Annals of Fuzzy Mathematics and Informatics
Volume 19, No. 3, (June 2020) pp. 211-238 @FMH

ISSN: 2093-9310 (print version)

ISSN: 2287-6235 (electronic version) © Research Institute for Basic
http://www.afmi.or.kr Science, Wonkwang University
https://doi.org/10.30948 /afmi.2020.19.3.211 http://ribs.wonkwang.ac.kr

Octahedron sets

J. G. LEg, G. SENEL, P. K. Liv, J. Kim, K. HUrR

=
=L

=
® ©II
‘ﬁ a:;ﬁm
Z =
=

M I

@FMI
@ MI
@QFMI

@F MI

Q[ M
@F I
@F MI
@ MT
@F MT

©
= ®
®
= aliisis @lle
®

QFMI, @FMTI
Q@ ¥ M I

Reprinted from the

Annals of Fuzzy Mathematics and Informatics
Vol. 19, No. 3, June 2020



Annals of Fuzzy Mathematics and Informatics
Volume 19, No. 3, (June 2020) pp. 211-238 @FMH

ISSN: 2093-9310 (print version)

ISSN: 2287-6235 (electronic version) © Research Institute for Basic
http://www.afmi.or.kr Science, Wonkwang University
https://doi.org/10.30948 /afmi.2020.19.3.211 http://ribs.wonkwang.ac.kr

Octahedron sets

J. G. LEg, G. SENEL, P. K. Liv, J. Kim, K. HUr

Received 19 July 2019; Revised 25 August 2019; Accepted 3 December 2019

ABSTRACT. We define an octahedron set and introduce the notions
of internal octahedron sets and external octahedron sets and study some
related properties and give some examples. Also, we define Type i-order,
Type i-intersection, Type i-union (i = 1, 2, 3, 4) and study some of their
properties. Moreover, we define an octahedron point and deal with the
characterizations of Type i-union (Type i-intersection). Also, we introduce
the level set of an octahedron set and obtain one property. Finally, we
define the image and preimage of an octahedron set under a mapping and
investigate some of their properties.
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1. INTRODUCTION

To express the real world as it is, numerous mathematicians have been trying to
find a mathematical expression of its uncertainty a long time ago. Zadeh [19] (1965)
introduced the concept of fuzzy sets as the generalization of ordinary sets. After that
time, Zadeh [20] (1975), Pawlak [17] (1982), Atanassov [1] (1983), Atanassov and
Gargov [2] (1989), Gau and Buchrer [5] (1993), Coker [3] (1996), Smarandache [18]
(1998) and Molodtsov [15] (1999) introduced the concept of interval-valued fuzzy
sets, rough sets, intuitionistic fuzzy sets, interval-valued intuitionistic fuzzy sets,
vague sets, intuitionistic sets, neutrosophic sets and soft sets, in turn in order to
solve various real-life problems. We can see from the literatures that these concepts
have been studied in various fields of mathematics, engineering, medicine, and social
sciences, etc. Recently, Jun et al. [] defined a cubic set as a pair of an interval-valued
fuzzy set and a fuzzy set, and investigated some of its properties. Smarandache et
al. [9] extended the concept of cubic sets to neutrosophic sets and studied some of
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its properties. Also, Jun et al. [10] introduced the concept of cubic interval-valued
intuitionistic fuzzy sets and applied it to BCK/BCI-algebras. Moreover, Jun [7]
introduce the notion of cubic intuitionistic set (called an interval-valued intuitionistic
cubic set by Kim et al. [13]) and applied it to the cubic intuitionistic set. After then,
Kaur and Garg [11, 12] applied it to decision-making and studied cubic intuitionistic
fuzzy aggregation operators.

In order to reduce the loss of information in solving the problem of uncertainty,
it is considered that the concept of a study should consider the interval-valued fuzzy
set, the intuitionistic fuzzy set, and the fuzzy set simultaneously. Then in this
paper, by using an interval-valued fuzzy set, an intuitionistic fuzzy set and a fuzzy
set, we introduce a new notion, called an (internal, external) octahedron set, and
study some properties and give some examples. Also, we define Type i-order, Type
i-intersection, Type é-union (¢ = 1, 2, 3, 4) and investigate some of their properties.
Moreover, we define an octahedron point and deal with the characterizations of Type
i-union (Type i-intersection). Also, we introduce the level set of an octahedron set
and obtain one property. Finally, we define the image and preimage of an octahedron
set under a mapping and study some of their properties.

2. PRELIMINARIES
In this section, we list some basic definitions needed in the next sections.
Let I® 1 = {a = (a€,a%) € I x I : a€ +a¥ < 1}, where I = [0,1]. Then
each member @ of I & I is called an intuitionistic point or intuitionistic number. In

particuar, we denote (0,1) and (1,0) as 0 and 1, respectively. We define relations <
and = on I & I as follows (See [4]):

(Va, be I ®I)(a <b<+= a€ < b and a? > b¥%),
(Va, be I®I)(a=0b+= af = b and a? = b%).
For each a € I @ I, the complement of a, denoted by a®, is defined as follows:
at = (ag, a®).

For any (a;)jes C I @1, its infimum A ; @; and supremum \/;_ ; a; are defined
as follows:

Nai=(Aai Vah),

jeJ Jj€J JjeJ
Vi =(Vaf A af).
jed Jj€J JjeJ
From Theorem 2.1 in [4], we can see that (I @ I, <) is a complete distributive

lattice with the greatest element 1 and the least element 0 satisfying De Morgan’s
laws.

Definition 2.1 ([1]). For a nonempty set X, a mapping A : X — I & [ is called

an intuitionistic fuzzy set (briefly, IF set) in X, where for each x € X, A(z) =

(AS(x), A%(z)), and AS(z) and A% (z) represent the degree of membership and the

degree of nonmembership of an element z to A, respectively. Let (I 1)* denote the
212
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set of all IF sets in X and for each A € [I]X, we write A = (A€, A%). In particular,
0 and 1 denote the IF empty set and the IF whole set in X defined by, respectively:
for each = € X,

0(z) =0 and 1(z) = 1.
We define relations C and = on (I & I)*X as follows:
(VA Be(IoI)*)(ACB <+« (re X)(A(z) < B(z)),

(VA Be(IaD)*)(A=B<+ (z<c X)(A(z) = B(z)).
For each A € (I®1)%, the complement of A, denoted by A¢, is defined as follows:
For each x € X,

A(z) = (A% (2), A%(2)).
For each A € (I & 1), []A and oA are IF sets in X defined as follows:
For each x € X,

[JA(z) = (AS(z),1 — AS(z)) and o A(z) = (1 — A%(z), A%(z)).

For any (4;)je; C (I © 1), its intersection (., A; and union {J;.; A; are
defined, respectively as follows: For each = € X,

(N AD@) = () AD@). () AD @) = (N AS @), \ Af (2)

JjeJ JjeJ JjeJ JjeJ jeJ
(J4)@) = AH@). (| AH @) = (\ A5 @), )\ A% (=)
jeJ jeJ jeJ jed jeJ

The set of all closed subintervals of I is denoted by [I], and members of [I] are

called interval numbers and are denoted by a, E, ¢, ete., where @ = [a~,a™] and
0 <a” <a' <1. In particular, if a~ = a™, then we write as a = a.
We define relations < and = on [I] as follows:

(Va, be[I)@<b<a <b andat <bT),
(Va, beI)(@=b<>a" =b" and a™ = b*).

For any a, be [I], their minimum and maximum, denoted by @ Aband @ \/FI;7 are
defined as follows:

anb=1[a" Ab-,at ADY],
avb=[a" Vb ,at vbt]
Let (aj)jes C [I]. Then its inf and sup, denoted by A ;. ;a; and \/

defined as follows:
/\ aJ /\ a5 /\

jeJ aj are

JjeJ JjeJ jedJ

~ — +
Va=1Va.Va
JjEJ jeJ jeJ

For each @ € [I], its complement, denoted by a°, is defined as follows:

@ =[—at1—a"].
213
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Definition 2.2 ([6, 20]). For a nonempty set X, a mapping A : X — [I] is called
an interval-valued fuzzy set (briefly, an IVF set) in X. Let [I]X denote the set of all
IVF sets in X. For each A € [I[]X and z € X, A(z) = [A~(z), A*(z)] is called the
degree of membership of an element x to A, where A=, At € IX are called a lower
fuzzy set and an upper fuzzy set in X, respectively. For each A € [I]X, we write
A =[A",AT]. In particular, 0 and 1 denote the interval-valued fuzzy empty set and
the interval-valued fuzzy empty whole set in X, respectively. We define relations C
and = on [I]X as follows:

(V A, Be[II*)(AC B+ (re X)(A(z) < B(z)),

(V A, Be[II*)(A=B <+ (zrcX)(A(x) = B(z)).
For each A € [I]X, the complement of A, denoted by A¢, is defined as follows:
For each x € X,
A%(@) = [1 = A (2),1 + A* ()],
For any (A;)jes C [I]¥, its intersection (;es Aj and union J; ; A; are defined,
respectively as follows:
For each x € X,

(AN = N 45(),

jeJ jeJ
(U@ =V 4;).
jeJ jed

Definition 2.3 ([3]). Let X be a nonempty set. Then a complex mapping A =
(A, \) : X — [I] x I is called a cubic set in X.

A cubic set A = (A, ) in which A(z) = 0 and A(z) = 1 (resp. A(z) =1 and
A(z) = 0) for each z € X is denoted by 0 (resp. 1).

A cubic set B = (B, p) in which B(z) = 0 and p(z) = 0 (resp. B(z) = 1 and
p(z) = 1) for each z € X is denoted by 0 (resp. 1). In this case, 0 (resp. 1) will be
called a cubic empty (resp. whole) set in X.

We denote the set of all cubic sets in X as C(X).

Definition 2.4 ([3]). Let X be a nonempty set and let A = (A4, \) € C(X). Then
A is called :

(i) an internal cubic set (briefly, ICS) in X, if A= (z) < A(z) < AT (x) for each
z e X,

(ii) an external cubic set (briefly, ECS) in X, if A\(z) € (A~ (z), AT (z)) for each
reX.

3. OCTAHEDRON SETS

In this section, we introduce concepts of octahedron sets, internal octahedron sets
and external octahedron sets, and study some of their properties and some examples.
We denote members of [I] x (IS 1) x I as a =< a,a,a >=< [a~,a"], (a€,a%),a >
, b =< E,B, b >=< [b=,bT],(bS,b%),b >, etc. and they are called octahedron num-
bers. Furthermore, we define the following order relations between a and 3:
(i) (Equality) a =b < a = E, a=>b, a=>h,
214
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(ii) (Type l-order) a <; bea <b~, at <bt, a€ <bE, af > 0%, a < b,

(iii) (Type 2-order) a §23<ﬁ> a” <b-, at <bt, a€ <bE, af > V%, a > b,

(iv) (Type 3-order) a ng<:> a” <b-, at >0bt, a€ > b€, af <bVE, a <D,

(v) (Type 4-order) a §43® a” <b-, at <bt, a€ > b€, af <%, a >b.
Definition 3.1. Let X be a nonempty set and let A = [A~,AF] € [[]X, A =
(A€, A%) € (I )X, X\ € IX. Then the triple A = (A, A, \) is called an octahedron
set in X. In fact, A: X — [I] x (I & I) x I is a mapping.

We can consider following special octahedron sets in X:

<0()0>76

<001> <010> <~(),0 ,
<011> <101> <1,i70>,
(L) =i

In this case, 0 (resp. 1) is called an octahedron empty set (resp. octahedron
whole set) in X. We denote the set of all octahedron sets as O(X).

It is obvious that for each A € 2%, A = {[xa, x4, (Xa,Xac<),xa) € O(X) and
then 2% C O(X), where 2% denotes the set of all subsets of X and xa denotes
the characteristic function of A. Furthermore, we can easily see that for each A =

(A N) € C(X), A= (A (A7, AT), ), A= (A (\X),\) € O(X) and then C(X) C
O(X). In this case, we denote (A, (A7, AT),A) and (A, (A, ), \) as A4 and Ay,
respectively. In fact, we can consider octahedron sets as a generalization of cubic
sets.

Example 3.2. (1) Let X = {a,b,c} beaset and let A= (A, AN : X = [I|x(I®
I) x I be the mapping given by:

A(a) = ([0.3,0.6], (0.7,0.2),0.5) ,
A(b) = ([0.2,0.4], (0.6,0.3),0.7) ,
A(e) = ([0.4,0.7], (0.5,0.4),0.3) .

Then we can easily see that A is an octahedron set in X.
(2) Let X =T and let A = (A, AN : X — [I] x (I ®I) x I be the mapping
defined as follows: for each z € X,
z 14z, z 1+x
Al = (151596, 55 0.
Then we can easily calculate that A is an octahedron set in X.
(3) Let A =[A~, A*] € [I]X. Then clearly,

(A,0,0) (resp. (A,1,0), (A,0,1), (A 1,1))

is an octahedron set in X. In this case, we will denote
<A" 67 O> (resp’ <A'7 i? 0> Y <A'7 6’ ]‘> ) <A7 i’ ]‘>)

as O(‘),o (resp. Oi,Oa 06,17 01,1)-
215
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Now let us A: X - I1® 71 and A : X — I be the mappings defined as follows,
respectively: for each xz € X,

Alz) = (AS(2), A% () = (A7 (2),1 — A*(x)),
A~ At
o) = A A
Then we can easily see that (A, A, \) is an octahedron set in X. In this case,
< A A\ > will be called the octahedron set in X induced by A and will be
denoted by Oj .
(4) Let A = (A€, A%) € (I ® I)X. Then clearly

<6, A,O> (resp. <T,A,O>, <6,A, 1>7 <T,A7 1>)

is an octahedron set in X. In this case,

<67A,O> (resp. <I,A,O>, <6,A, 1>, <T,A, 1>)

will be denoted by O , (resp. O10: Og1> (’)11).
Now let us A : X — [I] and A : X — I be the mappings defined as follows,
respectively: for each x € X,

A(x) = [AS(2), 1 — A%(2)],
A€ 1— A%
M) = DL AT,
Then clearly (A, A, ) is an octahedron set in X. In this case, (A, A, \) will be
called the octahedron set in X induced by A and will be denoted by O4.

(5) Let A = (A, A, ) be an octahedron set in X. Then clearly (A,[]4,\) and
(A, ©A, \) are octahedron sets in X.

Definition 3.3. Let X be a nonempty set and let A= (A, A\, B=(B,B,pu) €
O(X). Then we can define following order relations between A and B:

(i) (Equality) A=B< A =B, A=B, A=y,

(ii) (Type l-order) AC1 B ACB, AC B, A<y,
(iii) (Type 2-order) A Co B ACB, AC B, A >y,

(iv) (Type 3-order) A Cs B A CB, AD B, A<y,

(v) (Type 4-order) AC4 B ACB, AD B, A > .
Definition 3.4. Let X be a nonempty set and let (A;);cs = ((Aj, 4;,\;))jes be a
family of octahedron sets in X. Then the Type i-union U’ and Type i-intersection
N of (Aj)jes, (i =1, 2, ,3,4), are defined as follows, respectively:

(i) (Type i-union) Ugl‘eJ A = <Uj€J A, UjGJA]-7Uj€J )\j>7
UJQ'GJ Aj = <Uj€J Aj, Uje.] Aj, ﬂje(z /\j>a
U?eJ Aj = <UjeJ Aj, ﬂje] Aj, UjeJ /\j>,
Uj‘e} Aj = UjeJ Aj, ﬂjeJ Aj, ﬂjeJ /\j>’
s A= <ﬂjeJ A Njes4iNjes Aj>,

2
mjeJ Aj = <ﬂjeJ Aj, mjeJ Aj, UjeJ >‘j>7
216

<
PN

(ii) (Type i-intersection) ﬂ]l



J. G. Lee et al./Ann. Fuzzy Math. Inform. 19 (2020), No. 3, 211-238

3
r]jeJ Aj = <ﬂjeJ Aj, UjeJ Aj, njeJ >‘j>7
4
njeJ Aj = <njeJ Aj, UjEJ Aj, UjeJ )‘j>'
The followings are the immediate results of Definitions 3.3 and 3.4.

Proposition 3.5. Let X be a nonempty set and let A = (A, A, 4), B=(B,B,\g), C =
(C,C,\¢) and D = (D, D, Ap) be octahedron sets in X. Then for eachi =1, 2, 3, 4,

(1) if AC; Band BC; C, then AC; C,

( z'fACchmd.ACiC,thenACiBﬁiC,

(

(

2)
3) Zf.ACZB and C C; B, thenAUic C; B, .

4) ZfACz B and C C; D, then AU;C C; BU; D and AN;C C; BN; D
Definition 3.6. Let X be a nonempty set and let A = (A, A, \) be an octahedron
set in X. Then the complement A¢, operators [ ] and ¢ of A are defined as follows,
respectively: for each z € X,

(i) A° = (A€, A% X%),

(i) [ JA= (A, []4,A),

(iii) oA = (A, oA, A).

From Definition 3.6 (i), we can easily see that the followings hold:

oty ~{i10). (1107 - (o).
i) = (L) (1o1) - i)
(100 - 510, (11) ~ (100)
(1) - (L) (Eoof = (1),
(o)~ (a0, (o)~ (1)
<1,i,0> :<0,(‘),1>, <001> :<171,0>.

The followings are the immediate results of Definitions 3.3 and 3.6 (i).

Proposition 3.7. Let X be a nonempty set and let A = (A, A, \) and B = (B, B, i)
be octahedron sets in X. If A C; B, then B¢ C; A¢, for eachi=1, 2, 3, 4.

Proposition 3.8. Let A € O(X) and let (A;)jes C O(X). Then
(1) (A9 = A,
(2) for eachi=1, 2, 3, 4,

Uy =45 (14 = U
jeJ jeJ jeJ j€J

Remark 3.9. For any A = (A, A, )\) € O(X) and each i = {1, 2, 3, 4}, the
followings do not hold, in general:

AU A° =1 and AN A° = 0.
217



J. G. Lee et al./Ann. Fuzzy Math. Inform. 19 (2020), No. 3, 211-238

Example 3.10. Consider the IVF set A, the IF set A and the fuzzy set A in a
nonempty set X given by respectively: for each z € X,

A(z) =[0.5,0.5], A(z) = (0.5,0.5) and A = 0.5.
Then, clearly, A = (A, A, \) is an octahedron set in X. Moreover,

(A U A%)(z) = ([0.5,0.5],(0.5,0.5),0.5) # i(x)

(AN* A% (z) ={]0.5,0.5],(0.5,0.5),0.5) # 0(x).
Thus AU A€ # 1 and AN A€ # 0.

The followings are the immediate results of Definition 3.6.

Proposition 3.11. Let X be a nonempty set, A= (A, A, 4), B=(B,B,\g), C =
(C C, )\c> € O(X) and (Aj)jes = ((Aj,A;,Xj))jes C O(X). Then for each i =

) ,
JAU'B=BU A, AN'B=BN'A,

) AU (BUIC) = (AU B)UIC, ANt (BNiC)=(ANIB)N'C,

) AU (BN'C) = (AU )ni(Au" C), AN*(BU'C)= (AN’ )Ui(ArV'C),
)

’

4) AU (ﬂ]eJ.A )= ﬂjeJ(AU Aj), An' (UJEJA )= UJEJ(AH Aj).

From the above Propositions 3.8 and 3.11, we can see that (O(X),U’, N 0,1)
forms a Boolean algebra except the property of Remark 3.9.

From Definition 3.6, we have the similar results to Theorem 2 in [1].

Proposition 3.12. Let A = (A, A/ )\) be an octahedron set in a nonempty set X.
Then

(1) ([JA°)° = oA, (0A%) =[]A,
(2)[JAC; AC; oA for eachi =1, 2, 3, 4
3) [I[JA=T]A,

(1) [JoA=oA,

(5) o[ JA=[]A,

(6) o0 A=0A

Also, we have the similar results to Theorems 3 and 4 in [1].

Proposition 3.13. Let A = (A, A, \) and B = (B, B, u) be octahedron sets in a
nonempty set X and leti=1, 2, 3, 4. Then

(1) [[(AU' B) =[JAU' []B, [[(AN"B) =[]AN'[]B,

(2) (AU B) =0 AU 0B, o(AN'B) =o0AN"oB.
Definition 3.14. Let X be a nonempty set and let A = (A, A,\) € O(X). Then
A is called:

(i) an e-internal octahedron set (briefly, €-I0S) in X, if for each z € X,

AS(z), Mz) € A(z) =[A"(2), AT (2)],
(ii) a ¢-internal octahedron set (briefly, ¢-IOS) in X, if for each z € X,

1— A% (z), Nz) € A(z) = [A™(2), AT (2)],
218
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(iii) an internal octahedron set (briefly, IOS) in X, if it is both an €-I0S and a
¢-10S in X,
(iv) an €-external octahedron set (briefly, €-EOS) in X, if for each = € X,

AS(2), Mz) & (A7 (2), AT (2)),
(v) a ¢-external octahedron set (briefly, €-EOS) in X, if for each x € X,
1— A%(z), \(z) ¢ (A~ (x), A* (2)),

(iv) an external octahedron set (briefly, EOS) in X, if it is both an €-EOS and a
Z-EOS in X.

From Definitions 2.4 and 3.14, it is obvious that if A = (A, A) an ICS [resp. ECS]
in X, then A4 and Ay are IOSs [resp. EOSs] in X.

Example 3.15. (1) Let A; = (A1, A1, A1) be the octahedron set in I given by: for
each x € I,

z 1l4+z, oz 142 =z
A = (15 551G 150 )
A, (), for each z € I but A% (z) ¢

Then we can easily calculate that A (z), Ai(z) €
> % Thus A; is an €-I0S but not a

(A7 (%), Af (2)), for each = € I such that =
¢-10S in X.
(2) Let Ay = (Ag, Az, A2) be the octahedron set in I given by: for each = € I,

dale) = (. 31 (FER 1= 5. 5),

Then we can easily see that As is a ¢-10S in X.
(3) Let A3z = (A3, Az, A3) be the octahedron set in I given by: for each x € I,
T T, T T, T
= 7a777a1_777>'
Asw) = (1551 (51 =503
Then we can easily calculate that A3 is an 10S in X.
(4) Let Ay = (A4, Ag, Ag) be the octahedron set in I given by: for each x € I,

l1+z 1+2, o 14+, 242
A4(£C)—<[ 4’ 9 ]v(sz)v 3 >
Then we can easily see that A4 is an €-EOS in X.
(5) Let As = (As, As, As) be the octahedron set in I given by: for each z € I,
1
l+az 14z, 1+z 377 24z
= 1— .
-A5 (.13) <[ 4 ) ]a ( 3 ’ 4 )a 3
Then we can easily calculate that As is a ¢-EOS in X.
(6) Let Ag = (Ag, As, A¢) be the octahedron set in I given by: for each z € I,
1

142 1+z. 14z T o4y

Then we can easily see that Ag is an EOS in X.

The followings are the immediate results of Definition 3.14.
219
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Proposition 3.16. Let X be a nonempty set and let A= (A, A, \) € O(X). If A
is not external, then there is x € X such that AS(z) € A(z) or 1 — A%(z) € A(x)
and A(z) € A(z).

Proposition 3.17. Let X be a nonempty set and let A= (A, A, \) € O(X). If A
is both internal and external, then for each x € X,
AS(z), 1 — A%(z), Mx) € U(A)UL(A),
where U(A) = {AT(z) :x € X} and L(A) = {A~(z) : x € X}.
The following is the immediate result of Definitions 3.6 (i) and 3.14.

Proposition 3.18. Let X be a nonempty set and let A= (A, A, \) € O(X). If A
is internal (resp. external), then A° is external (resp. internal).

Proposition 3.19. Let X be a nonempty set and let A= (A, A \) € O(X). If A
is internal, then [ A and oA are internal.

Proof. The proofs are straightforward. O

Proposition 3.20. Let X be a nonempty set and let A= (A, A, \) € O(X).
(1) If A is e-external, then [ ]A is €-external.
(2) If A is ¢-external, then oA is ¢-external.

Proof. The proofs are straightforward. O

For any ¢-external (resp. €-external) octahedron set A = (A, A, \) in a nonempty
set X, []A (resp. ©.A) need not be g-external (resp. €-external) as shown in following
example.

Example 3.21. (1) In Example 3.15 (5), consider the ¢-EOS Aj in I given by: for
each z € I,
Ly
142 1+, 1+ 57T 241
A5<x>=<[ (1= 2 ), >

4 7 2 3 7 4 3
Since [ A5 = (As,[]ds, As) = (A5, (45,1 A5),Xs), ([ ]45)%(2) = 1 — A5 (x).
Then ([ ]A5)%(z) = 1 — 4%, Thus 1 — [ ]45)%(z) = 142 € As. So [ ] 45 is not

Z-external.
(2) In Example 3.15 (4), consider the €-EOS A4 in I given by: for each z € I,

<[1—|—m l+z z 14w 2—|—a:>

As(@) = (5 L (57 3

Since oAy = (A4, 0As, \) = <A5, 1- Aff,Aff),)\5>, (0A4)€(x) = 1 — A%(z). Then

(0A4)€(z) =1 — 2 (z) = 25 and (0A4)(z) € Ay(x), for each z € [, L]. Thus
oA, is not €-external.

Proposition 3.22. Let X be a nonempty set and let A= (A, A, \) € O(X).
(1) If A is €-internal (resp. €-external), then [ |A is €-internal (resp. €-
external).
(2) If A is ¢-internal (resp. €-external), then oA is &-internal (resp. &-external).
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Proof. The proofs are straightforward. O

For any ¢-internal (resp. ¢-external) octahedron set A = (A, A, \) in a nonempty
set X, [ ]A need not be ¢-internal (resp. ¢-external). Also for any €-internal (resp.
€-external) octahedron set A = (A, A, \) in a nonempty set X, oA need not be
€-internal (resp. €-external) as shown in following examples.

Example 3.23. (1) In Example 3.15 (2), consider the ¢-10S A in I given by: for
each z € I,
z z, 1+x T, T
= (5,2, (=2 1-5),2).
Ae) = (5. 9. (2 1-9.2)
Then 1 — ([]A2)%(z) =1— (1 - 142) = L2 ¢ [2 ] for each x € [0, 2). Thus [ |4y
is not ¢€-internal.
(2) In Example 3.15 (5), consider the ¢-EOS A; in I given by: for each z € I,

1
142 1+, 14+ ;T2 24+
A5(£):<[ 4 9 ]’( 3 71_24 )’ 3 >

Then 1—([]A45)%(x) = 1— (1 —12) = 142 ¢ [z 1E2] for each € 1. Thus [ | A,
is not ¢-external.
(3) In Example 3.15 (1), consider the €-I0S A; in I given by: for each z € I,

r 1l+z, z 1l+z =z
) = (550G 1.5,
Then (0A;)S(z) =1 — 142 = 422 & [2 LE2] for each x € [0, 2). Thus oAy is not
€-internal.
(4) In Example 3.15 (4), consider the €-I0S Ay in I given by: for each z € I,

l1+z 142, =z 142, 24«
A4<x):<[ 4 N33 >

2 )
Then (0A4)S(z) = 1 — 2 = 222 ¢ [z 1I42] for each z € (1,2). Thus oAy is
not €-internal.

The followings are the immediate results of Propositions 3.19, 3.20 and 3.22

Corollary 3.24. Let X be a nonempty set and let A= (A, A, \) € O(X).

(1) If A is €-internal (resp. €-external), then [ |A is €-internal (resp. €-
external).

(2) If A is &-external, then oA is ¢-external.
Proposition 3.25. Let X be a nonempty set and let (A;)jes = ((Aj, Aj,\j))jes
be a family octahedron sets in X. If A; is internal for each j € J, then U}GJ.AJ»
and ﬂ;eJ A; are internal.
Proof. The proof is straightforward. 0

We can see that Type i-union and Type i-intersection (i = 2, 3, 4) of inter-
nal octahedron sets may not be internal octahedron sets as shown in the following
examples.
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Example 3.26. Consider two octahedron sets A = (A, A, \) and B = (B, B, u) in
I defined as follows: for each x € I,

142 14z, 142 1—2. 24«
Alw) = (122, 150, (42 100, 220

r 24+x, v 2—x, x
B_<[5’ 5 (55 )’4>'

and

Then we have the followings:

(3.1) B = (A T0).
(32) AU B = (55 2005, 250, 250,
53) AUt Be) = (55200, 250.0),
5.9 rt B = (2. 550G, 255,250,
35) rt B = (5. 5L 5T
(36) Ant B = (5,57 (55 505,

Thus we can see the followings

m( 1), AAp)(1)=21¢[L1]=(AUB)(1).
()(Amm<>:%¢[ 1] = (AUB)(1).
n@)ﬁmmAﬁm%>=%¢[ 1] = (AUB)(1).

In (3.4), 1 — (AN B)#(0) = %¢w&1<Ammm)

In (3.5), 1 — (AUB)#(0) = %%Wé](Aﬂmw)

In(3.6),alsol—(AuB)(): €0, ] (A NB)(0).

2
3
na

So AU B and A N? B are not internal octahedron sets in I, for i = 2, 3, 4.

We provide a condition for the Type ¢-union (i = 2, 3, 4) of two IOSs to be an
I0S.

Proposition 3.27. Let X be a nonempty set and let A= (A, A, \), B=(B,B,pu) €
O(X). Suppose A and B are internal such that for each x € X,

(3.7) A7 (2) VB~ () < (A A p)(z).

Then A\U? B is internal.
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Proof. Suppose A and B be I0Ss in X satisfying the condition (3.7) and let = € X.
Then clearly,

A~ (z) < AS(z) < At (2), A= (z) <1 - A%(z) < AT (2), A~ (z) < AMz) < AT (2),

5

B () < B(x) < B*(x), B~(x) <1— B¥(z) < B+(x), A (x) < p(x) < A* ().
Thus
(AUB) () < (AUB)S(z) < (AUB)"(2)
and
(AUB) (2) <1— (AUB)%(z) < (AUB)* ().
By the condition (3.7), we have
(AUB)™(z) =A™ (2) VB~ (z) < (A A p)(2) < (AUB) (2).
So A U? B is internal. O

Proposition 3.28. Let X be a nonempty set and let A= (A, A, \), B=(B,B,pu) €
O(X). Suppose A and B are internal such that for each x € X,

(3.8) A= (z) VB (z) < (ANB)S(z), A= (z) VB (z) <1— (AN B)¥%(z).
Then AU B is internal.

Proof. Suppose A and B be I0Ss in X satisfying the condition (3.7) and let = € X.
Then clearly,

A (2) < A (2) ) A (2) < 1— A%(2) < AT (), A~ (x) < A(x) < A" (2),
B (2) < B(x) < B*(2), B~(2) < 1— B¥(x) < B*(2), A~ (2) < () < A* ().

Thus (AUB) (z) < (AV u)(z) < (AUB)T(z). By the condition (3.8), we have
Thus

< At(z), A (
< B (x), B~(

(AUB) (2) = A (z) VB (z) < (ANB)S(x) < (AUB)" ()
and
(AUB) (z)=A (x) VB () <1-— (AﬁB)e(x) < (AUB)"(2).
So A U3 B is internal. O

The following is the immediate result of Propositions 3.27 and 3.28.

Corollary 3.29. Let X be a nonempty set and let A= (A, A, N\), B=(B,B,u) €
O(X). Suppose A and B are 10Ss satisfying the conditions (3.7) and 3.8). Then
AU* B is internal.

We provide a condition for the Type i-intersection (i = 2, 3, 4) of two IOSs to
be an 10S.

Proposition 3.30. Let X be a nonempty set and let A = (A, A, Ny, B=(B,B,pu) €
O(X). Suppose A and B are internal such that for each x € X,

(3.9) AT (2) ANBF(z) = (AV p)(2).

Then AN2 B is internal.
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Proof. Suppose A and B be I0Ss in X satisfying the condition (3.9) and let z € X.
Then clearly,

A~ (5) < AS(2) < A*(2), A~ (2) < 1— A%(z) < A*(2), A~ (2) < A(x) < A*(2),
B(2) < B(z) < B*(2), B~(x) <1- B¥(x) < B*(x), A~(x) < () < A*(2).
Thus

(ANB) (z) < (ANB)¢(z) < (ANB)"(2)
and

(ANB) (z) <1—(ANB)%(z) < (ANB)*(x).
By the condition (3.9), we have
(ANB) () <AV u)(z) < AT (z) ABt(2) = (ANB)"(2).

So A N? B is internal. O
Proposition 3.31. Let X be a nonempty set and let A = (A, A, Ny, B=(B,B,pu) €
O(X). Suppose A and B are internal such that for each © € X,
(3.10) At (z) ABY(z) > (AUB)S(z), AT(2) ABT(2) >1— (AU B)%(x).

Then AN3 B is internal.

Proof. Suppose A and B be I0Ss in X satisfying the condition (3.10) and let z € X.
Then clearly,

A= (x) < AS(z) < At (2), A= (z) <1 - A%(z) < AT (2), A~ (z) < AMz) < AT (2),
B-(x) < BE(x) < BY(x), B~ (x) <1 B¥(x) < BH(x), A~(2) < () < A*(2).
Thus (ANB) (z) < (AAp)(xz) < (ANB)T(z). By the condition (3.10), we have

Thus
(ANB) ()= A () < (AUB)S(x) < AT (2) AB*(2) = (AUB)" ()
and
(ANB) (z) <1—(AUB)¥(z) < A*(z) A BY(z) = (ANB)*(z).
So A N3 B is internal. 0
The following is the immediate result of Propositions 3.30 and 3.31.

Corollary 3.32. Let X be a nonempty set and let A= (A, A, \), B=(B,B,u) €
O(X). Suppose A and B are I0Ss satisfying the conditions (5.9) and (3.10). Then
AN* B is internal.

Remark 3.33. Type i-union and Type i-intersection (i = 1, 2, 3, 4) of two external
octahedron sets may not be external, in general.

Example 3.34. In Example 3.15 (6), consider the EOS Ag in I given by: for each
zel,

l+2 1+z, 1+ i+ 2+
= 1— 2 .
A6(z) <[ 4 ' 9 ]a ( 5 4 )7 3 >
Let A= (A, A, \) be the octahedron set in I defined as follows: for each x € T,

A(x>:<[1+x fL(l—i-a? 1—x)’1+x>.

3 72 4 7 2 2
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Then we can easily see that A is an EOS in I.
(Case 1) Type l-union and Type l-intersection: for each = € I,

- (L )

and

1 1+z =, 1+=x %—i—x 1+
= Z 1- .
(Ant o) = (55, g1 - 200, 1
Then (AUAg)S (), (AVA¢)(z) & (12, 14) but 1—(AUAg)? (2) = 13% € (AUB)(z),
for each x € I and (AN Ag)(z), (AAXg)(z) € (£, 2) but 1 — (AﬁAe,) (x) =
€ (ANB)(x), for each z € [£,1]. Thus AU' Ag and AN' Ag are not EOS in .
(Case 2) Type 2-union and Type 2-intersection: for each z € I,

(AU2A6)(m):<[1—§x’1—|2—a:]’(1—1|l—x71;x)71—|2—x>

and

9 _Jlte o 14w 7%4’1‘ 2+
(Art o)) = (52 2, (20 - 25, 2500,

Then (AUAg)< (x) but (AAXg)(z) = 15 € (AUB)(x) and (ANAg)S(z), (AVAg)(z) &
(2 2y but 1 (ANAg)¥(x) = # € (ANB)(z), for each x € [1,1]. Thus AU? Ag

7132
and A N? Ag are not EOS in 1.
Similarly, we can easily calculate that AU Ag, AN3 Ag, AU* Ag and A N?* Ag

are not EOS in I.
We give a condition for the Type i-intersection of two EOSs to be an EOS.

Proposition 3.35. Let X be a nonempty set and let A = (A, A, Ny, B=(B,B,pu) €
O(X). Suppose A and B are external satisfying the following conditions: for each
reX,
(3.11) (At (z) vV B~ (z)) A (A~ (z) vV BT (2))
> (AAp)(z ) (AT (z) A B~ (2)) V (A~ (z) A BT (2)),
(3.12)  (AT(z) VB~ () A (A ( x
> (AN B)S ( ) > (AT (z) AB™(2)) v
(3.13) (A% (z) VB~ (z)) A (A (z) V )
>1—-(AnB)¥%(x) > (At(2) A B~ () V (A= (x) A BT (x)).
Then AN' B is external.
Proof. Suppose the condition (3.12) holds and for each = € X, take
= (A" (2) VB (2)) A (A™ () V B (2))
and
Be = (AT () AB™(2)) V(A (2) A BT (2)).
Then clearly, o, = A~ () or a, = B~ (z) or o, = At (z) or a, = BT ().
Case 1: Suppose o, = A~ (z). Then B~ (z) < Bt (z) < A~ (z) < AT (x). Thus
Bz = Bt (z). So
B~(z) = (ANB)~(2) < (ANB)*(2) = B*(x) = B, < (AN B)(x).
Hence (AN B)¢(z) € (ANB)™(z), (Azr;B)"’(x)).
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Case 2: Suppose a, = AT (z). Then B~ (z) < At (z) < BT (x). Thus
Br = A" (z) VvV BT (2).
If 8, = A= (), then
(3.14) B () < A (2) < (AN B)S(x) < AT (z) < Bt ().
Since A and B are external, the inequality
B (z) < A (z) < (AN B)S(x) < AT (x) < BT (2)
does not hold. Thus by the inequality (3.14), we have
B () < A (z) < (AN B)€(x) = AT (z) < BT (x).
So (AN B)€(z) = At (z) = (ANB)T(z). Hence
(ANB)(2) # (A NB)~(2), (AN B)*()).
If 8, = B~ (z), then
(3.15) A~ (x) < B (z) < (AN B)S(z) < A*(x) < BT (z).
Since A and B are external, the inequality
A (z) < B (x) < (AN B)%(x) < AT (2) < Bt (x)
does not hold. Thus by the inequality (3.15), we have
A~ (z) < B (2) < (AN B)€(x) = AT (z) < B (x).
So (AN B)S(z) = At (z) = (ANB)"(z). Hence
(AN B)(z) ¢ (A NB)~(2), (AN B)*()).
Case 3: Suppose o, = B~ (z) or o, = BT (). Then the proof is similar to Case
1 and Case 2.
When the conditions (3.11) and (3.12) hold, we can also prove similarly that
A Ap)(@) € (ANB)~(2), (ANB)*(z))
and
1-(ANB)*(z)  (ANB) (2), (ANB)*(x)).
Therefore AN' B is an EOS in X. O
Proposition 3.36. Let X be a nonempty set and let A= (A, A,\), B=(B,B,pu) €
O(X). Suppose A and B are external satisfying the conditions (3.12) and (3.13),
and the following condition: for each x € X,
(3.16) (AT (z) Vv B~ (x)) A (A~ (z) vV Bt (z))
> (A p)(z) > (A*(2) A B~ () V (A~ () A B ().
Then AN? B is external.

Proof. From the proof of Proposition 3.35, it is obvious that
(ANB)S(z) € (ANB) (z),(ANB)"(2)),
1 - (ANB)*(z)  (ANB) (2), (ANB)*(x)).
Suppose the condition (3.16) holds and for each z € X, take

ag = (AT (z) VB (2)) A (A (z) vV BT (x))
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and
By = ((A*(z) A B~ (2)) V (A~ (z) A BT ().
Then by the proof process of Proposition 3.35,

AV u)(z) & (ANB)~(z), (ANB)*(z)).
Thus A N? B is external. O

Proposition 3.37. Let X be a nonempty set and let A= (A, A, \), B=(B,B,pu) €
O(X). Suppose A and B are external satisfying the condition (3.11), and the fol-
lowing conditions: for each x € X,
(3.17)  (A%(z) VB~ (z)) A ( ~(z) vV B (x))
Z(AUB)() (A ()AB())\/(A()ABW ),
(3.18)  (A*(2)Vv ( ) A (A (z) v BT (2))
>1-(AUB)#(x) > (A" (x) A B~ (2)) V (A~ (z) A B* (2)).
Then A N3 B is external.

Proof. The proof is clear from the proofs of Propositions 3.35 and 3.36. O

The followings are immediate results of Propositions 3.36 and 3.37.

Corollary 3.38. Let X be a nonempty set and let A= (A, A/ N), B=(B,B,u) €
O(X).

If A and B are external satisfying the conditions (3.16), (3.17) and (3.18), then
AnN?* B is external.

We give a condition for the Type é-union (i =1, 2, 3, 4) of two EOSs to be an
EOS.

Proposition 3.39. Let X be a nonempty set and let A = (A, A, Ny, B=(B,B,pu) €
O(X). Suppose A and B are external satisfying the following conditions: for each
zeX,
(3819)  (A*(2)V B~ () A (A~ () V B+())
> V() 2 (A5 @ A B @)
(3.20)  (A*(z)V B (x) (

JA (A~ (x) vV BT (x))
> (AUB)© ( ) = (A*(2) A B~ (x)) V (A~ (2) A BF(x)),
(3.21)  (AT(2)V (z))) (A~ (z) v BT (x)

A )
>1- (AUB)%(z) > (A*(2) A B~ (2)) V (A~ (z) A B¥(2)).

Then AU B is external.
Proof. We prove only when the condition (3.20) holds. Suppose (3.20) holds and for
each x € X, take
= (AT(2) v B (x)) A (A (2) V BT (x))

and

By = (At (z) AB™ () V (A~ (z) A BT ()).
Then clearly, o, = A~ (x) or a, = B~ (x) or a, = At (z) or o, = BT (z). We
consider only a, = A~ (z) or a, = A" (z), since the proofs of the remainder are

similar.
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Case 1: Suppose o, = A~ (z). Then B~ (z) < Bt (z) < A~ (z) < A'(x). Thus
Bz = B*(x). So

(AUB) () = A" (z) = a; > (AU B)(x).

Hence (AU B)S(z) € (AUB) (z), (AUB)*(2)).
Case 2: Suppose o, = AT (z). Then B~ (z) < AT (z) < BT (x). Thus

Be = A" (x) VB ().
If 8, = A= (x), then
(3.22) B (z) < A (2) < (AUB)S(x) < AT (z) < BT (x).
Since A and B are external, the inequality
B~(2) < A~(2) < (AUB)¥(2) < A*(2) < B*(a)
does not hold. Thus by the inequality (3.22), we have
B~(2) < A~(z) = (AU B)¥(z) = A*(2) < B*(a).
So (AUB)S(z) = A~ (z) = (AUB)™(x). Hence
(AUB)(2) ¢ (A UB) (2), (A UB)*()).
If 8, = B~ (z), then
(3.23) A~ (x) < B (z) < (AUB)S(z) < A" (2) < BT (z).
Since A and B are external, the inequality
A~ (z) < B~ (z) < (AUB)S(z) < AT (z) < BT ()
does not hold. Thus by the inequality (3.23), we have
A~(2) < B~(2) = (AUB)%(z) < A*(2) < B*(a).
So (AUB)€(z) = B~ (z) = (AUB) (z). Hence
(AUB)%(z) ¢ (AUB)"(z), (A UB)* ().
When the conditions (3.19) and (3.21), we can prove similarly that
AV p)(x) € (AUB)~ (2), (AUB)"(2))

and
1-(AUB)¥(z) ¢ (AUB) ™ (x), (AUB)*(x)).
Therefore A U! B is an EOS in X. O

Proposition 3.40. Let X be a nonempty set and let A = (A, A, Ny, B=(B,B,pu) €
O(X). Suppose A and B are external satisfying the conditions (3.20) and (3.21),
and the following condition: for each x € X,
(3.24) (At (z) vV B~ (z)) A (A~ (z) V BT (2))
> (A R)(@) > (A% (2) A B () v (A~ (2) A BH(z).
Then A U? B is external.
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Proof. From the proof of Proposition 3.39, it is obvious that for each x € X,
(ANB)(z) € (AUB)” (2),(AUB)"(2))
and
1-(ANB)*(z)  (AUB) (z), (AUB)"(x)).
Suppose (3.24) holds and for each z € X, take
a, = (AT (z) VB (2)) A (A (z) vV BT (x))
and
Bo = (AT (2) A B (2)) V (A7 (2) A B (2)).
Then clearly, o, = x) or ap = B~ (x) or ap, = AT (z) or ap, = BT (z). We
consider only «, = x) or oy = BT(x), since the proofs of the remainder are
similar.
Case 1: Suppose o, = B~ (z). Then A~ (z) < At (2) < B~ (z) < B*(z). Thus
Bz = AT (x). So by the inequality (3.24),
(AUB) (z) = B~ () = az > (A A p)(x).
Hence (A A p)(z) € (AUB)™ (), (AUB)*(x)).
Case 2: Suppose a, = Bt (z). Then A~ (x) < Bt (z) < A" (x). Thus

Be = A" (x) VB ().

A~(
B~(

If B, = A~ (x), then
(3.25) B (z) < A () < (AAp)(z) < BT (x) < At (z).
Since A and B are external, the inequality
B~ (z) < A (z) < (AAp)(z) < B (z) < AT ()
does not hold. Thus by the inequality (3.25), we have
B™(z) < A™(z) = (A Ap)(z) < BT (2) < A" ().
So (AAp)(x) =A"(x) = (AUB) (z). Hence
(AA () & (A UB)™(2), (A UB)* (x).
If B, = B~ (z), then
(3.26) A (x) < B () < (AAp)(z) < BT (x) < At (z).
Since A and B are external, the inequality
A~ (2) < B (2) < A A p)(@) < BHa) < A*(a)
does not hold. Thus by the inequality (3.26), we have
A7 (2) < B™(z) = A Ap)(z) < BT (z) < A" ().
So (AAp)(x) =B (z) = (AUB) (z). Hence
(A\A k) ¢ (AUB)™(2), (A UB)* (x).

Hence AU? B is an EOS in X. O
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Proposition 3.41. Let X be a nonempty set and let A= (A, A,\), B=(B,B,pu) €
O(X). Suppose A and B are external satisfying the condition (5.19), the following
conditions: for each x E X,

(3:27)  (4%(2)V B~ () A (A~(2) V B*(x))
> (AN B)© ( ) = (A*(2) A B~ (x)) V (A~ (2) A BF(2)),
(3.28)  (AT(x) Vv B~ (x)) A (A () vV B (x))
>1-(ANB)*(z) = (A*(2) A B~ (2)) V (A~ (2) A B¥(2)).
Then A U3 B is external.
Proof. The proof is similar to Proposition 3.40. g

The following is the immediate result of Propositions 3.40 and 3.41.

Corollary 3.42. Let X be a nonempty set and let A= (A, A, N\), B=(B,B,u) €
O(X). If A and B are external satisfying the conditions (3.24), (3.27) and (3.28),
then A U* B is external.

4. OCTAHEDRON POINTS AND LEVEL SETS

In this section, we define an octahedron point and dealt with the characterizations
of Type i-union (Type i-intersection). Also we define a level set of an octahedron
set and investigate its property.

Definition 4.1 ([14]). A € (I ® I)¥ is called an intuitionistic fuzzy point (briefly,
an IF point) with the support # € X and the value a € I ® I with @ # 0, denoted
by A = xg, if for each y € X,

za(y) = {

The set of all IF points in X is denoted by I Fp(X).

For each x5 € IFp(X) and A € (I © I)*, x; is said to belong to A, denoted by
rg € A, if a€ < AS(x) and a? > A%(2).

It is well-known (See Theorem 2.4 in [14]) that A = (J, c,Za, for each A €
(IeI)X

ify==x
otherwise.

Ol Ql

Definition 4.2 ([16]). A € [[]¥ is called an interval-valued fuzzy point (briefly, an
IVF point) with the support € X and the value @ € [I] with a™ > 0, denoted by
A = xg, if for each y € X,

_Joa ify=ux
za(y) = { 0 otherwise.

The set of all IVF points in X is denoted by IV Fp(X).
For each x5 € IVFp(X) and A € [I]*X, z5 is said to belong to A, denoted by
2z € A ifa” < A (z) and at < AT (x).

It is clear that A =J,_c 4 7a, for each A € (1%

Definition 4.3. Let A = (A, A,)\) € O(X) and let a =< @,a,a >=< [a~,a%], (a%,a%),a >
be a octahedron number of X such that a* > 0, @ # 0 and a # 0. Then A is called
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an octahedron point with the support € X and the value @, denoted by A = Tz,
if for each y € X,
a ify=z
7a(y) = <6, 0, O> otherwise.
The set of all octahedron points in X is denoted by Op(X).

Definition 4.4. Let A= (A, A, \) € O(X) and let zz € Op(X). Then z3 is said
to:
(i) belong to A with respect to Type l-order, denoted by zz €1 A, if

a<A(z),a <A(zx) and a < A(z), ie, 25 € A, 2z € Aand 2, € )\,
(ii) belong to A with respect to Type 2-order, denoted by =z €5 A, if
a< A(z), a < A(z) and a > A(z), ie., xz € A, 25 € A and a > A\(z),
(iii) belong to A with respect to Type 3-order, denoted by zz €3 A, if
a<A(z),a> A(z) and a < (), ie., zz € A, a> A(z) and z, € A,
(iv) belong to A with respect to Type 4-order, denoted by zz €4 A, if
a<A(z), a> A(z) and a > A(x), ie., x5z € A, a > A(x) and a > A\(z).
It is clear that A = Uigeleiv for each A € O(X).
Theorem 4.5. Let 2z € Op(X), A= (A, A, \) and B= (B, B, u) € O(X) and let
i=1{1, 2, 3, 4}. Then
AC; Bif and only if zz €; B, for each zz €; A.
Proof. Suppose A Cy B and let zz €; A. Then

a

a=la",a"] <[A”(2), A" ()] = A(),
a = (a%,af) < (A%(x), A%(2)) = A(2), a < A(2).
Since A C1 B, A(z) < B(x), A(z) < B(x), AMz) < p(z). Thus

@ <B(2), a < B(a), a < pla).

So Tz €1 B.

Conversely, suppose the necessary condition holds and Assume that A ¢; B
Then there is z; € Op(X) such that zz; €1 A, but z; &1 B. Thus z; € A, x5 € A,
Zq € A but @ > B(z) or a > B(x) or a > A(z). This is a contradiction. So A C; B

The remainders can be proved similarly. O

Proposition 4.6. Let A = (A A )\), B = (B,B,u) € O(X), let (Aj)jes =
((Aj,A;,0))jes CO(X), zz € Op(X) and let i = {1, 2, 3, 4}.

(1) If vz €; A or zz €; B, then 2z €; AU' B

(2) If there is j € J such that xz €; A;, then zz €; U;EJ.A]-.

Proof. The proofs are straightforward. O

The converse of Proposition 4.6 need not to be true in general as shown in the
following example.
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Example 4.7. Let A = (A, A, \) and B = (B, B, i) be two octahedron sets in I
given in Example 3.26 as follows: for each x € I,

l1+z 1+z, 142 1—2 24z
Al = (55 L (A0, 20

T 24x, x 2—x,  x
B<[5’ 3 ]’(g’ 5 )’4>'

and

Then clearly, AU B = ([55%, 252], (552, 159), 265). Lot = [£.2], @ = (3, 4)
a = g and Con81der octahedron point 1z. Since (A ut B)(1) = <[%,1],(%,0)7§>,
A(1)=<[é,1] 3:0).2) and B(1) = ([3.1], (3, ). ), we have

ES(AUB)() <(AUB)(1),a<A(1)but 2 > 1 and Z > 1.
Thus 1 e AUB, 1; € AUB, 1, € A but 15 ¢Band1 ¢ X. So 1z €1 AU' B but

1’& ¢ B
On the other hand, by (3.1) of Example 3.26, (A U* B)(1) = ([3,1],(3,0), 1)-
Then 1; € AUB, 1; € AUB, a > 1 = \(1) but @ £ B(xz), ie., 15 ¢ B. Thus

15 €2 A U? B but 15 ¢2 B
Similarly, we can see that for i =2, 3, 1= €; AU Bbut 15 &; B

Theorem 4.8. Let A= (A, A, \), B=(B,B,u) € O(X), let (Aj)jes be a family
of octahedron sets in X, let vz € Op(X) and let i = {1, 2, 3, 4}. Then

(1) 2z €; AN B if and only if vz €; A and x5 €; B,

(2) zz €; ﬁ;eJ.Aj if and only if xz €; Aj, for each j € J.

Proof. (1) Suppose zz €1 AN' B. Then 2z € ANB, 25 € AN B and z, € A A pu.
Thus a=[a",a"] < (ANB)(x)=[A"(x)]AB (z), A" (z)] A B*(z)],
a=(a%,a%) < (AN B)(z) = (A€ (z) A BS(z), A%(z) vV B% (),
a < (AN p)(z) = Az) A p(z).
So a” <A (z), at <A'(z) and a= < B~ (), at < Bt (2),
a€ < AS(z), a® > A%(x) and a€ < B€(x), af > B%(x),
a < Ax) and a < p(x).
Hence z; € A, 25 € A, =, € A and 23 € B, z3 € B, z, € . Therefore zz €, A
and Tz €1 B.
Conversely, suppose zz €; A and zz €; B. Then

a” < A (z), at < AT(2), a€ < AS(x), af > A%(z), a < \(z)
and

a~ < B (), a* < BT (z), a€ > B€(z), af > B¥(z), a < pu(z),

Thus
a” <A () ANB (z)=(ANB) (2), a" < AT (2) ABT(2) = (ANB)" (),

a€ < AS(z) A B€(x) = (AN B)€(z), af > A%(z) v B¥(z) = (AN B)?(x),

a < AMz) A p(x) = (AA p)(z).
Soxz € ANB, 2 € AN B and ¥, € A A pu. Hence zz €; AN' B
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For i = 2, 3, 4, the proofs is similar. O
It is clear that

Definition 4.9. Let X be a nonempty set, let @ € [I] x (I ® 1) x I and let A =
(A, A, \) € O(X). Then two subsets [A]z and [A]X of X are defined as follows:

Az ={z € X : A(z) > a, A(z) >a, \Mz)>a}={zc X:Al)> a},
A ={zr e X :A(z) >a, A(z) >a, Mz)>a}={zecX: Alx) > a}.

In this case, [Al]; is called an a-level set of A and [A] is called a strong a-level set

of A.
Example 4.10. Consider the octahedron set in I given by: for each x € I,
B <[1+x 24z 1+4+z x 1+x>

A 6’3]’(2’5)’4

Leta=[%,2], a=(2,1), a=31. Then )
Mloom = {z € 1255 2] >0, (M=, £) >0, = >0}
:}er:HTx>O7 e >0, o> 2z < e > ()
:7
Ml = e 1152, 52] > 0, (142,2) >0, 142 >0}
:§<§1€'1€””>0723m>0’1?’“’>0’2?”<1,T>0}
= )
A1y ={rel: [HT””??JFTZ] >1, (H?w’%) > 1, l-j-Ta: > 1}
—{rel:Gr>1, Heo ol a0, ey
= ¢ = [A]*<17i,1>’ B
Az ={zel:[H=, 2] >3, (42,2)>b, 4= >a}
Sl n g e Rk 2y
=11
39 +] B
AL ={zel: [, 2] >q, (42,2)>D, 42> a}
J— . 14+a 1 241 2 1 2 2+“ 1+“ 1
leel:%5>5 %" >5 5 >5 5 <1 1 >2

= (51

It is obvious that that for each @ € [I]x (I®1)xI and each A € O(X), [A]% C [Al;.

a

Proposition 4.11. Let A € O(X) and let a, be [I] x (I®I)x1I. Then have the
following properties:

(1) if a <1 b, then [‘A]E C [Al,

(2) [Alz = [)[Alz, where @ #0,a#0, a #0,

(1) ifa <1 b, then (Al C [AlZ,

Proof. (1) The proof is obvious from Definition 4.9.
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(2) From (1), it is obvious that ([A]z)_c(11x (1 1)< 1)\ {(0,0,0)} 1S & descending family
of subsets of X. Then clearly,

Az < (A4
b<a
for each a € ([I] x (I ® 1) x I)\ {(0,0,0)}.
Suppose = ¢ [A]z. Then A(x) < a. Thus
Sbhe (I x (Iel)x 1)\ {(0,0,0)}
such that A(z) < b<3d Sox ¢ [Alz, for some be (Il x (I®I)x1I)\{(0,0,0)}

such that b < a,ie., v ¢ ﬂ [Alz. Hence m [Alz C [Alz. Therefore [A]z = [ |[A].
b<a b<a b<a
(2)" The proof is similar to (2). O

5. THE IMAGE AND THE PREIMAGE OF AN OCTAHEDRON SET UNDER A MAPPING

In this section, Finally, we define the image and preimage of an octahedron set
under a mapping and investigated some of their properties.

Definition 5.1 ([?]). Let X, Y be two sets, let f : X — Y be a mapping and let
Ac(IoDX, Be(IaI).

(i) The preimage of B under f, denoted by f~1(B), is the IF set in X defined as
follows: For each x € X,

FHB)(x) = (BS(f(2)), B*(f(2))) = ((BS o f)(), (BF o f)(x)).

(ii) The image of A under f, denoted by f(A) = (f(A€), f_(A%)), is the IF set
in Y defined as follows: For each y € Y,

 Vaepr AS(@) i fTHy) £ 0
ra ) = { Yeerw otherwise,

“(x if f1
P9 = 1= g0 = 4 = { e B e

Definition 5.2 ([16]). Let X, Y be two sets, let f: X — Y be a mapping and let
Ae X, Be[IY.

(i) The preimage of B under f, denoted by f~!(B), is the IVF set in X defined
as follows: for each x € X,

F7HB) (@) = (B~ (f(2)), B¥ (f(2)] = [(B™ o f)()), (B o f)(x)].
(ii) The image of A under f, denoted by f(A) = [f(A™), f(AT)], is the IVF set
in Y defined as follows: for each y € Y,

s = { e 4O Vaemw AW ) 29

otherwise.

Definition 5.3. Let X, Y be two sets, let f : X — Y be a mapping and let
A={(A AN € OX), B=(B,B,u) € OF).
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(i) The preimage of B under f, denoted by f~1(B) = (f~1(B), f~1(B), f (1)),
is the octahedron set in X defined as follows: for each x € X,
71 B) (@) = ([(B™ o f)(@), (BT o f)(2))], (B o f)(x), (B o f)(x)), (o f)(z)).

(ii) The image of A under f, denoted by f(A) = (f(A), f(A4), f(N)), is the octa-
hedron set in Y defined as follows: for each y € Y,

Veer 1o A0 Ve i A5@] 157 (0) £ 6
F(A)(y) = { 0 =) = otherwise,
{ Waega A5 Auegs A5@) I 171(0) # 6
f(A)(y) = { 0 =W = otherwise,
_J Vaesrp M) if f~'(y)# ¢
FN() = { 0 ) otherwise.

It is obvious that f(xz) = [f(z)]z, for each zz € Op(X).

Example 5.4. Let X = {z,y,2}, Y = {a,b,¢,d} and let f : X — Y be the
mapping defined by: f(z) = f(y) = a, f(2) =c. Let A= (A, A, )\) be the octahe-
dron set in X and let B = (B, B, u) be the octahedron set in Y defined by Table 5.1:

A(D) AD A0

0.7

([0.2,0.6]
([0.3,0.5]
([0.4,0.7]

SRS W

(0.6,0.3)
(0.5,0.2)
(0.7,0.2)

0.6
0.8

Table 5.1

Then we have easily the following Table 5.2 for f(A):

Y | f(A)(z) f(A)=) fN)(x)

a | [0.3,0.6] (0.6,0.2) 0.7

b 0 0 0

¢ 04,07 (0.7,0.2) 0.8

d 0 0 0
Table 5.2

Now let B = (B, B, u1) be the octahedron set in Y defined by the following Table:

Y] Bl B@) @)

a | (]0.3,0.5] (0.5,0.4) 0.6

b | ([0.2,0.6] (0.7,0.2) 0.8

¢ | ([0.4,0.77 (0.6,0.3) 0.7

d | ([0.2,0.5] (0.4,0.5) 0.5
Table 5.3

Then we have easily the following Table 5.4 for f~!(B):
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X | '@ B W)

T 0.3,0.5] (0.5,0.4) 0.6

Y [0.3,0.5] (0.5,0.4) 0.6

z [0.4,0.7] (0.6,0.3) 0.7
Table 5.4

Proposition 5.5. Let A = (A
O(X), (Aj)jer = ((Aj,Aj,\));
By = (Bg, B, j12) € O(Y ) (B'
be a mapping. Then for each

(1) if Ay C; As, then f(.Al) C; (

Y, Al = (AL AL AN, Ay = (Ag  As ) €

AL

JCO( ) let B = <B7Baﬂ>7 Bl:<B17B17l~Ll>a
y J =( j,u]))]ej COY)andlet f: X =Y
=1, 2,

(B,
3,
)

( ) ZfBl C; BQ, then f (81) C; f ( )

(3) Ay f7Yf(A)) and if f is injective, then A= f~1(f(A)),

(4) 7(F~1(B)) Cr B and if f is surjective, f(f~1(B)) = B,

)7 Upes B) = Ue, £1(5)).

(6) f~H(Mjes By) = ﬂjejf 1(B;),

(1) FUles A)) = Ule (A, |

(8) (m]e]A ) Ci ﬂje]f( ;) and if f is injective, then f(ﬂje,A )= ﬂ;et, f(A;),
(9) if [ is surjective, then f(A)° Cy f(A°).

(10) £1(8°) = £-1(BY" N

(1) f710) =0, ;71(0) = 1, /71(0.0.1)) = (0.0.1),

f(<0,071>) - <0,0,1> <0,1,0> <
f(<I,6,0>) - <I,(),o> <0 1 1> <0, ,1>,
f(<T,(),1>):<T,(),1>, f(< i 0>) < : ,0>, £i) =

Proof. The proofs are straightforward. O

Example 5.6. In Example 5.4, f~1(f(A))(z) = ([0.3,0.6],(0.6,0.2),0.7) >; A(x),
FFAN () = (03,06, (0.6,02),07) >, Aly) and f-1(£(A))(=) = A(=). Then
A C1 f7Hf(A). Moreover, A # f~1(f(A)). On the other hand, we can easily
calculate that f(f~1(B)) = B. Thus we can confirm that Proposition 5.5 (3) and
(4) hold. Note that f is surjective but not injective.

Remark 5.7. f(UJEJA);EUJEJf( j) for i =2, 4, 4 in general.

Example 5.8. Let X = {z,y,2}, Y = {a,b,c}, let A} = (A1, A;,)\1) and Ay =
(Ag, Az, A\2) be two octahedron sets in X given by:
Ay (z) = ([0.3,0.6], (0.6,0.3),0.6) , Ai(y) = ([0.2,0.7],(0.7,0.2),0.7) ,
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Ai1(2) = ([0.5,0.6], (0.7,0.1),0.5) ,
As(z) = ([0.4,0.5],(0.7,0.2),0.7), As(y) = ([0.3,0.4], (0.6,0.3),0.6) ,
Al(z) ([0.3,0.8], (0.5,0.3),0.7) .

Let f: X — e the mapping defined by f(z) = f(y) = a, f(z) =¢. Then

FaAA)(a) = 0.6 #0.7 = (f(M) A f(A2))(a)

and

f(A1 N Az)(a) = (0.6,0.3) # (0.7,0.2) = (f (A1) N f(Az).
Thus f(A1U*As)(a) # (f(A1)U? f(A1))(a), f(A1U3A2)(a) # (f(A1)"f(A1))(a) and
FAIU A2) () # (F(AD U F(AD) (@) So f(Ujes Aj) # Usey f(A) fori =2, 4, 4.

The following is an immediate result of Definition 5.3 (i).
)

Proposition 5.9. If g: Y — Z is a mapping, then (go f)~1(C) = f~*(g~*(C)), for

each C € O(X), where g o f is the composition of f and g.

6. CONCLUSIONS

We defined an octahedron set and introduced concepts of internal octahedron
sets and external octahedron sets. Moreover, we studied some related properties
and gave some examples. Furthermore, we defined an octahedron point and dealt
with the characterizations of Type i-union (Type i-intersection). Finally, we defined
the image and preimage of an octahedron set under a mapping and investigated
some of their properties. In the future, we expect that one applies octahedron sets
to algebras, topologies, decision-making, measures and entropy measures, etc. Fur-
thermore, In solving real-world problems, we think that it is necessary to extend the
concept of octahedron sets as a way of reducing possible information loss, for exam-
ple, interval-valued intuitionistic octahedron set, soft octahedron set, neutrosophic
octahedron set, etc.
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