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1. INTRODUCTION

After introducing the concept of fuzzy set by Zadeh [10] in 1965, the research
in fuzzy mathematics has been demonstrated in different directions such as fuzzy
functional analysis, fuzzy topology, fuzzy control theory, fuzzy dynamical system
etc. We know that metric space, normed linear space and inner product space are
the main tools in functional analysis, so to develop fuzzy functional analysis, fuzzy
metric space plays an important role. Several authors introduced the idea of fuzzy
metric space in different approaches (for references please see ([3, 5, (]).

Recently, Huang and Zhang [1] introduced a generalized idea of metric space
which is called cone metric space and by using it many papers have been published
(please see ([1, 2, 7, 8, 9]) in such space. In our earlier paper [7], following the
definition of cone metric space introduced by Huang and Zhang [4], definition of
fuzzy cone metric space is given and established some basic results.

In this paper, various properties specially completeness and compactness of fuzzy
cone metric space have been defined by Majumder and Bag [7]. Cantor’s Intersection
Theorem is established in fuzzy setting. We have also introduced the concept of
totally bounded set in fuzzy cone metric space.
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The organization of the paper is as follows:
In Section 2, some preliminary results are given to be used in this paper. Some basic
properties of fuzzy Cone metric spaces have been studied in Section 3. In Section
4, Cantor’s Intersection Theorem is established in fuzzy cone metric spaces., Some
results of a-fuzzy completeness, a-fuzzy compactness, a-fuzzy totally boundedness
have been studied in Section 5.

2. PRELIMINARIES

Throughout the paper, we denote a real Banach space by E and the
zero element of E by 6.

Definition 2.1 ([4]). Let E be a real Banach space and P be a subset of E. Then
P is called a cone, if it satisfies the following conditions:

(i) P is closed, nonempty and P # {6},

(ii) a,b € R; a,b> 0, x,y € P = ax + by € P,

(iii) re Pand —z € P=x =40.

Given a cone P C F, we define a partial ordering < with respect to P by =z <y
iff y —x € P. We shall write < y to indicate that x < y by « # vy, while z < y
will stand for y — x € int(P).

The cone P is called normal, if there is a number K > 0 such that Vz,y € E,
with 0 <z < y implies ||z|| < K||y||. The least positive number satisfying above is
called the normal constant of P.

Definition 2.2 ([7]). Let X be a non-empty set and E be a real Banach space with
cone P, x be a t- norm. A fuzzy subset M. : X x X x E — [0, 1] is said to be a fuzzy
cone metric, if the following conditions hold:

(CM1) M.(z,y,t) =0Vt =<0,

(CM2) Vt = 0, M.(x,y,t) = 1 iff x=y,
(CM3) M.(z,y,t) = M.(y,x,t) Vt = 0,
(CM4) for t,s € E,Va,y,z € X, Mc(x,2,8+t) > Mc(x,y,s) x M.(y, 2,t),
(CM5)

CM5 hm Mc(z,y,t) = 1.

lltl—
Theorem 2.3 ([7]). Let (X, M., *) be a fuzzy cone metric space. Then {x,} in X
converges iff lim M.(z,,z,t) =1, Vt > 6.
n—r00

Theorem 2.4 ([7]). Let (X, M., *) be a fuzzy cone metric space. Then {x,} in X
is a Cauchy sequence iff Um M.(Tp,Tm,t) =1, Vt = 0.

m,n— 00
Proposition 2.5. If (X, M., *) is a fuzzy cone metric space and P is a normal cone
with normal constant K (> 1), then for any € > 6, we have ||¢|| > 0.

Proof. Since P is a normal cone with normal constant K, § < e. Then [|0]] < K|¢|.
Thus |le]| > 0. So ||e]| > 0.

Definition 2.6. Let (X, M., %) be a fuzzy cone metric space. For z,y € X, M.(z,y, .)

is said to be continuous at t € E, if Hlll\m Mc(z,y,t +€) = M.(x,y,t).

If it is true for any ¢t € E, then we say M.(x,y,.) is continuous on E.
298
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3. SOME BASIC PROPERTIES
In this section some basic properties of fuzzy cone metric spaces have been studied.

Lemma 3.1. Let (X, M., *) be a fuzzy cone metric space with normal constant K, let
* be a continuous t-norm and let M.(z,y,.) be continuous on E, for each z,y € X.
Suppose {x,} and {yn} are two sequences in X such that x, — xo, yn — Yo, for
some xg,y0 € X. Then lim M.(xn,Yn,t) = M.(x0,y0,t), Vt = 0.

n—oo

Proof. Choose ¢ = 6 arbitrary. Since (X, M., x) is a fuzzy cone metric space with
normal constant K, it follows that ||e|| > 0 is arbitrary.
Now for t > 6, we have
Mc(m07 Yo, t+ 6) Z Mc(xnv Zo, %) * Mc(xnv Yo, t+ %)
> Mc(zp, o, %) * Mc<xnaynat) * Mc(ynaQOa %)
Now let n — oco. Then we have . ¢
Mc($07 Yo, t+€) > lim Mc(l‘n, Zo, 7) * lim Mc(-rnv Yn, t) * lim MC(yna Yo, 7)
n—00 27 n—oo n—00 2
=1x% lim M.(xn,Yn,t)*1
n—oo
= lim M.(zp,yn,t).
n—oo
Thus lim M.(xo,y0,t+ €) > lm M.(zn,yn,t), i.e.,
llell—0 n—00

(3.1) M(zo,y0,t) > Um M.(zp,yn,t), VE > 0.
n—oo

Next for ¢ > 6, choose € such that < § <t. Then we have
M (zn,Yn,t) > Mc(2n, xo, i) * M (20, Yn,t — i)
2 Mc(wn; Zo, i) * Mc(anyOat - %) * Mc(ynvy()a i)
Now let n — oco. Then we have . . .
nlggo Mc(xn,yn,t) > nlgr;o Mc(l'naan Z)*Mc(anymt_i)*nlLH;C Mc(yna Yo, Z)

= 1*MC($0,y0,t— %)*1
= Mc(x07y03t - %)

Since t > 0 is arbitrary and § < § < t, we have ||e[| > 0 is arbitrary. Thus we get

. . € .
lim M.(z,,yn,t) > lim M.(zo,y0,t — =) = M.(z0, yo,t), i.e.,
n— oo 2

el o
(32) Jim M (2, Ynst) > Me(20, Yo, ).
From (3.1) and (3.2), we have
HILH;O M (xp, Yn,t) = M(x0,y0,1t), Yt = 6.
g

Definition 3.2. Let (X, M., x) be a fuzzy cone metric space. We define the open
ball B.(z,r,t) with centre x € X and radius r; 0 < r < 1, ¢t > 0 as follows:

B.(z,rt)={y € X : Mc(x,y,t) >1—r}.

Proposition 3.3. Let (X, M., ) be a fuzzy cone metric space and F C X. Ifx € F,
then for a given o, 0 < a <1 and t > 0, Iy € F such that M (z,y,t) > 1 — «,
where F denotes the closure of F.
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Proof. Note that F' = F|J F’, whereF’-derived set of F. Choose x € F.
(Case-1): Ifz € F', then take y=x. Thus we have for any « € (0,1) and any V¢ > 6,
Mc(z,y,t) = Mc(z,z,t) =1>1—a.
(Case-1): If x € F’ but « # y, then for each o, 0 < @ < 1 and ¢t > 0, Jy € F such
that y € B.(z,a,t). Thus M.(z,y,t) > 1 — . O

Proposition 3.4. Let (X, M., *) be a fuzzy cone metric space and F C X.
Then for any © € F' and for each t = 0, there exists a sequence {x,,} in F such that

lim M.(zn,x,t) =1.

n— oo

Proof. From the above proposition, it follows that for z € F and for a given ¢t > 6
and 0 < a < 1, Jy € F such that M.(y,z,t) > 1 — a. Choose ty € E with ¢ty = 0
be fixed and consider a sequence {a,} in (0,1) such that a;, — 0 as n — oo. Then
for each av,, 3z, € F such that M.(z,,z,tg) > 1 — . Thus lim M(z,,x,t0) >
n— oo
1— lim «, =1. So lim M.(x,,z,ty) = 1. Hence 3 a sequence {z,} in F such that
n—oo

n—oo

lim M.(x,,z,t) =1, for each t > 6. O

n— oo
4. CANTOR’S INTERSECTION THEOREM

In this section, Cantor’s Intersection Theorem is established in fuzzy cone metric
spaces.

Definition 4.1. Let (X, M., *) be a fuzzy cone metric space. Let A C X and
€ (0,1). We define a-fuzzy diameter of A by:

a—6(A) = \/ /\{||t|| >0: M.(z,y,t) > 1—a}.
z,ycA

Lemma 4.2. Let (X, M., *) be a fuzzy cone metric space, where * = min with
normal cone P and normal constant K (> 1). Then for any nonempty subset A of
X,

a—08(A)=a-—3§(A), Yae(0,1).

Proof. Choose o € (0,1) be arbitrary. Then clearly,
ao—5(A) = \/ ALl >0: Mc(z,y,t) > 1 - ao}.

z,y€A

Since A C A, we have

VoA >0 Mo,y t) >1—a0t >\ A{lIth >0: Mo(z,9,t) > 1 - ag}.

z,y€EA T, yeA
So
(4.1) a0 — 6(A) > ap — 8(A).

Next, suppose that ag — 6(A4) < ||tol|, for some ¢o(# ) € E. Then
Vo AR >0 Me(z,y,1) > 1 ao} < [to]

z,ycA
= At > 0: Mo(z,y,t) > 1—ap} < |toll, Vz,y € A
300
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= ANt > 0: Me(z,y,t) > 1= ao} < [ltoll, Vz,y € A
Thus

(4.2) M.(x,y,tg) > 1— «ap, Va,y € A.

Choose € > 6 be arbitrary. Since P is a normal cone with normal constant K (> 1),
it follows that ||| > 0 is arbitrary. (i.e. [le[| — 0).
Choose xq,yo € A be arbitrary. Then 3x1,y; € A such that

M(zo, 1, %) >1—ap and M.(yo, y1, %) >1— ap.

By (4.2), M(xo,y0,t0 +€) > Mc(wo,21,5) * Mc(x1,y1,t0) * Mc(yo,y1,5). Thus
M.(xo,Y0,t0) = lim M.(xo,yo,t0 +€) > 1— ag. So M.(xg,yo,t0) > 1 — . Since

[le]]—0
To, Yo € A arbitrary,
M.(x,y,t0) >1—ay, Vr,y€A
j/\{HtH>O]\4c(x7yat)21_050}g||t0||a Vx,yeA

=\ AR >0: Me(e,y,) > 1 —ao} < [lto

m,yGA B
= ap — 0(A) < [tol|-
Hence
(43) Qo — (5(14) Z ag — (5(14)
Therefore from (4.1) and (4.3), we get ag — 6(A) = ag — 6(A). O

Theorem 4.3. (Cantor’s Intersection Theorem) Let (X, M., *) be a fuzzy cone

metric space and P be a mormal cone with normal constant K(=1). A necessary

and sufficient condition that (X, M., *) be complete is that every nested sequence of

nonempty closed subset F; with a-fuzzy diameter tending to 0 for each « € (0,1) as
o0

i — 0o be such that ﬂ F; contains exactly one point.

i=1
Proof. First we suppose that (X, M., *) is a complete fuzzy cone metric space. Con-
sider a sequence of closed subsets F; such that

Fy D F, D F3 ... with a — 6.(F,) > 0asn— oo, Yae (0,1).

Choose z,, € F,, for each n =1, 2, 3, .... Then we obtain a sequence {z,} in X.
Now we shall verify that {x,} is a Cauchy sequence.

We have z,, € F, and x,1p € Frqp C Fy, Vnand p=1, 2, 3, .... Then for each n
and p=1, 2, 3, ... and for each a € (0,1),

N> 05 Mo(@n, 2, t) > 0} < a = 6e(F).

Thus lim /\{||t|| >0: Mo(2n, Tnip,t) >a} =0, for p =1, 2, 3, ... and Va €
n—oo

(0,1).

Since P is a normal cone with normal constant K=1, for each ¢ > 0,

IN (e, €) such that

/\ {”tH > 0 : M0<xn7$ﬂ+1ﬂt> 2 Oé} < ||6||’ \V/Oé € (0’ 1),Vn 2 N(Oé,G),p = 17 2a 37
= M. (Tp, Tntp,€) > a Yae (0,1),Vn> N(a,e),p=1, 2, 3, ...
301
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= lim M.(zp,Zn4p,t) =1, foreach p=1, 2, 3, ....

n—oo

Since € > 0 is arbitrary, it follows that

lim M.(zy,Tnip,€) =1, Vt = 0 and for each p=1, 2, 3, ....

n—00

So {x,} is a Cauchy sequence in X. Since X is complete, x,, — z, for some = € X.

Let k be an arbitrary positive integer. Then each member of the sequence

{Tk, Tkt1, Tk12, ...} lies in Fi. Since Fj is closed, it follows that = € Fj and as
o0

k is arbitrary, we have x € m F;.

i=1

Uniqueness: If possible, suppose that 3y € X and y # x such that y € m F;.
i=1
Then for z,y € Fy for k=1, 2, 3, ... , we have '
Al > 0: Mo(z,y,t) > a} <a—0:.(Fy), Va e (0,1) and k=1, 2, 3, ...
= A{lltll > 0: M.(x,y,t) > a} =0, since a« — §.(Fy) — 0 as k — oc.
= M.(z,y,t) > «a, Ya e (0,1), Vt >0
= M. (z,y,t) =1, Vt >0
=1 =y.

Conversely, suppose that the condition of the theorem is satisfied. we shall show
that X is complete. Let {z,, } be a Cauchy sequence in X. Let Hy, = {@n, Tnt1, Tty oo )
Then we have nlLII;OMc(In7In+p,t) =1, Vt>0and forp=1, 2, 3, ...

Thus nh_}rglo M (T, Tpip,t) >, VE>0,forp=1, 2, 3, ..., Va € (0,1).
Choose to > 0 be arbitrarily. Then for each e € (0, 1), there exists a positive integer
N(a) such that
Me(%n, Tnip, to) > @, ¥n > N(a), Va € (0,1), p=1, 2, 3, ...
= /\{||t|| >0: Mo(@n, Tnip, t) > a} < ||to], ¥ > N(a), Va € (0,1)
and p=1, 2, 3, ...
= \/ /\ {1t > 0 : Me(zp, Tnp, t) > a} < |ltoll, Yn > N(«), Yo € (0,1)
r,€Hn
= a—0.(Hy) < |ltol], Yn > N(o), Yo € (0,1)
= a—6.(H,) < |lto]l, ¥n > N(a), Ya € (0,1) [by Lemma 4.2].
Since to > @ is arbitrary, we have a — 6.(H,) =0asn — oo Va € (0,1).

On the other hand, by the definition of H,,, it is clear that H,,;1 C H,, for each

n. Then H, 1 C H,, Vn. Thus {H,} constitutes a closed, nested sequence of non-

empty sets in X, where a — 0.(H,) — 0 as n — oco. By hypothesis, there exists a

unique r € ﬂ H,. Since z, € H, C H,, z € H,,. So
n=1
/\ {It] > 0: M.(z,,t) > a} < a—6.(H,), Ya € (0,1)
= lim A >0 Me(z, 2,8) > a} = 0.
Choose € > 6. Then there exists N(a,€) such that
/\{HtH >0: Mc(zn,2,t) > a} <, Ya € (0,1), Vn > N(a,€)
= M (2p,z,€) > a, Yo € (0,1), Vn > N(a,¢€)
302
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= lim M.(zp,z,¢€) = 1.
n—00

Since € > 6 is arbitrary, lim M.(z,,z,t) = 1, ¥Vt > 0. Thus x, — z. So X is
n—oo

complete. 0

5. COMPACT FUZZY CONE METRIC SPACE

In this section, some results of a-fuzzy completeness, a-fuzzy compactness, a-
fuzzy totally boundedness have been studied.

Definition 5.1. Let (X, M, *) be a fuzzy cone metric space and « € (0,1) be given.
A sequence {z,} in X is said to be a-Cauchy sequence, if

lm M. (2, Tm,t) >1—a, Vi 0.

m,n— oo

Definition 5.2. Let (X, M., ) be a fuzzy cone metric space and a € (0, 1) be given.
Then {x,} is said to be a-convergent and converges to z, if

lim M.(z,,2,t) >1—a, Vt > 6.

n—o0

Definition 5.3. Let (X, M., *) be a fuzzy cone metric space and a € (0,1) be
given. A subset A(C X) is said to be a-fuzzy compact, if every sequence in A has
an a-convergent subsequence which converges to some element in A.

Proposition 5.4. For every a-fuzzy compact cone metric space (X, M., *), where *
is a continuous t-norm, there exists B > «, such that (X, M., *) is B-fuzzy complete.

Proof. Let {x,} be an a-Cauchy sequence in X. Then
lm M. (2, Tm,t) >1—a, Vi 0.

myn—00

Thus for a given t > 6, there exists a natural number say Ny such that
M2y, T, %) >1—a, Vm, n> Ny.

In particular,

(5.1) Mc(scn,acNo,é) >1—a, Vn > Np.

Since X is a-fuzzy compact, there exists a subsequence {z,,} of {z,} which is a-
convergent to some x € X. So there exists mg > Ny such that

t
M. (z,,,,x, §) >1—a«, Vm>my, ie.,

t
(5.2) M (zn,,,, T, 5) >1-a.
Since Ny, > mo > Ny, we have
t
(5.3) Mc(zNg, T s g) >1-a.

Let n > Ny. Then from (5.1),(5.2) and (5.3), we get
Mc(xn,l‘,t) Z Mc(mny xNo? %) * MC('/I;Noaxan ) %) * M0<xnm0?x) %)
303
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>(1—a)x(1—a)*(1l—a).
Thus

(5.4) lim M (z,,z,t) > (1—a)* (1 —a)=*(1—a), Ve 6.

n—o0

Since * is continuous, there exists 8 € (0,1) such that

l-a)x(1—a)x(1—a)>1-4.
From (5.4), lim M.(zn,z,t) > 1— 8, Ve = 0. So {x,} is S-fuzzy convergent
n—oo
and converges to z. Since {z,} is an arbitrary Cauchy sequence, X is fS-fuzzy
complete. 0

Definition 5.5. Let (X, M., *) be a fuzzy cone metric space. A subset A of X is
said to be fuzzy bounded, if there exists ¢ > 6(€ E) and 0 < r < 1 such that

Mc(z,y,t) >1—1r, V, y € A.

Definition 5.6. Let (X, M., ) be a fuzzy cone metric space and A C X and
a € (0,1) be given. Let € = 0 be an element of E. A set B C X is said to be an
a-fuzzy e-net for the set A, if for any = € A, there exists y € B such that

M. (z,y,¢) >1— .
B may be finite or infinite.

Definition 5.7. A set A of (X, M, «) is said to be a-fuzzy totally bounded, if for
a given a € (0,1), for any € > 0, there exists a finite a-fuzzy e-net for the set A.

Theorem 5.8. Let (X, M., *) be a fuzzy cone metric space and * is a continuous
t-norm and A(C X) be a nonempty subset of X. If A is a-fuzzy totally bounded in
X, then A is fuzzy bounded in X .

Proof. Let (X, M., *) be a fuzzy cone metric space, where # is a continuous ¢t-norm
and A is an a-fuzzy totally bounded set in X. Then for e(> 0) € E, 3 is a finite
a-fuzzy e-net B (say)for the set A.

Let x, y be any two elements in A. Then 3x1,y; € B such that

M. (z,z1,¢e) > 1 —a and M.(y,y1,€) > 1 — o
We can write min{M.(z',y ,€): ',y ,eB} > 1 — j for some f € (0,1). Now,
Mc(l“,ya?)ﬁ) > MC($,I1,€) * MC(‘rlvyaQG)
> M(x, 21, €) % Mc(21,y1,€) * Mc(y1,y,€)
>(1—a)*x(1—p)*(1—a)>1-—r, say, for some 0 < rg < 1.
Take tg = 3e. Then M.(z,y,t0) > 1 — 19, Va,y € A, to = 6. Thus A is fuzzy
bounded in X. O

The converse result of the above theorem may not be true. We justify it by the
following example.

Example 5.9. Take £ = R? and consider the metric space (X, p), where X = Iy
1
and p(xﬂy) = (Z ‘62 - ni|2)2a T = (51’527 )7 Yy = (7717772a )7

=1
P= {(kl,kig) : kl,k‘g > 0} C E.
304
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Let ’ =’ be the usual ordering < in E w.r.t P. Take axb = ab. Define M, : X x X x E
by

R A,
M.(z,y,t) =4 Tl+ela—y) !
o(2:9,1) { 0 otherwise.

Then P is a normal cone with normal constant K = 1, M, is a fuzzy cone metric
and (X, M., %) is a fuzzy cone metric space.
Solution. First we show that P is a normal cone with normal constant K = 1. It
is easy to verify that P is a cone. Now,
(w1, 22) < (y1,92)
= 21 S Y1, T2 S Y2
= 2?2 <y} and 23 < 33

2 2
= Z i * < Z lyil?
i=1 i=1
2

2
= Ol < O lwil?)?
=1

i=1 =
= ||z < L]yl
Then P is a normal cone with normal constant K = 1.
1. From definition, M.(z,y,t) =0, V¥Vt <6. Thus (CM1) holds.
2. For any t > 0,
M. (z,y,t) =1

= [y =1, V= 0.
Then M.(z,y,t) =1, Vt>= 0. Thus M.(x,y,t) =1 iff z =y. So (CM2) holds.
8. Mo(2,9,1) = rides) = Tiiasy = Me(y,,t), Vt(- 0) € E. Then (CM3)
holds.

4. E = R2. Since P is a normal cone with normal constant X = 1, we have
s Xt+sandt =t+ s which imply

sl < e+ s, £l < [+ sl

Since Hﬂ‘;ﬁ” > 1 and ”ﬁ;ﬁ” > 1, we can write
p(x,2) < p(x,y) + ply, 2)
i+ i+
< Bl p(a, y) + Ll p(y, 2).

p(@,2) ~ plry) | p(y,2)
Then B3 < T + T ‘HNOVHV’
_ t+s
Me(@, 214 8) = i @)
= (@,2)
I+
1

v

p(x,y) | p(y,2)
S+ 6T
305
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> 1
= plx.y) | p(y.2) | p(z,y)p(y,z)
1+ Tel T + TelmsT

(Hp(ﬁny)) a *puysu )

= ( 1] ) llsll )
Mel+o(z,y) / Msl+p(y.2)
= M.(z,y,t) * M.(y, 2, s).
Thus (CM4) holds.
On the other hand,

t
lim M.(z,y,t) = lim S
l[¢—o00 llt—oo [|£]] ﬂ;p(x )

lim ——~
Ieli—oo 1+ 22)
=1=1
So (CM5) holds.
Now consider the subset A of X (= ly) consisting of the elements:
21 = (1,0,0,...), 22 = (0,1,0,...), 23 = (0,0,1,...), ... .

Then p(z;,z;) = V2, for i # j. Moreover, for any z,y € A, for some ty > 0,

2ol _ %ol _
ol + p(z, ) Htoll +v2
Take ||to]| = V2. Then M.(z,y,t0) = f\-/ff = 2\9 $>32=1-2=1—-ry(rg=
2). Thus Vz,y € A, tg = 0, Mc(z,y,t0) > 1 —1o(0 <71y < 1)
So A is fuzzy bounded in X.

We now verify that A is not a-fuzzy totally bounded. Choose € € E(e > ) such
that 0 < [le[ < Jand 0 <a <1 (1-a)?=06=2a=1- \/g) If possible,
suppose that N is a finite e-net for the set A. Then for z; and x;(i # j), there must
exist y; and y; from NN such that

M(zi,y;,€) > 1 —a and Mc(zj,y;,€) >1—a.

M (l‘ Y, tO)

Now z; is distinct from x; and their number is infinite and the set N consists
only a finite number of elements. Thus some y; and y;(i # j) must be equal. If
yi = y;(i # j), then
Mc(miij’ 26) 2 MC(mivyive) * MC(yivxja 6)
= Mc(-r%yia 6) : Mc(ijrj?e)

>(12a)- (1-a)
=(l—a)?
> 5
So
M (z;,2;,2€) > %

> s 7 3

= 4llell > 2[lell + p(ws, z;)

= plwi, x;) < 2[e] < % =1 [20< el <3]

= p(x;, ;) < L.
Contradicting the fact that p(z;,x;) = v/2. Hence there exists no finite a-fuzzy
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e-net for the set A, when 0 < [l¢[| < 3 and 0 < a < I(a =1— \/g)
This shows that A cannot be a-fuzzy totally bounded.

Theorem 5.10. Let (X, M., *) be a fuzzy cone metric space and A C X, a € (0,1).
If A is a-fuzzy compact in X, then A is a-fuzzy totally bounded.

Proof. We assume that A is a-fuzzy compact in X. Let e(> 6) be an arbitrary
element of E and x; be an arbitrary element of X. If M.(z,z1,¢) > 1 —«, Vz € A,
then there exists a finite e-net B for A, i.e, B = {x1}. If not, there exists a point
x9 € A such that M.(z1,22,¢) <1—a.

If for every « € A, either M (z,z1,€) > 1 —a or M.(z,x2,€) > 1 — «, then there
exists a finite e-net B for A, i.e B = {z1,z2}.
Continuing in this way, we get elements x1,zo,....x,; 1 € X, 2; € A, 2 < i < n for
which M.(z;,z;,¢) <1—a, for i # j.

Now, two cases can occur.

Case I: The procedure stops after the k** step. Then we obtain points =1, g, ...z
such that for every x € A, at least one of the inequalities
Mc(z;,z,€) >1—«, i=1,2,..,k holds and B = {1, 22, ...., 2, } is a finite e-net
for A, proving that A is a-fuzzy totally bounded.

Case II: The process continues infinitely. Then we obtain an infinite sequence
{zn}, x1 € X and 2; € A, i > 1 such that M.(z;,z;,¢) <1 —q, for i # j.
Above relation shows that neither {z,,} nor any of its subsequence is a-convergent,
contradicting that A is a-fuzzy compact in X. Thus A(C X) is a-fuzzy totally
bounded. O

6. CONCLUSION.

Some basic results on completeness and compactness in fuzzy cone metric spaces
have been studied. Cantor’s intersection theorem has been established in fuzzy
setting. Notion of totally fuzzy bounded set is introduced and we have studied some
relation with compact fuzzy cone metric space. We think that researchers in the
field of fuzzy cone metric space will be benefited by using the results of this paper.
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