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ABSTRACT. In this paper, a new class of topological spaces, called
maximal spaces, is introduced by means of fuzzy submaximality and
fuzzy extremally disconnectedness of fuzzy topological spaces. Several
characterizations of fuzzy maximal spaces are established. It is established
that fuzzy maximal spaces, are fuzzy nodec spaces and fuzzy irresolvable
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1. INTRODUCTION

In 1965, Zadeh[24] introduced the concept of fuzzy sets as a new approach for
modeling uncertainities. The potential of fuzzy notion was realized by the researchers
and has successfully been applied in all branches of Mathematics. In 1968, Chang]7]
introduced the concept of fuzzy topological spaces. The paper of Chang paved
the way for the subsequent tremendous growth of the numerous fuzzy topological
concept. In the recent years, there has been a growing trend among many fuzzy
topologists to introduce and study different types of fuzzy spaces in fuzzy topology.

The term “submaximal space” was first used by Bourbaki in [(]. Since its birth,
the class of submaximal spaces has attracted the attention of several authors. The
first systematic study of submaximal spaces was undertaken in the paper of
Arhangel’skii and Collins[1]. Extremally disconnected topological spaces were
introduced by Gillman and Jerison[9]. The notion of fuzzy extremally disconnected
spaces was studied by Ghosh[8]. The notion of fuzzy submaximal spaces was
studied by Balasubramanian[4]. In this paper, a new class of fuzzy topological
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spaces, called fuzzy maximal spaces, is introduced and studied. Several
characterizations of fuzzy maximal spaces are established.

In this paper, a new class of topological spaces, called maximal spaces, is
introduced by means of fuzzy submaximality and fuzzy extremally
disconnectedness of fuzzy topological spaces. Several characterizations of fuzzy
maximal spaces are established. It is established that fuzzy Baire sets in fuzzy
maximal spaces are fuzzy Gs-sets and fuzzy maximal space has no non-zero fuzzy
dense and fuzzy Ggs-sets. Also it is established that fuzzy maximal spaces, are
fuzzy nodec spaces, fuzzy irresolvable spaces and fuzzy maximal spaces are neither
fuzzy Baire spaces nor fuzzy (-Baire spaces.

2. PRELIMINARIES

In order to make the exposition self-contained, some basic notions and results
used in the sequel are given. In this work (X,T") or simply by X, we will denote a
fuzzy topological space due to Chang (1968). Let X be a non-empty set and I, the
unit interval [0,1]. A fuzzy set A in X is a function from X into I. The null fuzzy
set Ox is the function from X into I which assumes only the value 0 and the whole
fuzzy set 1x is the function from X into I takes the value 1 only.

Definition 2.1 ([7]). Let (X, T) be a fuzzy topological space and A be any fuzzy set
in (X, T). The interior, the closure and the complement of A are defined respectively
as follows:

(i) int(A) = V{p/p <A, pe Ty,
(i) el(A) = Mp/A<pl—peT},
(iii) A (x) =1—= Ax), for all z € X.

Lemma 2.2. [2] For a fuzzy set X of a fuzzy topological space X,
(1) 1 —int(\) =c(1—N),
(2) 1 —cl(N) =int(1 - A).
Definition 2.3. A fuzzy set A in a fuzzy topological space (X, T) is called a:
(i) fuzzy regular-open set, if A = intcl(\) [2],
(ii) fuzzy regular-closed set, if A = clint(\) [2],
(iii) fuzzy B-open set, if A < clintcl(N) [7],
(iv) fuzzy B-closed set, if A < intclint(\) [5].

Definition 2.4. A fuzzy set X in a fuzzy topological space (X, T) is called a:

(i) fuzzy dense set, if there exists no fuzzy closed set p in (X,T) such that
A<p<liie,cdN)=1in (X,T) [11].

(ii) fuzzy nowhere dense set, if there exists no non-zero fuzzy open set p in
(X,T) such that p < cl(N), i.e., intcl(A\) =01in (X, T) [11].

(iii) fuzzy first category set, if A = V2,(\;), where ()\;)’s are fuzzy nowhere
dense sets in (X,T). Any other fuzzy set in (X,T) is said to be of fuzzy
second category [11].

(iv) fuzzy Gs-set in (X, T), if A = A2, (N\;), where \; € T for i € I [3].

(v) fuzzy Fy-set in (X,T), if A = V2, (\;), where 1 — \; € T for i € I [3].

(vi) fuzzy o-nowhere dense set, if A is a fuzzy F,-set in (X, T) such that int(\) =
0 [14].
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(viil) fuzzy simply™* open set, if A = p V 0, where p is a fuzzy open set and ¢ is a
fuzzy nowhere dense set in (X, T) [18].
(viii) fuzzy somewhere dense set, if intcl(A) # 0, in (X,T) [23].
(ix) fuzzy resolvable set, if for a fuzzy closed set p in (X, T), {cl(uAX) Acl(pA
(1 = X))} is a fuzzy nowhere dense in (X, T) [19].
(x) fuzzy irresolvable set, if for a fuzzy closed set p in (X, T), {cl(AX) Acl(pA
(1 =X))} is a fuzzy somewhere dense in (X, T) [19].
(xi) fuzzy Baire set, if A = (u A ), where u is a fuzzy open set and § is a fuzzy
residual set in (X, T') [15].
(xii) fuzzy B-nowhere dense set, if there exists no non-zero fuzzy -open set p in
(X,T) such that p < cl()N), i.e., f-intB-cl(A) = 0in (X,T) [16].

Definition 2.5. [11] Let A be a fuzzy first category set in a fuzzy topological space
in (X,T). Then 1 — X is called a fuzzy residual set in (X, T).

Definition 2.6. A fuzzy topological space (X,T) is called a:
(i) fuzzy Baire space, if int(V$2,(\;)) = 0, where (\;)’s are fuzzy nowhere dense
sets in (X, T) [13].
(ii) fuzzy submaximal space, if for each fuzzy set A in (X, T') such that cl(\) =1,
AeT [1].
(iii) fuzzy globally disconnected space, if each fuzzy semi-open set is fuzzy open
in (X,T) [20].
(iv) fuzzy basically disconnected space, if the closure of each fuzzy open F,-set
is fuzzy open in (X, T) [10].
(v) fuzzy perfectly disconnected space, if for any two non-zero fuzzy sets A and
u defined on X with A <1 — p, cl(A) <1—cl(p) in (X,T) [21].
(vi) fuzzy hereditarily irresolvable space, if there is no non-zero fuzzy resolvable
set in (X, T) [19].
(vil) fuzzy open hereditarily irresolvable space, if each non-zero fuzzy open set is
a fuzzy irresolvable set in (X,T) [19].
(viii) fuzzy nodec space, if each non-zero fuzzy nowhere dense set is fuzzy closed
set in (X, T) [13].
(ix) Fuzzy extremally disconnected space, if closure of every fuzzy open set is a
fuzzy open set in (X, T) [8].
(x) fuzzy [-Baire space, if int(V2,(\;)) = 0, where ();)’s are fuzzy S-nowhere
dense sets in (X, T) [10].
(xi) fuzzy resolvable space, if there exists a fuzzy dense set A in (X, T) such that
cl(1 = X) = 1. Otherwise (X, T) is called a fuzzy irresolvable space [12].

Definition 2.7 ([17]). Let (X, T) be a fuzzy topological space. A fuzzy set A defined
on X is said to have the property of fuzzy Baire, if A = (u A d) V 7, where p is a
fuzzy open set, § is a fuzzy residual set and 7 is a fuzzy first category set in (X, T).

Theorem 2.8 ([20]). If a fuzzy topological space (X,T) is a fuzzy globally
disconnected space, then (X,T) is a fuzzy nodec space.

Theorem 2.9 ([20]). If a fuzzy topological space (X,T) is a fuzzy globally
disconnected space, then (X,T) is a fuzzy extremally disconnected space.
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Theorem 2.10 ([20]). If a fuzzy topological space (X, T) is a fuzzy open hereditarily
irresolvable and fuzzy globally disconnected space, then (X,T) is a fuzzy submaximal
space.

Theorem 2.11 ([13]). Let (X,T) be a fuzzy topological space. Then the following
are equivalent:

(1) (X,T) is a fuzzy Baire space,

(2) int(N\) = 0, for every fuzzy first category set X in (X, T),

(3) cl(w) =1, for every fuzzy residual set p in (X, T).

Theorem 2.12 ([13]). If cl(A2,(Ni)) = 1, where (A;)’s are fuzzy dense and open
sets in a fuzzy topological space (X, T), then (X,T) is a fuzzy Baire space.

Theorem 2.13 ([10]). If a fuzzy topological space (X,T) is a fuzzy basically
disconnected space in which fuzzy open sets are fuzzy Fy-sets, then (X,T) is a
fuzzy extremally disconnected space.

Theorem 2.14 ([21]). If a fuzzy topological space (X,T) is a fuzzy perfectly
disconnected space, then (X,T) is a fuzzy extremally disconnected space.

Theorem 2.15 ([19]). If X is a fuzzy irresolvable set in a fuzzy topological space
(X,T), then A and 1 — X are fuzzy somewhere dense sets in (X, T)

Theorem 2.16 ([19]). If A is a fuzzy set defined on X in a fuzzy topological space
(X,T) in which fuzzy open sets are fuzzy irresolvable sets, then 1 — X\ is a fuzzy
somewhere dense set in (X, T).

Theorem 2.17 ([19]). If a fuzzy topological space (X,T) is a fuzzy hereditarily
irresolvable space, then (X,T) is a fuzzy open hereditarily irresolvable space.

Theorem 2.18 ([15]). If X is a fuzzy Baire set in a fuzzy topological space (X,T),
then there exists a fuzzy Baire set p in (X, T) such that p < .

Theorem 2.19 ([16]). If A is a fuzzy o-nowhere dense set in a fuzzy topological
space (X, T) then 1 — X is a fuzzy residual set in (X,T).

Theorem 2.20 ([17]). If X is a fuzzy set with Baire property in a fuzzy topological
space (X, T), then there exists a fuzzy Baire set o in (X,T) such that o < A, in
(X,T).

Theorem 2.21 ([22]). If X is a fuzzy somewhere dense set in a fuzzy topological space

(X,T), then there exist a fuzzy reqular closed set n in (X, T) such that n < cl(X).

Theorem 2.22 ([10]). If X is a fuzzy nowhere dense and fuzzy closed set in a fuzzy
topological space (X, T), then X\ is a fuzzy S-nowhere dense set in (X,T).

3. Fuzzy MAXIMAL SPACES

Definition 3.1. A fuzzy topological space (X, T) is called a fuzzy maximal space,
if (X,T) is a fuzzy extremally disconnected and fuzzy submaximal space.

Example 3.2. Let X = {a,b,c}. Consider the fuzzy sets «, 3, v, A\, 1 and § are
defined on X as follows:
a: X —[0,1] is defined as a(a) = 0.6; «(b) =0.5; alc)=0.2,
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B:X —[0,1] is defined as f(a) = 0.5; B(b) =0.9; B(c) =0.7,
~v: X —[0,1] is defined as y(a) = 0.4; ~(b) =0.5; ~(c) =0.8,
A: X — [0,1] is defined as A(a) = 0.6; A(b) =0.9; A(c) =0.7,
X —[0,1] is defined as p(a) = 0.5;  u(b) =0.9; p(c) =0.8,
5:X%[01]1sdeﬁnedas5()f06; 0(b) =0.9; 4(c) =0.8.

Then T = {0,a, B, 7y, @V B,aV v, BVy,aAB,aNy, BAvy,aV (BAY), vV (aAB),BA
(aVy),aV BV~,1} is a fuzzy topology on X. On computation, one can see that
cdla)=1l—-y=aeT;cdB)=1€T;c(y)=1—-a=~v€T;claVvp)=1€eT,;
cdlavy)=1—(aAy)=aVyeT;cd(fVy)=1€T;c(anB)=1—vV(aAB) =
aANBeT,dlany)=1—(aVy) =anyeT;cdfAy) =1—a=~vy¢ecT,;
dlav(BA7)] = 1—(aA) = avy € T; dlyv (@np)] = 1—(aAf) = 1V (@nf) € T;
dlBN(aVvy)]=1—(anB)=vV(aAp)eT and cl(aVBV~y)=1¢€T. Since the
closure of each fuzzy open set in (X, T') is a fuzzy open set in (X, T), (X, T) is a fuzzy
extremally disconnected space. Also, cl(A) = 1, ¢l(u) = 1 and cl(§) = 1, implies
that , A\, u and § are fuzzy dense sets in (X, T) and A=aVpBeT, u=V~yeT
and § = aV BV~ € T shows that (X, T) is a fuzzy submaximal space. Thus (X, T)
is a fuzzy maximal space.

Proposition 3.3. If the fuzzy topological space (X, T) is a fuzzy maximal space,
then

(1) for a fuzzy nowhere dense set p in (X,T), p is a fuzzy closed set in (X,T),
(1) for a fuzzy closed set § in (X, T), int(d) is a fuzzy closed set in (X, T),

(1) for a fuzzy somewhere dense set o in (X,T), int(c) # 0 in (X,T).

Proof. (1) Let pu be a fuzzy nowhere dense set in (X,T). Then intcl(p) = 0 in
(X,T). But int(p) < intel(p) in (X,T). This implies that int(u) = 0 in (X, T).
Now cl(1—p) =1—int(u) =1—0 =1 and thus 1 — p is a fuzzy dense set in (X, T).
Since (X,T) is a fuzzy maximal space, (X,T) is a fuzzy submaximal space and so
the fuzzy dense set 1 — p is a fuzzy open set in (X, T). Hence p is a fuzzy closed set
n (X, 7).

(2) Let ¢ be a fuzzy closed set in (X,T). Then 1—§ is a fuzzy open set in (X, T).
Since (X, T) is a fuzzy maximal space, by (1), cl(1—¢) is a fuzzy open set in (X, T).
Thus 1—int(6) is a fuzzy open set in (X, T). So int(d) is a fuzzy closed set in (X, T).

(3) Let o be a fuzzy somewhere dense set in (X, T). Then intcl(o) # 0, in (X, T).
Suppose that int(c) =0in (X,T). Then cl(1 —0) =1 —int(o) =1—-0=1. Thus
1 — o is a fuzzy dense set in (X, T). Since (X,T) is a fuzzy maximal space, (X,T)
is a fuzzy submaximal space. So the fuzzy dense set 1 — o is a fuzzy open set in
(X,T). Hence o is a fuzzy closed set in (X,T) for which ¢l(c) = ¢ in (X, T). This
will imply that intcl(o) = int(o) = 0, a contradiction. Therefore int(o) # 0, for a
fuzzy somewhere dense set o in (X, T). O

Proposition 3.4. If \ is a fuzzy first category set in a fuzzy mazimal space (X, T),
then X is a fuzzy Fy-set in (X, T).

Proof. Let X be a fuzzy first category set in (X, T'). Then A = V2, (\;) where (A;)’s

are fuzzy nowhere dense sets in (X,T"). Since (X,T) is a fuzzy maximal space, by

Proposition 3.3 (1), (A;)’s are fuzzy closed sets in (X, T). Thus A = V2, ()\;), where

(A\;)’s are fuzzy closed sets in (X, T), implies that A is a fuzzy F,-set in (X,T). O
285
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Proposition 3.5. If \ is a fuzzy residual set in a fuzzy mazimal space (X, T), then
A is a fuzzy Gs-set in (X, T).

Proof. Let A be a fuzzy residual set in (X,T"). Then 1 — X is a fuzzy first category
set in (X, T). Since (X,T) is a fuzzy maximal space, by Proposition 3.4, 1 — X is a
fuzzy Fy-set in (X, T). Thus A is a fuzzy Gs-set in (X, T). O

Proposition 3.6. If \ is a fuzzy simply* open set in a fuzzy mazimal space (X, T),
then A = p V6o, where p,1 —6 € T.

Proof. Let X be a fuzzy simply* open set in (X,T). Then A = p V §, where p is a
non-zero fuzzy open set and J is a fuzzy nowhere dense set in (X, T). Since (X, T)
is a fuzzy maximal space, by Proposition 3.3 (1), the fuzzy nowhere dense set d is a
fuzzy closed set in (X,T). Thus A = p V4, where u,1 — 6 € T. O

Proposition 3.7. If \ is a fuzzy set defined on X in a fuzzy mazimal space (X, T),
then int(\) # 0 in (X, T).

Proof. Let A be a fuzzy set defined on X in (X, T). Now cl(\) is a fuzzy closed set
in (X,T) and then int[cl(N\)] is a fuzzy open set in (X, T). Since (X,T) is a fuzzy
maximal space, cl(int[cl()\)]) is a non-zero fuzzy open set in (X,T). This implies
that int[cl(A)] # 0 and thus A is a fuzzy somewhere dense set in (X, T'). Since (X, T)
is a fuzzy maximal space, by Proposition 3.3 (3), for the fuzzy somewhere dense set
in (X,T), int(\) #01in (X, T). O

Proposition 3.8. If \ is a fuzzy first category set in a fuzzy mazimal space (X, T),
then A is not a fuzzy o-nowhere dense set in (X, T).

Proof. Let X be a fuzzy first category set in (X, T). Since (X,T) is a fuzzy maximal
space and by Proposition 3.4, the fuzzy first category set A\ is a fuzzy F,-set in
(X,T). Then X is a fuzzy Fy-set in (X,T). By Proposition 3.7, int(\) # 0, for the
fuzzy set A in (X,T). Thus A is not a fuzzy o-nowhere dense set in (X, T). O

Proposition 3.9. If X is a fuzzy irresolvable set in a fuzzy mazimal space (X, T),
then int(\) # 0 and cl(X) #1 in (X, T).

Proof. Let A be a fuzzy irresolvable set in (X,T). Then by theorem 2.15, A and
1 — X are fuzzy somewhere dense sets in (X,7T). Since (X,T) is a fuzzy maximal
space, by Proposition 3.3 (3), int(\) # 0 and int(1 —A) # 0 in (X, T). By Lemma
2.2, 1 —cl(N) =int(1 — ) # 0 and thus 1 — ¢l(\) # 0. This implies that cl()\) # 1.
So for a fuzzy irresolvable set A, int(A) # 0 and cl(\) # 1 in (X, T). O

Proposition 3.10. If A is a fuzzy set defined on X in a fuzzy maximal space (X, T)
in which fuzzy open sets are fuzzy irresolvable sets, then A is not a fuzzy dense set
in (X, T).

Proof. Let X be a fuzzy set defined on X in (X, T') in which fuzzy open sets are fuzzy

irresolvable sets. Then by Theorem 2.16, 1 — A is a fuzzy somewhere dense set in

(X,T). Since (X, T) is a fuzzy maximal space, by Proposition 3.3 (3), int(1—\) # 0

in (X,T). Thus 1 —¢l(\) # 0. So cl(\) # 1. Hence X is not a fuzzy dense set in

(X, 7). O
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Proposition 3.11. If A is a fuzzy Baire set in a fuzzy maximal space (X,T), then
A is a fuzzy Gs-set in (X, T).

Proof. Let X be a fuzzy Baire set in (X,T). Then A = pu A §, where p is a fuzzy
open set and ¢ is a fuzzy residual set in (X,T). Since (X,T) is a fuzzy maximal
space, by Proposition 3.5, the fuzzy residual set § is a fuzzy Gs-set in (X, T). Thus
0 = A$2,(0;), where (0;)’s are fuzzy open sets in (X, T'). Since p and (6;)’s are fuzzy
open sets, (u A d;)’s are fuzzy open sets in (X,T). Now A = pAd = puA A2, (6;)] =
A2 (A 6;), where (u A 6;)’s are fuzzy open sets in (X,T). So A is a fuzzy Gs-set
in (X,T). O

Proposition 3.12. If A is a fuzzy Baire set in a fuzzy maximal space (X,T), then
there exists a fuzzy Gs-set p in (X, T) such that p < \.

Proof. Let A be a fuzzy Baire set in (X,T). Then by Theorem 2.18, for the fuzzy
Baire set in (X, T), there exists a fuzzy Baire set u in (X, T) such that u < A. Since
(X, T) is a fuzzy maximal space, by Proposition 3.11, the fuzzy Baire set u is a fuzzy
Gs-set in (X, T). Thus, if X is a fuzzy Baire set in (X, T), then there exists a fuzzy
Gs-set p in (X, T) such that p < A O

Proposition 3.13. If a fuzzy topological space (X,T) is a fuzzy mazimal space,
then (X, T) has no non-zero fuzzy o-nowhere dense set in (X, T).

Proof. Suppose that A is a fuzzy F,-set in (X,T). Since (X, T) is a fuzzy maximal
space, by Proposition 3.7, for the fuzzy set defined on X in the fuzzy maximal space
(X,T), int(\) # 0, in (X,T). Then X is a fuzzy F,-set such that int(\) # 0 in
(X,T). Thus (X,T) has no non-zero fuzzy F,-set such that int(\) # 0 in (X, T).
So (X, T) has no non-zero fuzzy o-nowhere dense set in (X, 7). O

Proposition 3.14. If ) is a fuzzy set with fuzzy Baire property in a fuzzy mazimal
space (X, T), then there exists a fuzzy Gg-set p in (X, T) such that p < \.

Proof. Let A be a fuzzy set with fuzzy Baire property in (X,T). Then by Theorem
2.20, there exists a fuzzy Baire set v in (X,7T) such that v < A in (X,T). Since
(X,T) is a fuzzy maximal space, by Proposition 3.12, for the fuzzy Baire set v in
(X,T), there exists a fuzzy Gs-set p in (X, T) such that g < . This implies that
w< A O

Proposition 3.15. If A is a fuzzy nowhere dense set in a fuzzy mazimal space
(X,T), then X is a fuzzy S-nowhere dense set in (X, T).

Proof. Let A be a fuzzy nowhere dense set in (X, T). Since (X, T) is a fuzzy maximal
space, by Proposition 3.3 (1), A is a fuzzy closed set in (X,T). Then A is a fuzzy
nowhere dense and fuzzy closed set in (X,T). Thus by Theorem 2.22; X is a fuzzy
B-nowhere dense set in (X, T). O

4. Fuzzy MAXIMAL SPACES AND OTHER FUZZY TOPOLOGICAL SPACES

Proposition 4.1. If the fuzzy topological space (X, T) is a fuzzy mazimal space,
then (X,T) is a fuzzy nodec space.
287
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Proof. Let A be a fuzzy nowhere dense set in (X, T'). Since (X, T) is a fuzzy maximal
space, by Proposition 3.3 (1), A is a fuzzy closed set in (X,T). Then the fuzzy
nowhere dense set is a fuzzy closed set in (X,T). Thus (X,T) is a fuzzy nodec
space. Il

Remark 4.2. The converse of the above proposition need not be true. That is, a

fuzzy nodec space need not be a fuzzy maximal space. For, consider the following:
Let X = {a,b,c}. The fuzzy sets «, 8, v, A\, u and p are defined on X as follows:
a: X —[0,1] is defined as a(a) = 0.5; «a(b) =0.5; afc) =0.7,

0, 1] is defined as B(a)—OG B(b) =0.7; (c)—05

B:X —[0,1]

~v: X —[0,1] is defined as v(a) = v() =0.5; ~(c) =

A: X — [0,1] is defined as A(a) = O 4 A(D) =0.3; M) =

w: X —[0,1] is defined as u(a) =0.4; wu(b) =0.5; pu(c) = 0.3,

p: X —[0,1] is defined as p(a) = 0.6; p(b) =0.6; p(c) = 0.6.
Then T = {0, «, 8,7, aV B, aVy,aAB, 1} is a fuzzy topology on X. On computation,
one can see that the fuzzy nowhere dense sets in (X,7T),1 —a,1—8,1—7,1—(aV
B),1—(aV~y), A and p are fuzzy closed sets in (X, T). Thus (X, T) is a fuzzy nodec
space.

Since cl(p) =1 and p ¢ T, (X, T) is not a fuzzy submaximal. Eventhough (X,T)
is a fuzzy extremally disconnected space, being a fuzzy non-submaximal space (X, T")
is not a fuzzy maximal space.

Remark 4.3. The converse of the above proposition need not be true. For, consider
the following example:
Let X = {a,b,c}. The fuzzy sets A\, u and v and p are defined on X as follows:

A: X — [0,1] is defined as A(a) = 0.8; A(b) = O 5 Ae) = 0.7,

X —[0,1] is defined as p(a) = 0.6; u(b) = u(c) =04,

v:X —[0,1] is defined as y(a) = 0.4; ~(b) = () 7 ~(c) = 0.8,
p(b

(
p: X —[0,1] is defined as p(a) = 0.6; ) =0.6; p(c)=0.5.

Then T = {0, \, b, 7, AV 11, AV, WV Y, ANy ANy, Ay, AV (A7), 1wV (AAY), 7V (AA
1), AN (V) pAAVY), YA(AV L), AV Ny, AA Ay, 1} is a fuzzy topology on X. On
computation, one can see that for each dense set w (= A, g, v, AV i, AV, uVy, AA
Hs ANV, LAY AV (AY), ftV (AAY), YV (AA L) AN (V) pAAVY), YA(AV ), AV V)
and p, cl(1 —w) # 1 and thus (X,T) is a fuzzy irresolvable space. Also, cl(rho) =1
and p is not a fuzzy open set in (X, T), implies that (X, T) is not a fuzzy submaximal
space for the fuzzy open set AA p, cdl(AAp)=1—AApuAy) ¢T. So (X,T) is not
a fuzzy extremally disconnected space. Hence (X, T') being a fuzzy submaximal and
fuzzy extremally disconnected, (X,T) is not a fuzzy maximal space.

Proposition 4.4. If the fuzzy topological space (X, T) is a fuzzy mazimal space,
then (X, T) is a fuzzy irresolvable space.

Proof. Let A be a non-zero fuzzy dense set in (X, T). Since (X, T) is a fuzzy maximal
space, (X, T) is a fuzzy submaximal space and then X is a fuzzy open set in (X, T).
Thus 1 — X is a fuzzy closed set in (X,T). So ¢l(1 —A) =1— X # 1. Hence for
the fuzzy dense set A in (X, T), cl(1 —A) # 1 in (X,T). Therefore (X,T) is a fuzzy
irresolvable space. O
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Proposition 4.5. If a fuzzy topological space (X,T) is a fuzzy globally disconnected
and fuzzy submaximal space, then (X, T) is a fuzzy maximal space.

Proof. Let (X,T) be a fuzzy globally disconnected space. Then by Theorem 2.9,
(X,T) is a fuzzy extremally disconnected space. Thus (X, T) is a fuzzy extremally
disconnected and fuzzy submaximal space. So (X, T) is a fuzzy maximal space. [

Remark 4.6. In Example 3.2, consider the fuzzy set n defined on X as follows as
follows:

n(a) = 0.5; n(b) =0.9; n(c)=0.9.
On computation, int(n) = SV v and clint(n) = 1 and then n < clint(n). Thus 7 is
a fuzzy semi-open set but not a fuzzy open set in (X,T'). So (X,T) is not a fuzzy
globally disconnected space. Hence (X, T) is a fuzzy maximal space but not a fuzzy
globally disconnected space.

Proposition 4.7. If a fuzzy topological space (X,T) is a fuzzy open hereditarily
irresolvable and fuzzy globally disconnected space, then (X,T) is a fuzzy maximal
space.

Proof. Let (X,T) be a fuzzy open hereditarily irresolvable and fuzzy globally
disconnected space. Then by Theorem 2.10, (X,T) is a fuzzy submaximal space.
Also, since (X, T) is a fuzzy globally disconnected space, by Theorem 2.9, (X, T) is
a fuzzy extremally disconnected space. Thus (X,T) is a fuzzy extremally
disconnected and fuzzy submaximal space. So (X, T) is a fuzzy maximal space. [

Proposition 4.8. If a fuzzy topological space (X,T) is a fuzzy hereditarily
irresolvable and fuzzy globally disconnected space, then (X,T) is a fuzzy maximal
space.

Proof. Let (X, T) be a fuzzy hereditarily irresolvable and fuzzy globally disconnected
space. Then by Theorem 2.17, the fuzzy hereditarily irresolvable space (X,T) is a
fuzzy open hereditarily irresolvable space. Thus by Proposition 4.7, (X, T) is a fuzzy
maximal space. O

Proposition 4.9. If a fuzzy topological space (X, T) is a fuzzy perfectly disconnected
and fuzzy submazimal space, then (X,T) is a fuzzy maximal space.

Proof. Let (X,T) be a fuzzy perfectly disconnected space. Then by Theorem 2.14,
(X,T) is a fuzzy extremally disconnected space. Thus (X,T) is a fuzzy extremally
disconnected and fuzzy submaximal space. So (X,T) is a fuzzy maximal space. O

Remark 4.10. The converse of the above proposition need not be true. That is, a
fuzzy maximal space need not be a fuzzy perfectly disconnected space. For consider
the following example:

In Example 3.2, consider the following fuzzy sets p and 6 defined on X as follows:

pla) =0.5;  p(b) =0.5; p(c) = 0.6,

0(a) =04; 6(b)=0.5; 0(c)=0.4.
On computation, one can see that cl(p) = 1 — (a A 8), cl(6) = 1 — a. Clearly,
p<1-0. But c(p) ;ﬁ 1 —cl(f). Then (X,T) is not a fuzzy perfectly disconnected
space. Thus (X, T) is a fuzzy maximal space but not a fuzzy perfectly disconnected

space.
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Proposition 4.11. If a fuzzy topological space (X,T) is a fuzzy mazimal space,
then (X,T) is not a fuzzy Baire space.

Proof. Let X be a fuzzy first category set in (X, 7). Then A = V52, ()\;), where ();)’s
are fuzzy nowhere dense sets in (X,T). Since (X,T) is a fuzzy maximal space, for
the fuzzy set A in (X, T'), by Proposition 3.7, int(A) # 0 and thus int (V2 () # 0
n (X,T). So (X,T) is not a fuzzy Baire space. O

Proposition 4.12. If a fuzzy topological space (X,T) is a fuzzy mazimal space,
then (X, T) is not a fuzzy B-Baire space.

Proof. Let (A;)’s (i =1 to 0o0) be fuzzy nowhere dense sets in (X,T'). Since (X,T)
is a fuzzy maximal space, by Proposition 3.15, (\;)’s are fuzzy S-nowhere dense sets
n (X,T). Now mt(\/fol()\ )) < B- mt(\/;’ol()\ )). Suppose that S-int(V2,(\;)) =
0. Then int(V2,(A;)) = 0 and this implies that (X,T) is a fuzzy Baire space, a
contradiction to Propomtlon 4.11. Then B-int(V52,(\;)) # 0 implies that (X, T) is
not a fuzzy -Baire space, where (\;)’s are fuzzy S-nowhere dense sets in (X, 7). O

Remark 4.13. The converse of the above proposition need not be true. That is,
a fuzzy (-Baire space need not be a fuzzy maximal space. consider the following
example.

Let X = {a,b,c}. and let the fuzzy sets a, 0, 0, n, A, p and « be defined on X as
follows:
a: X — [0,1] is defined as a(a) = 0.5; «

— [0,1] is defined as 6(a) = 0. 6; 0

— [0, 1] is defined as 6(a) =0.3; ¢
— [0, 1] is defined as n(a) = 0.6; 7
— [0, 1] is defined as A\(a) = 0 A(b) =0.6; () = 0.6,
— [0, 1] is defined as p(a) = b) = (c) =0.6,
: X — [0,1] is defined as v(a) = 0 4; ~v(b) =0.6; ~(c) =0.3.
Then T = {0,a,60,1} is a fuzzy topology on X. Thus the fuzzy S-nowhere dense
setsin (X,T) arey,1—a,1—6,1—n,1—Xand 1 — g. On computation,

intlyV(l—a) vl -0)vl—-nVv(d-AVv(1-p]=0.

So (X,T) is a fuzzy (-Baire space. Also, cl(n) =1 but n ¢ T. Hence (X,T) is not
a fuzzy submaximal. Therefore is not a fuzzy maximal space.

b) =04; «ac) =0.6,
) =05 6(c) = 0.7,
)=0.1; d(c) =0.7,
b) =0.6; n(c)=0.7,

9

2 E >I 2D

Remark 4.14. The inter-relations between fuzzy maximal spaces and fuzzy
perfectly disconnected spaces, fuzzy hereditarily irresolvable spaces , fuzzy open
hereditarily irresolvable spaces, fuzzy globally disconnected space, can be
summarized as follows : fuzzy hereditarily irresolvable and fuzzy globally
disconnected spaces.
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Proposition 4.15. If a fuzzy topological space (X,T) is a fuzzy mazimal space,
then (X, T) has no non-zero fuzzy dense and fuzzy Gs-set in (X, T).

Proof. Suppose that (X,T) has a non-zero fuzzy Gs-set A such that cl/(A\) = 1 in
(X,T). Then A = A2,(\;) such that cl[A2;(N)] = 1 in (X,T), where (\;)’s
are fuzzy open sets in (X,T). Now cl[A2,(N;)] < A2 [cl((N\;))] implies that 1 <
AZ [el((M\)] in (X, T), ie., A2 [el((N;))] = 1. Thus cl((X;)) = 1. So (\;)’s are
fuzzy dense sets in (X,T). Hence cl(A2;(A;)) = 1, where (\;)’s are fuzzy dense
and fuzzy open sets in (X,T). By Theorem 2.12, this implies that (X, T) is a fuzzy
Baire space, a contradiction to Proposition 4.9. Therefore (X,T') has no non-zero
fuzzy dense and fuzzy Gs-set in (X, T). O

Proposition 4.16. If ) is a fuzzy Baire set in a fuzzy maximal space (X, T), then
A is a fuzzy Gs-set in (X, T) such that cl(\) # 1.

Proof. Let A be a fuzzy Baire set in (X, 7). Then by Proposition 3.11, A is a fuzzy
Gs-set in (X, T). Suppose that cl(A) = 1. Then A is a fuzzy dense and fuzzy Gs-set
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in (X,T), a contradiction to Proposition 4.15. Thus the fuzzy Baire set in a fuzzy
maximal space (X, T) is a fuzzy Gs-set in (X, T) such that cl(\) # 1. O

Proposition 4.17. If fuzzy open sets are fuzzy Fy-sets and fuzzy dense sets are
fuzzy open sets in a fuzzy basically disconnected space (X,T), then (X,T) is a fuzzy
maximal space.

Proof. Let (X,T) be a fuzzy basically disconnected space in which the fuzzy open
sets are the fuzzy F,-sets and the fuzzy dense sets are the fuzzy open sets in (X, T).
Since the fuzzy open sets are the fuzzy F,-sets in a fuzzy basically disconnected
space, by Theorem 2.13, (X,T) is a fuzzy extremally disconnected space. Also,
since the fuzzy dense sets are the fuzzy open sets, (X,T) is a fuzzy submaximal
space. Thus (X, T) is a fuzzy extremally disconnected and fuzzy submaximal space.
So (X, T) is a fuzzy maximal space. O

Proposition 4.18. If a fuzzy topological space (X, T) is a fuzzy open hereditarily
irresolvable and fuzzy maximal space, then for any non-zero fuzzy set A defined on
X, intc(N) # 0 in (X, T).

Proof. Let A be any non-zero fuzzy set defined on X. Since (X, T) is a fuzzy maximal
space, by Proposition 3.7, for the fuzzy set A\ defined on X in the fuzzy maximal space
(X,T), int(\) # 0 in (X,T). Since (X,T) is a fuzzy open hereditarily irresolvable
space, int(\) # 0 implies that intcl(\) # 0 in (X, T). O

Proposition 4.19. If a fuzzy topological space (X, T) is a fuzzy open hereditarily
irresolvable and fuzzy mazimal space, then for any non-zero fuzzy set A defined on
X is a fuzzy somewhere dense set in (X, T).

Proof. Let A be any non-zero fuzzy set A defined on X. Since (X, T) is a fuzzy open
hereditarily irresolvable and fuzzy maximal space, by proposition 4.18, for the non-
zero fuzzy set A defined on X, intcl(A) # 0 in (X,T). Then X is a fuzzy somewhere
dense set in (X, T). O

Proposition 4.20. If a fuzzy topological space (X, T) is a fuzzy open hereditarily
irresolvable and fuzzy mazimal space, then any non-zero fuzzy set A defined on X,
there exists a fuzzy regular closed set n in (X, T) such that n < cl()\).

Proof. Let A be any non-zero fuzzy set defined on X. Since (X,T) is a fuzzy open
hereditarily irresolvable and fuzzy maximal space, by Proposition 4.18, for the non-
zero fuzzy set A defined on X X is a fuzzy somewhere dense set in (X,T). Then
by Theorem 2.21, there exists a fuzzy regular closed set n in (X, T) such that n <
cl(N). O

5. CONCLUSIONS

The notion of maximal spaces has been introduced in this paper by means of
extremally disconnectedness with submaximality of fuzzy topological spaces.
Several characterizations of fuzzy maximal spaces have been established and the
inter-relations between fuzzy maximal spaces and other fuzzy topological spaces
have been investigated in this paper.
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