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ABSTRACT.  We introduce the notions of weighted statistical conver-
gence and strong weighted summability of order § for fuzzy Bernstein
Stancu polynomials of difference operator of rough I-convergent of dou-
ble sequence, and establish the relationship between them and also study
the set of all fuzzy Bernstein Stancu polynomials of difference operator
of rough I-limits of a double sequence spaces and relation between ana-
lyticness and fuzzy Bernstein Stancu polynomials of difference operator of
rough I-core of a double sequence spaces. Finally, as an application, we
appy our notion of weighted A" (p, q)-statistical of order 8 with a view of
fuzzy Korovkin-type approximation theorem, discuss example to illustrate
our approximation results.
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1. INTRODUCTION

After the pioneering work of Zadeh [55], a huge number of research papers have
appeared on fuzzy theory and its applications as well as fuzzy analogues of the clas-
sical theories. Fuzzy set theory is a powerful hand set for modelling uncertainty and
vagueness in various problems arising in field of science and engineering. The idea
of rough convergence was first introduced by Phu [415, 46, 47] in finite dimensional
normed spaces. He showed that the set LIM], is bounded, closed and convex; and
he introduced the notion of rough Cauchy sequence. He also investigated the rela-
tions between rough convergence and other convergence types and the dependence
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of LIM?, on the roughness of degree r. Aytar [6] studied of rough statistical conver-
gence and defined the set of rough statistical limit points of a sequence and obtained
two statistical convergence criteria associated with this set and prove that this set
is closed and convex. Also, Aytar [5] studied that the r-limit set of the sequence
is equal to intersection of these sets and that r-core of the sequence is equal to the
union of these sets. We refer [3, 4, 7, 13, 14, 15, 32, 33, 43] for details in the area of
rough convergence. The notion of I-convergence of a double sequence spaces which
is based on the structure of the ideal I of subsets of N2, where N is the set of all nat-
ural numbers, is a natural generalization of the notion of convergence and statistical
convergence.

In this paper, we investigate some basic properties of rough I-convergence of a
double sequence spaces of fuzzy in two dimensional matrix spaces which are not
earlier. We study the set of all rough [-limits of a double sequence spaces of fuzzy
and also the relation between analyticness and rough I-core of a double sequence
spaces of fuzzy. Let K be a subset of the set of positive integers N2 and let us denote
the set K;; = {(m,n) € K : m <4i,n < j}. Then the natural density of K is given
by

§(K)= lim Kl
i,j—oo Y
where |K;;| denotes the number of elements in K.

First applied the concept of (p,g)-calculus in approximation theory and intro-
duced the (p,g)-analogue of Bernstein operators. Later, based on (p,q)-integers,
some approximation results for Bernstein-Stancu operators, Bernstein-Kantorovich
operators, (p, q)-Lorentz operators, Bleimann-Butzer and Hahn operators and Bern-
stein Shurer operators etc. Very recently, Khalid and Lobiyal [31] have given a nice
application in computer-aided geometric design and applied these Bernstein basis
for construction of (p,q)-Bezier curves and surfaces based on (p, g)-integers which
is further generalization of g-Bezier curves and surfaces. Motivated by the above
mentioned work on (p, g)-approximation and its application, in this paper we study
statistical approximation properties of Bernstein-Stancu operators based on (p, q)-
integers. Now we recall some basic definitions about (p, ¢)-integers. For any u,v € N,
the (p, ¢)-integer [uv], 4 is defined by

[0]p,q :=0 and [uv],, =2 piqw if u,v>1,
where 0 < ¢ < p < 1. The (p, ¢)-factorial is defined by
[0]p,q! == 1 and [uv]ly ¢ = [1]!p.q[6]!p dAAA[uV]Y, 4, if u, v > 1.

Also the (p, g)-binomial coefficient is defined by

u v [uv]!
(m) (”)p,q Ty e Cu—m) + (—mls

for all u,v,m,n € N with u > m,v > n.
The formula for (p, ¢)-binomial expansion is as follows:

u v
ww (u—m)(u—m—1)+(v—n)(v—n—1) m(m—1)+n(n—1)+
(az +by),, = Z Z 7 1
—0n=0
u
m
+

(@ +y)p, = (=

) a](u—'m)—i—(v—n)b’m-i-nx(u—m)-‘,—(v—n)y'm-"—n7
p,q

y) (pz + qy) (p*e +q'y) - (pU DT D 4 gD Dy)
30
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(1-a),, =0—=)(p—qzr) (p* — qha) - (p=DHE=D — glu=D+e=1)g)
and

(x)Z: =z (px) (p4x) (p(u_1)+(”_1)x) _
The Bernstein operator of order r.s is given by

Brs (f,z) = Z Z / (T?) (T> (ﬁ) (1 — x)(m—r)—o—(n—s) ,

m=0n=0
where f is a continuous (real or complex valued) function defined on [0,1].
The (p, q¢)-Bernstein operators are defined as follows:

1 " 5 m(m—1)4n(n—1)
(mn r S o m R mAn
rs7p7q (f? ) — T r(r—D+s(s—1) m n)p 4 T
p 4 m=0n=0

(r—-m—1)4+(s—n—1) [mn]

(1.1) X H (" —q"z) f <p(mr)+(nps’;1 [rs]p7q> ;v €10,1].

u=0

m(m—1)4n(n—1)
4 .

Also, we have

(1 . (E) Z Z ( )m+n (r— m)('r‘fmfl)z»(sfn)(sfnfl) qm(mfl)rn(nfl) (1%) (;L) xm-i-n.

m=0n=0
(p, ¢)-Bernstein Stancu operators are defined as follows:

m(m=1)+n(n=1)
S'r(zzlp?q) ('f’ x) - 7‘(7‘ l)+§(§ 1) Z Z ( ) ( ) 4 JUern
p

m=0n=0

(r—-m—1)+(s—n—1)

(r—m)+(s=n)
(1.2) x H (p* —q“z) f (p [mz}p’q hl 77) ,x €1[0,1].

u=0 [rs]pq +

Note that for n = u = 0, (p, ¢)-Bernstein Stancu operators given by (1.2) reduces
into (p, ¢)-Bernstein operators. Also for p = 1, (p, ¢)-Bernstein Stancu operators
given by (1.1) turn out to be ¢g-Bernstein Stancu operators.

Throughout the paper, R? denotes the real two dimensional space with metric

d. Consider a double sequence of Bernstein Stancu polynomials (Sﬁl’fpnq (f, )) such

that (Sﬁ?ﬁg (f, x)) eR,m,n eN.
Let f be a continuous function defined on the closed interval [0,1]. A double
sequence of Bernstein Stancu polynomials ( 5?;}3 (f, )) is said to be statistically

convergent to 0 € R, written as sto — lim Sﬁ?fpnq (f,x) = f(x), provided that the set

Kei={(m.n) e N2 |51 (f,0) = (f,2)| 2 €]
has natural density zero for any ¢ > 0. In this case, 0 is called the statistical limit
of the double sequence of Bernstein Stancu polynomials. i.e., d2 (K.) = 0. That is,
lim =

o s {mér,nﬁs Sﬁl"p”q) (f7x)—(f,x)‘ 26}‘ —0.

In this case, we write do — lim Sﬁ;’fj{g (f,z) = (f,z) or Sﬁ?};{ﬁ (f,z) = GiEN (f,z). We
denote x 4-the characteristic function of A C N. A subset A of N? is said to have
asymptotic density d (A), if

1

31
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d(A) = lm 23 3 xa(K).

1,j—00 m=1n=1
The theory of statistical convergence has been discussed in trigonometric series,
summability theory, measure theory, turnpike theory, approximation theory, fuzzy
set theory and so on. Throughout w,I’ and A denote the classes of all, entire and
analytic scalar valued single sequences, respectively. We write w? for the set of all
complex sequences (T,,,), where m,n € N, the set of positive integers. Then, w? is
a linear space under the coordinate wise addition and scalar multiplication. Some

initial works on double sequence spaces found in Bromwich [9]. Later on, this notion
was investigated by Hardy [22], Moricz [39], Moricz and Rhoades [10], Basarir and
Solankan [10], Turkmenoglu [51], Kamthan and Gupta [30] and many others.

We procure the following sets of double sequences:

M, (t) = {(mmn) ew?: sup |zmn|™ < oo},

m,neN

Cp(t) = {(xmn) cw?: P— lim |z, —I|"" =1 forsomel € C} ,

m,n— oo

(Zmp) € W? 1 P— lim |z, | = 1} 7
m,n— oo

Ly (1) := {(xmn) ew?: Y ) fama| < 00}7
C

m=1n=1
Cop (1) :=C, (¢) m My (t) and Copp (t) = Cop (t) ﬂ M (),
where t = (t;,,) is the sequence of strictly positive reals t,,, for all m,n € N
and P — lim denotes the limit in the Pringsheim’s sense. In the case t,,,, = 1
m,n— oo

for all m,n € N; M, (t),Cp (t),Cop (), Lu (t),Cop (t) and Copp (t) reduce to the sets
My, Cp, Cop, Ly, Cpp and Copp, respectively. Now, we may summarize the knowledge
given in some document related to the double sequence spaces. Gokhan and Colak
[17, 18] have proved that M,, (t) and C, (t) ,Cpp (t) are complete paranormed spaces
of double sequences and gave the a—, —,v-duals of the spaces M,, (t) and Cy, ().
Quite recently, in her PhD thesis, Zelter [50] has essentially studied both the the-
ory of topological double sequence spaces and the theory of summability of double
sequences. Mursaleen and Edely [41] and Tripathy [49] have independently intro-
duced the statistical convergence and Cauchy for double sequences and given the
relation between statistical convergent and strongly Cesaro summable double se-
quences. Altay and Basar [I] have defined the spaces BS,BS (t),CSp,CSyp,CS,
and BY of double sequences consisting of all double series whose sequence of partial
sums are in the spaces M,,, M, (t),Cp,Cpp,C, and L, respectively, and also exam-
ined some properties of those sequence spaces and determined the a-duals of the
spaces BS, BV,CS;, and the §(9)-duals of the spaces CSp, and CS, of double se-
ries. Basar and Sever [8] have introduced the Banach space £, of double sequences
corresponding to the well-known space ¢, of single sequences and examined some
properties of the space L£,. Subramanian and Misra [18] have studied the space
X3s (p, q,u) of double sequences and gave some inclusion relations.
32
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The class of sequences which are strongly Cesaro summable with respect to
a modulus was introduced by Maddox [12] as an extension of the definition of
strongly Cesaro summable sequences. Cannor [11] further extended this defini-
tion to a definition of strong A-summability with respect to a modulus where
A = (an) is a nonnegative regular matrix and established some connections be-
tween strong A— summability, strong A-summability with respect to a modulus, and
A-statistical convergence. In [44] the notion of convergence of double sequences was
presented by A. Pringsheim. Also, in [16] the four dimensional matrix transforma-

oo} o0
tion (Azx), , = > > aj)"®mn was studied extensively by Robison and Hamilton
’ m=1n=1

[19, 20, 21]. We need the following inequality in the sequel of the paper. For a,b,> 0
and 0 < p < 1, we have

(1.3) (a+b)P < aP +bP.

oo
The double series > X, is called convergent, if the double sequence (8;,y,) is
=1
o m,n
convergent, where S,,, = Y x;;(m,n € N).
ij=1
1/m+n

A sequence & = (T, )is said to be double analytic, if sup |z < 00.

The vector space of all double analytic sequences will be denoted by AZ2.

1/m+n =0

A sequence x = () is called double gai sequence, if ((m + n)! [Xmn|)
as m,n — oo.

The double gai sequences will be denoted by x2. Let ¢ = { finite sequences} .

A fuzzy number X is a fuzzy subset of the real R2, which is normal fuzzy convex,
upper semi-continuous, and the X is bounded where X?; = cl {x €ER?: X (z) > O}
and cl is the closure operator. These properties imply that for each « € (0,1], the

a-level set X defined by
Xo={zeR?: X (z)>a} = [E,Yﬂ

is a non empty compact convex subset of R2.
The supremum metric d on the set L (Rz) is defined by
d(X,Y)= sup max (|X°‘ -Y, ‘YQ -y ) .
a€l0,1]
Now, given X,Y € L (R?), we define X <Y, if X* <Y® and X* <YY", for each
a€[0,1].
We write X <Y if X* <Y and there exists an «g € [0, 1] such that X < Y*°
or X°° < Y.
A subset E of L (R?) is said to be bounded above, if there exists a fuzzy number
u, called an upper bound of E, such that X < u for every X € E. p is called the
least upper bound of FE, if p is an upper bound and p < u/ for all upper bounds u/.
A lower bound and the greatest lower bound are defined similarly. F is said to
be bounded, if it is both bounded above and below.
The notions of least upper bound and the greatest lower bound have been defined
only for bounded sets of fuzzy numbers. If the set £ C L (RQ) is bounded then its
supremum and infimum exist.

33
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The limit infimum and limit supremum of a double sequence spaces (X,,,) is
defined by

liminf X,,, :=inf Ax
m,n— 00

lim sup X,,,,, := inf By,
m,n— 00

where

Ax ={peL(R?): {(m,n) e N*: X,,,, < p} is infinite},

Bx = {u el (R2) : {(m,n) eEN?: X, > u} is inﬁnite}.

Now, given two fuzzy numbers X,Y € L (]RQ) , we define their sum as Z = X +Y,
where Z =X 4+Y%and 2" =X +Y foral a e [0,1].

To any real number a € R?, we can assign a fuzzy number a; € L (RQ) , which is
defied by

al(x):{ 1, ifx=a,
0, otherwise

An order interval in L (R2) is defined by [X,Y] := {Z el (]R2) X <Z< Y} ,
where X,Y € L (R?).

A set E of fuzzy numbers is called convex, if Ay + (1 — A) u2 € E for all X € [0, 1]
and pq, us € E.

The notion of difference sequence spaces (for single sequences) was introduced by
Kizmaz [34] as follows

Z(A)={z=(z) ew: (Axy) € Z}

for Z = ¢, cp and lo, where Axy, =z — Tg41, for all k € N.
Here ¢, ¢y and /., denote the classes of convergent,null and bounded scalar valued
single sequences respectively. The difference sequence space bv,, of the classical space
¢, is introduced and studied in the case 1 < p < oo by Basar and Altay and in the
case 0 < p < 1 by Altay and Bagar. The spaces c¢(A), ¢ (A),ls (A) and by, are
Banach spaces normed by

oo 1/p
Joll = x|+ sup|Aas] and [l = ( & laal”) (15 < 0).
Later on the notion was further investigated by many others. We now introduce the

following difference double sequence spaces defined by

Z(A) = {x = (Tymn) € W2 : (Azpyn) € Z},
where Z = A27X2 and Axmn = (xmn _xmn+1> - (merln - meranrl) = Tmn —
Tmntl — Tmtin + Tmtin+1 for all myn € N.

The difference triple sequence space was introduced by Debnath and Debnath
[12] and is defined as

Axm,nk = Tmnk — Tm,n+1,k — Tm,n,k+1 + Tm,n+1,k+1 — Tm+41,n,k + Tm+1,n+1,k +
Tm+1,n,k+1 — Tm+1,n+1,k+1 and AOxrnnk = <xmnk> .

Let n € N and X be a real vector space of dimension m, where n < m. A real
valued function dp(z1,...,2,) = [[(d1(21,0),...,dn(2s,0))|l, on X satisfying the
following four conditions:

(i) I(di(1,0),...,dn(zn,0))|, = 0 if and and only if di(x1,0),...,dn(zy,0) are
linearly dependent,

(i) ||(d1(21,0),...,dn(zn,0))||, is invariant under permutation,

34
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(111) ||(C¥d1($1, 0)’ R adn(xnv 0))Hp = |a‘ H(d1($1, 0)7 R dn(xna 0))“177 o €R,

(iv) dp (w1, 91), (T2,52) -+ (Fns yn)) = (dx (21,22, - 20)P + dy (Y1, 92, yn)P)
for 1 < p < oo, (or)

(V) d((zla y1)7 (:C27y2)a T (Inyyn)) ‘= sup {dX(xlv-:C% o 'In), dY(ylyyZa T yn)} )
for T1,T2," " Tn € val,y%"’yn ey
is called the p product metric of the Cartesian product of n metric spaces is the p
norm of the n-vector of the norms of the n subspaces.

A trivial example of p product metric of n metric space is the p norm space is
X = R equipped with the following Euclidean metric in the product space is the
p-norm:

1/p
b

1(d1(21,0), - dn(@n, 0)) |5 = sup (|det(dmn (Tmn, 0))]) =

di1 (211,0)  diz (x12,0) ... dip (21n,0)

doy (5521, 0) dao (9322, 0) o dop (xlna 0)
sup

dn1 (mnh O) dn2 (ana O) ve dpp, (xnru 0)

where z; = (241, - 2in) € R?, for each i = 1,2,---n.

If every Cauchy sequence in X converges to some L € X, then X is said to be
complete with respect to the p-metric. Any complete p— metric space is said to be
p-Banach metric space.

The notion of ideal convergence was introduced first by Kostyrko et al. [36] as
a generalization of statistical convergence which was further studied in topological
spaces by Kumar and Kumar [37] and also more applications of ideals can be deals
with various authors for instance [23, 24, 25, 26, 27, 28, 29, 38, 50, 51, 52, 53].

1.1. Weighted statistical convergence in double difference operator. Let
b = (bmn) be a double sequence of non-negative real numbers such that lim inf b,,,, >

mn
0 and
Tpg (W) =3 > bpnpsu,v €N,
M NE[puvquu]

The liminf b,,,, does not exist if the weighted double sequence (b,,,) properly di-
verges to +00. So the weighted statistical convergence definition is not well defined
when the weighted double sequence (by,,), properly diverges to +oo. Therefore,
throughout the article we consider b = (b,,,) is a double sequence of non-negative
real numbers such that b,,, > v for all m,n € N, where  is a positive real number.

Let v be a subset of N and also let 0 < 8 < 1. The weighted pg-density of order

. . . Ve o, (uv)| .
B shortly 6BN(pq)—den51ty, of V is defined by 5]%(pq) (p,q) (V) = 1&1{)1 % in case

the above limit exists, where V. (4 = {m,n < 7pq (uv) : m,n € V}.

2. DEFINITIONS AND PRELIMINARIES

Definition 2.1. Let f be a continuous function defined on the closed interval [0, 1] .

A rough double sequence of fuzzy Bernstein stancu polynomials (Sﬁ’s’?,’fq) (f, X )) is

said to be weighted A" (p, q)-statistically convergent of order § to (f, X) denoted by
35
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! S 0 —lim
Sﬁz?ﬁ?q) (f,X) — t(AN(M)) limX (

where
A(€) =5 (p.q)y ({(r,s) €N?: by

f,X), if for any € > 0 we have b,,,d (A (¢)) = 0,

SE (ATF.X) = (£.)| 27 +€}) =0,

or
S (ATF.X) = (£.X)| 21 +€}| =0

: 1
lim,, , —5

m ‘{(7",3) € N2 . bmn
Note that 5 € (0,1).

Definition 2.2. Let f be a continuous function defined on the closed interval [0, 1].

A rough double sequence of fuzzy Bernstein stancu polynomials (Sﬁ??,’,flq) (f, X )) is

said to be strongly weighted A" (p, q)-statistically convergent of order S to (f, X)
denoted by

8 .
S (. X) %St(Amqu))ihmx (f, X),if for any € > 0 we have by,,,d (A (¢)) = 0,
where
A(€) = 0x(p.qe ({(r,8) € N? : by [Spsprg (AT f, X) = (f,X)|}) = 0.
or

lim ——— [{(r,8) € N2 : by |Srs g (A7 f, X) — (f, X)[}] = 0.

u,v Tpq(uv)

Definition 2.3. Let f be a continuous function defined on the closed interval [0, 1].
A rough double sequence of fuzzy Bernstein stancu polynomials (SSZ},;’}(} (f,X )) is

said to be weighted A" (p, ¢)-statistically convergent of order § to (f, X) denoted by

, s B —lim .
S (f, X) — H(A%Gp) ~lim X (f, X), provided that the set
S5y ({(r:5) € N2 by |SEGI (AT £, X) = (£, X)| 2 7+ €})

has natural density zero for every € > 0. In this case, (A" f, X) is called the statistical
limit of the sequence of fuzzy Berstein Stancu polynomials.

Definition 2.4. Let f be a continuous function defined on the closed interval [0, 1] .
A rough double sequence of fuzzy Bernstein Stancu polynomials (Sﬁg;ﬁl) (f, X )) is
said to be weighted A" (p, q)-statistically convergent of order § to (f, X) denoted by
Sﬁ?};’;g (f, X) %ﬂ(A;’?M)) (f,X), if for any € > 0 there exists N, € N such that for
all r,s > N, we have

S5y ({(19) € N2+ b [ SIS (AT, X) = (£, X)| < 7 €}

In this case, Sﬁ?;g (f,X) is called an S— limit of (f, X).

Remark 2.5. We consider S-limit set Sﬁ?z’,flq) (f,X) which is denoted by
78
LM’ (AMP"I))SﬁZf,’,qu) (f,X) and is defined by

m,n m,n AP
LIMPSCS (£, X) = by ({f 5 (£, ) -2 (8%60) <f,X>}) .

Definition 2.6. Let f be a continuous function defined on the closed interval [0, 1] .

A rough double sequence of fuzzy Bernstein Stancu polynomials (Sﬁ’;’?,’,’fq) (f, X )) is

said to be weighted SA™ (p, q)-statistically convergent of order 8 to (f, X') denoted by
36
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7 s 8 —lim . ™8 m,n
Sy (7,%) =" (3800) m Y (5 ) i L (8R60) s (A7£,X) # 6 and
is called a rough convergence degree of S{2%") (A™ £, X). If 8 = 0 then it is ordinary
convergence of double sequence of fuzzy Bernstein Stancu polynomials.

Definition 2.7. Let f be a continuous function defined on the closed interval [0, 1].
A rough double sequence of fuzzy Bernstein stancu polynomials (Sﬁg?,’fq) (f, X )) is

said to be weighted SA" (p, ¢)-statistically convergent of order 8 to (f, X) denoted
B —lim . .
by Sﬁg?,’fq) (f, X) —>St<AN<p,q>) tim X (f,X), in a metric space (X,|.,.]) and 8 be a
non-negative real number is said to be S-statistically convergent to (f, X), denoted
—s B .
by Sﬁgfﬁq) (f, X) P 2(8%0,.0)) (f,X), if for any € > 0 we have d(A(e)) = 0,
where

A(€) = Sygpqy ({(r19) €N b [ ST (A7 1.0 = (£, 20| 27+ €}).

In this case, (f,X) is called S-statistical limit of Sﬁ?p”q) (f,X). If B = 0 then
it is ordinary statistical convergent of triple sequence of fuzzy Bernstein Stancu
polynomials.

Definition 2.8. A class I of subsets of a nonempty set X is said to be an ideal in
X, provided that

(i) ¢ €1,

(ii) A,B € I implies AUB € 1,

(iii) A € I, B C A implies B € I.

I is called a nontrivial ideal, if X ¢ I.
Definition 2.9. A nonempty class F' of subsets of a nonempty set X is said to be
a filter in X, provided that

(i) ¢ € F, (ii) A, B € F implies A(B € F,

(iii) A € F, A C B implies B € F.
Definition 2.10. Let I be a non trivial ideal in X, X # ¢. Then the class

F(I)={M CX:M=X\A for some Ae I}

is a filter on X, called the filter associated with I.

Definition 2.11. A non trivial ideal I in X is called admissible, if {z} € I for each
zc X.

Note. If I is an admissible ideal, then usual convergence in X implies I convergence
in X.
Remark 2.12. If [ is an admissible ideal, then usual rough convergence implies

rough I-convergence.

Definition 2.13. Let f be a continuous function defined on the closed interval [0, 1] .
A rough double sequence of fuzzy Bernstein Stancu polynomials (Sﬁg”p’i} (f, X )) is
said to be weighted A" (p, ¢)-statistically convergent of order 8 to (f, X) denoted
by S (£, X) _st(AG, ) —timX (f,X), in a metric space (X, |.,.|) and 3 be a
non-negative real number is said to be rough ideal convergent or SI-convergent to
(f,X), denoted by S,@Z?;,Z} (f,X) —>5[(A;V’€pvq>> (f,X), if for any € > 0 we have

37
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O ({9) € N2 2 b [ ST (A7), X) = (£.X)| 2 B+ ¢} ) e 1.
In this case, (Sﬁg’?ﬁq) (f,X)) is called S1 (A%’,’Ep q))— convergent to (f, X) and

a double sequence of fuzzy Bernstein Stancu polynomials (Sﬁ?};,fﬁ (f, X )) is called

rough I-convergent to (f,X) with 8 as roughness of degree. If 8 = 0, then it is
ordinary I-convergent.

Note. Generally, Let f be a continuous function defined on the closed interval [0, 1] .
A rough double sequence of fuzzy Bernstein Stancu polynomials (Sﬁ’;?;,?g (f, X )) is
said to be weighted A" (p, q)-statistically convergent of order § to (f, X) denoted by
Sﬁ?]’fq) (f, X) -5 (A;’}?p,q))_“mx (f,X), is not I-convergent in usual sense and

SU (A7F,X) = S (A7g, X)| < 8) for all (r,s) € N2 or

JN(p’q)ﬁ bnbn

O ({(725) € N2 by | S5 (A7, X0) = ST (A7, X) | > 8} ) € 1,
for some $ > 0. Then the rough double sequence of fuzzy Bernstein Stancu polyno-
mials (57(«?1’,%) (f, X )) is BI-convergent.

Note. It is clear that SI-limit of a sequence Sﬁ?;ﬁ; (f,X) of fuzzy Bernstein
Stancu polynomial is not necessarily unique.

Definition 2.14. Let f be a continuous function defined on the closed interval [0, 1] .
A rough double sequence of fuzzy Bernstein Stancu polynomials (Sﬁ?;,?,} (f,X )) is
said to be weighted A" (p, ¢)-statistically convergent of order 8 to (f, X) denoted
by S’ﬁgﬁlq) (f, X) —>St(A%€p74>)_limX (f,X), consider BI-limit set of (f, X), which is
denoted by

AN
[ — L (A50) slmm) (7 x0)
m,n r (ams
= 650 (bm" {f ST (A g, x) 2 (4500) (f,x>}) |

Then the rough double sequence of fuzzy Bernstein Stancu polynomials (ST(«Z?,’,%) (f, X ))

76
is said to be SI-convergent, if I — LIMﬁ(AN(pm)SﬁZfI’,’fq) (f,X) # ¢ and S is called a
rough I-convergence degree of Sﬁl’f;,’fq) (f,X).
Definition 2.15. Let f be a continuous function defined on the closed interval [0, 1] .
A rough double sequence of fuzzy Bernstein Stancu polynomials (Sﬁ??;,?g (f, X )) is
said to be weighted A" (p, ¢)-statistically convergent of order 8 to (f, X) denoted

s e —lim

by S (£, X) (3% ) 7m
number M such that

61\7(p,q)5 ({(7’78) eN2: bmn

Definition 2.16. Let f be a continuous function defined on the closed interval [0, 1] .

f, X)) I-analytic, if there exists a positive real

(mn) g [
st @l =My er

A rough double sequence of fuzzy Bernstein Stancu polynomials (Sﬁg’fﬂl) (f, X ))
38
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is said to be weighted A" (p, ¢)-statistically convergent of order 8 to (f,X) de-

8 RT
noted by ST (f,X) — (850, p) lim X (f,X), a point L € X is said to be an
I-accumulation point and let f be a continuous function defined on the closed inter-
val [0,1]. A fuzzy Bernstein Stancu polynomials ( ﬁzp?q) (f, X )) is a metric space

(X, d) if and only if for each € > 0, the set

S5 ({(ro5) € N2 2 (St (£,5) (£, X))
S (ATf,X) = (f,X)| < e} £ 1)

= bmn

We denote the set of all /-accumulation points of (Sﬁ??pth) (f, X)) by

1(r (st (r.3))

Definition 2.17. Let f be a continuous function defined on the closed interval [0, 1] .
A rough double sequence of fuzzy Bernstein Stancu polynomials (Sﬁ?}ﬁq) (f, X )) is

said to be weighted A" (p, ¢)-statistically convergent of order 5 to (f, X), denoted
by S,(Z"png (f, X) =" (A%Gp) ~tim X (f, X), is rough I-convergent, if
I — LIMPS™™) (f X) # ¢.

rs,p,q

It is clear that if T — LIMB( NG, ‘ﬂ) ST;"p"(} (A" f, X) # ¢ for a rough double sequence
of fuzzy Bernstein Stancu polynomials ( T;"p”(; (f, )) of real numbers, then we

have
7 — Linv? (850 q>)s(m 2 (f, X)
- [I ~limsup ST (ATf, X) — B, 1 — liminf ST (AT £, X) + 5} :

rs,p,q rSs,p,q

Definition 2.18. Let f be a continuous function defined on the closed interval [0, 1] .
A rough double sequence of fuzzy Bernstein Stancu polynomials (Sﬁ?fpth) (f, X )) is
said to be weighted A" (p, q)-statistically convergent of order § to (f, X) denoted by
S,(pr% (f, X) —>St(AfTV’f ))lim X (f,X) is rough I — core S,USnpnq) (AT f, X) is defined
to the closed interval [+oo, —o0] .

3. MAIN RESULTS

Theorem 3.1. Let f be a continuous function defined on the closed interval [0,1].
Let a rough double sequence of fuzzy Bernstein Stancu polynomials (Sﬁﬁ,‘p’fg (f,X))
be weighted A" (p, q)-statistically convergent of order B to (f, X) and let I C 2" be
an admissible ideal. Then we have
. ATP
diam (I — v N<p,q>)s},;'j;,7g (Ar f,X)) < 28.
39
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In general, diam (I L]Mﬁ< N(p, q)) (Arf, )) has an upper bound.

B8
Proof. Assume that diam LM’ (AN(M)) Sr;" ) A"f, X) | # ¢. Then
Psq

B
S 8K (A7, X) 8250 (A, X) € L (o) st (ar g, x) 5
S(m,n) (Ar ) S(m n) (Ar )

5,p,q T5,P,q

SUT (AP, X) ST (A", X)| B) Then
. :

> 24.

bmn

Take € € (0 mr

S (ATp, X), 8T (A7g, X) € T — LIMP (Bhton) s(man) (AT 1 X0)

r8,p,q rs,p,q

Thus we have A; (¢) € I and As (¢) € I, for every € > 0, where
A (e) = {(u,v) € N2 : by | SR (AT £, X)) — S (A p,X)‘ > r—l—e}

r8,p,q r8s8,p,q

and
A (€)= { (w0) €N by
Using the properties F' (I), we get

(A1 ()" NA2(e)) € F(I).

78,p,q 7“9 sPyq

SU) (A7 £,X) = S (ATq, X)| 2 7t e}

So we write
buun [SKE5 (A7, X) = SU (A7g, X)|
< by | ST (A1, X) =SS (A, X) b

<B+a+(B+e<2(8+6),
for all (r,s) € Ay (e)°() Az (¢)° which is a contradiction. Hence

ST (AT f, X) — S\e) (AT, X)

diam (LIMB (2800) (8560) 5, (A f,X)> < 2.

Now, consider a rough double sequence of fuzzy Bernstein Stancu polynomials of
(Sr?p”(} (AT f, )) of real numbers such that I— hm b ST (ATF, X) = (f, X)) .

Let € > 0. Then we can write

r,s) € N2 : by
{9)

SU (ATF,X) = (£.X)| 2 eh e d
Thus we have

b [ S5 (A7F.X) = {855 (A7, X)|
S (AT £,X) = (£.20] + bonn | (£.X) = SI33 (7D, )|
< by [ S (AT, X0) = (£,X) | + 8

<pB+e,
for each Sﬁ?},’fq) (A™p, X) € Sﬁ(Arﬁ ) ((ATf, X)) :=

N(p,q)
40

S bmn
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{5510 (A7, X) € R s by
So we get

St (AT, X) = (A7£,X)| < 6}

mn

S5 (A7F,X) = SU (AT, X)| < B+ e,

for each (r,s) € {(r7 5) € N2 : by,

Sﬁgfj@ (ATf, X) — (f, X)‘ < e} . Because the rough

double sequence of fuzzy Bernstein Stancu polynomials of Sﬁ@’f;,ﬁi} (ATf, X) is I-
convergent to (f, X), we have

{(r, s) € N2 : by,

SK (ATF, X) — (f,X)] < e} eF(I).

8
Hence we get p € T — LIM" (AmM)) Sernq) (A f, X) . Consequently, we can write

8 —
(3.1) I— LIMB(AN(%w)SﬁZLZ’fq) (A"f, X) = So(az? ) ((A"f,X)).

N(p,q)
Because diam <§ A8 ((A" f, X))) = 203, this shows that in general, the upper
B( N(p,q))
B
bound 28 of the diameter of the set T — LIM” (Amﬂq))SSZ?ij) (AT f, X)) is not lower
bound. 0

Theorem 3.2. Let f be a continuous function defined on the closed interval [0,1].
Let a rough double sequence of fuzzy Bernstein Stancu polynomials (Sﬁ?f;q) (f,X))

be weighted A" (p, q)-statistically convergent of order B to (f, X) and let I C 2~ be
an admissible ideal. For an arbitrary (f,c) € I ('x). Then we have

Sﬁ;rjp?q) (ATfaX) - (fvc)‘ < /Ba

for all SEM (AT F,X) € T — LIMP ST (£, X))

mn

(m,n)

Proof. Assume on the contrary that there exist a point (f,¢) € I (I'x) and Srspg (f, X)

e 11w (8N ) S{2570 (A7 7, ) such that by, [ S22 (A7F, X) - (£, > 5
(m,n) (AT ol
Define ¢ :— [Srisia(& £X)-0, =8 Then
S (ATF, X) = (f,e)| < e} €
_|_

(3.2) {(r, s) € N2 : by,
{) € N2 by | SU (AT, X) = (£,X)| 2 B+ €.
Since (f,c)ce I (I'x), we have
S (ATS,X) = (o) < ef ¢ 1.
But from definition of I-convergence, since

S (TS, X) = (,X)| 2 B+ e} €,

{(r,s) eN?:b,,,

{(r,s) eEN2: b,

so by (3.2) we have
41
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U (A1, X) = (fo)| < ef e 1,
which contradicts the fact (f,¢) € I (I'x). On the other hand, if (f,¢) € I (T'x) i.e.,

{(ri8) € N2 £, [ ST (A1, X) = (o) < e} £ 1,

{(r,s) eEN2: b,

then

{(r, 5) € N2 : by,

S (AT X) = (£.X)| 2 B+ e} ¢ 1,

which contradicts the fact (f, X) € I — LIMB( NG, Q>) Srspq (AT, X). O

Theorem 3.3. Let f be a continuous function defined on the closed interval [0,1].

Let a rough double sequence of fuzzy Bernstein Stancu polynomials (SﬁTpnq) (f,X))

be weighted A" (p, q)-statistically convergent of order 8 to (f,X). Then
m,n ATJ[; ATJ[; m,n '
(5 (7.3)) =" (%) (7.X) e 121" (B¥00) 56070 (£.X) = 85 (£, X)),

Proof. Necessity: It is obvious from Theorem 3.1 .

Sufficiency: Let T — LM’ (250, q>)5<’" Y (ATf, X) = 85 ((f, X)) (# ¢). Then
clearly, the rough double sequence spaces of fuzzy Bernstein Stancu polynomials of

(Sﬁ?ﬁ; (A" f, X)) is [-analytic. Suppose that (f, X) has another I-cluster point
(f/,x) different from (f, X). Then

(f.X)=(,X)+ m(( )—(f/,X>)

70~ (7.7) -

530 (3 + sy (00~ (5:0)) = () ()]

(7.2) = (£:%)| =[8.5) = (£.2) [+ iy |00 - (7. %))
(7.%) = (1. x)| = |00 = (5. %) |+ 8> 5.

Since ( f, X) € I(T'x), by Theorem 4.2, (f, X) ¢ I-LIM*(*N00) st (Ar £, X)

— . B
It is not possible as |(f, X) — (f,X)| =B and I — LIM' (AN(M))Sx’?}Tq) (ATf, X) =
S5 ((f,X)). Since (f, X) is the unique I-cluster point of (f, X). Thus

Spapa (A1, X) = (3%00) (£, x).

U
Corollary 3.4. Let (X,].,.]) be a strictly convex spaces and let f be a continuous
function defined on the closed interval [0,1]. Let a rough double sequence of fuzzy

mn)

Bernstein Stancu polynomials ( ropg (fy X )) be weighted A" (p, q)-statistically con-

- M (8500) g (A
vergent of order 5 to (f, X) . If there exists y1,y2 € [—LI Nwa)) Speng (A" f, X)
42
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B
such that |y1 — ya| = 28, then this rough double sequence of fuzzy (f, X) %I(AA”(P»‘Z))
Y1ty

2.

Proof. Omitted. O

Theorem 3.5. Let f be a continuous function defined on the closed interval [0,1].

Suppose a rough double sequence of fuzzy Bernstein Stancu polynomials (S’ﬁTp"q (f, X ))

is weighted A" (p, q)-statistically convergent of order 8 to (f, X). [fI—LIM’B( N’@’q)) *
¢, then I —lim sup Sﬁg?,’fq) (A" f, X) and I —liminf Sﬁ;ﬂfg (A" f, X) belong to the set

B
- L (ARGw) simm (ar s, x).

Proof. We know that I — LIM'B( NG, W)STZLPQ (A" f, X)) # ¢, since a rough double

sequence of fuzzy Bernstein Stancu polynomials of (Sﬁ;’fpﬁl) (ATf, X )) is J-analytic.

The number I —lim inf 57(«2?,’,7,2 (AT f, X) is an I-cluster point of (f, X). Then we have

b (£, X) — T —imninf S50 (A7, X)| < 8 (£,X) € 1L (3N60) (7,)

Let A = {(T,S) €EN2: b,

(f,X) =SS (A7 £, 0| = B+ ¢} . Now if (r.s) ¢

A, then
buun [ S50 (A7 1, X) = (T = liminf SI3) (A7 £, X))
< b |SSS5 (AT £, X) = (£, 0|+ bnn (£, X) = (1 = Timinf ST (A7, X) )|
<2B+e.

Thus 7 — liminf ST (A7F, X) € T — LM (8%600) g) (Arf, X
B
Similarly it can be shown that I — limsup X,,, € [ — v’ (Amp»tz))an. O

Corollary 3.6. Let f be a continuous function defined on the closed interval [0,1].
Let a rough double sequence of fuzzy Bernstein Stancu polynomials ( ﬁ?png (f, X ))
be weighted A" (p, q)-statistically convergent of order § to (f,X). If

I— L]M’B( N(pq>),5‘(m” ) (f, X) # ¢,
then )
I—core{(f,X)} CT— LI]\/[%(AJT‘}[(%@)SQ;,Z} (ATf,X).

Proof. We have I — LIMﬁ(A%?pm)Sﬁ?ﬁg (AT, X) =

[I — lim sup ST5% (AT f, X) — 28,1 — lim inf S{25") (AT, X) + 25} . Then the re-
sult follows from Theorem 3.5. g
Theorem 3.7. Let f be a continuous function defined on the closed interval [0,1].
Let a rough double sequence of fuzzy Bernstein Stancu polynomials ( ﬁTpnq) (f, X ))
be weighted A" (p, q)-statistically convergent of order 8 to (f,X). Then

dim (I — core {S,ggfp%) (f,X)}) of the set I — core{SﬁZf,’,?q) (Arf,X)} =
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s T— core{(f, X)} = I — LI (A% g (1 ).
Proof. We have
diam (I — core {Sﬁ?f;’,flq) (Arf,X)}) =p
= (I — limsup Sﬁgfl’ﬁ; (ATf,X)) — (I —liminf X,,,) = 8 <= I — core {X;nn }
= {I —lim inf X,,,,,, I — limsup Sﬁg?,’fq) (AT f, X)}
- {1 —limsup S5 (ATf, X) — B, 1 — liminf S5 (AT f, X) + r}

8
= 1L’ (3560) 551 (AT, X
Also it is easy to see that

(i) B > diam (I — core {ST;”,,”Q) (AT f, )})
I — core {SﬁZ},’,ﬁQ (arf, X)} c 1 L?(3500) sl (arf, x)
(i) B < diam (I — core {Sﬁ’;?;,?q) (A7 £, X) })
e 1 LM (4560) 5 (AT, X) € 1 core {stpiarrx}. O
Theorem 3.8. Let f be a continuous function defined on the closed interval [0,1].

Let a rough double sequence of fuzzy Bernstein Stancu polynomials Sﬁ;’fptﬁz) (f,X))
be weighted A" (p, q)-statistically convergent of order 8 to (f, X). If

B = inf {ﬁ > 01— L (B560) simn) (1, X) 2 <z>} :

then
8= mdz‘us( — core{SSTpnq (Arf’X)}) ’

Proof. If the set I — core {Sr;npnq) (A" f, X)} is singleton, then

radius (I — core {Sﬁg’fﬁq) (A"f, X )}) = 0 and the rough double sequence of fuzzy
B

Bernstein Stancu polynomials is I — convergent, i.e., I—LIM’ (AI"(M)) Sr;np"q) (ATf, X) #

#. Thus we get = radius (I — core {SﬁTpnq (ATf, X )}) =0.

Now assume that the set I — core {Sr;npnq) (ATf, X )} is not a single ton. We can
write I — core {sr’;lp”q) (A" f, X)} = [a,}], where a = I — liminf S (A" £, X) and
b=1—limsup Sﬁgf,’fq) (ATf, X).

Now let us assume that § # radius (I — core {Sr;npng (AT, X )}) )

_ b—a _
If 8 < radius (I — core { X, }), then define € = % Now, the definition of 3
implies that

[ — L (ARG, q>)s,§"p”3 (A"f,X)# ¢, givene >0 €R: A=
{(1) € N2 by | SIS0 (A7 £,X) = (£, )| 2 (B+e) + e} e 1.
44
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Since f + € < b_Ta which is a contradiction of the definition of a and b.
_ F_b—a ,

If 3 > radius (I — core {Serng (AT f, )}) , then define € = 6_27 and 8 =

B — 2€. Tt is clear that 0< B < /3 and by the definitions of a and b, the number

boa ¢ 1 — LM’ (450, q>)s,(;”p”q (ATf,X). Thus we get

Be {5 > 0: 1 - LM (3500) s (A7, X) £ ¢},

which contradicts the equality

B = 1nf{[3>0 r— (8 N<m>)s (AT X )¢¢}asﬁ’<5.

O

Corollary 3.9. Let f be a continuous function defined on the closed interval [0, 1].
Let a rough double sequence of fuzzy Bernstein Stancu polynomials (S,(nTpnq) (f,X))
be weighted A" (p, q)-statistically convergent of order 8 to (f,X). Then

Ts,P,q

3( ATA
I~ core { S\ (A7, X) } = T — LIM* (85%.0) stmm (A7 £, x)
Proof. 1t follows that Theorems 3.7 and 3.8. O

Theorem 3.10. Let S0 (AT £, X) and S{25%) (AT, X) be two rough double se-
quences of fuzzy numbers such that st (A%’?p q)) —lim X = Xy and st (A}’[B(p q)) —
limY =Y,. Then

(1) st (A}’[(gp,q)> —limaX,,, = aXy, for a € R,

(2) st (A%fm)) —lim (Xpn + Yon) = Xo + Yo.

Proof. (1) Assume that st (A?V’? )) — lim X,,,,, = Xg. Let € > 0 be given. If a =0

then nothing to prove. Suppose that a # 0. We can easily find that
aS{ (A7F,X) = (£,0)| 2+ ¢}

m,n < T q(uv) mn

Thaq(uv)
= s | < Ty bS5 (71 ) — (1,30 = 5.
(2) It is given that st (A%ﬁm)) —lim X = X and st (A%[gpm) _limY = Y.

Then we can see that
Stvig (ATf, X +Y) = (£, Xo + Yo)
< S{Ti (A7, X) = (f, Xo) + S{2a (A1, Y) = (£,Y0) -
Consequently, for given ¢ > 0, we obtain

SU (AT, X +Y) = (£, Xo + Yo) | 2 7+ ¢
S (AT1,X) = (£, X0)| 2 7 |
45

m,n < Tpq(uvw) * bmn

3
Tz[)q (uv)

m {mvn < Tpq(uvw) * bran
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m {m n <, pq(uv) * bmn S”(‘Zfi,)tg (A"‘f’Y) - (fa%)’ > r;e}‘ .
It follows that st (A’;\,f » )) —lim (X + Yin) = Xo + Yo. 0

Theorem 3.11. Assume that S,(,Zf;,tg (f, X) is a rough double sequence of fuzzy num-
bers and let 0 < 8 < 1. Then
B 7
(1) s angx) » (NG0) T (g X
— Sy (ar g, X) 5 (ANa) X (1 ),
B —lim
() X e AZ(A7) and ST (A7F, X) - (3¥00) 7Y (1 x)
B .
= S"”Z’lp’?‘; (A'r‘f’ X) HS(AN(pﬂ))ith (fa XO) ’
where A? (A") is the set of all double analytic difference sequences of fuzzy numbers.

5 B —lim .
Proof. Assume that Sﬁ?f,’fq) (ATf, X) —>6(A’\7<M>) fim X (f, Xo) . For given € > 0, we
have

Z Z binn

M 1, [PuvGuv)

S % (bwn

M 1, [DuvGuo)

SK (AT, X) = (. Xo)| =

Sﬁ;nbng (A"f, X) —(f, XO)’ >7r+ e)bmn

SK (A7£,X0) = (£.Xo)|+

¥ % (bwn

m nv[pu'u Q'uv]

SO that
> 2 bmn

M 0, [Puy Guo)

~ % (bam

m n, [puv qu]

S (AT F X)) — (f, XO)) <r+ e) by

57(“?1;772 (AT.ﬂ X) - (f7 XO)‘

SK (A £, X) = (f, Xo)| 2

qu("“})

S (A1, X) = (F,Xo)| 274 €)r+ e 2

qu(“'”)

r 4+ €.

m {ma n < Tpq(uv) * binn Sﬁ?ifq) (Arfa X) - (fv XO) 27+ 6}
Assuming limit u,v — oo in the last inequality, we obtain

8 :
Slman) (AT F X _>St(Amp,q>>_th (f, Xo) -

75,D,q

(2) S'mm (AT X)) — (A0 ) ~lim X (f,Xo) and X € A2(A"). Since X €
A? (A7), there exists constant M > 0 such that

S{ (ATF,X) = (f, Xo)| < M (Ym,n € N).

For given € > 0, we can write

S % bk | ST (ATF.X) — (£, 0)

qu(u'”)
m on, [pu'Uqu]
= qu(m,)Z [Z ](bmn S (AT, X) — (f,Xo)( Zr+e)bmn S (AT F, X) — (f,XO)‘
M N, [PuvQuo
o5 S (o [SU (ATF,X) = (F, Xo)| < 7 €)bun [ ST (AT, X) — (£, X0)|

M 1, [Puv Guo)

T %, 5, (b

m n, [puv(Zuu]

SSZ}Z;)?}Q) (Arf7X) - (faXO)‘ > ’I"+€)M+
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“ % (b

M 0, [PuvGuo)

57(’;717)72 (Arf,X) - (f,Xo)’ < T+E)T+e

qu(uv)

1
- qu (uvw)

which yields ST(‘Tp?:Lq) (A", X) —

H(ma n) < Tpq(uv) * Omn 57(’2?:2772 (A"f,X) = (f, XO)‘ = 6}‘ rhe

(A5 G) X (p O

4. APPLICATION TO FUZZY KOROVKIN TYPE THEOREMS

Korovkin type approximation theorem in classical version was first introduced
by Korovkin [35]. Anastassiou [2] discussed the following fuzzy Korovkin theo-
rem for the text function f;(z) = 2* (i = 0,1,2). A fuzzy number valued func-
tion g : [a,b] — L(R) is called fuzzy continuous at Yy in [a,b] if and only if
d Sﬁ;’fﬁ; (9, Yin) (g,YO)} — oo whenever Y,,,, = Yy as m,n — oo. We use the
symbol C7, [a,b] to denote the set of all fuzzy continuous function on [a, b] .

The operator Q : Cf, [a,b] — CL [a,b] is called fuzzy linear, if

Qa1 0 (95Y) D2 ©(92;Y)] = a1 ©Q(g1;Y) D a2 © Q(g23Y),,

for all g1, g2 € Cp [a,b] and ay, s € R.
Further, the operator (Q is said to be fuzzy positive linear, if it is fuzzy linear and
satisfies the following condition:

Q(g1;Y) <Q(92;Y) (91,92 € Cr [a,b]) ,

for all Y € [a,b] with g1 < go. Here, we suppose that C [a,b] denotes the space of all
continuous function on [a, b] which is equipped with metric.

Theorem 4.1. Consider a rough double sequence of fuzzy positive linear operators
ﬁzp?q) (f, Xonn) acting from Cy, [a, b] into itself. Suppose that there is a corresponding

rough double sequence grs’p’q (f, Xmn) of positive linear operator from C'[a,b] into

itself with the following condition:

(4.1)

{7, x )}i Srema (J£,X) (Va €[0,1], X € [a,8], f € Cy [a,5] ,m,n € N).
Then we have
limd (Spo . (fis Xoun) (i X)) =00 =0,1,2,-2).
Thus
lim d* (Sys,p,4 (9, X) , (9, X)) = 0(Vg € CL [a,0]) .
Theorem 4.2. Consider a rough double sequence of fuzzy positive linear operators
ysnpnq (f, Xinnk) acting from Cp, [a,b] into itself. Suppose that there is a correspond-

ing rough double sequence Sys pq (f, Xmn) of positive linear operator from Cf, [a, D]
into itself having condition (4.1):

(42) st (Agfp,q)) —limd (Sﬁ;npnq (A" f;, X)), (fi,X)) —0(i=0,1,2,---).
Then we have

(43) st (Agf )fhmd* (s<mn (A”g, X)), (g,X)) = 0(Yg € Oy [a,b]).

r8,p,q
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Proof. Assume that (4.2) holds and let o € [0,1],X € [a,b],g € CpL[a,b]. Since
gE € Ca,b], for given € > 0, there exists § > 0 such that

ST (9. X = Y) = (9, X =Y)| <r+e(vo € fab),

whenever | X — Y| < 4. In addition, since g is fuzzy bounded, we have that

Smm (g, V) — (g;—“,y)’ <Bffor alla<Y <b.

It follows that
S (92, X = Y) = (95, X —¥)| < 2B for alla< X, Y <b.

rs,p,q

Consequently, we may write
+
o

St (g5, X -Y) — (92, X - Y)‘ <orto+ D (x_yRwx-Y| <.

s,p,q )2

Since the operator {25 (ATg, X,y is positive and linear, by applying S{2%%) (1,Y)—
1,Y) to the above inequality and additionally noting that Y is fixed so S5 gt Y
»Pq o
is constant, we have

—(r+¢) S5 <Ng<1>,Y>—23a St (9(X =Y),Y)
< S (93 (X),Y) = g3 (V) S (A9 (1))
< (r+ 9 ST (9(1),Y) + 25000 (9 (X - Y),Y)
In order to estimate 5”7(«2?,’),(] (g (X — Y) ,Y) , We write
S (9(x =), Y)
= S\ (A7g (X2),Y) = 2V S50 (A7g (X)) + Y2550 (A7g (1), Y)
= |85 (£ (X2).Y) = (9.¥?)| - 2¥ | S50 (A7 (X). V)|
Y23 (AT (1),Y) - (9. 1)]
Thus we obtain
Sty (ATgx (X).Y) = (g2 (V). Y) )
= SI0 (A7gE (X),¥) = S5 (Argi (1),Y) + [SU51 (A7g (1),Y) = (9,1)
m,n r + T
< (r+ 0 8 (ATg (1), ) + 28 (A9 (X = )P Y)
+ [ (arg (1), v) - o >]
= (r+ ) 555 (9 (1) ,Y> + 2
[S55 (ang (x2),Y) = (9,Y?)] = 2v [810570 (A7 (X)) = (9, Y)] +
Y? [552;%( "9(1),Y) — (9.1)]
g& (V) |85 (Arg (1),Y) = (9,1)
S(m,n) oB*
= (r+ e+ (r+) [SU50 (9(1),Y) — (9.1)] + 2
(S50 (Arg (X2),Y) = (9,7?) | = 2 [8251) (479 (X) V) = (9,Y)
+v2 [SU5 (Arg (1),Y) = (9,1)]
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+ g5 (V) [8050 (g (1),Y) = (g.1)].
So we obtain that
SH (A7gE (X).Y) — (4. Y)
<+ + (0 + B2+ 255) 8150 (91),Y) = (9,1)
B S (0 (X),Y) = (9,Y)| + 2 S5 (9 (X2) V) = (9.7?)
where ¢ = maz {|a| , |b|}.
Now we are aking supremum over Y € [a,b] in the last inequality. Then

)

(4.4)
Sy (A 03) = (93) < (r ) + M (7 +€)
{5‘1(”:7};2 (Arfa XO) - (f7 XO) + 51722?;’)7}(1) (Arf7 Xl) - (f7 Xl) + Sﬁz,lzfq) (Arfa XQ) - (.fa X?)} )

T Rt Rt
where MF (r + ¢) = max {(r +¢€) + B + Qcﬁ‘* , 4°£"‘ , 2°£0‘ } :

From (4.1), we have
d* (Sﬁl’ﬂ (9, g))
= swp d (S5 (9,Y)  (9,Y))

Y €[a,b]
= W supaconMaz {35 @rgz vy =tz )| 3550 (argd v = (9 1)}
cla,
which yields that
(4.5)
a (S8 (A7g,9)) = sup max {|SU (A707) = (92| St (A762) = (a)]| } -

a€l0,1]
Using inequality (4.4) together with (4.5), we obtain
@ (5250 (Ag,9))
<(r+e)+M(r+e
{88 (£, X0) = (£, X0) + SE (£, 20) = (£, X0) + SU (£, X2) — (£, X2) |

where M (r +¢) = sup max{M; (r+e¢), M} (r+¢)}.
a€[0,1]
Thus we have

(4.6)
M (7 + €) by [0 (1, X0) = (£, X0)| + M (7 + €) b [S57) (1, X5) = (£, o)

For given u > 0, let us choose 7, e > 0 such that 0 < (r 4+ €) < u. Then, by setting
and

Hijg = {(m,n) eN: bmn

S - u—(r+e ..
Sﬁs,],j,q) (A fa}/;j)i(fvyzﬂ Z 4]\457‘_'_6;‘}(7/7]0’1;2),

we can easily find from inequality (4.6) that
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So we have
r,0 2 2 .0
5N(p7q) (H) = i; j;) Oy (p,q) (Hij) -

Finally, by using assumption (4.2), we obtain

st (AT’B ) — limd* (S(m"”) (Arg,g)> =0(Vg € Crla,b])

N(p,q) T8,P,q

which is required condition (4.3). O

Example 4.3. Let us consider the rough double sequence of fuzzy Bernstein Stancu
operators is defined as follows:

Bl ) - 52 (8) ()71 (22).

where g € C, [a,b], Y €[0,1], m, n e N.
Then we can write

(BEYE = B (5,1) 00 (F) (8) yros (1= yyrmowom g (1)

s
r=0 s=0

for all 0 < o < 1 and gf € C[0,1]. We now define the following rough double
sequence of positive linear operator as

(S (arg,Y)) = (1@ S0 (AT1,Y) = (f,Y)) © Bl (9.Y)
so that
(St (9£,7)) = (1+ S50 (AT £, Vo) = (£,Y)) B (92,Y)

where the rough double sequence (Y;,,,,) of difference operators of fuzzy number is
defined as follows:

(St (A7 foo, V)
= (14 855 (£, Vo) = (1Y), S50 (A" i, Y)
= (1 [t 7. Vo) — (£1)]

and

(Sﬁg,lﬁq) (AT foo, Y)) = (1 + 57(“757?;’77,2 (f,Yn) — (f, Y)) <Y2 N Y — YQ) |

mn

Since st (A}’[fp’qﬂ — lim (S,(Tpng (A" f, Xpnn) — (f,X)) = 0, We have

r,3 BT
st (AN(p,q)) lim

SU (A £i3, X) = (Fi3, X)| = 06, = 0.1,2).
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It follows from Theorem 4.2 that
st (M%7, ) = imd (S (A79,9)) =0, Vg € Cr [a,1].

By putting » = 0 in Definition 2.1, we gives the notion of weighted (p, ¢)-statistical
convergence of order 3, denoted by

st (Afﬁv(p,tn) — lim (57(21;3 (fs Xmn) — (va)) = Xp.

Then we have

1
lim —— Hm,n < Tqu (uv) : bynd ‘S(m,n) (A" f, Xpn) — (f, Xo)‘ >r+ e}‘ =0.

wv 8 (uvw) repd

Corollary 4.4. Consider a rough double sequence of fuzzy positive linear operators
(Sﬁ?{ﬁ; (A" f, Xonn) — (f, X)) acting from C, [a, b] into itself having condition (4.1).
Suppose that

47) st (A%m)) ~lim ’s<m7"> (fij, X) — (fij,X)‘ ~0.(i,j =0,1,2).

s,p,q

Then we have
st (A%(p’q)) ~ limd"* (sﬁggfq) (fij. X) = ( fij,X)) =0.(vg € CL[a,b]).
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