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ABSTRACT. In a machine learning environment involving inferential
knowledge derived from the association between causes and effects, soft set
theory can be employed effectively. In the present paper we study about
the set of all soft points on a given universal set and a set of parameters.
The relation between this set and the set of all soft sets on a given universal
set was investigated. Given a universal set and a set of parameters, it is
established that there is a bijection between the family of all topologies
on the set of all soft points and the family of all soft topologies. It is also
proved that the family of all soft topologies is a complete lattice and the
bijection mentioned above is a lattice isomorphism.
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1. INTRODUCTION

Molodtsov [10] introduced the concept of soft set theory in 1999. It has been
presented as a mathematical tool to deal with uncertainty and vagueness associated
with many real life problems. Since then several works have been done in the al-
gebraic structure of soft set theory [3, 8] and a number of interesting studies were
made in application areas like decision making, data mining, artificial intelligence
and machine learning etc [1, 2, 7, 11, 18]. In 2011, Shabir and Naz [15], and Cagman
[5] introduced the concept of soft topology as a separate work. Xie [19] introduced
the concept of soft points and he studied the notions like soft interior points, soft
neighbourhood etc. based on the concept of soft points. He also proved that every
soft set can be represented as a soft union of soft points. A comparative work on
the concept of soft points was done by Senel [14]. He also studied the theory of
Hausdorff spaces using soft sets [13].
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In a machine learning environment involving causes and possible effects the soft
set theory can be an effective tool. There are many situations in which the asso-
ciation between causes and the possible effects vary depending on the environment
or the subject. If we take the universal set (or set of objects) as the set of possible
effects and the parameter (or attribute) set as the set of causes then the association
between the set of causes and set of possible effects in different environments can be
represented by different soft sets on the same universal set. The soft set theory uses
the operations of classical set theory as a base for developing operations in soft sets
which is a real advantage for the development and application of the theory. The
development of the soft set theory will be helpful in such situations where learning
is based on the inferential knowledge derived from the association between causes
and effects. This paper is an attempt to build connections between soft set theory
and classical set theory, which we hope will ultimately boost the development of the
soft set theory and will give it some leverage in the application areas.

In this paper we establish the existence of a one to one and onto correspondence
between the family of all soft sets on a given set and the power set of the set of soft
points on the given set. We further go forward to prove that there is a bijection
between the family of all soft topologies on a given set and the family of all (point
set) topologies on the set of all soft points on the given set. Theorem ?? provides
us a method to connect soft topologies on X and topologies on X, but it is one
sided. We cannot always find a soft topology on X using some topology on X. We
provide a method to find soft topologies generated from a topology on X. We have
established a connection between a soft topology on X and topologies on X and F.
It is proved that there exists a one to one correspondence between soft topologies
on X and topologies on E x X. Corresponding to a topology on X and a topology
on F there exists a product topology on E x X and corresponding to this product
topology we will have a soft topology on X.

In 1936, Birkhoff [4] first explicitly described the family of all topologies on a
given set. He proved that this family is a complete lattice with set inclusion as
ordering. In 1947, Vaidyanathaswamy [17] has shown that this lattice is atomic and
also pointed out the anti-atoms. But the proof for the claim that this lattice is anti-
atomic was given by Otto Frohlich [6] in 1964. The problem of complementation of
this lattice was solved by Steiner [16] in 1966. A slightly modified proof of Steiner’s
result was given by Rooij [12] in 1968.

For this work we approach soft set theory and soft topology in a different way
and we got some other interesting results also. We proved that the family of all soft
topologies is a complete lattice and that the above mentioned bijection is an order
preserving map between the two complete lattices. It is then established that this
mapping preserves meet and join. It then leads to the conclusion that the lattice
of all soft topologies on a given set is isomorphic to the lattice of all topologies on
a set (the set of all soft points on the given set). So it can be inferred that both
the lattice of soft topologies and the lattices of topologies have common properties
namely, atomic, anti-atomic, complemented etc.
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2. PRELIMINARIES

Definition 2.1 ([5]). Let X be a universal set and E be the set of parameters,
A C E and P(X) be the power set of X. A soft set Fo over X is defined by the set
of ordered pairs

Fa = {(a, fal@))|a € E, fa(a) € P(X)},
where fq: F — P(X) such that fa(a) =2, forall a¢ E.
Here f4 is called the approximate function of Fa.

Notation 2.2. The set of all soft sets over X will be denoted by S(X). The
cardinality of S(X) is 2/X!I1Z1,

Definition 2.3 ([5]). Let Fy € S(X). If f, =@, forall a € E, then Fy is called
the soft null set and denoted by Fg.

Definition 2.4 ([0]). Let Fa € S(X). If fa(a) = X, forall a € A, then Fu is
called an A-universal soft set, denoted by Fz. If A = E then the A-universal soft
set is called a universal soft set and denoted by Fz.

Definition 2.5 ([5]). Let Fao,Fp € S(X). Then Fj4 is a soft subset of Fg, denoted
by Fa CFp, if fa(a) C fe(a), forall a€ E.

Definition 2.6. Let Fo,Fg € S(X). Then F5 and Fy are said to be soft equal if
fala) = fp(a), forall a€E.

Definition 2.7 ([7]). Let Fa,Fp € S(X). Then the soft union Fx UFg, soft inter-

section F o N Fp and soft difference F 5 \ Fp are defined by the approximate functions
faopla) = fa(@)Ufs(@), famp(@) = fa(@)Nfp(a) and f,;5(e) = fa(a)\[fB(q),
respectively.

Definition 2.8 ([5]). Let Fo € S(X). Then the soft complement of F is denoted
by Fa is defined by the approximate function f§(a) = X\ fa(a), forall a € E.

Remark 2.9. It is easy to see that (FA%)® = F and F§ = Fg.
Definition 2.10 ([5, 15]). Let X be a universal set and E be the set of parameters.

Let 7 C S(X). Then T is called a soft topology on X, if
(l) Fg, F’E S y,

(i) {FaicICN}CT = (JFa €7,
i€l

(iii) Fa,Fp € 7 = FaANFp € 7.

The tuple (X, .7, E) is called a soft topological space.
Definition 2.11. Let (X, iE) be a soft topological space. Then every element
Fa € 7 is called a soft open set on X.
Theorem 2.12 ([15]). Let (X, f?v,E) be a soft topological space over X. Then the
collection F, = {fA(a)| Fa € ﬂ} for each « € E defines a topology on X.
Remark 2.13. The converse of the above theorem is not true. In general, it is not

possible to construct a soft topology over X using some topologies on X.
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Definition 2.14 ([5]). Let :7\1/ and % be two soft topologies over X. If :?T - :7\2/,
then we say 75 is finer than ;.

3. SOFT POINTS AND SOFT SETS

Definition 3.1 ([19]). Let z € X, o € E and let F4 € S(X) be a soft set such that
x if e=a
fa(e) = {{ I

(] if e#a.
Then Fy is called a soft point on X and is denoted by x,,.

Definition 3.2. Let Fo € S(X). Then a soft point x, on X is a soft element of
Fa, denoted by x4 € Fa, if x4 CFa.

Remark 3.3. x, €F, if and only if z € fa(a).

Definition 3.4. Let Xp = {x, |Xq is a soft point on X'}. Then this (point) set is
called a soft point set.

Remark 3.5. The cardinality of Xg is | Xg| = |X||E|.

Proposition 3.6. Let X be a universal set of objects and E be the set of parameters.
Then there exists a one to one correspondence between the cartesian product B x X
and the soft point set Xp.

Proof. Define a mapping p : E x X — Xg such that p(a,z) = x4. It is clear that
the mapping p is a bijection from F x X to Xg. O

Proposition 3.7. Let X be a universal set of objects and E be the set of parameters.
Corresponding to every soft set Fa on X there exists a unique subset Ap of Xg.

Proof. Let Fp € S(X). Define 4 : S(X) — P(Xg) by
g(FA) = AF = {Xa |Xa EFA} .
Then we have _
Y (Fy) = o, since x, ¢Fy  forall x, € Xg
and
Y (Fz) = Xg, since xo €Fp  for all x, € Xpg.
We will prove that this mapping is well defined, one to one and onto. Let Fy =Fpg.
Then
fala) = fp(a), forall a€eFE
thatis, =€ fa(a) <= z€ fp(a), forall a€E
that is, Xq EFpA <= x,€Fp
that is,  {xXa|%a €Fa} = {xa|xa €FB}
that is, ¥ (Fa) =9 (Fp).
Thus ¥ is well defined.
Let 9(Fa) = 9(Fg). Then {xo|xqa €Fa} = {xa |xa EFp}. Thus x, €Fy <=
X4 EFp. So Fp =Fg, by Remark 3.3. Hence ¢ is one to one.
Also since the cardinality of both S(X) and P(Xg) is 21X!IZl and since ¢ is one
to one we have ¢ is onto. g
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Proposition 3.8. Let 4 : S(X) — P(Xg) be such that
G(Fa) = {xa|xa EFA} = Ap
and let Fa, € S(X), i € I CN and 9(Fa,) = A, forall i€ 1. Then
%(UFAi) =J A
iel i€l
Proof.

g(DFA> - {XQ|XQ§OFA1} U {5 |50 EFa} = | A

iel iel iel iel
0
Proposition 3.9. Let 4 : S(X) — P(Xg) be such that
G(Fa) = {xa|xa EFA} = Ap
and let Fa,,Fa, € S(X). Then 9(Fa, NFa,) = Ap, N Ap,.
Proof.
G(Fa,NFa,) = {Xa|Xa €Fa, N Fa,}
= {xa\xagFAl} D{XQ|XQ§FA2}
= Ap, NAp,.
O

Notation 3.10. Let i(X) denote the set of all soft topologies on X and > (Xg)
denote the set of all topologies on Xg.

Proposition 3.11. Corresponding to every soft topology on X, there exists a unique
topology on Xg.

Proof. Define 9 : E(X) — > (X) such that

Gy (T) =T = {AF € P(Xp)|Ap = 9(F4) for some Fj € ff} .
Then J = %g(% is a topology on Xg:
(i) Since Fg, F'z € 7, by the definition of ¢ in Proposition 3.7, @, Xg € 7.
(ii) Let Ap, € .7, i € I C N. Then corresponding to every Ap,, by the definition
of 7, there exists an Fy, € 7, i.e., Fy, € F forall i€l Thus |J Fa, € 7. So

i€l
O Fy, € 7 and %( D FAi) = | Ap,, by Proposition 3.8. Hence |J AF, € 7.
i€l i€l i€l i€l

(iii) Let Ap,, Ap, € 7. Then there exists Fyu, and Fga, in 7 such that
G(Fa,) = Ap, and 9(Fa,) = Ap,.
Since Fa,,Fa, € 7, F4,NFa, € 7. Thus by Proposition 3.9, G(Fa,NFa,) =
AF1 ﬂAFg- So AF1 ﬁAF2 c 7.
Now we will prove that ¥+ is well defined and bijective.

(i) 95 is well defined:
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Let :7\1/: % Then
Fp € §1/ <— F, € %, i.e.,
G (Fp) €97 () < Y (Fa) € 97 (P).
Since Fp € 7, Ap =9(Fp) € T =97(7)), i.e., 97 (R) = 97 (T).
(ii) 92 is one to one:
Let 95 (%) = 97(%). Then

Ap €97(F) < Ap €97(D), ie.,

Y(Fr) €97(T7) = 9(F) €95(F), ie.
Fp € §1/ <— Fjp € 92/, i.e.,
= .

(iii) ¥~ is onto:

Let 7 € Y (Xg) and let Ap € . Since ¥ : S(X) — P(Xg) is onto and
Ar € P(Xg), there exists an Fp € S(X) such that ¥(Fo) = Ap. Let T =
{FA|9(Fa) = Ap € 7). Then ¥5(7) = 7. Furthermore,

T ={FA|9(Fa) = Ap € T} is a soft topology on X:

(i) Since @, Xg € .7. we by the definition of ¢ in Proposition 3.7 Fg, Ff € 7.

(ii) Let Fa, € 7 fori €I CN. Then for all Fy, € 7 there exist an Ap, € 7.

Thus by Proposition 3.8, we have |J Ap, € 7 and %( U FA,-) = JAr. So
i€l i€l i€l

U FAi € :?V
i€l

(iii) Let Fa,,Fa, € 7. Then there exists Ap,,Ap, €  respectively such that
Y(Fa,) = Ap, and 9(F4,) = Ap,. Since Ap,, Ap, € 7, Ap, N Ap, € 7. Thus by
by Proposition 3.9, 4(Fa, N Fa,) = Ap, N Ap,. So Fa, N Fa, € 7. O

4. LATTICE OF SOFT TOPOLOGIES

Theorem 4.1 ([15]). The intersection of two soft topologies on X is again a soft
topology on X.

Remark 4.2. The union of two soft topologies on X may not be a soft topology on
X.

Proposition 4.3. Let ﬁ and % be two soft topologies on X then the intersection
of soft topologies on X containing 1 U J5 is a soft topology on X .
Proof. LetT:{§| T D %U%} andlet%:ﬂ{§| 7D %U%}

(i) Clearly, we have Fg, Fz € 7  forall 7 €T. Then Fy, Fg € T

(ii) Let Fa, € 9*,i € I C N. Then Fu4, € ., forall 7 € T,i € I. Thus
UFa, €7, forall 7 €T.SoUF4, € 7%

(iii) Let Fao,Fp € J*. Then Fa, Fp € 7, forall . € T. Thus FANFgp €
9, for ang eT. So FAﬁFB e J*.

Hence .7* is a soft topology on X. O
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Proposition 4.4. ri(X) is a partially ordered set with inclusion as ordering.

Proof. From Definition 2.14, there exist a relation C in E(X ). It is clear that the

relation C is reflexive, antisymmetric and transitive, which makes > (X) a partially
ordered set. O

Proposition 4.5. i(X) 18 a complete lattice with meet and join defined as:
PN = PN T and HVT =T,

wherej?v*:ﬂ{:?v| ?2 %U%}

Proof. From Propositions 4.3, 4.4 and Theorem 4.1, we can easily see that E(X) is

a lattice. N
Now let H(X) C Y (X). Then

\/H(X) = \/{§ | T e ﬁ(X)}
N

T’ | T2 U T % is a soft topology on X.

Kﬁ(X):K{§| 7 e ﬁ(X)}
:ﬂ{§| = ﬁ(X)} is also a soft topology on X.

Thus E(X ) is a complete lattice. O

Proposition 4.6. The mapping G : i(X) — > (XEg) defined in Proposition 3.11
is an order preserving map.

Proof. Let 7, C 5. Then
Gy (T7) = {AF € P(Xp)|Ar = 9(F4) for some Fy € 3’?}
c {AF € P(Xg)|Arp = 94(Fa) for some Fu € :%/}, since 7, C %
= Y7 ().

Proposition 4.7. Let Y5 be defined as in Proposition 3.11. Then

Y7 (70 T) =97 (N) UG5 () and G7(T N Ta) =97 (R) N D7 (Tn).
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Proof.
%y(f%u %) = {AF € P(Xg) | Arp =%9(F,) for some Fu € :?TU %}
={4p € P(Xp) | Ap =4(Fy) for some Fy € 7, }
U{Ar € P(Xp) | Ap =9(Fy) for some Fa € 75 )
=97 (N) UG (T).

Gy (TN Tp) = {AF € P(Xp) | Ap = %(F4) for some Fa € 71N %’}
= {AF € P(Xg) | Arp =%9(F,) for some Fyu € 91/}
n{Ar € P(Xp) | Ap =9(Fy) for some Fy € 75 }
=Y7(N) NG7 ().
O
Proposition 4.8. The mapping 9 : E(X) — Y (Xg) defined in Proposition 3.11
is a lattice isomorphism from > (X) to Y (Xg).

Proof. The mapping ¥+ is bijective and order preserving by Propositions 3.11 and
4.6, respectively. Now it is left to prove that ¥~ is a lattice homomorphism. For

G7(HAT) =97(7iN )
= gy(ﬁ) N %g(%) by Proposition 4.7.

G7 (TN Ta) =YG7(T*)
~9-{7 | 72707}
:{AF | Ap = %(F4) for some FAeﬂ{§| 72 ﬁu%}}
- N {AF | Ap € 9(F4) for some FAeé‘V;f%u%}
T UT,

- N {9 72207
TOIHUT,
= ﬂ {7 | T2 7AUR%},since Y is an order preserving map
and %g(ﬁu %) = %y(:?\l/) U %9(%) by Proposition 4.7
=NV T
=G ()N b7 (T).
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5. CONCLUSION

In this paper we have proved that the lattice of soft topologies on a set is isomor-
phic to the lattice of topologies on the point set consisting of all soft points of a given
set. This leads us to the conclusion that this lattice possesses all the properties of a
lattice of topologies like atomic, anti- atomic, complemented etc. This work provide
an insight into the connection between the soft topologies and the topologies on a
given set. It also opens a way to study the structures in soft topological spaces that
corresponds to structures in a point set topology.
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