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ABSTRACT. In this paper, the concept of skew fuzzy ideals (filters)
of skew lattices and the concept of fuzzy ideals (filters) of skew lattices
are introduced. The characterizations of skew fuzzy ideals (filters) of skew
lattices in terms of fuzzy subsets are given. An isomorphism between the
class of all crisp ideals of a skew lattice and the class of all fuzzy ideals of
a skew lattice (called a — level fuzzy ideal) is established. Further, it is
proved that any fuzzy ideal (filter) of a skew lattice is a skew fuzzy ideal
(filter).
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1. INTRODUCTION

The introduction of the concept of a fuzzy subset of a nonempty set S as a
function of S into the unit interval [0, 1] by Zadeh [10] initiated several algebraists
to take up the study of fuzzy subalgebras of various algebraic systems such as groups,
rings, modules, lattices etc. The study of fuzzy algebraic structure has started by
Rosenfeld [9] and since then this concept has been applied to a variety of algebraic
structures such as the notion of a fuzzy subgroup of a group [5], fuzzy subrings [6],
fuzzy ideals of rings [7, 8], and fuzzy ideals of lattices [1].

As skew lattices are non-commutative generalization of lattices introduced by
Leech [4], the order structure has an important role in the study of these algebras.
Skew lattices can be seen as double regular bands where two different order concepts
can be defined: the natural preorder, denoted by =<, and the natural partial order,
denoted by <, one weaker than the other and both of them motivated by analogous
order concepts defined for bands. They generalize the partial order of the corre-
spondent lattice. Two kinds of ideals can be naturally derived from these preorders
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(ideal of a skew lattice defined using preorder and skew ideal defined using the natu-
ral partial order). The strong concept of ideal is naturally derived from the preorder
and has been largely studied having an important role in the research centered on
the congruences of skew Boolean algebras with intersections, a particular case of
the Boolean version of a skew lattice [2]. These ideas motivates the researcher to
develop the concept of skew fuzzy ideals and fuzzy ideals of skew lattices.

The organization of this paper is as follows: In section two the author describes
preliminary concepts which can be used in proving lemmas, theorems and corollaries
in the subsequent section. In section three the notion of fuzzy ideals of skew lat-
tices are introduced, some basic arithmetical properties are presented and different
characterizations of fuzzy ideals of skew lattices are given. In section four the no-
tion of skew fuzzy ideals of skew lattices are introduced, the relations between fuzzy
ideal and skew fuzzy ideals of skew lattices are established, some basic arithmetical
properties are presented and different characterizations of skew fuzzy ideals of skew
lattices are given. Finally in section five the conclusion of the research is presented.

2. PRELIMINARIES

In this section, we will briefly review some basic concepts of skew lattices, ideals
of skew lattices, fuzzy lattices and fuzzy ideals of lattices which will be used in the
next sections.

Definition 2.1 ([1]). An algebra (5, V, A) of type (2, 2) is said to be a skew lattice,
if the operations V and A are associative and the absorption laws hold:
HazA@yVa)=xz=zA(zVy),
(ii) (xAy)Ve=xz=(yAz)Vuz

On any skew lattice S two binary relations are defined as follows: the natural order
relation denoted <: z < yifand only if zAy = yAz = = (or dually, z Vy =y VvV =y),
and the natural preorder relation denoted <: x < y if and only if t Ay Az =
z (or dually, yVaVy=1y).

Definition 2.2 ([3]). A nonempty subset I of a skew lattice S closed under V is
called an ideal of S, if for all z € S and y € I,x < y implies x € I.

Theorem 2.3 ([3]). All ideals in a skew lattice are sub skew lattices.

Definition 2.4 ([10]). Let X be a nonempty set. By a fuzzy subset pu of X, we
mean a map from X to the interval [0,1], p: X — [0, 1].

If pis a fuzzy subset of X and ¢ € [0, 1], then the level subset pu; is defined as
follows: py = {x € X|u(x) > t}.

Definition 2.5 ([8]). A fuzzy subset p of a ring R is called a fuzzy left (right) ideal
of R, if
(i) p(z —y) = min{pu(x), p(y)},
(i) p(zy) = p(y)(u(zy) = p(x)), for all z,y € R.
Theorem 2.6 ([8]). Let u be a fuzzy subset of a ring R. If for every t € Im(u),
is a left (right) ideal of R, then p is a fuzzy left (right) ideal of R.
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Definition 2.7 ([1]). Let u be a fuzzy set in a lattice L. Then p is called a fuzzy
sublattice of L, if

(1) p(z +y) = min(u(x), py)),

(ii) p(zy) = min(p(z), u(y)), for all z,y € L.
Definition 2.8 ([1]). Let u be a fuzzy sublattice of L. Then u is called a fuzzy
ideal, if z <y in L implies p(z) > p(y).

3. Fuzzy IDEALS(FILTERS) OF SKEW LATTICES

In this section, we introduce the concept of fuzzy ideals(filters) of skew lattices.
The following definition deals on the crisp ideal of a skew lattice derived from the
natural preorder <.

Definition 3.1. A nonempty subset I of a skew lattice S closed under V is called
an ideal of S, if yAx Ay el forallz e l,yeS.

Through out the rest part of this paper S denotes a skew lattice. Next we define
fuzzy ideal of a skew lattice.

Definition 3.2. A fuzzy subset p of S is called a fuzzy subskew lattice of S, if
@V y) Ap(e Ay) = p(x) A ply), for all z,y € 5.

Definition 3.3. A fuzzy subset p of S is called a fuzzy ideal of S| if

(i) p(x v y) = min(u(z), p(y)), for all z,y € S,
(ii) plz Ay Azx) > p(y), for all z,y € S.

Example 3.4. Consider the set S = {a,b,c}. Let V and A are binary operations
on S defined by the tables given below. Then (S, V, A) is a skew lattice. Now define
a fuzzy subset p : S — [0,1], by p(a) = 0.4 = u(b) and u(c) = 0.7. It is easy to
check that pu is a fuzzy ideal of S.

Vial|bl|ec Alalblc
alalala alalb]|c
b|b|b|b bla|b|c
clal|b|c clclcl|c

Let X denote the characteristic function of any subset I of a skew lattice S, i.e.,

1 ifzel
Xi(z) = { 0 otherwise.

Lemma 3.5. A fuzzy subset p is a fuzzy ideal of a skew lattice S if and only if the
level subset p; of S is an ideal of a skew lattice S where t € Impu. In particular X
is a fuzzy ideal of S if and only if I is an ideal of S.

Theorem 3.6. Let u be a fuzzy subset of S such that p(xVy) = u(x) Au(y). Then
the following statements equivalently define a fuzzy ideal w:

(1) wx Ay Ax) > ply),
159
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(2) if x Ry forall x,y € S, then p(x) > uly),
(3) u(z Ay),uly Ax) = p(y).

Proof. Let S be a skew lattice and p be a fuzzy subset of S such that u(x Vy) =

(@) A p(y)-
Suppose (1) holds and let z, y € S such that z <y. Then

r=xAyAzx = plz)=plrAyAz)
= (@) > uy).
Suppose (2) holds. Then clearly, z Ay = y and y A < y. Thus by (2), we have
w@ Ay), py Ax) > p(y).
Suppose (3) holds. Then for all z, y € S,
pwa Ay Ax)=p((zAy) Ay Az)) = paAy) = py).

So in all the three cases, p is a fuzzy ideal of S.

O

Theorem 3.7. Let u be a fuzzy subset of a skew lattice S such that p(x V y) =
w(@) A u(y). Then p is a fuzzy ideal of S if and only if p(x Vy V) = p(x) A uly).

Proof. Suppose p be a fuzzy ideal of S. Then
wrzvyve) = p((zVy)Va)
= p@Vy)Ap)
() A p(y) [since p(z Vy) = p(x) A p(y)].
Conversely, suppose p(z VyV z) = pu(z) A u(y). Then clearly,

rAyAz3z,y = yV@AyAz)Vy=y
= pu(y) =pyV(@AyAz)Vy)=py) Apa Ay )
= waAyAz) = py).
Thus pu is a fuzzy ideal of S. O

Corollary 3.8. If u is a fuzzy ideal of a skew lattice S, then pu(zVy) = p(zVyVva).

Proof. By definition of a fuzzy ideal, we have u(x V y) = p(x) A p(y). Since p is a
fuzzy ideal, we have p(x Vy Vv x) = p(x) A u(y). Then p(zVy) =plzvyve). O

Theorem 3.9. If u is a fuzzy ideal of a skew lattice S and a,x € S, then u(anxAa) =
waNaAx).

Proof. Let y=xANaAz. ThenaAyAa=aA(xANaANz)Na=aAzAa. Thus
pla Nz Na) = planyAa) = pla), uy). So pla Nz ANa) = ply) = pzAan).
Hence p(a Az Aa) > p(x AaAx).

Now let y=aAzAa. ThenzAyAz=xzA(aANzANa) ANz =z AaAz Thus
pananz) =p@AyAz) = p@),w(y). SoplxAanz) =z uly) =panzAa)
Hence p(z AaAzx)=pla Nz Aa). O

Consider FI(S) and FF(S) are the classes of all fuzzy ideals and fuzzy filters of
S respectively.
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Theorem 3.10. The set of all fuzzy ideals of a strongly distributive skew lattice S
is a complete lattice.

Proof. Let {p; : i € A} be a class of fuzzy ideals of S. Let p be the point-wise
infimum of {y;}ica, that is p(z) = A;ca pi(2). Let 2,y € S. Then

pavy = N\ wvy)
€A
= A (@) A psy)
€A
(N mai(@) AN pal@)
IEA 1EA
= p(x) A py).

Also for any z,y € S,

panynz) = N plzryne)
ieA
> A wly)
ieA
= uly).
Thus p(x Ay Az) > p(y). So pis a fuzzy ideal of S. Hence p € FI(S). This shows
that FI(S) is a complete lattice. O

Definition 3.11. For any ideal I of a skew lattice S and for each « € [0,1], the
mapping oy, ay : S — [0, 1] defined by

W) 1 ifyel
« =
=0 ityer

is called the a-level fuzzy ideal corresponding to I.
Lemma 3.12. «y is a fuzzy ideal of S.

Proof. From the above definition, we have

1 ifzvyel
ar(zVy) = :

a ifzvyél.
Then clearly, for any =, y € S, z, y R xVy. Thusif x Vy € I, then z,y € I. In
turn this shows that ar(z) = 1,a7(y) = 1. Soar(zVy) =1=1A1=as(z) Aar(y).

Consider x V y ¢ I and assume that both =, y € I. Then as I is closed under

V, & Vy € I which is a contradiction. Thus either ¢ I or y ¢ I. This implies
ar(z)=aorarj(y) =a. Soaj(xVy) =a=aNa=a(x)Aa(y). Clearly,

(@ AyAz) 1 fxnynzel
ar(z x) =

! Y a ifzAyrxél.
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Suppose x Ay Az € I. Then af(zx AyAz) =12> ar(z)Var(y) > ar(y).
Consider that z Ay A x ¢ I. Suppose either x or y belongs to I. With out loss
of generality, let z € I. Since z Ay A x < x, we obtain that x Ay A x € I which
is a contradiction. Thus both z,y ¢ I. This implies that aj(x) = a = a;(y). So
af(fzANyANz)=a=aVa=ar(z)Var(y) > ar(y). Hence oy is a fuzzy ideal. O

Theorem 3.13. [ is an ideal of a skew lattice S if and only if ay is a fuzzy ideal
of S.

Proof. Suppose I be a nonempty subset of S such that o is a fuzzy ideal of S.

Let , y € I. Then ay(z) = as(y) =1and aj(xVy) = arj(z) Aar(y) = 1A1=1.
Thus zVyel.

Let x € Sand y € I. Then clearly, zAyAz < y and a;(y) = 1. Thus we claim that
xAyAx € I. Since oy is a fuzzy ideal, ar(zAyAz) > ar(y) =1 = aj(xAyAz) = 1.
Sox Ay Ax € I. Hence I is an ideal of a skew lattice. The for ward proof is done
on the previous lemma. O

Theorem 3.14. Suppose S be a skew lattice and 0 # « € [0,1]. Then f: I(S) —
Faj(S) defined by f(I) = ay is an isomorphism.

Proof. Suppose I and J are ideals of S. Then

1 ifyel 1 ifyed
AN = A
ar(y) A (y) {a ifygl {a ifyg¢.J

B 1 ifyel and yeJ
a ifyél and y¢J

B {1 ifyecInd

a ifye¢Ind
= amn(y).
Thus we have
(3.1) arng = oy Aay.

Suppose ay < ay and let x € I. Since ay = ay A ay, we have
aj(z) Nagx)=ar(z) =1 Nay(z)=1=as(x)=1=2€ J

Then I C J.
Suppose I C J. If x € I, then ay(z)ANay(z) =1A1=1=ar(z) =1=ay(z) =
ar=oay. Ifx € Jand « ¢ I, then ay(x) = a, ay(z) = 1. Thus

af(@) Nag(z)=anl=a=qa;(z) = a; < ay.

Ifz ¢ 1 and ¢ J, then ay(z) = aj(x) = a. Thus oy = ay. So from the above
three cases, we conclude that a; < a;. Hence

(3.2) ar<ayeICJ
162



Gubena/Ann. Fuzzy Math. Inform. 19 (2020), No. 2, 157-167

From (3.1), we have
(3.3) fuUndJd)=ampy=arhay=f(I)A f(J).

We recall that IVJ ={x € S:2 <aVbaeclbecJ}and (af Vay)(z) =
VN (ar(ai) vV ay(a;) : 2 < Vi ja;a; € S} Since I C IV J, from (3.2), we
have a;y < ayyy and oy < a5 V ay. Then
(34) arVay<apyg.

Also ar(xz) =1 or as(x) = a and ay(x) =1 or ay(z) = a, for any € S. Thus
(arVaj)(z)>a=aps(x),ifc ¢ IV J. Thatis, arVay; > apg, ifx ¢ IV J.

On the other hand, suppose © € I V J. Then there exist a € I and b € J such
that x <a Vb,

(arvan@ 2 (ar(@)Vas@)A(arb)Vas®)
ar(a) A ay(b)

= 1A1

1

= apv(z).

It follows that (ag V ay)(z) > apy(z), for all © € S. Thus

(AVARAYS

(35) arVay>apyg.

So by (3.4) and (3.5), we have ay Vay = arvy. Now f(IVJ)=ary=arVay=
f(I)V f(J). Hence f is homomorphism. Suppose f(I) = f(J). Then a; = a;.
Thus I = J. Hence f is an embedding of I(S) in to Fay(S). Therefore f is an
isomorphism. O

Theorem 3.15. Let S be a skew lattice with 0. Let {Ia}aejo,1) be a class of ideals
of S such that N,eprla = Iy, o for any M C [0,1]. For any x € S define
wx) =V{ae0,1]:x € I,}. Then u is a fuzzy ideal of S such that I, is precisely
the a—cut of p for any « € [0,1]. Conversely, every fuzzy ideal of S can be obtained
as above.

Definition 3.16. A fuzzy subset p of S is called a fuzzy filter of S, if the following
conditions hold:

(i) plz Ay) = p(z) A p(y),

(ii) p(y Va vy) > u(x) VvV u(y), for all z,y € S.

Theorem 3.17. Let p be a fuzzy subset of S such that p(x Ay) = pw(x) Au(y). Then
the following statements equivalently define a fuzzy filter p:

(1) ply Ve Vvy) = p)Vuy),

(2) if x 2y for all x,y € S, then p(x) < uly),

(3) wlz Vy) = p(z) vV uly) and ply vV ) > p() vV p(y)-

Proof. Let S be a skew lattice and p be a fuzzy subset of S such that u(z Ay) =

(@) A p(y).
Suppose (1) holds and let z, y € S such that z <y. Then

y=yVaVy=puly) =pyVvVaeVvy) >ux)Vuy) = uly) > p).
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Suppose (2) holds. Then clearly, , y <z Vy and z, y <y V x. This shows that

(@), p(y) < plevy),ulyVe) = wzVy) = p(e)Vup(y) and ply V) = p(@) Vv p(y).
Suppose (3) is true. Then

plyVaeVvy)=u(yva)V(zVvy) >u@Vy) VulyVe)> )V uy).
Thus pu(yVazVy) > p(x)Vu(y). Soin all the three cases, p is a fuzzy filter of S. O
Lemma 3.18. If u is a fuzzy filter of a skew lattice S, then u(z Ay) = uly Az Ay)
Proof. From the definition of fuzzy filter, we have p(x Ay) = p(x) A u(y) and by the
theorem, pu(y Az Ay) = p(x) A p(y) = w Ay) = ply Az Ay). O
Lemma 3.19. Let p be a fuzzy filter of a skew lattice S. If x®y, then u(z) = u(y).
Proof. Suppose 2®y. Then x < yand y < = = p(zr) < p(y) and pu(y) < plx) =
(@) = p(y). O
4. SKEW FUZZY IDEALS(FILTERS) OF SKEW LATTICES

In this section, we define a skew fuzzy ideal(filter) of a skew lattice and charac-
terize skew fuzzy ideals (filters) of skew lattices using fuzzy subsets. First, we will
define a skew fuzzy ideal of a skew lattice as follows:

Definition 4.1. A fuzzy subset p of a skew lattice S is said to be a skew fuzzy ideal
of S, if the following conditions hold:
(1) p(z Vy) > p) A ply),
(i) w(Ay) AplyAx) > p(@) vV uy).
Theorem 4.2. All skew fuzzy ideals are fuzzy subskew lattices.
Proof. Suppose p be a skew fuzzy ideals of a skew lattice S. Then u(z A y) >

w(@)Vu(y) > p(z)Ap(y) and also by (i) of the above definition, p(zVy) > pu(z)Au(y).
Thus p(x Ay) A p(z Vy) > u@) A p(y). So pis a fuzzy sub skew lattice of S. O

Theorem 4.3. A fuzzy ideal i of a skew lattice S is a skew fuzzy ideal of S.

Proof. Let S be a skew lattice and p be a fuzzy ideal of S. Then u(z Vy) =
w(@) A uly) > w(x) A p(y). Clearly, x Ay, y Az <z Ay Az Thus

@ Ay), my ANe) =2 ple Ay Ae) = p(@) vV uy).
So pu(z ANy) Ay Az) > p(x) V u(y). Hence p is a skew fuzzy ideal of S. O

Theorem 4.4. A fuzzy subset u of S is a skew fuzzy ideal of S if and only if the
following conditions hold:

(1) p(zvy) = pl) A ply),

(2) ply Az Ay) = p() V u(y).
Proof. Suppose p is a skew fuzzy ideal of a skew lattice S. Then the condition (1)
holds directly from the definition. Again from the definition, we obtain that

w@Ay), ply Az) > p(@) Vv uy).

Thus p(y Ax Ay) = p((y Ax) Ay) = p(y Az) vV ply) = py) V u).
Conversely, suppose (1) and (2) hold. Since x Ay=xAyA(yAzAy) ANz Ay,
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mwxAy) = p((zAy) Ay Az Ay) Az Ay))
> ply Az ANy) V(e Ay)
> pu(x) V p(y) vV p(x Ay)
> p(z) vV p(y).
Similarly, p(y Ax) = p((yAx) Al Ay Ax) A(yAx)) > p(x)V u(y). Then pis a
skew fuzzy ideal of S. d

Definition 4.5. A fuzzy subset p of a skew lattice S is said to be a skew fuzzy filter
of S, if the following conditions hold:

(i) plzAy) = p(@) A p(y),
(i) plzVy) Aplyve) > p(@)Vp(y).

Theorem 4.6. A skew fuzzy filter is a fuzzy subskew lattice.

Proof. Suppose p be a skew fuzzy filter of a skew lattice S. Then

p(x Ay) = plx) A p(y)
and
plaVy) > p(@) v ply) = p@) A py).
Thus p(x Ay) A p(z Vy) > w@) A p(y). So pis a fuzzy subskew lattice. O

Theorem 4.7. A fuzzy subset p of a skew lattice S is a skew fuzzy filter of S if and
only if

(1) p(z Ay) = ple) A p(y),

@y VaVvy) = p@)V u(y).

Proof. Suppose p is a skew fuzzy filter of S. Then clearly, (1) holds directly. From
the definition, p(x Vy), p(y V) > p(z) vV p(y). Thus

plyVaVy) =p(yva)Vzvy) =uw@Vy)VulyVe) =)V uy).
Conversely, suppose that (1) and (2) hold. Since y Va Vy <z V y, we have
xVy=(xVy)VyVvVaeVy)V(xVy).

Thus
pwxVy)=p(zVy) VyVvavy)V(zVy))
>y VaVvy)Vu(zVy)
> (@) vV pu(y).
Similarly, we have
wyVa)=p(yVe)V(@vyve)V(yVe))
> maVyVva)VulyVe)
> () V uly) vV ply V)
> (@) V uly).
So pu(zVy)Ap(yVe) > p(x)V uly). Hence p is a skew fuzzy filter of S. O

Let S be a skew lattice and z € S. Then
(i) zt =SAxzAS={yecS:y=ux}is called a principal ideal generated by z.
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(i) 2¥* =2 ASAx={y € S:y <} is called a principal skew ideal generated

by x. Now
) 1 ifyeat
ay =
=¥ a ifyé¢at
B 1 ifyeSAxzAS
 la ify¢SAzAS

ifyé¢{zeS:z=<uz}

B 1 ify=xz
a ifyé¢=a.

Thus . is an a—level fuzzy ideal of S corresponding to z+. Also

B {1 ifye{zeS: 2=z}
a

1 ifyeat
a ifydat

. 1 ifyexASAz
I

Qrgplx (y) =

itydazAnSAzx

1 ifye{zeS:z<z}
a fyé{zeS:z<z}

B 1 ify<z
N a ify<ua.

So azu« is an a—level fuzzy ideal of S corresponding to z+*.

Theorem 4.8. o, and ag i« are fuzzy ideal and skew fuzzy ideal of S respectively if
and only if x* and zY* are principal ideals and principal skew ideals of S respectively.

5. CONCLUSIONS

In the present paper the theoretical point of view of skew fuzzy ideal(filter) and
fuzzy ideal(filter) of skew lattices are discussed. An isomorphism between the class of
all crisp ideals of a skew lattice and the class of all fuzzy ideals of a skew lattice(called
a — level fuzzy ideal) is established. The fact that all fuzzy ideals of a skew lattice
are skew fuzzy ideals is proved. These concepts are basic supporting structures for
the development of fuzzy set theory. One can extend this work by studying other
algebraic structures.
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