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ABSTRACT. Attribute reduction plays an important role in formal con-
cept analysis. The existing work on attribute reduction of fuzzy formal
context focuses mainly on one-sided fuzzy formal concepts. This paper is
devoted to the study of attribute reduction for general L-fuzzy formal con-
text. Some judgement theorems for a set of attributes to be consistent are
presented. By using the discernibility function composed of discernibility
attributes between related L-fuzzy formal concepts, an approach to com-
pute attribute reductions is proposed. An illustrative example is presented
which justify the method presented in this study.
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1. INTRODUCTION

The theory of formal concept analysis (FCA), proposed by Wille [20] in 1982, is
one of the effective mathematical tools in conceptual data analysis and knowledge
processing [14, 18, 19]. The main research object of FCA is formal context and
formal concept. A formal context is a triple (G, M, I), where G is a set of objects,
M is a set of attributes, and I is a crisp binary relation on G x M. The formal
concept, generated by using a pair of antitone Galois connection operators, is a
pair (X, B) of a set X of objects and a set B of attributes determined by a pair of
derivation operators. The set of all formal concepts forms a complete lattice, called
concept lattice.

In real life questions, fuzzy information is more ordinary than certain information.
In this case, it is difficult to describe knowledge more accurately with classical formal
context. Therefore, some scholars have applied fuzzy set theory to the formal concept
analysis and proposed the fuzzy formal concept analysis. The binary relation in
formal context is replaced by a fuzzy relation between objects and attributes, which
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induced the fuzzy formal context. For example, Bélohldvek [1] proposed the fuzzy
formal concept in fuzzy formal contexts based on some implication operators of
residuated lattice, and proved that the pair of operators forms a Galois connection.
Popescu [15] presented a general method for constructing fuzzy concepts of a fuzzy
formal context. Medina and Ojeda-Aciego [23] developed so-called t-concept lattice
as a set of triples, which are related to graded tabular information interpreted in a
non-commutative fuzzy logic. Jaoua and Elloumi [7] generalized the binary fuzzy
relation to a real-set binary relation and studied the corresponding concept lattice
theory. Kraj¢i [8], Yahia and Jaoua [22] put forward the ‘one-sided fuzzy concept’
independently so that the number of fuzzy formal concepts generated by fuzzy formal
context is reduced. Zhang et al. [24] further defined variable threshold concept
lattice in fuzzy formal context.

Attribute reduction has always been a hot topic in the study of concept lattice
theory, and its purpose is to find a minimal subset of attributes that keep some
properties of formal context unchanged. Research on attribute reduction of classical
formal context has been relatively mature. The criterion attribute reduction in
classical formal contexts can be roughly divided into two categories: Firstly, attribute
reduction to keep the concept lattice structure unchanged. In [25], Zhang et al. put
forward the theory of attribute reduction based on concept lattice structure, and
used the method of discernibility matrix and discernibility function(DM method) to
calculate all reductions. Secondly, attribute reduction to keep the set of all object
concepts. This kind of attribute reduction is also called granular reduction [?].
Additionally, Cao et al. in [9] proposed a method of concept reduction to keep the
binary relation of formal context unchanged.

In recent years, many scholars have studied the approaches of attribute reduction
for generalization model of concept lattice. For instance, Li. et al. [10] proposed the
method of knowledge reduction in decision formal contexts. And Li et al. [11] pre-
sented a rule acquisition oriented framework of knowledge reduction for real decision
formal contexts and formulated a reduction method. Li et al. [21] also proposed an
approach for extracting non-redundant approximate decision rules from incomplete
decision contexts and presented a knowledge reduction framework. There are also
many studies on knowledge reduction in fuzzy formal contexts. Bélohlavek et al. [1]
proposed a method to reduce the number of formal fuzzy concepts by only keep-
ing the so-called crisply generated fuzzy concepts which are generated from some
crisp subset of attributes, leaving out non-crisply generated fuzzy concepts. In some
cases, this method will lead to a loss of formal contexts knowledge. Based on the
Lukasiewicz implication, Elloumi et al. [6] gave a multi-level conceptual data reduc-
tion approach via the reduction of the object sets by keeping the minimal rows in
a formal context. Li and Zhang [12] reconsidered the reduction issue in the formal
fuzzy contexts by replacing the Lukasiewicz implication in [8] with T-implication.
Based on the idea of variable threshold concept lattices [24], Shao et al. [16] proposed
a method to reduce the attributes or objects of one-sided fuzzy formal concept. Li et
al. [13] proposed a method of attribute reduction for formal fuzzy context by using
the cut set of extent of formal fuzzy concepts.

We note that most of the existing work on attribute reduction of fuzzy formal
context focused on one-sided fuzzy formal concepts or on the fuzzy formal concepts
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containing classical information. There are few researches on attribute reduction
based on general fuzzy formal concepts in fuzzy formal contexts. In view of the
conceptual induction operator defined by Bélohldvek [1], this paper proposed a new
method to reduced attributes of fuzzy formal contexts similarly to the research on
reduction for classical formal contexts [13]. In addition, this method is also applicable
when objects sets and attributes sets are fuzzy sets on general complete residuated
lattices.

2. PRELIMINARIES

In this section, we briefly review some notions of fuzzy formal contexts and fuzzy
concept lattice which are used in this paper.

Definition 2.1 ([I, 3]). A residuated lattice is a structure L = (L, A,V,®, —,0,1)
such that:

(i) (L,A,V,0,1) is a lattice with the least element 0 and the greatest element 1,

(i) (L,®,1) is a commutative monoid (i.e. ® is commutative, associative, and
a®1=1®a=a for each a € L)

(iii) ®, — form an adjoint pair, i.e., z <y — z iff t®y < z hold for all z,y,z € L.

If the lattices (L, A, V, 0, 1) is complete, the residuated lattice L is called complete.
In a fuzzy setting, the lattices L defines the scale of degrees of truth. A common
choice of L is a structure with L = [0, 1], there are typically three kinds of companion
pairs (®,—): fz®@y = maz(z+y—1,0) and © — y = min(l —x 4y, 1), we obtain
the Lukasiewicz residuated lattices. If (x ® y = min(z,y) and x -y =1if x < y,
x — y = y otherwise, we get the Godel residuated lattices. If x®@y =z -y, x -y =1
if 2 <y and x — y = y/x otherwise, we obtain the product residuated lattices.

Proposition 2.2. Let L = (L, A, V,®,—,0,1) be a complete residuated lattice. The
following properties are established ([17]):

(1) the multiplication operation ® is isotone in every argument, i.e., for all
r1,%2,y1,y2 € L, if x1 < w2 and y1 < y2, then 11 @ 22 < y1 @ Yo,

(2) the operation — is antitone in its first argument, and isotone in its second
argument, i.e., for all x1, xo, y € L, if xt1 < 9, then zo — y < 1 — y, and for all
x, y1, Y2 € L, if y1 < y2, then x — y1 <z — Yo,

(3) ® distributes over arbitrary joins, i.e., for allxz € L, {y;, ; i € I} C L,

r@(\v) =\ (@),
el el

4) forallz € L, {y; ; i€ I} C Lz — ANyi= V@ —y), Vy =z =
el el el

forallz, ye L,z wy=V{z€Llz®z <y},
lsax=z,z2—=>1=1,

5)
6)
7)
8) 0®r=2z®0=0,
9)
10
11
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(12) 2 - y <~y — —x,
where ~y =y — 0.

Definition 2.3 ([24]). An L-fuzzy formal context is a triple (G, M, I), where
G ={91,92, - ,gn} is a nonempty finite set of objects, M = {mqy,ma, -+ ,my} is
a nonempty finite set of attributes, I is a L-fuzzy relation between G and M, i.e.,
I:Gx M — L, and L is a finite residuated lattice.

An L-fuzzy formal context can be represented by a table in which the rows are
headed by the object names and the columns are headed by the attribute names.
Table 1 depicts an example of L-fuzzy formal context, where the set of objects
G = {x1,x2,23} and the set of attributes M = {a1,as,as,a4,a5}, L = {0,0.5,1}
defines the scale of degree of truth. Example (z1,a2) = 0.5 indicated that the degree
of the object x7 with the attribute as is 0.5.

TABLE 1. The fuzzy formal concepts

I a1 an as (o7} as
zz 1 05 O 1 1
z2 05 1 05 0 0
zz O 1 1 05 0.5

The knowledge of a formal context is the formal concept, Bélohldvek [1] define
the operators as follows:

Definition 2.4 ([1]). Let (G, M, I) be an L-fuzzy formal context. For A € L%
and B € LM two operators are defined as below:

Al(m) = /\ (A(z) = I(z,m)),m € M,
zeG

BHg)= N\ (B(m)— I(g,m)),g € G.
meM

By Definition 2.4, it is straightforward to conclude the following properties:

Proposition 2.5. Let (G, M, I) be an L-fuzzy formal context, X, X1, Xa, X; €
LC, and B, By, By, B, € LM, i€ I, I is an index set, then
(1) X, € Xo = XJ € X], B C By = B} C By,
2) X C XMW, BC B,
3) XT = XNT} BY = BiN’
4) X CAt = AcCXxT,
)

5) (U Xi)"= N X/, (U B:)* =N B

iel iel el el

(
(
(
(

It is shown that the pair (1,]) forms a Galois connection between LS and LM.

A pair (A, B) is called an L-fuzzy formal concept, if AT = B and B¥ = A, where

A is referred to as the extent of the L-formal fuzzy concept (A, B) and B is called

its intent. The set of all L-fuzzy formal concepts forms a complete lattice called an
130
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L-fuzzy concept lattice and is denoted by L(G, M, I). The meet A and join V of the
fuzzy lattice are given by: for any (X, By), (X2, Bs) € L(G, M, I),

(X1, Bi) A (X2, By) = (X1 N Xq, (B;UBy)'),

(X1, B1) V (X2, Bs) = (X1 UX2)', B1NBy).
The corresponding partial order relation < on the fuzzy formal concept lattice
L(G, M, I) is given by:
(X1, B1) £ (X2,B2) <= X; € X, (or equally B, C By)

If (X1, B1) < (X2, Bs), (X1, By) is called a sub-concept of (X3, Bs) and (X2, Ba)
is called a super-concept of (X1, B1). The notation (Xi,B;) < (X3, Bz) denotes
that (Xl,B]_> < (XQ,BQ) and <X1731> 75 (XQ,BQ). If (X17Bl) < (XQ,BQ) and
there does not exist a concept (X, B) such that (X1, By) < (X, B) < (X2, Ba), then
(X1, By) is called an immediate sub-concept of (X2, By) and (X2, B) is called an
immediate super-concept of (X, By), which is denoted by (X3, B1) < (X2, Ba).

3. ATTRIBUTE REDUCTION IN L-FUZZY FORMAL CONTEXTS

Let (G, M, I) be an L-fuzzy formal context, D C M. D induces an L-fuzzy
formal context (G, D, Ip) which is called a subcontext of (G, M, I), and Ip is
given by Ip = chxD. To avoid confusion, the operators defined for (G, D, Ip) will
be denoted by 1p and |p respectively. One can conclude the following property:

(1) for any A € LY, AP = AT}D,

(2) for any B € LP, Bt» = Ei, where B € LM is given by:

5 B(m), meD
(m) = {0, meM—D
Definition 3.1. Let L(G, My, I;) and L(G, Ms, I) be two L-fuzzy formal concept
lattices. L(G, My, Ip) is called finer than L(G, Ma, I5), denoted by L(G, My, I) <
L(G, My, I), if for each (A, B) € L(G, My, I,), there always exists C € Lt such
that (A, C) S L(G, My, Il)

Clearly, L(G, M, I,) < L(G, Ms, I,) if and only if ExtL(G, My, Is) C

ExtL(G, My, I), where

ExtL(G, My, I) ={X € LY, 3Ac M ((X,A) e L(G, M, I))}

is the set of all extents of concepts in L(G, My, I). If L(G, M, I) < L(G, M, Is)
and L(G, My, I,) < L(G, My, I ), then the lattices L(G, My, I) and L(G, Ma, I5)
are isomorphic, and denoted by L(G, My, I) = L(G, M, I).

Theorem 3.2. Let (G, M, I) be an L-fuzzy formal context, D C M, (G, D, Ip)
is a subcontext of (G, M, I). Then L(G, M, I) < L(G, D, Ip).

Proof. Tt suffices to show that for any (A, B) € L(G, D, Ip) , we have (A, AT) €
L(G, M, I). In fact, since AT D AT|D, from properties of the operator, we have

AcC At (AT\D)i — (AT] ) = AToo = 4.

Thus A = A™. So (4, A") € L(G, M, I). O
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Definition 3.3. Let (G, M,I) be an L-fuzzy formal context, D C M, D is called
a consistent set of (G, M, I),if L(G, D, Ip) = L(G, M, I). Furthermore, if D
is a consistent set of (G, M, I), and no proper subset of D is a consistent set of
(G, M, I),ie., forany d € D, L(G, D—{d}, Ip_qy) # L(G, M, I), then we say
D is an attribute reduction of (G, M, I).

In [16], Shao et al. solved the problem of attribute reduction in fuzzy formal
contexts, but his work is different from that in this paper. He proposed the object
consistent set and the attribute consistent set for the one-sided variable threshold
fuzzy concepts, and calculated all reductions of fuzzy formal context by discernibility
matrices and discernibility functions. In [5], Shao et al. also discussed the granular
reduction of fuzzy formal contexts. The lattice structure of concepts involved in
their paper is based on the ‘crisp-fuzzy concept’ proposed independently by Yahia
[8] and Krajca [22]. Tts granular reduction method is to obtain a minimal attribute
set preserving all the object granules of a concept lattice. But in this paper the
extension and intension of fuzzy formal concepts are both fuzzy set on a complete
residuated lattice L, which is generated by the concept derivation operators proposed
by Bélohldvek. Under certain conditions, this model is closer to people’s minds.

Theorem 3.4. Let (G, M, I) be an L-fuzzy formal context, D C M. Then D is a
consistent set of (G, M, I) if and only if L(G, D, Ip) < L(G, M, I).

Proof. Tt follows directly from Definition 3.3 and Theorem 3.2. O

Theorem 3.5. Let (G, M, I) be an L-fuzzy formal context, D C M. Then D is a
consistent set of (G, M, I) if and only if for any (A1, B1), (A2, B2) € L(G, M, I),
there exist d € D such that B1(d) # Ba(d) if (A1, B1) # (As, Ba).

Proof. (=) Assume that D is a consistent set of (G, M, I)and (41, By), (Aa, Bs) €
L(G, M, I) such that (A1, By) # (As, Bs). Then (A;, Al?) , (4y, AlP) e
L(G, D, Ip) and (Ay, AlP) # (Ay, AlP) by Ay # Ay, Thus we have AI? £ AlP,
ie, AHD # Ag|D. So there exist d € D such that B;(d) # Ba(d).

(<) By Theorem 3.4, we have L(G, M, I) < L(G, D, Ip). Then it suffices
to prove that L(G, D, Ip) < L(G, M, 1), ie., (A, AT?) € L(G, D, Ip) for any
(A, B) e L(G, M, I).

That is need to prove A = AT™>4p . If not, by A C ATpr it follows that A C
Ao Notice that AT+ = ATo". Thus

(Atpdo Atoioty — (ATo’, ATy e L(@, M, I).
By (A, B) € L(G, M, I) and AT™>+p £ A we have

(A, B) # (ATDLD’ATDwT)_

By assumption, we conclude that there exists d € D such that B(d) # ATDJ'T(d),
i.e., B(d) # ATp+pT(d). Moreover, by A C ATp¥2 | we know thatATo+eT C AT, So
ATDiDT(d) < AT(d).

Besides, from the properties of the operator, we have

Atetot(d) = (ATo) () > AT (d).
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By the properties of operators, we know that AT = AT when d € D. Hence
Atp(d) = AT (d) = A'|p(d) = AT(d) = B(d). It follows that B(d) = ATp+pT(d).
This is a contradiction. Therefore ATP+> = A and (4, ATP) € L(G, D, Ip). O

Definition 3.6. Let (G, M, I) be an L-fuzzy formal context. For (41, By), (A2, B2) €
L(G, M, I)with (Ay, By1) # (A2, Bs), the set of discernibility attributes of (A1, By),
(AQ, BQ) is K((Al, Bl), (AQ, Bg)), where K((Al, Bl), (AQ, Bg)) is giVGIl by:

K((A1, B1), (A2, Ba)) ={a € M; Bi(a) # Bz(a)}

From Theorem 3.5 and the definition of discernibility attributes, it is obvious that
the following theorem holds.

Theorem 3.7. Let (G, M, I) be an L-fuzzy formal context, D C M. Then D is a
consistent set of (G, M, I) if and only if for any (X1, A1), (Xo, A2) € L(G, M, I),
(Xl, Al) #* (XQ, Ag) implies that D ﬁK((Xl, Al), (XQ, AQ)) #+ .

In general, there are a large number of L-fuzzy formal concepts generated by
L-fuzzy formal context. For simplicity, we also prove the following method for cal-
culation the consistent set.

Theorem 3.8. Let (G, M, I) be an L-fuzzy formal context, D C M. Then D is a
consistent set of (G, M, I) if and only if for any (A1, B1), (A2, B2) € L(G, M, I),
(Al, Bl) < (AQ, BQ) implies that D ﬂK((Ah 31)7 (AQ, BQ)) #+ .

Proof. (=) Obviously.

(<:) Let (Xl, Al), (Xg, A2) S L(G, M, I) If (Xl, Al) 7é ()(27 AQ), we have
(Xl, Al) < (Xl, Al) \ (XQ, AQ) or (XQ, AQ) < (Xl, Al) \Y (XQ, AQ) Mlght as
well assume (X7, A1) < (X1, A1) V (X3, A2), and notice that

(X1, A1)V (X2, A) = (X1 UX2)™, A1 N Ap)
There must exists (X3, As) such that
(Xl, Al) =< ()(37 Ag) S ((Xl UXQ)TJ',Al ﬂAg)

By assumption, it follows that D N K((X1, A1), (X5, As)) # &. By the prop-
erty of the discernibility attribute set, we know that K((Xi, A1), (X3, A4s)) C
K(((Xl UX2)T~L7 A1 ﬂAg)) g K((Xl, A1>, (XQ, Ag)) Then

DN K((X1,41), (X2, A)) # 2.
Thus by Theorem 3.5, D is a consistent of (G, M, I). O
Given an L-fuzzy formal context (G, M, I). Denote

= /\ \/ a
(A1, B1)=<(Az, B2) a€K((A1, B1),(Az2, B2))
f is called the discernibility function of (G, M, I). By using the discernibility

function, we can compute all the reductions of L-fuzzy formal context.

Theorem 3.9. For an L-fuzzy formal context (G, M, I), let

k Tt
f= \/(/\ at,s)

t=1 s=1
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be the minimal disjunctive normal form of the discernibility function of (G, M, I).
Then {ays|1 < s <r}(t < k) are all the reductions of (G, M, I).

Example 3.10. Take the fuzzy formal context (G, M, I) in Table 1 as an example.
Assume that x — y = min(1 — x 4+ y,1). We can conclude that there are 19 fuzzy
formal concepts in the formal context determined by the operators in this paper, as
is shown below:

FCl.(@,a—ll—i— L + 2 L + 2 1 1)7

RO2 (L4 Ly oLy Be T
FOB. (4o +apa Yottt o)
por (fadhe 8 Lo Dy gh iy
FO5. (824 o g+ + 2 )
FOG (34 apa Yt s T )
FOT. (3 48 o iy Tag +ag + 60+ 520,
PO (L4 ¥ apar ta T ol T o)
Foo (+ 24 0 LB B4 dhy
FC10. (L + L +05 05,0540 1 040,
FoIL (B4 S B b e B )
FOIZ (G} 450 4 apoiy F a0+ )
FOLL (f 4+ 880 B2 e b )
FO. (2 +80 4 1 04024 800, 05)
POIS. (o + 55+ 50 00+ +ar 0+ 50
POIG. (o 2 F 2vay T o T oy T T 0),
FOIT. (82 + 82+ 52, @2 4 o) 00 + 37 + 52).
FOIS. (o4 & 80 i b+l 40
FOLO. (o 4 5 F i ) a Fy + )

The fuzzy concept lattice generated by all the fuzzy formal concepts is shown in

Figure 1. For convenience, we use serial numbers 1 to 19 to represent concepts FC1
to FC19.

According to Theorem 3.8, two concepts need to be distinguished when they
have an immediate sub-concept (super-concept) relationship. From the concept
lattice shown in Figure 1, we can see that the discernibility attributes set are as
follows:where K 3 denotes the set of discernibility attributes of concepts FC1 and
FC3.

Ki3={as}, Kia={as,a5}, Kis={a1}, K32 ={as,as},

Kzg={as,a5}, Kig={as}, Ky ={a1,a3,a4,a5}, Ky15={a1},

K¢ ={as}, Kei1s = {as,a5}, Kog={as,a5}, Koiz={ai},

Kgo={as,a3s}, Ksir={a1}, K117 ={as,as}, Ki113 = {az,as},

Kisi7r ={as}, Kisz={a1}, Kois={a1}, Kirs={as,as},

Ki71s = {az,a3}, Kizis ={as,a5}, K712 ={as}, Ksi10={az,as},

Kigio = {as,as}, Kigia = {a1}, Kiojna = {az,a3}, Kioi6 = {as,as},

K019 ={a1}, Kia10 ={as,as5}, Kie19 = {az,as}.
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I
DN

19

1 14 1

5 18 12
> 8 11 15

R D N el

3 4 6

~1l

1

FIGURE 1. The fuzzy concept lattice

Its discernibility function is as follows:
f=asN(aaVas)Aay AaaVaz)A(a1 VasVagVas)

:ag/\al/\(a4\/a5)z(al/\ag/\a4)\/(a1/\a3/\a5)

So the fuzzy formal context shown in Tablel has two attribute reductions {a1, as, a4}
and {a1,as,as} .

4. CONCLUSION

Fuzzy formal concept analysis is a theory of information processing and knowledge
discovery. Attribute reduction of formal context is also a hot research topic. In this
paper, we proposed a more general approach of attribute reduction of L-fuzzy formal
context. Based on Bélohldvek fuzzy concept operator, we define the discernibility
attributes set and discernibility function of fuzzy formal concepts, and propose a
method to obtain all reductions of L-fuzzy formal context by distinguishing function.
However, a sufficient and necessary condition for attribute characteristics similar
to[13] has not been given, and further research is needed.

Acknowledgements. This work was supported in part by The National Nat-
ural Science Foundation of China (61473239).
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