 2.7 ([17]). Let (X, 7, E) be a soft topological space over X. A soft set
(F, E) over X is said to be a soft closed set in X, if its complement (F, F)¢ belongs
to 7.

Proposition 2.8 ([17]). Let (X,7,E) be a soft topological space over X. Then the
collection 7o = {F(a) : (F,E) € T} for each a € E, defines a topology on X.

Definition 2.9 ([17]). Let (X, 7, E) be a soft topological space over X and (F, E) be
a soft set over X. Then the soft closure of (F, E), denoted by (F, E), is the intersection
of all soft closed super sets of (F, E). The soft interior of (F, E), denoted by (F, E)°,
is the union of all soft open subsets of (F, E).

Definition 2.10 ([2]). Let (X, 7, E) be a soft topological space over X and (F, E)
be a soft set over X. Then the soft bounded of (F, E), denoted by O(F, E), is defined
O(F,E) = (F,E)N\(F, E)e.
Definition 2.11 ([2, (]). Let (F,E) be a soft set over X. The soft set (F, F) is
called a soft point, denoted by (z, E), if for the element a € E, F(a) = {z} and
F(a') =@ for all ' € E — {a} (briefly denoted by z,).

It is obvious that each soft set can be expressed as a union of soft points. For
this reason, to give the family of all soft sets on X it is sufficient to give only soft
points on X.

Definition 2.12 ([2]). Two soft points x, and y,s over a common universe X, we
say that the soft points are different, if x # y or a # a’.

Definition 2.13 ([2]). The soft point z, is said to be belonging to the soft set
(F,E), denoted by z,€(F, E), if 7, (a) € F (a) ,j.e., {z} C F(a), fora € E.

Definition 2.14 ([2]). Let (X, 7, FE) be a soft topological space over X. A soft set
(F,E)C (X, E) is called a soft neighborhood of the soft point x,€(F, E), if there
exists a soft open set (G, E) such that z,€(G, E)C(F, E).

Definition 2.15 ([6]). Let R be the set of all real numbers, B (R) be the collection
of all non-empty bounded subsets of R and E be taken as a set of parameters. Then
a mapping F : E — B (R) is called a soft real set and denoted by (F, E). If (F, E)
is a singleton soft set, then it will be called a soft real number and denoted by 7,3, ¢
ete. Here 7,3, t will denote a particular type of soft real numbers such that 7(a) =,
for all @ € E. 0 and 1 are the soft real numbers, where 0 (a) = 0, 1 (a) = 1, for all
a € F, respectively.

Definition 2.16 ([6]). Let 7,5 be two soft real numbers. Then the following state-
ments hold:
(i) 7<53, if 7 (a)
(i) 7>5, if 7 (a)

S(a), foralla € E,
5(a), foralla € E,
57
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(iii) 7<3, if 7 (a) < 5(a), for alla € E,

(iv) 7>3, if 7 (a) > 5 (a), for all a € E.
Definition 2.17 ([16]). Let X be a non-empty set and S : X® — [0,00) be a
function satisfying the following conditions: for all x,y, z,t € X,

(i) S(x,y,2) =0 if and only if x =y = 2,

(ii) S (z,y,2) < S(z,2,t) + S (y,y,t) + 5 (2,2,1) .
Then S is called S—metric on X and the pair (X, S) is called S—metric space.

3. COMPACT SETS IN SOFT S-METRIC SPACES
Definition 3.1 ([5]). A soft S-metric on SP(X) is a mapping S : SP(X) x
SP(X ) x SP(X) — R(E~)* that satisfies the following conditions, for each soft

(Sl> (xanybwzc) =
(S2) S (wa,yp, 2c) = 0 if and only if z, = vy, = 2,
(S3) S (%a, Ybs 2e) < 5 (Xas Tasua) + 5 (Yo, Y, ua) + 5 (2¢, 2e; Ud) -
Then the soft set X with a soft S-metric is called a soft S-metric space and denoted

by ()?,S, E) :

Definition 3.2 ([8]). Let ()Z’, S, E) be a soft S-metric space and 7 be a non-negative

soft real number. For 7 > 0 and z, € SP()?), we define the soft open ball Bg (z4,7)
and soft closed ball Bg (z4,7) with center z, and a radius 7 as follows:

Bs (eai®) = {m€SP(X): S @hmva) <7},
Bs (vu,7) = { € SP(X): S (yhypaa) <7

Definition 3.3 ([8]). Let ()?,S, E) be a soft S-metric space and (F, E) be a soft

set.
(i) If for every x, € (F, E), there exists 7 > 0 such that Bg (z,,7) C (F, E), then

the soft set (F, E) is called a soft open set in ()?, S, E) .

(ii) The soft set (F,E) is said to be soft S-bounded, if there exists 7 > 0 such
that S (24, xa,yp) < T, for all z,,y, € (F, E).

(iii) A soft sequence {z% } in ()? .S, E) said to converges to xp, denoted by

lim o =y, if S (a a0 ,x,) — 0 as n — oo.
n—oo

(iv) A soft sequence {:1:" }in ()? S, E) is called a Cauchy sequence, if for &> 0
there exists ng € N such that S (z7 , 27 a7 ) <&, for each n,m > n.

(v) The soft S-metric space (X S, E) is said to be complete, if every Cauchy

sequence is convergent.

Definition 3.4. Let {zgn} be a sequence in a soft S-metric space ()?, S, E) . A soft

point z, € SP()?) is a cluster soft point of the sequence {x;‘n} , if for every soft open
ball Bs (z4,€) and for every n € N, there exists a m > n such that z}' € Bg (2,4,€).
58
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Definition 3.5. Let ()Z', S, E) be a soft S-metric space. ()?, S, E) is called a soft
sequential compact S-metric space, if every soft sequence has a soft subsequence
that converges in ()Z', S, E) .

Proposition 3.6. Let ()?, S, E) be a soft S-metric space. If ()?, S, E) is a soft se-

quential compact S-metric space, then (X, S,) is sequential compact S-metric space,
for each a € E.

Proof. Let {2} be any sequence in (X, S, ), for each a € E. Then the sequence {z"}
is written as {27} in soft S-metric space. The sequence {z!} has soft convergent
subsequence {z*}. This means that the subsequence {z™*} converges in (X, S,).

0

The converse of Proposition 3.6 may not be true in general.
Example 3.7. Let E =N, X = [0, 1] and soft S-metric defined as follows
S (arypy ze) = la—c| +|b—c[ + [z —2[ + |y — 2],

where N is a natural number set. It is clear that (X,S,) is a sequential compact

S-metric space, for each a € E. However, the soft sequence {(2%): } does not
n)kmn

have a convergent soft subsequence in ()N( )5, E) .

Proposition 3.8. Let ()Z', S, E) be a soft S-metric space. Then ()Z', S, E) is a soft
sequential compact S-metric space if and only if every infinite soft set has a cluster
soft point.

Proof. Let (F, E) be an infinite soft set and {z" } be a soft sequence in (F, E) . Then

n

{#2 } has a convergent soft subsequence {xa

k © . Assume that {xZ’“ } converges
n n
to a soft point x,. Since

® # Bs (20,) N {:cggk} C Bs (24,2)N (F,E),

x4 is a cluster soft point in (F, E).
Conversely, let {x’;n} be an arbitrary soft sequence in ()N( S, E) If {:cgn} is

finite, then there exists a fixed convergent subsequence of the soft sequence. If we
take {27 } = (F,E), then {a? } is a soft set. According to condition, this soft set
has a cluster soft point as z,. Since

Bs (24,6) N (F,E) # @,
we choose {xggk} € Bg (z4,8) N (F,E), for each € > 0. Thus the subsequence

{z”k } converges to x,. g

Qn,,
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Definition 3.9. Let ()Z', S, E) be a soft S-metric space and (D, E) be a soft set of

soft points. If X ¢ |J Bg (z4,2) is satisfied, then (D, E) is said to be a soft
z,€(D,E)

g-net in soft S-metric space (5(, S, E) .

Definition 3.10. Let ()N(, S, E) be a soft S-metric space. If for each & > 0, there

exists a finite soft e-net of ()N(, S, E) , then ()N(, S, E) is said to be totally bounded
soft S- metric space.

Definition 3.11. Let ()?, S, E) be a soft S-metric space and (D, E) be a soft set

of soft points. The diameter of a non-empty soft set in ()N( , S, E) is defined by:
S((DvE)) = sup {S (xaaxavyb) 1T, Yy € (D7E)} .

Lemma 3.12. Let ()?,S, E) be a totally bounded soft S-metric space and (F, E)

be an infinite soft set. Then for each € > 0, there exists an infinite soft set (G,E) C
(F,E) such that S ((G,E)) < €.

Proof. Let € > 0 be arbitrary. Since ()N( S, E) is a totally bounded soft S-metric

2

space, there exists a finite soft £—net as H = {«} ,z2 ,..

Y xgn} . Then we have
X = ingS (xzi,g) and F = ings (xfwéj N(F,E).

For 1< ¢ < n, at least one of the soft sets F must have infinite elements. If we
denote this soft set as (G, E), it is clear that S ((G, E)) < €. O

Theorem 3.13. Let ()Z',S, E) be a soft S-metric space. ()Z',S, E) is a totally

bounded soft S-metric space if and only if every soft sequence has a Cauchy subse-
quence in X.

Proof. Let (5( .S, E) be a totally bounded soft S-metric space and {xgn} be any

soft sequence. If (F,E) = {z7 } is finite, the proof is completed. Assume that
(F,E) = {xg} is infinite. Then from Lemma 3.12, there exists an infinite soft set

(F1,E) C (F,E) such that S ((Fy, E)) < 1. We choose the number n; € N such that
Tor € (F1,E). If we apply to the Lemma 3.12 to (Fi, E), we obtain an infinite

a

(F»,E) C (F1, E) such that S ((F», E)) < 1. Here we take the number ny > n; such
that z3> € (Fy, E) . Thus we get the soft subsequence {ank } .

a’"’k}
Now let us show that the sequence {x;‘:k } is a Cauchy subsequence. For arbitrary

&> 0, we choose the number k, such that 7 < & Then since Tak s TT € (Fy,, E)
for each k,m > k,,

1
ng Nk Nm =
S <xank,xank,xanm> < e <e

60
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is satisfied. This means that {xfj’jk } is a Cauchy subsequence.

Conversely, assume that ()Z’ , S, E) is not totally bounded soft S-metric space.
In this case, ()?,S, E) has not a finite soft £y-net, for some &5 > 0. Let ac,lll €X
be an arbitraray soft point. Then there can be found a soft point .Z‘Zz € X such

that S (x},, 2} ,22,) > €. Since the soft set {z} ,x2 } is not a £o-net, there is a

soft point z3 € X such that S (z} ,x} 23 ) >¢&y, S (22,,22,,23,) > €. Thus we

form a soft sequence {x’;k} such that S (mfl,xfl,xflj) > €p, for all 4, 5. It is clear

that {z% } has not a Cauchy subsequence which contradicts the fact that every soft
sequence has a Cauchy subsequence given by assumption. O

Theorem 3.14. Let ()N(,S, E) be a soft S-metric space. ()?,S, E) is a soft se-

quential compact S-metric space if and only if ()Z', S, E) is both complete and totally

bounded soft S-metric space.

Proof. Let ()Z' S, E) be a soft sequential compact S- metric space. Then every
soft sequence {xZ} has a soft subsequence that converges in ()? S, E) . Since the
soft, subsequence is a Cauchy sequence in ()~(, S, E) , by Theorem 3.13, ()~(, S, E)
is totally bounded soft S-metric space. If {J;Zn} is a Cauchy sequence in ()? S, E)

which has a convergent soft subsequence, then it is also convergent, i.e., ()N( S, E)
is complete soft S-metric space.
Conversely, let <X S, E) be a complete and totally bounded soft S-metric space

and {xgﬂ} be an arbitrary soft sequence. Since ()Z' 9, E) is totally bounded, {xgn}
has a Cauchy subsequence. Since ()Z' )5, E) is complete soft S-metric space, the
Cauchy subsequence converges. Then ()Z' ), E) is a soft sequential compact S-
metric space. O
Definition 3.15. Let ()Z', S, E) be a soft S-metric space and a family U be a soft
open cover of ()2'7 S, E) . A number & > 0 is called a Lebesque number of U, if for
each soft point z, € SP()?)Lthere exists (F, F) € U such that Bg (z,,€) C (F,E),
for all soft points z, € SP(X).

Proposition 3.16. If ()2,5, E) s a soft sequentially compact S—metric space,
then every soft open cover in ()?, S, E) has a Lebesque number.

Proof. Assume that soft open cover U has not a Lebesque number. Then for any n

and for each (F,E) € U there exists a soft sequence {x’;n} , where Bg (xfl’n, %) C

(F, E) is not satisfied. Thus we obtain a soft sequence {z? } satisfying the above
61
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condition. Since ()Af , S, E) is a soft sequentially compact S-metric space, {xgw} has
a soft subsequence {x;":k} converging to x,. Let z, € (F, E) €ld. Since (F, E) is a
soft open set, there is a soft open ball Bg (ma, %) such that Bg (aca, %) C(F,E).
Also since {x;";k} converges to x,, there exists a number k, such that xg:k €

Bg (xa, %) , whenever k > k,. We take the number k£ > k, as ni > m. Then

1 2
Bg (:EZ’“ ,) C Bg <1’a,> C(F,E)€eU.
"k N m

This contradicts with the choice of the soft point Tar - O

Theorem 3.17. Let ()}, S, E) be a soft S-metric space. Then the following state-

ments are equivalent:

(1) ()Z', S, E) is a soft compact S-metric space,

(2) ()?, S, E) is a soft sequentially compact S- metric space.

Proof. (1)= (2): Let ()? , S, E) be a soft compact S-metric space but not a soft
sequential compact S-metric space. Then there is an infinite soft set (F, E) which
does not have a cluster point in ()Z' )5, E) . Thus there is a soft number 7, such that
Bs (2a,72,) N (F,E) = {za}, for all z, € (F, E). A family {Bs (a,72,)},, c(r,m) Y
(F, E)° is a soft open cover in ()N(, S, E) and this soft open cover has not a finite

soft subcover. But this implies that ()~( .S, E) is not soft compact S-metric space,

which is a contradiction.
(2)= (1): Let (X, S, E) be a soft sequential compact S-metric space and U be

any soft open cover in ()? S, E) . Then by Proposition 3.16, &/ has a Lebesque
number & > 0. Since ()N(, S, E) is totally bounded soft S-metric space, ()~(, S, E)

has finite £-net as {«} , 22 ,...,27 }.Foreach k=1,2,..,n,

€ 2e
B N I I
S( S<xak’3))_ 3 _E

Thus we obtain a soft set Bg x’;k,§> C (Fy, E) €l. Since

~ n '5 n
X = UBs|(aF, - F.,E
kgl S <xak’ 3> C kgl( k> )7
()N( S, E) is a soft compact S-metric space. O
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Definition 3.18. Let ()A(:,S, E) and (?,S’,E’) be two soft S-metric spaces. Then
the mapping (f,p) : ()Z', S, E) — (}N’,S’,E’) is called soft uniformly continuous
mapping, if for every € > 5, there exists a 6 > 0 such that

ST ((f,) (za) (f,0) () (f,0) () < &,
whenever x,,yp € SP(X') satisfy S (zq, Ta, yp) < 5.

Proposition 3.19. If (f, ) : ()?, S, E) — (17, S’ E’) is a soft uniformly continu-
ous mapping, then f, : (X,Sq) — (Y, S;(a)) s also uniformly continuous mapping
for each a € E.

Proof. The proof is straightforward. O

The converse of the the Proposition 3.19 may not be true in general. This is
shown by the following example.

Example 3.20. Let E = R be a set of parameters and X = R2. Consider usual
metrics on this sets and define soft S—metric by S (24, yp, 2c) = |a —¢c| + [b—c| +
d(z,z)+d(y,z). Then if we define the soft mapping (f, ¢) : ()?, S, E) — ()?7 S, E)

as follows (f,¢) (zq) = (%z)Sa, then
1 1 1
s((05), 03), (G0))

2
e

5((0,1),,(0,1),,(1,0),) = 2+ 2v2.

Since 6 + @ > 2 4 2/2, we see that the soft mapping (f,¢) is not a soft con-
traction mapping and thus it is not soft uniformly continuous. But the mapping
fa: (X,84) = (X, S34) is uniformly continuous mapping, for each a € E.

S((f,9) (0, 1)y, (f,) (0,1)5, (f,) (1,0)5)

Theorem 3.21. If (f, ) : ()?,S, E) — <1~/, S’,E’) is a soft continuous mapping

and ()?,S, E) is a soft sequentially compact S—metric space, then (f,¢) is a soft

uniformly continuous mapping.

Proof. Since ()Z' )5S, E) is a soft sequentially compact S- metric space, it is also soft

compact metric space. Since (f, ) is a soft continuous mapping, for any £ > 0 and
for any soft point z,, there exists a soft number § > 0 such that

for every soft point yp, S (4, e, yp) < 25(3:,1)7

where we have S' ((f,¢) (za) , (f:¢) (za) , (f: ) () < 5-
Then the family L{:{BS (ma,é (xa)> is a soft open cover in ()Z', S, E) .

r,€SP(X)
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Since ()Af , S, E) is a soft compact S-metric space, this soft open cover has a finite

soft subcover such as

{BS (Jc(lll,g(m}h)) ,..., Bs (xgn,g(zgn»}
§ = min {S(Iil) , ,g(xgn)} .

Now consider only two soft points x4,y € SP()Z') such that S (x4, zq,yp) < 0.
Assume that z. € Bg (x}h,g(xfh)) , 1< < n. Then S (2, 2, 2%.) < 6 (2%,) and

Let us take

S (yps yo, ) < 25 (z%.) is satisfied. Since (f,¢) is a soft continuous mapping at

the soft point z% , S ((f,¢) (ze), (f,¢) (zc), (f. ) (z1))) < g So (f,¢) is a soft
uniformly continuous mapping. O

4. CONCLUSION

The purpose of this paper is to contribute for investigating on soft S- metric
space. Firstly, we focus on compact sets in soft S-metric space and explore the
differences and similarities between the point set topology and soft topology. In
addition to, we define the concepts of sequential compact and totally bounded in
soft S-metric space and prove some important theorems on this space. Finally, we
give Lebesque number for soft open cover in soft S-metric space. We show that soft
compact S-metric space and soft sequentially compact S-metric space are equivalent
structures. Moreover, we introduce soft uniformly continuous mapping and examine
some of its properties.
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