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Abstract. We introduce the notions of weighted statistical conver-
gence and strong weighted summability of order β for fuzzy Bernstein
Stancu polynomials of difference operator of rough I-convergent of dou-
ble sequence, and establish the relationship between them and also study
the set of all fuzzy Bernstein Stancu polynomials of difference operator
of rough I-limits of a double sequence spaces and relation between ana-
lyticness and fuzzy Bernstein Stancu polynomials of difference operator of
rough I-core of a double sequence spaces. Finally, as an application, we
appy our notion of weighted ∆r (p, q)-statistical of order β with a view of
fuzzy Korovkin-type approximation theorem, discuss example to illustrate
our approximation results.
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1. Introduction

After the pioneering work of Zadeh [55], a huge number of research papers have
appeared on fuzzy theory and its applications as well as fuzzy analogues of the clas-
sical theories. Fuzzy set theory is a powerful hand set for modelling uncertainty and
vagueness in various problems arising in field of science and engineering. The idea
of rough convergence was first introduced by Phu [45, 46, 47] in finite dimensional
normed spaces. He showed that the set LIMr

x is bounded, closed and convex; and
he introduced the notion of rough Cauchy sequence. He also investigated the rela-
tions between rough convergence and other convergence types and the dependence



Indumathi et al./Ann. Fuzzy Math. Inform. 20 (2020), No. 1, 29–53

of LIMr
x on the roughness of degree r. Aytar [6] studied of rough statistical conver-

gence and defined the set of rough statistical limit points of a sequence and obtained
two statistical convergence criteria associated with this set and prove that this set
is closed and convex. Also, Aytar [5] studied that the r-limit set of the sequence
is equal to intersection of these sets and that r-core of the sequence is equal to the
union of these sets. We refer [3, 4, 7, 13, 14, 15, 32, 33, 43] for details in the area of
rough convergence. The notion of I-convergence of a double sequence spaces which
is based on the structure of the ideal I of subsets of N2, where N is the set of all nat-
ural numbers, is a natural generalization of the notion of convergence and statistical
convergence.

In this paper, we investigate some basic properties of rough I-convergence of a
double sequence spaces of fuzzy in two dimensional matrix spaces which are not
earlier. We study the set of all rough I-limits of a double sequence spaces of fuzzy
and also the relation between analyticness and rough I-core of a double sequence
spaces of fuzzy. Let K be a subset of the set of positive integers N2 and let us denote
the set Kij = {(m,n) ∈ K : m ≤ i, n ≤ j} . Then the natural density of K is given
by

δ (K) = lim
i,j→∞

|Kij |
ij ,

where |Kij | denotes the number of elements in Kij .
First applied the concept of (p, q)-calculus in approximation theory and intro-

duced the (p, q)-analogue of Bernstein operators. Later, based on (p, q)-integers,
some approximation results for Bernstein-Stancu operators, Bernstein-Kantorovich
operators, (p, q)-Lorentz operators, Bleimann-Butzer and Hahn operators and Bern-
stein Shurer operators etc. Very recently, Khalid and Lobiyal [31] have given a nice
application in computer-aided geometric design and applied these Bernstein basis
for construction of (p, q)-Bezier curves and surfaces based on (p, q)-integers which
is further generalization of q-Bezier curves and surfaces. Motivated by the above
mentioned work on (p, q)-approximation and its application, in this paper we study
statistical approximation properties of Bernstein-Stancu operators based on (p, q)-
integers. Now we recall some basic definitions about (p, q)-integers. For any u, v ∈ N,
the (p, q)-integer [uv]p,q is defined by

[0]p,q := 0 and [uv]p,q = puv−quv
p−q if u, v ≥ 1,

where 0 < q < p ≤ 1. The (p, q)-factorial is defined by

[0]p,q! := 1 and [uv]!p,q = [1]!p,q[6]!p,q∆∆∆[uv]!p,q, if u, v ≥ 1.

Also the (p, q)-binomial coefficient is defined by(
u
m
)(

v
n
)
p,q

=
[uv]!p,q

[mn]!p,q [(u−m)+(v−n)]!p,q
,

for all u, v,m, n ∈ N with u ≥ m, v ≥ n.
The formula for (p, q)-binomial expansion is as follows:

(ax+ by)
uv
p,q =

u∑
m=0

v∑
n=0

p
(u−m)(u−m−1)+(v−n)(v−n−1)

4 q
m(m−1)+n(n−1)+

4(
u
m
)(

v
n
)
p,q
a(u−m)+(v−n)bm+nx(u−m)+(v−n)ym+n,

(x+ y)
uv
p,q = (x+ y) (px+ qy)

(
p4x+ q4y

)
· · ·
(
p(u−1)+(v−1)x+ q(u−1)+(v−1)y

)
,

30
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(1− x)
uv
p,q = (1− x) (p− qx)

(
p4 − q4x

)
· · ·
(
p(u−1)+(v−1) − q(u−1)+(v−1)x

)
,

and
(x)

mn
p,q = x (px)

(
p4x
)
· · ·
(
p(u−1)+(v−1)x

)
= p

m(m−1)+n(n−1)
4 .

The Bernstein operator of order r.s is given by

Brs (f, x) =
r∑

m=0

s∑
n=0

f
(
mn
rs

) ( r
m
)(

s
n
)
xm+n (1− x)

(m−r)+(n−s)
,

where f is a continuous (real or complex valued) function defined on [0, 1] .
The (p, q)-Bernstein operators are defined as follows:

B(m,n)
rs,p,q (f, x) =

1

p
r(r−1)+s(s−1)

4

r∑
m=0

s∑
n=0

(
r
m
)(

s
n
)
p
m(m−1)+n(n−1)

4 xm+n

(1.1) ×
(r−m−1)+(s−n−1)∏

u=0

(pu − qux) f

(
[mn]p,q

p(m−r)+(n−s) [rs]p,q

)
, x ∈ [0, 1] .

Also, we have

(1− x)
rs
p,q =

r∑
m=0

s∑
n=0

(−1)
m+n

p
(r−m)(r−m−1)+(s−n)(s−n−1)

4 q
m(m−1)+n(n−1)

4

(
r
m
)(

s
n
)
xm+n.

(p, q)-Bernstein Stancu operators are defined as follows:

S(m,n)
rs,p,q (f, x) =

1

p
r(r−1)+s(s−1)

4

r∑
m=0

s∑
n=0

(
r
m
)(

s
n
)
p
m(m−1)+n(n−1)

4 xm+n

(1.2) ×
(r−m−1)+(s−n−1)∏

u=0

(pu − qux) f

(
p(r−m)+(s−n) [mn]p,q + η

[rs]p,q + µ

)
, x ∈ [0, 1] .

Note that for η = µ = 0, (p, q)-Bernstein Stancu operators given by (1.2) reduces
into (p, q)-Bernstein operators. Also for p = 1, (p, q)-Bernstein Stancu operators
given by (1.1) turn out to be q-Bernstein Stancu operators.

Throughout the paper, R2 denotes the real two dimensional space with metric

d. Consider a double sequence of Bernstein Stancu polynomials
(
S

(m,n)
rs,p,q (f, x)

)
such

that
(
S

(m,n)
rs,p,q (f, x)

)
∈ R,m, n ∈ N.

Let f be a continuous function defined on the closed interval [0, 1] . A double

sequence of Bernstein Stancu polynomials
(
S

(m,n)
rs,p,q (f, x)

)
is said to be statistically

convergent to 0 ∈ R, written as st2 − limS
(m,n)
rs,p,q (f, x) = f(x), provided that the set

Kε :=
{

(m,n) ∈ N2 :
∣∣∣S(m,n)
rs,p,q (f, x)− (f, x)

∣∣∣ ≥ ε}
has natural density zero for any ε > 0. In this case, 0 is called the statistical limit
of the double sequence of Bernstein Stancu polynomials. i.e., δ2 (Kε) = 0. That is,

lim
r,s→∞

1
rs

∣∣∣{m ≤ r, n ≤ s :
∣∣∣S(m,n)
rs,p,q (f, x)− (f, x)

∣∣∣ ≥ ε}∣∣∣ = 0.

In this case, we write δ2 − limS
(m,n)
rs,p,q (f, x) = (f, x) or S

(m,n)
rs,p,q (f, x)

st2−−→ (f, x) . We
denote χA-the characteristic function of A ⊂ N. A subset A of N2 is said to have
asymptotic density d (A) , if

31
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d (A) = lim
i,j→∞

1
ij

i∑
m=1

j∑
n=1

χA (K) .

The theory of statistical convergence has been discussed in trigonometric series,
summability theory, measure theory, turnpike theory, approximation theory, fuzzy
set theory and so on. Throughout w,Γ and Λ denote the classes of all, entire and
analytic scalar valued single sequences, respectively. We write w2 for the set of all
complex sequences (xmn), where m,n ∈ N, the set of positive integers. Then, w2 is
a linear space under the coordinate wise addition and scalar multiplication. Some
initial works on double sequence spaces found in Bromwich [9]. Later on, this notion
was investigated by Hardy [22], Moricz [39], Moricz and Rhoades [40], Basarir and
Solankan [10], Turkmenoglu [54], Kamthan and Gupta [30] and many others.
We procure the following sets of double sequences:

Mu (t) :=

{
(xmn) ∈ w2 : sup

m,n∈N
|xmn|tmn <∞

}
,

Cp (t) :=

{
(xmn) ∈ w2 : P − lim

m,n→∞
|xmn − l|tmn = 1for some l ∈ C

}
,

C0p (t) :=

{
(xmn) ∈ w2 : P − lim

m,n→∞
|xmn|tmn = 1

}
,

Lu (t) :=

{
(xmn) ∈ w2 :

∞∑
m=1

∞∑
n=1

|xmn|tmn <∞

}
,

Cbp (t) := Cp (t)
⋂
Mu (t) and C0bp (t) = C0p (t)

⋂
Mu (t) ,

where t = (tmn) is the sequence of strictly positive reals tmn for all m,n ∈ N
and P − lim

m,n→∞
denotes the limit in the Pringsheim’s sense. In the case tmn = 1

for all m,n ∈ N;Mu (t) , Cp (t) , C0p (t) ,Lu (t) , Cbp (t) and C0bp (t) reduce to the sets
Mu, Cp, C0p,Lu, Cbp and C0bp, respectively. Now, we may summarize the knowledge
given in some document related to the double sequence spaces. Gökhan and Çolak
[17, 18] have proved thatMu (t) and Cp (t) , Cbp (t) are complete paranormed spaces
of double sequences and gave the α−, β−, γ-duals of the spaces Mu (t) and Cbp (t) .
Quite recently, in her PhD thesis, Zelter [56] has essentially studied both the the-
ory of topological double sequence spaces and the theory of summability of double
sequences. Mursaleen and Edely [41] and Tripathy [49] have independently intro-
duced the statistical convergence and Cauchy for double sequences and given the
relation between statistical convergent and strongly Cesàro summable double se-
quences. Altay and Basar [1] have defined the spaces BS,BS (t) , CSp, CSbp, CSr
and BV of double sequences consisting of all double series whose sequence of partial
sums are in the spaces Mu,Mu (t) , Cp, Cbp, Cr and Lu, respectively, and also exam-
ined some properties of those sequence spaces and determined the α-duals of the
spaces BS,BV, CSbp and the β (ϑ)-duals of the spaces CSbp and CSr of double se-
ries. Basar and Sever [8] have introduced the Banach space Lq of double sequences
corresponding to the well-known space `q of single sequences and examined some
properties of the space Lq. Subramanian and Misra [48] have studied the space
χ2
M (p, q, u) of double sequences and gave some inclusion relations.

32



Indumathi et al./Ann. Fuzzy Math. Inform. 20 (2020), No. 1, 29–53

The class of sequences which are strongly Cesàro summable with respect to
a modulus was introduced by Maddox [42] as an extension of the definition of
strongly Cesàro summable sequences. Cannor [11] further extended this defini-
tion to a definition of strong A-summability with respect to a modulus where
A = (an,k) is a nonnegative regular matrix and established some connections be-
tween strong A− summability, strong A-summability with respect to a modulus, and
A-statistical convergence. In [44] the notion of convergence of double sequences was
presented by A. Pringsheim. Also, in [16] the four dimensional matrix transforma-

tion (Ax)k,` =
∞∑
m=1

∞∑
n=1

amnk` xmn was studied extensively by Robison and Hamilton

[19, 20, 21]. We need the following inequality in the sequel of the paper. For a, b,≥ 0
and 0 < p < 1, we have

(1.3) (a+ b)p ≤ ap + bp.

The double series
∞∑

m,n=1
xmn is called convergent, if the double sequence (smn) is

convergent, where smn =
m,n∑
i,j=1

xij(m,n ∈ N).

A sequence x = (xmn)is said to be double analytic, if sup
m,n
|xmn|1/m+n

<∞.

The vector space of all double analytic sequences will be denoted by Λ2.

A sequence x = (xmn) is called double gai sequence, if ((m+ n)! |xmn|)1/m+n → 0
as m,n→∞.

The double gai sequences will be denoted by χ2. Let φ = {finite sequences} .
A fuzzy number X is a fuzzy subset of the real R2, which is normal fuzzy convex,

upper semi-continuous, and the X0 is bounded where X0; = cl
{
x ∈ R2 : X (x) > 0

}
and cl is the closure operator. These properties imply that for each α ∈ (0, 1] , the
α-level set Xα defined by

Xα =
{
x ∈ R2 : X (x) ≥ α

}
=
[
Xα, X

α
]

is a non empty compact convex subset of R2.
The supremum metric d on the set L

(
R2
)

is defined by

d (X,Y ) = sup
α∈[0,1]

max
(
|Xα − Y α| ,

∣∣∣Xα − Y α
∣∣∣) .

Now, given X,Y ∈ L
(
R2
)
, we define X ≤ Y , if Xα ≤ Y α and X

α ≤ Y
α

, for each
α ∈ [0, 1] .
We write X ≤ Y if Xα ≤ Y α and there exists an α0 ∈ [0, 1] such that Xα0 ≤ Y α0

or X
α0 ≤ Y α0

.
A subset E of L

(
R2
)

is said to be bounded above, if there exists a fuzzy number
µ, called an upper bound of E, such that X ≤ µ for every X ∈ E. µ is called the
least upper bound of E, if µ is an upper bound and µ ≤ µ′ for all upper bounds µ

′
.

A lower bound and the greatest lower bound are defined similarly. E is said to
be bounded, if it is both bounded above and below.

The notions of least upper bound and the greatest lower bound have been defined
only for bounded sets of fuzzy numbers. If the set E ⊂ L

(
R2
)

is bounded then its
supremum and infimum exist.
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The limit infimum and limit supremum of a double sequence spaces (Xmn) is
defined by

lim inf
m,n→∞

Xmn := inf AX

lim sup
m,n→∞

Xmn := inf BX ,

where
AX :=

{
µ ∈ L

(
R2
)

:
{

(m,n) ∈ N2 : Xmn < µ
}

is infinite
}

,

BX :=
{
µ ∈ L

(
R2
)

:
{

(m,n) ∈ N2 : Xmn > µ
}

is infinite
}
.

Now, given two fuzzy numbers X,Y ∈ L
(
R2
)
, we define their sum as Z = X+Y,

where Zα := Xα + Y α and Z
α

:= X
α

+ Y
α

for all α ∈ [0, 1] .
To any real number a ∈ R2, we can assign a fuzzy number a1 ∈ L

(
R2
)
, which is

defied by

a1 (x) =

{
1, if x = a,
0, otherwise

An order interval in L
(
R2
)

is defined by [X,Y ] :=
{
Z ∈ L

(
R2
)

: X ≤ Z ≤ Y
}
,

where X,Y ∈ L
(
R3
)
.

A set E of fuzzy numbers is called convex, if λµ1 +(1− λ)µ2 ∈ E for all λ ∈ [0, 1]
and µ1, µ2 ∈ E.

The notion of difference sequence spaces (for single sequences) was introduced by
Kizmaz [34] as follows

Z (∆) = {x = (xk) ∈ w : (∆xk) ∈ Z}
for Z = c, c0 and `∞, where ∆xk = xk − xk+1, for all k ∈ N.
Here c, c0 and `∞ denote the classes of convergent,null and bounded scalar valued
single sequences respectively. The difference sequence space bvp of the classical space
`p is introduced and studied in the case 1 ≤ p ≤ ∞ by Başar and Altay and in the
case 0 < p < 1 by Altay and Başar. The spaces c (∆) , c0 (∆) , `∞ (∆) and bvp are
Banach spaces normed by

‖x‖ = |x1|+ sup
k≥1
|∆xk| and ‖x‖bvp =

( ∞∑
k=1

|xk|p
)1/p

(1 ≤ p <∞) .

Later on the notion was further investigated by many others. We now introduce the
following difference double sequence spaces defined by

Z (∆) =
{
x = (xmn) ∈ w2 : (∆xmn) ∈ Z

}
,

where Z = Λ2, χ2 and ∆xmn = (xmn − xmn+1) − (xm+1n − xm+1n+1) = xmn −
xmn+1 − xm+1n + xm+1n+1 for all m,n ∈ N.

The difference triple sequence space was introduced by Debnath and Debnath
[12] and is defined as

∆xmnk = xmnk − xm,n+1,k − xm,n,k+1 + xm,n+1,k+1 − xm+1,n,k + xm+1,n+1,k +
xm+1,n,k+1 − xm+1,n+1,k+1 and ∆0xmnk = 〈xmnk〉 .

Let n ∈ N and X be a real vector space of dimension m, where n ≤ m. A real
valued function dp(x1, . . . , xn) = ‖(d1(x1, 0), . . . , dn(xn, 0))‖p on X satisfying the
following four conditions:

(i) ‖(d1(x1, 0), . . . , dn(xn, 0))‖p = 0 if and and only if d1(x1, 0), . . . , dn(xn, 0) are
linearly dependent,

(ii) ‖(d1(x1, 0), . . . , dn(xn, 0))‖p is invariant under permutation,
34
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(iii) ‖(αd1(x1, 0), . . . , αdn(xn, 0))‖p = |α| ‖(d1(x1, 0), . . . , dn(xn, 0))‖p, α ∈ R,

(iv) dp ((x1, y1), (x2, y2) · · · (xn, yn)) = (dX(x1, x2, · · ·xn)p + dY (y1, y2, · · · yn)p)
1/p

,
for 1 ≤ p <∞, (or)

(v) d ((x1, y1), (x2, y2), · · · (xn, yn)) := sup {dX(x1, x2, · · ·xn), dY (y1, y2, · · · yn)} ,
for x1, x2, · · ·xn ∈ X, y1, y2, · · · yn ∈ Y
is called the p product metric of the Cartesian product of n metric spaces is the p
norm of the n-vector of the norms of the n subspaces.

A trivial example of p product metric of n metric space is the p norm space is
X = R equipped with the following Euclidean metric in the product space is the
p-norm:

‖(d1(x1, 0), . . . , dn(xn, 0))‖E = sup (|det(dmn (xmn, 0))|) =

sup



∣∣∣∣∣∣∣∣∣∣∣∣

d11 (x11, 0) d12 (x12, 0) ... d1n (x1n, 0)
d21 (x21, 0) d22 (x22, 0) ... d2n (x1n, 0)

.

.

.
dn1 (xn1, 0) dn2 (xn2, 0) ... dnn (xnn, 0)

∣∣∣∣∣∣∣∣∣∣∣∣


where xi = (xi1, · · ·xin) ∈ Rn, for each i = 1, 2, · · ·n.

If every Cauchy sequence in X converges to some L ∈ X, then X is said to be
complete with respect to the p-metric. Any complete p− metric space is said to be
p-Banach metric space.

The notion of ideal convergence was introduced first by Kostyrko et al. [36] as
a generalization of statistical convergence which was further studied in topological
spaces by Kumar and Kumar [37] and also more applications of ideals can be deals
with various authors for instance [23, 24, 25, 26, 27, 28, 29, 38, 50, 51, 52, 53].

1.1. Weighted statistical convergence in double difference operator. Let
b = (bmn) be a double sequence of non-negative real numbers such that lim inf

mn
bmn >

0 and

τpq (uv) =
∑
m

∑
n∈[puvquv ]

bmn;u, v ∈ N.

The lim inf bmn does not exist if the weighted double sequence (bmn) properly di-
verges to +∞. So the weighted statistical convergence definition is not well defined
when the weighted double sequence (bmn) , properly diverges to +∞. Therefore,
throughout the article we consider b = (bmn) is a double sequence of non-negative
real numbers such that bmn > γ for all m,n ∈ N, where γ is a positive real number.

Let γ be a subset of N and also let 0 < β ≤ 1. The weighted pq-density of order

β shortly δβ
N̄(pq)

-density, of V is defined by δβ
N̄(pq)

(p, q) (V ) = lim
u,v

|Vτpq (uv)|
τβpq(uv)

in case

the above limit exists, where Vτpq(uv) = {m,n ≤ τpq (uv) : m,n ∈ V } .

2. Definitions and preliminaries

Definition 2.1. Let f be a continuous function defined on the closed interval [0, 1] .

A rough double sequence of fuzzy Bernstein stancu polynomials
(
S

(m,n)
rs,p,q (f,X)

)
is

said to be weighted ∆r (p, q)-statistically convergent of order β to (f,X) denoted by
35
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S
(m,n)
rs,p,q (f,X) →st

(
∆r,β

N̄(p,q)

)
−limX

(f,X) , if for any ε > 0 we have bmnd (A (ε)) = 0,
where

A (ε) = δN̄(p,q)β

({
(r, s) ∈ N2 : bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f,X)

∣∣∣ ≥ r + ε
})

= 0.
or

limu,v
1

τβpq(uv)

∣∣∣{(r, s) ∈ N2 : bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f,X)

∣∣∣ ≥ r + ε
}∣∣∣ = 0.

Note that β ∈ (0, 1) .

Definition 2.2. Let f be a continuous function defined on the closed interval [0, 1] .

A rough double sequence of fuzzy Bernstein stancu polynomials
(
S

(m,n)
rs,p,q (f,X)

)
is

said to be strongly weighted ∆r (p, q)-statistically convergent of order β to (f,X)
denoted by

S
(m,n)
rs,p,q (f,X)→st

(
∆r,β

N̄(p,q)

)
−limX

(f,X) , if for any ε > 0 we have bmnd (A (ε)) = 0,
where

A (ε) = δN̄(p,q)β
({

(r, s) ∈ N2 : bmn |Srs,p,q (∆rf,X)− (f,X)|
})

= 0.
or

lim
u,v

1

τβpq(uv)

∣∣{(r, s) ∈ N2 : bmn |Srs,p,q (∆rf,X)− (f,X)|
}∣∣ = 0.

Definition 2.3. Let f be a continuous function defined on the closed interval [0, 1] .

A rough double sequence of fuzzy Bernstein stancu polynomials
(
S

(m,n)
rs,p,q (f,X)

)
is

said to be weighted ∆r (p, q)-statistically convergent of order β to (f,X) denoted by

S
(m,n)
rs,p,q (f,X)→st

(
∆r,β

N̄(p,q)

)
−limX

(f,X) , provided that the set

δN̄(p,q)β

({
(r, s) ∈ N2 : bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f,X)

∣∣∣ ≥ r + ε
})

,

has natural density zero for every ε > 0. In this case, (∆rf,X) is called the statistical
limit of the sequence of fuzzy Berstein Stancu polynomials.

Definition 2.4. Let f be a continuous function defined on the closed interval [0, 1] .

A rough double sequence of fuzzy Bernstein Stancu polynomials
(
S

(m,n)
rs,p,q (f,X)

)
is

said to be weighted ∆r (p, q)-statistically convergent of order β to (f,X) denoted by

S
(m,n)
rs,p,q (f,X)→β

(
∆r,β

N̄(p,q)

)
(f,X) , if for any ε > 0 there exists Nε ∈ N such that for

all r, s ≥ Nε we have

δN̄(p,q)β

({
(r, s) ∈ N2 : bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f,X)

∣∣∣ < r + ε
})

.

In this case, S
(m,n)
rs,p,q (f,X) is called an β− limit of (f,X).

Remark 2.5. We consider β-limit set S
(m,n)
rs,p,q (f,X) which is denoted by

LIM
β
(

∆r,β

N̄(p,q)

)
S

(m,n)
rs,p,q (f,X) and is defined by

LIMβS
(m,n)
rs,p,q (f,X) = δN̄(p,q)β

({
f : S

(m,n)
rs,p,q (f,X)→β

(
∆r,β

N̄(p,q)

)
(f,X)

})
.

Definition 2.6. Let f be a continuous function defined on the closed interval [0, 1] .

A rough double sequence of fuzzy Bernstein Stancu polynomials
(
S

(m,n)
rs,p,q (f,X)

)
is

said to be weighted β∆r (p, q)-statistically convergent of order β to (f,X) denoted by
36
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S
(m,n)
rs,p,q (f,X)→st

(
∆r,β

N̄(p,q)

)
−limX

(f,X) , if LIM
β
(

∆r,β

N̄(p,q)

)
S

(m,n)
rs,p,q (∆rf,X) 6= φ and β

is called a rough convergence degree of S
(m,n)
rs,p,q (∆rf,X). If β = 0 then it is ordinary

convergence of double sequence of fuzzy Bernstein Stancu polynomials.

Definition 2.7. Let f be a continuous function defined on the closed interval [0, 1] .

A rough double sequence of fuzzy Bernstein stancu polynomials
(
S

(m,n)
rs,p,q (f,X)

)
is

said to be weighted β∆r (p, q)-statistically convergent of order β to (f,X) denoted

by S
(m,n)
rs,p,q (f,X) →st

(
∆r,β

N̄(p,q)

)
−limX

(f,X) , in a metric space (X, |., .|) and β be a
non-negative real number is said to be β-statistically convergent to (f,X), denoted

by S
(m,n)
rs,p,q (f,X) →β−st2

(
∆r,β

N̄(p,q)

)
(f,X) , if for any ε > 0 we have d (A (ε)) = 0,

where

A (ε) = δN̄(p,q)β

({
(r, s) ∈ N2 : bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f,X)

∣∣∣ ≥ r + ε
})

.

In this case, (f,X) is called β-statistical limit of S
(m,n)
rs,p,q (f,X). If β = 0 then

it is ordinary statistical convergent of triple sequence of fuzzy Bernstein Stancu
polynomials.

Definition 2.8. A class I of subsets of a nonempty set X is said to be an ideal in
X, provided that

(i) φ ∈ I,
(ii) A,B ∈ I implies A

⋃
B ∈ I,

(iii) A ∈ I,B ⊂ A implies B ∈ I.
I is called a nontrivial ideal, if X /∈ I.

Definition 2.9. A nonempty class F of subsets of a nonempty set X is said to be
a filter in X, provided that

(i) φ ∈ F, (ii) A,B ∈ F implies A
⋂
B ∈ F,

(iii) A ∈ F,A ⊂ B implies B ∈ F.
Definition 2.10. Let I be a non trivial ideal in X, X 6= φ. Then the class

F (I) = {M ⊂ X : M = X\A for some A ∈ I}
is a filter on X, called the filter associated with I.

Definition 2.11. A non trivial ideal I in X is called admissible, if {x} ∈ I for each
x ∈ X.
Note. If I is an admissible ideal, then usual convergence in X implies I convergence
in X.

Remark 2.12. If I is an admissible ideal, then usual rough convergence implies
rough I-convergence.

Definition 2.13. Let f be a continuous function defined on the closed interval [0, 1] .

A rough double sequence of fuzzy Bernstein Stancu polynomials
(
S

(m,n)
rs,p,q (f,X)

)
is

said to be weighted ∆r (p, q)-statistically convergent of order β to (f,X) denoted

by S
(m,n)
rs,p,q (f,X) →st

(
∆r,β

N̄(p,q)

)
−limX

(f,X) , in a metric space (X, |., .|) and β be a
non-negative real number is said to be rough ideal convergent or βI-convergent to

(f,X), denoted by S
(m,n)
rs,p,q (f,X)→βI

(
∆r,β

N̄(p,q)

)
(f,X), if for any ε > 0 we have
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δN̄(p,q)β

({
(r, s) ∈ N2 : bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f,X)

∣∣∣ ≥ β + ε
})
∈ I.

In this case,
(
S

(m,n)
rs,p,q (f,X)

)
is called βI

(
∆r,β
N̄(p,q)

)
- convergent to (f,X) and

a double sequence of fuzzy Bernstein Stancu polynomials
(
S

(m,n)
rs,p,q (f,X)

)
is called

rough I-convergent to (f,X) with β as roughness of degree. If β = 0, then it is
ordinary I-convergent.

Note. Generally, Let f be a continuous function defined on the closed interval [0, 1] .

A rough double sequence of fuzzy Bernstein Stancu polynomials
(
S

(m,n)
rs,p,q (f,X)

)
is

said to be weighted ∆r (p, q)-statistically convergent of order β to (f,X) denoted by

S
(m,n)
rs,p,q (f,X)→st

(
∆r,β

N̄(p,q)

)
−limX

(f,X) , is not I-convergent in usual sense and

δN̄(p,q)β

(
bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− S(m,n)

rs,p,q (∆rg,X)
∣∣∣ ≤ β) for all (r, s) ∈ N2 or

δN̄(p,q)β

({
(r, s) ∈ N2 : bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− S(m,n)

rs,p,q (∆rg,X)
∣∣∣ ≥ β}) ∈ I,

for some β > 0. Then the rough double sequence of fuzzy Bernstein Stancu polyno-

mials
(
S

(m,n)
rs,p,q (f,X)

)
is βI-convergent.

Note. It is clear that βI-limit of a sequence S
(m,n)
rs,p,q (f,X) of fuzzy Bernstein

Stancu polynomial is not necessarily unique.

Definition 2.14. Let f be a continuous function defined on the closed interval [0, 1] .

A rough double sequence of fuzzy Bernstein Stancu polynomials
(
S

(m,n)
rs,p,q (f,X)

)
is

said to be weighted ∆r (p, q)-statistically convergent of order β to (f,X) denoted

by S
(m,n)
rs,p,q (f,X)→st

(
∆r,β

N̄(p,q)

)
−limX

(f,X) , consider βI-limit set of (f,X) , which is
denoted by

I − LIM
β
(

∆r,β

N̄(p,q)

)
S

(m,n)
rs,p,q (f,X)

= δN̄(p,q)β

(
bmn

{
f : S

(m,n)
rs,p,q (∆rf,X)→βI

(
∆r,β

N̄(p,q)

)
(f,X)

})
.

Then the rough double sequence of fuzzy Bernstein Stancu polynomials
(
S

(m,n)
rs,p,q (f,X)

)
is said to be βI-convergent, if I − LIM

β
(

∆r,β

N̄(p,q)

)
S

(m,n)
rs,p,q (f,X) 6= φ and β is called a

rough I-convergence degree of S
(m,n)
rs,p,q (f,X) .

Definition 2.15. Let f be a continuous function defined on the closed interval [0, 1] .

A rough double sequence of fuzzy Bernstein Stancu polynomials
(
S

(m,n)
rs,p,q (f,X)

)
is

said to be weighted ∆r (p, q)-statistically convergent of order β to (f,X) denoted

by S
(m,n)
rs,p,q (f,X) →st

(
∆r,β

N̄(p,q)

)
−limX

(f,X) I-analytic, if there exists a positive real
number M such that

δN̄(p,q)β

({
(r, s) ∈ N2 : bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)

∣∣∣1/m+n

≥M
})
∈ I.

Definition 2.16. Let f be a continuous function defined on the closed interval [0, 1] .

A rough double sequence of fuzzy Bernstein Stancu polynomials
(
S

(m,n)
rs,p,q (f,X)

)
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is said to be weighted ∆r (p, q)-statistically convergent of order β to (f,X) de-

noted by S
(m,n)
rs,p,q (f,X) →st

(
∆r,β

N̄(p,q)

)
−limX

(f,X) , a point L ∈ X is said to be an
I-accumulation point and let f be a continuous function defined on the closed inter-

val [0, 1] . A fuzzy Bernstein Stancu polynomials
(
S

(m,n)
rs,p,q (f,X)

)
is a metric space

(X, d) if and only if for each ε > 0, the set

δN̄(p,q)β

({
(r, s) ∈ N2 : d

(
S(m,n)
rs,p,q (f,X) , (f,X)

)
= bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f,X)

∣∣∣ < ε
}
/∈ I
)
.

We denote the set of all I-accumulation points of
(
S

(m,n)
rs,p,q (f,X)

)
by

I
(

Γ
(
S(m,n)
rs,p,q (f,X)

))
.

Definition 2.17. Let f be a continuous function defined on the closed interval [0, 1] .

A rough double sequence of fuzzy Bernstein Stancu polynomials
(
S

(m,n)
rs,p,q (f,X)

)
is

said to be weighted ∆r (p, q)-statistically convergent of order β to (f,X) , denoted

by S
(m,n)
rs,p,q (f,X)→st

(
∆r,β

N̄(p,q)

)
−limX

(f,X) , is rough I-convergent, if

I − LIMβS(m,n)
rs,p,q (f,X) 6= φ.

It is clear that if I−LIM
β
(

∆r,β

N̄(p,q)

)
S

(m,n)
rs,p,q (∆rf,X) 6= φ for a rough double sequence

of fuzzy Bernstein Stancu polynomials
(
S

(m,n)
rs,p,q (f,X)

)
of real numbers, then we

have

I − LIM
β
(

∆r,β

N̄(p,q)

)
S(m,n)
rs,p,q (f,X)

=
[
I − lim supS(m,n)

rs,p,q (∆rf,X)− β, I − lim inf S(m,n)
rs,p,q (∆rf,X) + β

]
.

Definition 2.18. Let f be a continuous function defined on the closed interval [0, 1] .

A rough double sequence of fuzzy Bernstein Stancu polynomials
(
S

(m,n)
rs,p,q (f,X)

)
is

said to be weighted ∆r (p, q)-statistically convergent of order β to (f,X) denoted by

S
(m,n)
rs,p,q (f,X) →st

(
∆r,β

N̄(p,q)

)
−limX

(f,X) is rough I − core S
(m,n)
rs,p,q (∆rf,X) is defined

to the closed interval [+∞,−∞] .

3. Main results

Theorem 3.1. Let f be a continuous function defined on the closed interval [0, 1] .

Let a rough double sequence of fuzzy Bernstein Stancu polynomials
(
S

(m,n)
rs,p,q (f,X)

)
be weighted ∆r (p, q)-statistically convergent of order β to (f,X) and let I ⊂ 2N be
an admissible ideal. Then we have

diam

(
I − LIM

β
(

∆r,β

N̄(p,q)

)
S(m,n)
rs,p,q (∆rf,X)

)
≤ 2β.

39



Indumathi et al./Ann. Fuzzy Math. Inform. 20 (2020), No. 1, 29–53

In general, diam

(
I − LIM

β
(

∆r,β

N̄(p,q)

)
S

(m,n)
rs,p,q (∆rf,X)

)
has an upper bound.

Proof. Assume that diam

(
LIM

β
(

∆r,β

N̄(p,q)

)
S

(m,n)
rs,p,q (∆rf,X)

)
6= φ. Then

∃ S(m,n)
rs,p,q (∆rp,X) , S

(m,n)
rs,p,q (∆rq,X) ∈ LIMβ

(
∆r,β

N̄(p,q)

)
S

(m,n)
rs,p,q (∆rf,X) 3:

bmn

∣∣∣S(m,n)
rs,p,q (∆rp,X)− S(m,n)

rs,p,q (∆rq,X)
∣∣∣ > 2β.

Take ε ∈
(

0,
bmn|S(m,n)

rs,p,q(∆
rp,X)−S(m,n)

rs,p,q(∆
rq,X)|

2 − β
)
. Then

S(m,n)
rs,p,q (∆rp,X) , S(m,n)

rs,p,q (∆rq,X) ∈ I − LIM
β
(

∆r,β

N̄(p,q)

)
S(m,n)
rs,p,q (∆rf,X) .

Thus we have A1 (ε) ∈ I and A2 (ε) ∈ I, for every ε > 0, where

A1 (ε) =
{

(u, v) ∈ N2 : bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− S(m,n)

rs,p,q (∆rp,X)
∣∣∣ ≥ r + ε

}
and

A2 (ε) =
{

(u, v) ∈ N2 : bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− S(m,n)

rs,p,q (∆rq,X)
∣∣∣ ≥ r + ε

}
.

Using the properties F (I) , we get

(A1 (ε)
c⋂

A2 (ε)
c
) ∈ F (I) .

So we write

bmn

∣∣∣S(m,n)
rs,p,q (∆rp,X)− S(m,n)

rs,p,q (∆rq,X)
∣∣∣

≤ bmn
∣∣∣S(m,n)
rs,p,q (∆rf,X)− S(m,n)

rs,p,q (∆rp,X)
∣∣∣+bmn ∣∣∣S(m,n)

rs,p,q (∆rf,X)− S(m,n)
rs,p,q (∆rq,X)

∣∣∣
< (β + ε) + (β + ε) < 2 (β + ε) ,

for all (r, s) ∈ A1 (ε)
c⋂

A2 (ε)
c

which is a contradiction. Hence

diam

(
LIM

β
(

∆r,β

N̄(p,q)

)(
∆r,β

N̄(p,q)

)
Srs,p,q (∆rf,X)

)
≤ 2β.

Now, consider a rough double sequence of fuzzy Bernstein Stancu polynomials of(
S

(m,n)
rs,p,q (∆rf,X)

)
of real numbers such that I− lim

r,s→∞
bmnS

(m,n)
rs,p,q (∆rf,X) = (f,X) .

Let ε > 0. Then we can write{
(r, s) ∈ N2 : bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f,X)

∣∣∣ ≥ ε} ∈ .I
Thus we have

bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− S(m,n)

rs,p,q (∆rp,X)
∣∣∣

≤ bmn
∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f,X)

∣∣∣+ bmn

∣∣∣(f,X)− S(m,n)
rs,p,q (∆rp,X)

∣∣∣
≤ bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f,X)

∣∣∣+ β

≤ β + ε,

for each S
(m,n)
rs,p,q (∆rp,X) ∈ S̄

β
(

∆r,β

N̄(p,q)

) ((∆rf,X)) :=
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S

(m,n)
rs,p,q (∆rp,X) ∈ R : bmn

∣∣∣S(m,n)
rs,p,q (∆rp,X)− (∆rf,X)

∣∣∣ ≤ β} .
So we get

bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− S(m,n)

rs,p,q (∆rp,X)
∣∣∣ < β + ε,

for each (r, s) ∈
{

(r, s) ∈ N2 : bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f,X)

∣∣∣ < ε
}
. Because the rough

double sequence of fuzzy Bernstein Stancu polynomials of S
(m,n)
rs,p,q (∆rf,X) is I-

convergent to (f,X), we have{
(r, s) ∈ N2 : bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f,X)

∣∣∣ < ε
}
∈ F (I) .

Hence we get p ∈ I − LIM
r
(

∆r,β

N̄(p,q)

)
S

(m,n)
rs,p,q (∆rf,X) . Consequently, we can write

(3.1) I − LIM
β
(

∆r,β

N̄(p,q)

)
S(m,n)
rs,p,q (∆rf,X) = S̄

β
(

∆r,β

N̄(p,q)

) ((∆rf,X)) .

Because diam

(
S̄
β
(

∆r,β

N̄(p,q)

) ((∆rf,X))

)
= 2β, this shows that in general, the upper

bound 2β of the diameter of the set I − LIM
β
(

∆r,β

N̄(p,q)

)
S

(m,n)
rs,p,q (∆rf,X) is not lower

bound. �

Theorem 3.2. Let f be a continuous function defined on the closed interval [0, 1] .

Let a rough double sequence of fuzzy Bernstein Stancu polynomials
(
S

(m,n)
rs,p,q (f,X)

)
be weighted ∆r (p, q)-statistically convergent of order β to (f,X) and let I ⊂ 2N be
an admissible ideal. For an arbitrary (f, c) ∈ I (ΓX) . Then we have

bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f, c)

∣∣∣ ≤ β,
for all S

(m,n)
rs,p,q (∆rf,X) ∈ I − LIMβS

(m,n)
rs,p,q (f,X) .

Proof. Assume on the contrary that there exist a point (f, c) ∈ I (ΓX) and S
(m,n)
rs,p,q (f,X)

∈ I − LIM
β
(

∆r,β

N̄(p,q)

)
S

(m,n)
rs,p,q (∆rf,X) such that bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f, c)

∣∣∣ > β.

Define ε :=
|S(m,n)
rs,p,q(∆

rf,X)−(f,c)|−β
2 . Then

(3.2)
{

(r, s) ∈ N2 : bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f, c)

∣∣∣ < ε
}
⊆{

(r, s) ∈ N2 : bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f,X)

∣∣∣ ≥ β + ε
}
.

Since (f, c) c ∈ I (ΓX) , we have{
(r, s) ∈ N2 : bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f, c)

∣∣∣ < ε
}
/∈ I.

But from definition of I-convergence, since{
(r, s) ∈ N2 : bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f,X)

∣∣∣ ≥ β + ε
}
∈ I,

so by (3.2) we have
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(r, s) ∈ N2 : bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f, c)

∣∣∣ < ε
}
∈ I,

which contradicts the fact (f, c) ∈ I (ΓX) . On the other hand, if (f, c) ∈ I (ΓX) i.e.,{
(r, s) ∈ N2 : bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f, c)

∣∣∣ < ε
}
/∈ I,

then {
(r, s) ∈ N2 : bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f,X)

∣∣∣ ≥ β + ε
}
/∈ I,

which contradicts the fact (f,X) ∈ I − LIM
β
(

∆r,β

N̄(p,q)

)
Srs,p,q (∆rf,X) . �

Theorem 3.3. Let f be a continuous function defined on the closed interval [0, 1] .

Let a rough double sequence of fuzzy Bernstein Stancu polynomials
(
S

(m,n)
rs,p,q (f,X)

)
be weighted ∆r (p, q)-statistically convergent of order β to (f,X). Then(
S(m,n)
rs,p,q (f,X)

)
→I

(
∆r,β

N̄(p,q)

)
(f,X)⇐⇒ I−LIM

β
(

∆r,β

N̄(p,q)

)
S(m,n)
rs,p,q (f,X) = S̄β ((f,X)) .

Proof. Necessity: It is obvious from Theorem 3.1 .

Sufficiency: Let I − LIM
β
(

∆r,β

N̄(p,q)

)
S

(m,n)
rs,p,q (∆rf,X) = S̄β ((f,X)) (6= φ) . Then

clearly, the rough double sequence spaces of fuzzy Bernstein Stancu polynomials of(
S

(m,n)
rs,p,q (∆rf,X)

)
is I-analytic. Suppose that (f,X) has another I-cluster point(

f
′
, x
)

different from (f,X). Then(
f̄ , X

)
= (f,X) + β

|(f,X)−(f ′ ,X)|
(

(f,X)−
(
f
′
, X
))

(
f̄ , X

)
−
(
f
′
, X
)

=

(f,X)−
(
f
′
, X
)

+ β

|(f,X)−(f ′ ,X)|
[(

(f,X)−
(
f
′
, X
))
−
((
f
′
, X
)
−
(
f
′
, X
))]

∣∣∣(f̄ , X)− (f ′ , X)∣∣∣ =
∣∣∣(f,X)−

(
f
′
, X
)∣∣∣+ β

|(f,X)−(f ′ ,X)|

∣∣∣(f,X)−
(
f
′
, X
)∣∣∣∣∣∣(f̄ , X)− (f ′ , X)∣∣∣ =

∣∣∣(f,X)−
(
f
′
, X
)∣∣∣+ β > β.

Since
(
f
′
, X
)
∈ I (ΓX) , by Theorem 4.2,

(
f̄ , X

)
/∈ I−LIM

β
(

∆r,β

N̄(p,q)

)
S

(m,n)
rs,p,q (∆rf,X) .

It is not possible as
∣∣(f̄ , X)− (f,X)

∣∣ = β and I − LIM
r
(

∆r,β

N̄(p,q)

)
S

(m,n)
rs,p,q (∆rf,X) =

S̄β ((f,X)). Since (f,X) is the unique I-cluster point of (f,X). Thus

Srs,p,q (∆rf,X)→I
(

∆r,β

N̄(p,q)

)
(f,X) .

�

Corollary 3.4. Let (X, |., .|) be a strictly convex spaces and let f be a continuous
function defined on the closed interval [0, 1] . Let a rough double sequence of fuzzy

Bernstein Stancu polynomials
(
S

(m,n)
rs,p,q (f,X)

)
be weighted ∆r (p, q)-statistically con-

vergent of order β to (f,X) . If there exists y1, y2 ∈ I−LIM
β
(

∆r,β

N̄(p,q)

)
S

(m,n)
rs,p,q (∆rf,X)
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such that |y1 − y2| = 2β, then this rough double sequence of fuzzy (f,X)→I
(

∆r,β

N̄(p,q)

)
y1+y2

2 .

Proof. Omitted. �

Theorem 3.5. Let f be a continuous function defined on the closed interval [0, 1] .

Suppose a rough double sequence of fuzzy Bernstein Stancu polynomials
(
S

(m,n)
rs,p,q (f,X)

)
is weighted ∆r (p, q)-statistically convergent of order β to (f,X) . If I−LIM

β
(

∆r,β

N̄(p,q)

)
6=

φ, then I − lim supS
(m,n)
rs,p,q (∆rf,X) and I − lim inf S

(m,n)
rs,p,q (∆rf,X) belong to the set

I − LIM
2β

(
∆r,β

N̄(p,q)

)
S

(m,n)
rs,p,q (∆rf,X) .

Proof. We know that I − LIM
β
(

∆r,β

N̄(p,q)

)
S

(m,n)
rs,p,q (∆rf,X) 6= φ, since a rough double

sequence of fuzzy Bernstein Stancu polynomials of
(
S

(m,n)
rs,p,q (∆rf,X)

)
is I-analytic.

The number I− lim inf S
(m,n)
rs,p,q (∆rf,X) is an I-cluster point of (f,X) . Then we have

bmn

∣∣∣(f,X)− I − lim inf S
(m,n)
rs,p,q (∆rf,X)

∣∣∣ ≤ β ∀ (f,X) ∈ I − LIM
β
(

∆r,β

N̄(p,q)

)
(f,X) .

Let A =
{

(r, s) ∈ N2 : bmn

∣∣∣(f,X)− S(m,n)
rs,p,q (∆rf,X)

∣∣∣ ≥ β + ε
}
. Now if (r, s) /∈

A, then

bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)−

(
I − lim inf S

(m,n)
rs,p,q (∆rf,X)

)∣∣∣
≤ bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f,X)

∣∣∣+ bmn

∣∣∣(f,X)−
(
I − lim inf S

(m,n)
rs,p,q (∆rf,X)

)∣∣∣
< 2β + ε.

Thus I − lim inf S
(m,n)
rs,p,q (∆rf,X) ∈ I − LIM

2β
(

∆r,β

N̄(p,q)

)
S

(m,n)
rs,p,q (∆rf,X) .

Similarly it can be shown that I − lim supXmn ∈ I − LIM
2β

(
∆r,β

N̄(p,q)

)
Xmn. �

Corollary 3.6. Let f be a continuous function defined on the closed interval [0, 1] .

Let a rough double sequence of fuzzy Bernstein Stancu polynomials
(
S

(m,n)
rs,p,q (f,X)

)
be weighted ∆r (p, q)-statistically convergent of order β to (f,X) . If

I − LIM
β
(

∆r,β

N̄(p,q)

)
S(m,n)
rs,p,q (f,X) 6= φ,

then

I − core {(f,X)} ⊆ I − LIM
2β

(
∆r,β

N̄(p,q)

)
S(m,n)
rs,p,q (∆rf,X) .

Proof. We have I − LIM
β
(

∆r,β

N̄(p,q)

)
S

(m,n)
rs,p,q (∆rf,X) =[

I − lim sup S
(m,n)
rs,p,q (∆rf,X)− 2β, I − lim inf S

(m,n)
rs,p,q (∆rf,X) + 2β

]
. Then the re-

sult follows from Theorem 3.5. �

Theorem 3.7. Let f be a continuous function defined on the closed interval [0, 1] .

Let a rough double sequence of fuzzy Bernstein Stancu polynomials
(
S

(m,n)
rs,p,q (f,X)

)
be weighted ∆r (p, q)-statistically convergent of order β to (f,X) . Then

dim
(
I − core

{
S

(m,n)
rs,p,q (f,X)

})
of the set I − core

{
S

(m,n)
rs,p,q (∆rf,X)

}
= β
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⇐⇒ I − core {(f,X)} = I − LIM
β
(

∆r,β

N̄(p,q)

)
S

(m,n)
rs,p,q (f,X).

Proof. We have

diam
(
I − core

{
S

(m,n)
rs,p,q (∆rf,X)

})
= β

⇐⇒
(
I − lim supS

(m,n)
rs,p,q (∆rf,X)

)
− (I − lim inf Xmn) = β ⇐⇒ I − core {Xmn}

=
[
I − lim inf Xmn, I − lim supS

(m,n)
rs,p,q (∆rf,X)

]
=
[
I − lim supS

(m,n)
rs,p,q (∆rf,X)− β, I − lim inf S

(m,n)
rs,p,q (∆rf,X) + r

]
= I − LIM

β
(

∆r,β

N̄(p,q)

)
S

(m,n)
rs,p,q (∆rf,X) .

Also it is easy to see that

(i) β > diam
(
I − core

{
S

(m,n)
rs,p,q (∆rf,X)

})
⇐⇒ I − core

{
S

(m,n)
rs,p,q (∆rf,X)

}
⊂ I − LIM

β
(

∆r,β

N̄(p,q)

)
S

(m,n)
rs,p,q (∆rf,X) ,

(ii) β < diam
(
I − core

{
S

(m,n)
rs,p,q (∆rf,X)

})
⇐⇒ I − LIM

β
(

∆r,β

N̄(p,q)

)
S

(m,n)
rs,p,q (∆rf,X) ⊂ I − core

{
S

(m,n)
rs,p,q (∆rf,X)

}
. �

Theorem 3.8. Let f be a continuous function defined on the closed interval [0, 1] .

Let a rough double sequence of fuzzy Bernstein Stancu polynomials
(
S

(m,n)
rs,p,q (f,X)

)
be weighted ∆r (p, q)-statistically convergent of order β to (f,X) . If

β̄ = inf

{
β ≥ 0 : I − LIM

β
(

∆r,β

N̄(p,q)

)
S(m,n)
rs,p,q (f,X) 6= φ

}
,

then

β̄ = radius
(
I − core

{
S(m,n)
rs,p,q (∆rf,X)

})
.

Proof. If the set I − core
{
S

(m,n)
rs,p,q (∆rf,X)

}
is singleton, then

radius
(
I − core

{
S

(m,n)
rs,p,q (∆rf,X)

})
= 0 and the rough double sequence of fuzzy

Bernstein Stancu polynomials is I− convergent, i.e., I−LIM
0
(

∆r,β

N̄(p,q)

)
S

(m,n)
rs,p,q (∆rf,X) 6=

φ. Thus we get β̄ = radius
(
I − core

{
S

(m,n)
rs,p,q (∆rf,X)

})
= 0.

Now assume that the set I − core
{
S

(m,n)
rs,p,q (∆rf,X)

}
is not a single ton. We can

write I− core
{
S

(m,n)
rs,p,q (∆rf,X)

}
= [a, b] , where a = I− lim inf S

(m,n)
rs,p,q (∆rf,X) and

b = I − lim supS
(m,n)
rs,p,q (∆rf,X) .

Now let us assume that β̄ 6= radius
(
I − core

{
S

(m,n)
rs,p,q (∆rf,X)

})
.

If β̄ < radius (I − core {Xmn}) , then define ε̄ =
b−a

2 −β̄
3 . Now, the definition of β̄

implies that

I − LIM
β̄+ε̄

(
∆r,β

N̄(p,q)

)
S

(m,n)
rs,p,q (∆rf,X) 6= φ, given ε > 0 ∃ l ∈ R : A ={

(r, s) ∈ N2 : bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f,X)

∣∣∣ ≥ (β̄ + ε̄
)

+ ε
}
∈ I.
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Since β̄ + ε̄ < b−a
2 which is a contradiction of the definition of a and b.

If β̄ > radius
(
I − core

{
S

(m,n)
rs,p,q (∆rf,X)

})
, then define ε̄ =

β̄− b−a2

2 and β
′

=

β̄ − 2ε̄. It is clear that 0 ≤ β
′ ≤ β̄ and by the definitions of a and b, the number

b−a
2 ∈ I − LIM

β
′(

∆r,β

N̄(p,q)

)
S

(m,n)
rs,p,q (∆rf,X) . Thus we get

β̄ ∈
{
β ≥ 0 : I − LIM

β
(

∆r,β

N̄(p,q)

)
S

(m,n)
rs,p,q (∆rf,X) 6= φ

}
,

which contradicts the equality

β̄ = inf

{
β ≥ 0 : I − LIM

β
(

∆r,β

N̄(p,q)

)
S

(m,n)
rs,p,q (∆rf,X) 6= φ

}
as β

′
< β.

�

Corollary 3.9. Let f be a continuous function defined on the closed interval [0, 1] .

Let a rough double sequence of fuzzy Bernstein Stancu polynomials
(
S

(m,n)
rs,p,q (f,X)

)
be weighted ∆r (p, q)-statistically convergent of order β to (f,X). Then

I − core
{
S(m,n)
rs,p,q (∆rf,X)

}
= I − LIM

2β̄
(

∆r,β

N̄(p,q)

)
S(m,n)
rs,p,q (∆rf,X) .

Proof. It follows that Theorems 3.7 and 3.8. �

Theorem 3.10. Let S
(m,n)
rs,p,q (∆rf,X) and S

(m,n)
rs,p,q (∆rg,X) be two rough double se-

quences of fuzzy numbers such that st
(

∆r,β

N̄(p,q)

)
− limX = X0 and st

(
∆r,β

N̄(p,q)

)
−

limY = Y0. Then

(1) st
(

∆r,β
N̄(p,q)

)
− lim aXmn = aX0, for a ∈ R,

(2) st
(

∆r,β

N̄(p,q)

)
− lim (Xmn + Ymn) = X0 + Y0.

Proof. (1) Assume that st
(

∆r,β
N̄(p,q)

)
− limXmn = X0. Let ε > 0 be given. If a = 0

then nothing to prove. Suppose that a 6= 0. We can easily find that
1

τβpq(uv)

∣∣∣{m,n ≤ τpq(uv) : bmn

∣∣∣aS(m,n)
rs,p,q (∆rf,X)− (f,X)

∣∣∣ ≥ r + ε
}∣∣∣

= 1

τβpq(uv)

∣∣∣{m,n ≤ τpq(uvw) : bmn |a|
∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f,X)

∣∣∣ ≥ r + ε
}∣∣∣

= 1

τβpq(uv)

∣∣∣{m,n ≤ τpq(uv) : bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f,X)

∣∣∣ ≥ r+ε
|a|

}∣∣∣ .
(2) It is given that st

(
∆r,β
N̄(p,q)

)
− limX = X0 and st

(
∆r,β
N̄(p,q)

)
− limY = Y0.

Then we can see that
S

(m,n)
rs,p,q (∆rf,X + Y )− (f,X0 + Y0)

≤ S(m,n)
rs,p,q (∆rf,X)− (f,X0) + S

(m,n)
rs,p,q (∆rf, Y )− (f, Y0) .

Consequently, for given ε > 0, we obtain
1

τβpq(uv)

∣∣∣{m,n ≤ τpq(uvw) : bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X + Y )− (f,X0 + Y0)

∣∣∣ ≥ r + ε
}∣∣∣

≤ 1

τβpq(uv)

∣∣∣{m,n ≤ τpq(uvw) : bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f,X0)

∣∣∣ ≥ r+ε
2

}∣∣∣
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+ 1

τβpq(uv)

∣∣∣{m,n ≤ τpq(uv) : bmn

∣∣∣S(m,n)
rs,p,q (∆rf, Y )− (f, Y0)

∣∣∣ ≥ r+ε
2

}∣∣∣ .
It follows that st

(
∆r,β
N̄(p,q)

)
− lim (Xmn + Ymn) = X0 + Y0. �

Theorem 3.11. Assume that S
(m,n)
rs,p,q (f,X) is a rough double sequence of fuzzy num-

bers and let 0 < β ≤ 1. Then

(1) S
(m,n)
rs,p,q (∆rf,X)→s

(
∆r,β

N̄(p,q)

)
−limX

(f,X0)

=⇒ S
(m,n)
rs,p,q (∆rf,X)→st

(
∆r,β

N̄(p,q)

)
−limX

(f,X0) ,

(2) X ∈ Λ2 (∆r) and S
(m,n)
rs,p,q (∆rf,X)→st

(
∆r,β

N̄(p,q)

)
−limX

(f,X0)

=⇒ S
(m,n)
rs,p,q (∆rf,X)→s

(
∆r,β

N̄(p,q)

)
−limX

(f,X0) ,
where Λ2 (∆r) is the set of all double analytic difference sequences of fuzzy numbers.

Proof. Assume that S
(m,n)
rs,p,q (∆rf,X)→s

(
∆r,β

N̄(p,q)

)
−limX

(f,X0) . For given ε > 0, we
have∑
m

∑
n,[puvquv ]

bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f,X0)

∣∣∣ =∑
m

∑
n,[puvquv ]

(
bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f,X0)

∣∣∣ ≥ r + ε
)
bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f,X0)

∣∣∣+
∑
m

∑
n,[puvquv ]

(
bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f,X0)

∣∣∣ < r + ε
)
bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f,X0)

∣∣∣
so that

1

τβpq(uv)

∑
m

∑
n,[puvquv ]

bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f,X0)

∣∣∣ ≥
1

τβpq(uv)

∑
m

∑
n,[puvquv ]

(
bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f,X0)

∣∣∣ ≥ r + ε
)
r + ε ≥

1

τβpq(uv)

∣∣∣{m,n ≤ τpq(uv) : bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f,X0)

∣∣∣ ≥ r + ε
}∣∣∣ r + ε.

Assuming limit u, v →∞ in the last inequality, we obtain

S(m,n)
rs,p,q (∆rf,X)→st

(
∆r,β

N̄(p,q)

)
−limX

(f,X0) .

(2) S
(m,n)
rs,p,q (∆rf,X) →st

(
∆r,β

N̄(p,q)

)
−limX

(f,X0) and X ∈ Λ2 (∆r) . Since X ∈
Λ2 (∆r) , there exists constant M > 0 such that∣∣∣S(m,n)

rs,p,q (∆rf,X)− (f,X0)
∣∣∣ ≤M (∀m,n ∈ N) .

For given ε > 0, we can write
1

τβpq(uv)

∑
m

∑
n,[puvquv ]

bmnk

∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f,X0)

∣∣∣
= 1

τβpq(uv)

∑
m

∑
n,[puvquv ]

(
bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f,X0)

∣∣∣ ≥ r + ε
)
bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f,X0)

∣∣∣
+ 1

τβpq(uv)

∑
m

∑
n,[puvquv ]

(
bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f,X0)

∣∣∣ < r + ε
)
bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f,X0)

∣∣∣
≤ 1

τβpq(uv)

∑
m

∑
n,[puvquv ]

(
bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f,X0)

∣∣∣ ≥ r + ε
)
M +

46



Indumathi et al./Ann. Fuzzy Math. Inform. 20 (2020), No. 1, 29–53

1

τβpq(uv)

∑
m

∑
n,[puvquv ]

(
bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f,X0)

∣∣∣ < r + ε
)
r + ε

≤ 1

τβpq(uvw)

∣∣∣{(m,n) ≤ τpq(uv) : bmn

∣∣∣S(m,n)
rs,p,q (∆rf,X)− (f,X0)

∣∣∣ ≥ r + ε
}∣∣∣ r + ε.

which yields S
(m,n)
rs,p,q (∆rf,X)→s

(
∆r,β

N̄(p,q)

)
−limX

(f,X0) . �

4. Application to fuzzy Korovkin type theorems

Korovkin type approximation theorem in classical version was first introduced
by Korovkin [35]. Anastassiou [2] discussed the following fuzzy Korovkin theo-
rem for the text function fi(z) = zi (i = 0, 1, 2). A fuzzy number valued func-
tion g : [a, b] → L (R) is called fuzzy continuous at Y0 in [a, b] if and only if

d
[
S

(m,n)
rs,p,q (g, Ymn) , (g, Y0)

]
→ ∞ whenever Ymn → Y0 as m,n → ∞. We use the

symbol CL [a, b] to denote the set of all fuzzy continuous function on [a, b] .
The operator Ω : CL [a, b]→ CL [a, b] is called fuzzy linear, if

Ω [α1 � (g1;Y )⊕ α2 � (g2;Y )] = α1 � Ω (g1;Y )⊕ α2 � Ω (g2;Y ) ,

for all g1, g2 ∈ CL [a, b] and α1, α2 ∈ R.
Further, the operator Ω is said to be fuzzy positive linear, if it is fuzzy linear and

satisfies the following condition:

Ω (g1;Y ) ≤ Ω (g2;Y ) (g1, g2 ∈ CL [a, b]) ,

for all Y ∈ [a, b] with g1 ≤ g2. Here, we suppose that C [a, b] denotes the space of all
continuous function on [a, b] which is equipped with metric.

Theorem 4.1. Consider a rough double sequence of fuzzy positive linear operators

S
(m,n)
rs,p,q (f,Xmn) acting from CL [a, b] into itself. Suppose that there is a corresponding

rough double sequence S̃rs,p,q (f,Xmn) of positive linear operator from C [a, b] into
itself with the following condition:
(4.1){
S(m,n)
rs,p,q (f,X)

}±
α

= S̃rs,p,q
(
f±α , X

)
(∀α ∈ [0, 1] , X ∈ [a, b] , f ∈ CL [a, b] ,m, n ∈ N) .

Then we have

lim
mn

d
(
S̃rs,p,q (fi, Xmn) , (fi, X)

)
= 0 (i = 0, 1, 2, · · · ) .

Thus

lim
mn

d∗ (Srs,p,q (g,X) , (g,X)) = 0 (∀g ∈ CL [a, b]) .

Theorem 4.2. Consider a rough double sequence of fuzzy positive linear operators

S
(m,n)
rs,p,q (f,Xmnk) acting from CL [a, b] into itself. Suppose that there is a correspond-

ing rough double sequence S̃rs,p,q (f,Xmn) of positive linear operator from CL [a, b]
into itself having condition (4.1):

(4.2) st
(

∆r,β

N̄(p,q)

)
− lim d

(
S(m,n)
rs,p,q (∆rfi, X) , (fi, X)

)
= 0 (i = 0, 1, 2, · · · ) .

Then we have

(4.3) st
(

∆r,β

N̄(p,q)

)
− lim d∗

(
S(m,n)
rs,p,q (∆rg,X) , (g,X)

)
= 0 (∀g ∈ CL [a, b]) .
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Proof. Assume that (4.2) holds and let α ∈ [0, 1] , X ∈ [a, b] , g ∈ CL [a, b] . Since
g±α ∈ C [a, b] , for given ε > 0, there exists δ > 0 such that∣∣∣S(m,n)

rs,p,q (g,X − Y )− (g,X − Y )
∣∣∣ < r + ε (∀x ∈ [a, b]) ,

whenever |X − Y | < δ. In addition, since g is fuzzy bounded, we have that∣∣∣S(m,n)
rs,p,q

(
g±α , Y

)
−
(
g±α , Y

)∣∣∣ ≤ B±α for all a < Y < b.

It follows that∣∣∣S(m,n)
rs,p,q

(
g±α , X − Y

)
−
(
g±α , X − Y

)∣∣∣ ≤ 2B±α for all a < X, Y < b.

Consequently, we may write∣∣∣S(m,n)
rs,p,q

(
g±α , X − Y

)
−
(
g±α , X − Y

)∣∣∣ ≤ (r + ε) +
2B±α
δ2

(X − Y )
2

(∀ |X − Y | < δ) .

Since the operator S̃
(m,n)
rs,p,q (∆rg,Xmn) is positive and linear, by applying S̃

(m,n)
rs,p,q (1, Y )−

(1, Y ) to the above inequality and additionally noting that Y is fixed so Srs,p,q (g±α , Y )
is constant, we have

− (r + ε) S̃
(m,n)
rs,p,q (∆rg (1) , Y )− 2B±α

δ2 S̃
(m,n)
rs,p,q (g (X − Y ) , Y )

< S̃
(m,n)
rs,p,q (g±α (X) , Y )− g±α (Y ) S̃

(m,n)
rs,p,q (∆rg (1) , Y )

< (r + ε) S̃
(m,n)
rs,p,q (g (1) , Y ) +

2B±α
δ2 S̃

(m,n)
rs,p,q

(
g (X − Y )

2
, Y
)
.

In order to estimate S̃
(m,n)
rs,p,q

(
g (X − Y )

2
, Y
)
, we write

S̃
(m,n)
rs,p,q

(
g (X − Y )

2
, Y
)

= S̃
(m,n)
rs,p,q

(
∆rg

(
X2
)
, Y
)
− 2Y S̃

(m,n)
rs,p,q (∆rg (X) , Y ) + Y 2S̃

(m,n)
rs,p,q (∆rg (1) , Y )

=
∣∣∣S̃(m,n)
rs,p,q

(
f
(
X2
)
, Y
)
−
(
g, Y 2

)∣∣∣− 2Y
∣∣∣S̃(m,n)
rs,p,q (∆rg (X) , Y )

∣∣∣
+Y 2

∣∣∣S̃(m,n)
rs,p,q (∆rg (1) , Y )− (g, 1)

∣∣∣ .
Thus we obtain

S̃
(m,n)
rs,p,q (∆rg±α (X) , Y )− (g±α (Y ) , Y )

= S̃
(m,n)
rs,p,q (∆rg±α (X) , Y )− S̃(m,n)

rs,p,q (∆rg±α (1) , Y ) +
[
S̃

(m,n)
rs,p,q (∆rg±α (1) , Y )− (g, 1)

]
< (r + ε) S̃

(m,n)
rs,p,q (∆rg (1) , Y ) +

2B±α
δ2 S̃

(m,n)
rs,p,q

(
∆rg (X − Y )

2
, Y
)

+
[
S̃

(m,n)
rs,p,q (∆rg (1) , Y )− (g, 1)

]
= (r + ε) S̃

(m,n)
rs,p,q (g (1) , Y ) +

2B±α
δ2

[
S̃

(m,n)
rs,p,q

(
∆rg

(
X2
)
, Y
)
−
(
g, Y 2

)]
− 2Y

[
S̃

(m,n)
rs,p,q (∆rg (X) , Y )− (g, Y )

]
+

Y 2
[
S̃

(m,n)
rs,p,q (∆rg (1) , Y )− (g, 1)

] +

g±α (Y )
[
S̃

(m,n)
rs,p,q (∆rg (1) , Y )− (g, 1)

]
= (r + ε) + (r + ε)

[
S̃

(m,n)
rs,p,q (g (1) , Y )− (g, 1)

]
+

2B±α
δ2

[
S̃

(m,n)
rs,p,q

(
∆rg

(
X2
)
, Y
)
−
(
g, Y 2

)]
− 2Y

[
S̃

(m,n)
rs,p,q (∆rg (X) , Y )− (g, Y )

]
+Y 2

[
S̃

(m,n)
rs,p,q (∆rg (1) , Y )− (g, 1)

] 
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+ g±α (Y )
[
S̃

(m,n)
rs,p,q (∆rg (1) , Y )− (g, 1)

]
.

So we obtain that
S̃

(m,n)
rs,p,q (∆rg±α (X) , Y )− (g±α , Y )

≤ (r + ε) +
(

(r + ε) +B±α +
2cB±α
δ2

)
S̃

(m,n)
rs,p,q (g (1) , Y )− (g, 1)

+
4cB±α
δ2

∣∣∣S̃(m,n)
rs,p,q (g (X) , Y )− (g, Y )

∣∣∣+
2B±α
δ2

∣∣∣S̃(m,n)
rs,p,q

(
g
(
X2
)
, Y
)
−
(
g, Y 2

)∣∣∣ ,
where c = max {|a| , |b|} .

Now we are aking supremum over Y ∈ [a, b] in the last inequality. Then

S̃(m,n)
rs,p,q

(
∆rg±α

)
−
(
g±α
)
≤ (r + ε) +M±α (r + ε){

S̃(m,n)
rs,p,q (∆rf,X0)− (f,X0) + S̃(m,n)

rs,p,q (∆rf,X1)− (f,X1) + S̃(m,n)
rs,p,q (∆rf,X2)− (f,X2)

}
,

(4.4)

where M±α (r + ε) = max
{

(r + ε) +B±α +
2cB±α
δ2 ,

4cB±α
δ2 ,

2cB±α
δ2

}
.

From (4.1), we have

d∗
(
S̃

(m,n)
rs,p,q (g, g)

)
= sup
Y ∈[a,b]

d
(
S̃

(m,n)
rs,p,q (g, Y )− (g, Y )

)
= sup
Y ∈[a,b]

supα∈[0,1]Max
{∣∣∣S̃(m,n)

rs,p,q (∆rg−α , Y )− (g−α , Y )
∣∣∣ , ∣∣∣S̃(m,n)

rs,p,q (∆rg+
α , Y )− (g+

α , Y )
∣∣∣}

which yields that
(4.5)

d∗
(
S̃(m,n)
rs,p,q (∆rg, g)

)
= sup
α∈[0,1]

max
{∣∣∣S̃(m,n)

rs,p,q

(
∆rg−α

)
−
(
g−α
)∣∣∣ , ∣∣∣S̃(m,n)

rs,p,q

(
∆rg+

α

)
−
(
g+
α

)∣∣∣} .
Using inequality (4.4) together with (4.5), we obtain

d∗
(
S̃

(m,n)
rs,p,q (∆rg, g)

)
≤ (r + ε) +M (r + ε){

S̃
(m,n)
rs,p,q (f,X0)− (f,X0) + S̃

(m,n)
rs,p,q (f,X1)− (f,X1) + S̃

(m,n)
rs,p,q (f,X2)− (f,X2)

}
,

where M (r + ε) = sup
α∈[0,1]

max {M−α (r + ε) ,M+
α (r + ε)} .

Thus we have

bmnkd
∗
(
S̃(m,n)
rs,p,q (∆rg, g)

)
≤ (r + ε) +M (r + ε) bmn

∣∣∣S̃(m,n)
rs,p,q (f,X0)− (f,X0)

∣∣∣+
M (r + ε) bmn

∣∣∣S̃(m,n)
rs,p,q (f,X1)− (f,X1)

∣∣∣+M (r + ε) bmn

∣∣∣S̃(m,n)
rs,p,q (f,X2)− (f,X2)

∣∣∣
(4.6)

For given u > 0, let us choose r, ε > 0 such that 0 < (r + ε) < u. Then, by setting

H =
{

(m,n) ∈ N : bmnd
∗
(
S̃

(m,n)
rs,p,q (∆rg, g)

)
≥ u

}
and

Hij` =

{
(m,n) ∈ N : bmn

∣∣∣∣S̃(m,n)
rs,p,q (∆rf, Yij)− (f, Yij | ≥

u− (r + ε)

4M (r + ε)

∣∣∣∣} (i, j = 0, 1, 2) ,

we can easily find from inequality (4.6) that
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H =
2⋃

ij=0

Hij .

So we have

δr,β
N̄(p,q)

(H) ≤
2∑
i=0

2∑
j=0

δr,β
N̄(p,q)

(Hij) .

Finally, by using assumption (4.2), we obtain

st
(

∆r,β

N̄(p,q)

)
− lim d∗

(
S̃(m,n)
rs,p,q (∆rg, g)

)
= 0 (∀g ∈ CL [a, b])

which is required condition (4.3). �

Example 4.3. Let us consider the rough double sequence of fuzzy Bernstein Stancu
operators is defined as follows:

BLmn (g, Y ) = ⊕m,nr,s

(
m
r
)(

n
s
)
Y r+s (1− Y )

(m−r)+(n−s) � g
(mn
rs

)
,

where g ∈ CL [a, b] , Y ∈ [0, 1] , m, n ∈ N.
Then we can write{

BLmn
}±
α

= B̃mn
(
g±α , Y

) m∑
r=0

n∑
s=0

(
m
r
)(

n
s
)
Y r+s (1− Y )

(m−r)+(n−s)
g±α

(mn
rs

)
for all 0 ≤ α ≤ 1 and g±α ∈ C [0, 1] . We now define the following rough double
sequence of positive linear operator as(

S̃(m,n)
rs,p,q (∆rg, Y )

)
=
(

1⊕ S(m,n)
rs,p,q (∆rf, Y )− (f, Y )

)
�BLmn (g, Y )

so that (
S̃(m,n)
rs,p,q

(
g±α , Y

))
=
(

1 + S(m,n)
rs,p,q (∆rf, Ymn)− (f, Y )

)
B̃mn

(
g±α , Y

)
,

where the rough double sequence (Ymn) of difference operators of fuzzy number is
defined as follows:

(
S̃(m,n)
rs,p,q (∆rf00, Y )

)
=
(

1 + S(m,n)
rs,p,q (f, Ymn)− (f, Y ) , S̃(m,n)

rs,p,q (∆rf11, Y )
)

=
(

1 +
[
S(m,n)
rs,p,q (∆rf, Ymn)− (f, Y )

)]
and (

S̃(m,n)
rs,p,q (∆rf22, Y )

)
=
(

1 + S(m,n)
rs,p,q (f, Ymn)− (f, Y )

)(
Y 2 +

Y − Y 2

mn

)
.

Since st
(

∆r,β

N̄(p,q)

)
− lim

(
S

(m,n)
rs,p,q (∆rf,Xmn)− (f,X)

)
= 0, We have

st
(

∆r,β

N̄(p,q)

)
− lim

∣∣∣S(m,n)
rs,p,q (∆rfij , X)− (fij , X)

∣∣∣ = 0 (i, j = 0, 1, 2) .
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It follows from Theorem 4.2 that

st
(

∆r,β
N̄(p,q)

)
− limd∗

(
S̃rs,p,q (∆rg, g)

)
= 0, ∀g ∈ CL [a, b] .

By putting r = 0 in Definition 2.1, we gives the notion of weighted (p, q)-statistical
convergence of order β, denoted by

st
(

∆β
N̄(p,q)

)
− lim

(
S(m,n)
rs,p,q (f,Xmn)− (f,X)

)
= X0.

Then we have

lim
u,v

1

τβpq (uvw)

∣∣∣{m,n ≤ τβpq (uv) : bmnd
∣∣∣S(m,n)
rs,p,q (∆rf,Xmn)− (f,X0)

∣∣∣ ≥ r + ε
}∣∣∣ = 0.

Corollary 4.4. Consider a rough double sequence of fuzzy positive linear operators(
S

(m,n)
rs,p,q (∆rf,Xmn)− (f,X)

)
acting from CL [a, b] into itself having condition (4.1).

Suppose that

(4.7) st
(

∆β

N̄(p,q)

)
− lim

∣∣∣S(m,n)
rs,p,q (fij , X)− (fij , X)

∣∣∣ = 0. (i, j = 0, 1, 2) .

Then we have

st
(

∆β
N̄(p,q)

)
− lim d∗

(
S(m,n)
rs,p,q (fij , X)− (fij , X)

)
= 0. (∀g ∈ CL [a, b]) .

Competing Interests: The authors declare that there is not any conflict of
interests regarding the publication of this manuscript.

References

[1] B. Altay and F. Baa̧ar, Some new spaces of double sequences, J. Math. Anal. Appl. 309 (1)

(2005) 70–90.
[2] G. A. Anastassiou, Fuzzy Mathematics: Approximation Theory, Springer-Verleg, Berlin 2010.

[3] M. Arslan and E. Dündar, Rough convergence in 2-normed spaces, Bull. Math. Anal. Appl.

10 (3) (2018) 1–9.
[4] M. Arslan and E. Dündar, On Rough Convergence in 2-Normed Spaces and Some Properties,

Filomat 33 (16) (2019) 5077–5086.

[5] S. Aytar, The rough limit set and the core of a real sequence , Numer. Funct. Anal. Optimiz
29 (3-4) (2008) 283–290.

[6] S. Aytar, Rough statistical convergence, Numer. Funct. Anal. Optimiz 29 (3-4) (2008) 291–

303.
[7] S. Aytar, Rough statistical cluster points, Filomat 31 (16) (2017) 5295–5304.
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