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ABSTRACT. Soft points are first introduced in 2012, and in the same
year the soft mapping fp. : SS(V)a — SS(V)p and pu — continuity are
introduced. In this paper we re-define a soft set (F, A) by its set of soft
points (E, A) (will be called sp-set); and study sp-sets properties. Then
we define sp — function and sp — continuity and study their properties.
The main result is that any soft mapping fpu is pu — continuous if and
only if its corresponding sp — function f;u is sp — continuous.
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1. INTRODUCTION AND PRELIMINARIES

In 1999, Molodtsov [3] introduced the soft set theory with various applications
of the new theory. In 2003, Maji et al. [1] defined and studied the notation of soft
subset, complement, union and intersections. In 2011, the concept of soft topology
was introduced by [6] and [7]. In 2012, Zorlutuna et al. [9] defined soft points and
soft continuous functions.

Definition 1.1 ([5]). Let U be the initial universe, E be the set of parameters,
P(U) be the power set of U, and A C E.

(i) A soft set (F, A) on the universe U is defined by the set of ordered pairs

(F,A) ={(z,F(x));x € E},

where F' : E — P(U) with F(z) = @, if z ¢ A.
We let SS(U)g stands for the set of all soft sets on the universe U where FE is a
fixed set of parameters.

(ii) Let (F, A), (G, B) belong to SS(U)g. Then (F, A) is called a soft subset of
(G, B), denoted by (F, A)C(G, B)), if F(z) C G(z), for every z € E.
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(iii) Let (F, A) € SS(U)g. The soft complement of (F, A), denoted by (F, A)°),
is the soft set(F°, E) such that F(z) = U \ F(z).

(iv) Let (F,A), (G,B) € SS(U)g. The union of (F, A) and (G, B), denoted by
(F, A)U(G, ) is the soft set (FUG, E) such that (FUG)(z) = F(z) UG(z).

(v) Let (F, A), (G,B) € SS(U)g. The intersection of (F, A) and (G, B), denoted
by (F, A)N(G, B), is the soft set (FNG, E) such that (FNG)(z) = F(z) N G(z).

(vi) Let (F,A), (G,B) € SS(U)g. The difference of (F, A) and (G, B), denoted
by F\G, is the soft set (F\G, F) such that (F\G)(z) = F(z) \ G(x).

(vii) The empty soft set is the only (F, A) € SS(U)g with F(e) = @, for every

e € FE and will be denoted by @g. The universal soft set is the only soft set
(F,A) € SS(U)g with F(e) = U, for every e € E and will be denoted by Ug.

Definition 1.2 ([9]). The soft set (F,A) € SS(U)g is called a soft point in Ug,
denoted by e, where e € A, if F(e) # @ and F(z) = &, for every x # e.

Definition 1.3 ([9]). The soft point ep is said to be in the soft set (G, B), denoted
by er€(G, B), if F(e) C G(e).

Proposition 1.4 ([9]). If er€(G, B), then epé(G, B)

The converse of the above proposition is not true, i.e. there are a soft point ep
and a soft set (G, A) such that eF§§(G A) and eF§Z(G A)® (See Example 3.11 in []).

Definition 1.5. For any soft set (F, A) € SS(U)a, the soft power set of (F,A),
denoted by 2(5*4) is defined as follows: (Fy, A) € 2("4) if and only if Fy(a) C F(a),
for every a € A.

Definition 1.6 ([2]). Let SS(U)4 and SS(V)p be two families of soft sets. Let u :
U —V and p: A — B be mappings. Then the mapping fp, : SS(U)a — SS(V)p
is called a soft mapping, if it is defined as follows:

(i) for any soft set (F, A) € SS(U)a, the image of (F, A) under fp,, denoted by
fpu(F, A), is the soft set (fpu(F), B) € SS(V)p such that for every b € B,

fpu(F)(b) = zepLiJl(b)u(F(ac)), if b € p(A) and fpu(F)(b) =@ if b € B —p(A),

(ii) for any soft set (G,B) € SS(V)p, the inverse image of (G, B) under fp,,
denoted by f,.!(G,B), is the soft set (f,,'(G),A) € SS(U)a such that for every
a €A, f1(G)(b) = uH(G(p(b)))-

The properties of soft functions can be found in [9].

Since for any soft sets (F, A) and (G, B) in SS(U)4 and SS(V)p respectively,
we have 2(F°4) C SS(U)4 and 2(¢B) C SS(V)p, we can define the soft mapping
fpu 2(F4) 5 9(G.B) a5 in the above definition subject to the following conditions:

(i) for any soft set (Fy, A) € 24 we have fpu(Fl,A) e 2(G.B)

(ii) for any soft set (Gy, B) € Z(G’B) we have f.1(G1, B) € 2(FA4),

The above two conditions makes fp,, : c2(FA) 2(G B) well defined.
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Restricting soft mapping to mappings between soft power sets of given soft sets
is very important for soft topology and soft continuity, since topology, basically, is
a sub-collection of the power set of a given set.

Definition 1.7 ([7]). Let (F, A) € SS(U)a. A soft topology on (F, A), denoted by
7, is a collection of soft subsets of (F, A) having the following three properties:

(1) Da, (F7 A) € 7’:7

(11) if (Fl,A), (FQ,A) € ;, then (Fl,A)ﬁ(FQ,A) S ’7’:,

(iii) if (Fy, A) € 7 for every a € A, then QQA(FO" A)eT.

A soft subset (F1, A1) of (F, A) is called soft open, if (F1, 41) € 7, and it is called
soft closed, if (Fy, A1)¢ € T.

Definition 1.8 ([9]). Let (F, A,71) and (G, B,72) be two soft topological spaces
and let v : U — V and p : A — B be mappings. Then the soft mapping fp, :
SS(U)a — SS(V)p is said to be:

(i) pu-continuous at er€(F, A), if for each soft open set (G, B)ET, soft con-
taining f,.(er) there exists a soft open set (Fy, A)ET; soft containing e such that
fou(F1,A)C(G1, B), B

(ii) pu-continuous on (F, A), if it is pu-continuous at every ep€(F, A).

Theorem 1.9 ([9]). Let (F, A,71) and (G, B,T2) be two soft topological spaces. and
u:U —V and p: A — B be mappings. Then the following two statements are
equivalent:

(1) the mapping fpu : SS(U)a — SS(V)p is pu — continuous on Uy,

(2) for every (G1, B) € T2, we have f,}(G1,B) € 71,

(3) for every soft closed set (G1,B) over V', we have fpj} (G1, B) is soft closed
over U.

2. SOFT POINTS AND SP-CONTINUITY

Let U be the initial universe, A be a fixed set of parameters. Since any soft point
er in Uy is a soft set (F, A) where F(a) = @ if a # e and F(a) # & only for a = e,
we can rewrite the soft point er as an ordered pair (e, D) where F(e) = D. To be
more precise we begin by the following definition.

Definition 2.1. Let U be the initial universe, let F be a fixed set of parameters
and let e € E and @ # D C U. Then the ordered pair (e, D) is called a soft point
in SS(U)g. The set of all soft point in SS(U)gz will be denoted by SS(U)g.

For a soft set (F,A) in SS(U)g, we say that the soft point (e, D) in (F,A),
denoted by (e, D)E(F, A), if e € A and D C F(e). The set of all soft points of (F, A)
will be denoted by (F, A) and will be called the sp — set of (F, A).

Example 2.2. Let A = {a,b,c} and U = {1,2,3}. Consider the soft set (F, A) =
{(a,{1,3}),(b,{1,2}), (¢, {2})}. Then the sp — set of (F, A) is
(£, A) = {(a, {1}), (a, {3}), (a, {1,3}), (0, {1}). (0, {2}), (b, {1, 2}). (e, {2)}.

Definition 2.3. For any subset K of SS(U)g, we define the soft set (F,A)x in
SS(U)g as follows:
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(i) A={a € E:(a,D) € K for some D C U},
(ii) F(z) = U@ pjex D, if z € Aand F(z) = @, if z € E'\ A.

(F, A) i will be called the §oft_ set generated by the set of soft points K.

Let (F, A) be a soft set, (F, A) Pe .i.ts sp-set and (F, A) g, i) be the soft set gen-
erated by the set of soft points (F, A). Then one can easily show that (F,A) =
(F, A)(F,A)~ But the converse is not true, i.e. if we start with a set of soft point
K, then (F, A)x # K where (F,A)g is the sp — set of the soft set (F, A)k (See the
above definition). It is easy to show that (F',A)x D K.

sp-sets behave similar to power sets and the following properties of power sets are
well-known:

(1) A= B if and only if P(4) = P(B),

(2) P(ANB) =P(A)NP(B),

(3) P(AUB) D P(A) UP(B).

The following proposition shows that the above properties of power sets have a
corresponding versions for sp — sets, and its proof analogues to its analogue in set
theory.

Proposition 2.4. Let (F, A) and (G, B) be two soft sets in Ux. Then we have:
(1) (F,A) = (G B) if and only if (F, A) (@G, B)
(2) if (F, AN(G, B) = (H,C), then (H C’) (F, A)n (G B)
(3) if (F, A)U(G, B) = (H,C), then (H,C) D (F,A) (G, B).

Theorem 2.5. Let (F, A) and (G,B) be two soft set with (F,A) ¢ (G,B), then
there exists a soft point (x, D) € Ux such that (x, D) € (F, A) and (z,D) € (G, B)®
where (G, B)® refers to the sp-set of (G, B)°.

Proof. Since (F,A) ¢ (G, B), there exists # € A such that f(z) ¢ g(z), which
implics (x) \ () is nonempty. Set (x, D) = (r, f(z) \ g(x)). It is cloar that
(x,D) € (F,A) and (z, D) € (G, B)°. O

Definition 2.6. Let (I, 4) and (G, B) be two soft sets. A mapping f : (F,A) —
(G, B) (sends a soft point (x, D) € (F, A) to a soft point f(z, D) = (y,C) in (G, B))
is called an sp-mapping, if its image and pre-image for soft subsets of (F, A) and
(G, B), respectively, are defined as follows:

(i) for every (Fy, A)C(F, A), we have f(Fy, A) = (f(F1), B)C(G, B) such that for
every y € B, f(F)(y) = U{C: (4,C) = f(z, D) for some (z, D) € (Fy, A)}.

(ii) for every (G1, B)C(G, B), we have f~1(G1,B) = (f~1(G1), A)C(F, A) such
that f~1(G1)(z) = U{D : (z, D)E(F, A) and f(z, D)E(G1, B)}, for every z € A.

That is sp-mapping is a point-set function who sends a soft point to a soft point
and its image and pre-images of soft subset are defined as mentioned above.

Definition 2.7. Let (F, A,7) and (G, B, 1) be two soft topological spaces and f :

(F,A) — (G, B) be an sp-mapping . Then f is said to be sp-continuous at the soft

point (z, D) € (F, A), if for any soft open set (G1,B) € fi with f(x,D) € (G, B),

there exists (Fy,A) € T such that (z,D) € (F17 A) and f(Fy, A)C(G1, B). For the

sake of simplicity we write f : (F, A,7) — (G, B, i) is an sp-continuous mapping.
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F A T) G,B,u 18 sp — continuous if
)

Theorem 2.8. An sp — mapping [ ,T) = ( )
in (G,B, 1), f~1(H,B) is a soft open set

+ (
and only if for every soft open set (H 7B
in (G, B, ).

Proof. Suppose that f is sp-continuous and (H, B) be a soft open set in . Let
(z, D)Ef~1(H,B). Then f(x,D) = (y, M)E(H, B). Since f is sp-continuous, there
exists a soft open set (K, A) in 7 soft containing (z, D) such that f(K, A)C(H, B).
It is clear that (x, D)E(K, A)Cf~1(H, B), which implies f~!(H, B) is soft open.
Conversely, suppose that for every soft open set (H, B) in (G, B, i), f~'(H, B) is
a soft open set in (G, B, i). Let (z, D) € (F, A) and let (H, B) be a soft open set in
i with f(x, D) € (H,B). Since (H, B) is soft open in ji, f~1(H, B) is soft open in
7, and since f(z, D) € (H,B), (z,D) € f~Y(H,B). Butf(f~*(H, B))C(H, B); and
this shows f is sp-coninuous. O

For notational purpose, one must note that the following statements are equiva-
lent:

(1) (x, D) € (F, A),
(2) (z, D)e(F, A),
(3) (z, D) is soft contained in (F, A).
Example 2.9. Let A = {1,2,3} and U = {a,b,c}. Consider the two soft sets (F, A)
and (G, A) in SS(U)4 given by:
(F, 4) = {(1,{a}), (2,{a,b}), 3, {b,c})}, (G, A) ={(1,{a,b}),(2,{c}), (3,{b,c})}.
Let 71 = {@a, (F, A), (F1, A), (Fy, A), (F3, A)}, where
(Fla A) = {(17 ®)7 (27 {a, b})7 (37 {b7 C})}v
(F2, A) = {(1,{a}), (2,{a}), (3,2)},
(F3, A) = {(17 Q)v (2’ {CL}), (37 @)}
Then we can easily show that 71 is a soft topology on (F, A).
Again, let 70 = {@4, (G, A), (G1,A4), (G2, A), (G5, A)}, where

(Gla ) = {(17 {aab})v (27®)7 (37 {bv C})}a
(G2, 4) = {(1,{a}),(2,{c}).(3,2)},
(Gi’n A) = {(17 {a})v (21 @)7 (3’ @)}

Then we can easily show that 75 is also a soft topology on (G, A).
It is clear that

(F,A) = {(1. {a}). (2, {a}), (2, {b}), (2, {a. b}), (3, {B}), (3, {e}), (3, {b, e})},
() = (L {a}), (1, 40)), (0, 0,5)), 2 e}), (3. 00)), (3. {eh). (3. (b))}
Define the sp-function f : (F, A, 71) — (G, A, 72) as follows:
f(1{a}) = (2,{c}),
f(27 {a}) = (27 {C})a f(27 {b}> = (3’ {b})a f<2’ {a7 b}) = (1’ {a7 b})v
FBAbY) = 3,{c}), fB,{c}) = (3,{c}), f(3,{b,c}) = (1,{a,b}).
We will show that f is sp-continuous, it suffices to show that for every (K, A) € 7o,

we have f~1(K, A) € 71, this can be established step by step as follows: we first find
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the sp-set (K, A)7 then we find its inverse under f; which is the sp-set f’l(f(7 A),
after this we find f~!(K, A) which is the soft set generated by the sp-set f~1(K, A)
and then we show it is in 75. For example, for the soft open set (G1, A) € 12, we
have

(G, A) = {(1,{a}), (1,{B}), (1, {a,b}), (3, {b}), (3, {c}), (3, {b, })},
so that f_l(éla A) ={(2,{a,b}), (3,{b,c}), (2,{b}), (3, {b}), (3,{c})}, which implies
that f=1(G1,4) = {(1,9), (2, {a,b}), (3,{b,c})} = (F1, A) € 71. Similarly, we show

that fﬁl(QA) =y € Tl,fil(G,A) = (F, A) € 71, fﬁl(GQ,A) = (FQ,A) € 11 and
f’l(Gg, A) = @4 € 11. So that f is sp-continuous.

Definition 2.10. Let (F,A,7) and (G, B,j) be two soft topological spaces and
I (F,A) — (G,B) be a sp-mapping. Then f is said to be sp-open (sp-closed), if
for every soft open (soft closed) set (Fy, A) in (F, A), we have f(F;, A) is soft open
(soft closed) in (G, B). For the sake of simplicity we write f : (F, A,7) — (G, B, i)
is a sp-open (sp-closed) mapping.

Definition 2.11. For any soft set (F,A) € SS(U)a and (G,B) € SS(V)p, let
fpu 2(F4) _, 9(G.B) be a soft mapping such that w: U — V and p: A — B. The
sp-mapping corresponding to fp,, is fpu : (F, A) — (G, B) such that for every soft
point (a, D) € (F, A), we have fp,(a, D) = (p(a),u(D)).

Theorem 2.12. For any soft mapping fpu : 2FA4) 5 9(G.B) the sp — mapping

f;u : (F,A) — (G, B) corresponding to fpu is well-defined.

Proof. Tt suffices to show that for any soft point (a, D) € (F, A) we have f,,(a, D) =
(p(a),u(D)) € (G, B). Since f,, : 24 — 2(G5) i well defined (sends a soft subset
of (F, A) to a soft subset of (G, B)), we have fp,(F, A) = (fpu(F), B) is a soft subset
of (G, B), which implies that fp.(F)(p(a)) = U,ecp-1(p(a)) u(F(z)) C G(p(a)). Since
(a,D) € (F, A), we have D C F(a), but a € p_l(p(a).). so that u(D) C u(F(a)) C
FonF)(p(a)) C G(p(a)), which means (p(a), u(D)) € (G, B). .

The following two lemma are very important to the theorem next to them.

Lemma 2.13. Let (F, A) and (G, B) be any two soft sets and f, : 254 — 2(G.5)
be a soft mapping. If fpu : (F,A) — (G, B) is the sp — mapping corresponding to
fpu, then for every soft subset (F1, A) of (F,A), we have fpu(F1,A) = fpu(F1,A).

Proof. Before we begin our proof, we must call Definition 1.6 and Definition 2.6.
From Definition 1.6, we have fp,(F1,4) = (fpu(F1), B) such that for every b € B,
we have

fou(F)®) = ] u(Fi(x)), if b € p(A) and f(F1)(b) = @, if b€ B — p(A).
zep~1(b)
From Definition 2.6, we have f;u(Fl,A) = (f];u(Fl), B) such that for every b € B,
fou(F1)(0) = U{C : (b,C) = fpu(a, D) for some (a, D) € (F1,A) with p(a) = b}. It
is suffices to show that for every b € B, we have fy,, (F1)(b) = fpu(F1)(b).
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Let y € fpu(F1)(b). Then there exists € p~'(b) such that y € u(Fy(z)). It
is clear that (z, Fy(z)) € (F1, A) so fpu(z, Fi(x)) = (p(z),uF)(x)) = (b,u(Fi(x))).
Thus y € uF)(z) € J{C : (b,C) = fpula, D) for some (a, D) € (Fy, A)}.

Conversely, suppose that y € fp, (F1)(b). Then there exists (a, D) € (Fy, A) such
that f,,(a, D) = (b,C) with p(a) = band y € C. Since D C F(a), u(D) C u(Fi(a)),
but a € p~!(b). Thus we have y € u(Fi(a)) C fpu(F1)(b) = Usep-16 w(F1(2)). So

Fou(F1)(b) C fpu(F1)(b). Hence the proof is complete. O

Lemma 2.14. Let (F, A) and (G, B) be any two soft sets and fp,, : 2(F4) _y 9(G.B)
be a soft mapping. If fpu : (F, A) = (G, B) is the sp—mapping corresponding to fpu,
then for every soft subset (G1, B) of (G, B), we have fz;f(Gl,B) = f;u_l(Gl,B).
Proof. Before we begin our proof, we must call Definition 1.6 and Definition 2.6.
From Definition 1.6, we have f;.,'(G1, B) = (f;,'(G1), A) such that for every a € A,
fou (G1)(a) = (G (p(a)).

From Definition 2.6, we have f;uil(Gl, B) = (f;uil(Gl), A) such that for every
a €A, fr (G)(a)=UD: (a.D) € (F,A) with fp,(a. D) € (G, B)} = U{D :
(a,D) € (F, A) with (p(a),u(D)) € (G,B)}. It is sufficient to show that for every
a € A we have f, 1(G1)(a) = f;uil(Gl)(a). Let = € f,,/(G1)(a). Since fou i
well-defined (See the above theorem), (a,{z}) € (F,A). Since z € foa (G1)(a) =
u='(G1(p(a))), we have u(z) € Gi(p(a)). Then (p(a),u({z})) € (Gi,B) and
{2} ¢ U{D : (a, D) € (£, A) with (p(a), u(D)) € (G1,B)} = fou  (G1)(a). Thus
[ (G)(@) € fpu (G1)(a).

Conversely, let = € f;;u_l(Gl)(a). Then z € D, for some (a,D) € (F,A) with
(p(a),u(D)) € (Gy,B). Thus u(D) C Gi(p(a)). So z € D C u Y G1(p(a))) =
fou (G1)(a). Hence f;u_l(Gl)(a) C fpu (G1)(a). This completes the proof. O

The following definition is aboutpu-open and pu-closed functions and can be found
in [1] and [8].

Definition 2.15. Let (F, A,71) and (G, B, T2) be two soft topological spaces, and
let w:U — V and p: A — B be mappings. Then the soft mapping fp, : SS(U)a —
SS(V)p is said to be:

(i) [1] pu-open, if fp,(F1, A)ETs for every (Fy, A)ET,

(ii) [8] pu-closed, if fy,(F1,A) is soft closed in Ty for every (Fi, A) soft closed in
T1.
Theorem 2.16. Let (F,A,71) and (G, B,T2) be two soft topological spaces. Let
fou : 2(F:A) 5 9(GB) be q soft mapping where w : U — V and p : A — B, and
f;u : (F,A) — (G, B) is the sp — mapping corresponding to fpu- Then

(1) fpu is pu — continuous if and only if f;u 1§ sp — continuous,

(2) fpu is pu — closed if and only if fpu is sp — closed,

(3) fpu is pu — open if and only if f;u s sp — open.

Proof. The proof is easy! we just apply the above two lemmas. O
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we close our paper by an example to clarify the above concept where we introduce
a pu-continuous mapping fp,,, then we show that the sp-mapping f,, corresponding
to fpy is sp-continuous.

Example 2.17. Let A = {1,2,3} and U = {a,b,c}. Consider the soft sets (F, A)
and (G, A) given by, respectively:
(F,A) = {(L.{b,c}). (2.{b,c}), (3, {a})}, (G, A) ={(1,{a,b}),(2,{c}), (3, {b,c})}.
Let 71 = {@a, (F, A), (F1,A), (F, A), (F3,A)} be a family of soft sets given by:
(F1= A) = {(17 @)7 (2, {b, C}), (37 {a})}7
(FQ, A) - {(13 {ba C})a (27 @)7 (37 {CL})},
(F37 A) = {(17 @)7 (27 @)7 (3, {a})}7
and let o = {@4, (G, A), (G1, A), (G2, A),(G3,A)} be a family of soft sets given by:
(G17A) = {<1a {aab})7( ) (3 {b C})}
(G2, A) ={(1,{a}),(2,{c}),(3,2)},
(G?MA) = {(17 {a}>7 ) )’( ,Q)},
Then we can easily show that 71 is a soft topology on (F, A) and 75 is a soft topology
on (G, A).
Define u : U — U by v = {(a,a),(b,c),(c,c)}, and define p : A — A by
p = {(1,2),(2,3),(3,1)}. Since u and p are well-defined, f,, is well-defined as
in Definition 1.6. fp, is soft continuous mapping, because one can easily show that:
fpzbl(Gv A) = (Fa A) S Tlaf;(;ul(GhA) = (FlaA) € T1, f];ul(GQaA): (F27A) €T and
fI;} (G3, A) = (F3,A) € 1. Now to construct the sp-mapping fpy, : (F,A) — (G, A)
corresponding to f,, we call Definition 2.11 to get fyu(z, D) = (p(z),u(D)), for
every (z,D) € (F, A). Note that
(£, A) = {(1,{0}), (1. {c}), (1. {b,¢}), (2. {b}), (2. {c}), (2. {b. c}), (3, {a})}

and

(G, A) = {(1.{a}), (1, {b}), (1, {a,0}), (2. {c}), (3,{b}), (3, {c}), (3, {b,c})}.

Then we have

Fou(1,40}) = (p(1), u({b})) = (2,{c}),
Fou(LAe}) = (p(1), u({c}) = (2,{e}),
Fou(L 40, ¢}) = (p(1), u({b, c})) = (2, {c}),
Fou(2.40}) = (0(2), u({})) = (3,{c}),
Fou(2.4c}) = (0(2), u({c})) = (3,{c}),
Fou(2: {0, ¢}) = (p(2), u({b, })) = (3, {c}),
Fou(3.{a}) = (0(3), u({a})) = (1, {a}).

As in Example 2.9, we can show that f;u is sp-continuous; actually, we have:
-1

.1 ..
fpu (G,A):(F,A)GTl, fpu (Gl,A):(Fl,A)ETl,
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- | oo —1
fpu (G2aA) = (F27A) €71, fpu (G37A) = (F?nA) S
It is worth noting that
.1 .1
fpu (G7A):f;;/,1(G7A):(F7A)7 fpu (GlaA):f_l(GhA):(FlaA)a

FM(Gay A) = fou (G, A) = (F5, A), fou (G, A) = fr1(Gs, A) = (F5, A)

which is consistent with Lemma 2.14.
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