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ABSTRACT. We introduce and study some basic properties of Bernstein-
Stancu polynomials of rough I-convergent of triple sequences and also
study the set of all Bernstein-Stancu polynomials of rough I-limits of a
triple sequence and relation between analytic ness and Bernstein-Stancu
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1. INTRODUCTION

The idea of rough convergence was first introduced by Phu [11, 12, 13] in finite
dimensional normed spaces. He showed that the set LIM], is bounded, closed and
convex; and he introduced the notion of rough Cauchy sequence. He also investi-
gated the relations between rough convergence and other convergence types and the
dependence of LIM!, on the roughness of degree 7.

Aytar [1] studied of rough statistical convergence and defined the set of rough
statistical limit points of a sequence and obtained two statistical convergence criteria
associated with this set and prove that this set is closed and convex. Also, Aytar [2]
studied that the r-limit set of the sequence is equal to intersection of these sets and
that r-core of the sequence is equal to the union of these sets. Dundar and Cakan [9]
investigated of rough ideal convergence and defined the set of rough ideal limit points
of a sequence. The notion of I-convergence of a triple sequence which is based on the
structure of the ideal I of subsets of N3, where N is the set of all natural numbers,
is a natural generalization of the notion of convergence and statistical convergence.

In this paper we investigate some basic properties of rough I-convergence of a
triple sequence in three dimensional matrix spaces which are not earlier. We study
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the set of all rough I-limits of a triple sequence and also the relation between analytic
ness and rough I-core of a triple sequence. Let K be a subset of the set of positive
integers N and let us denote the set K;xp = {(m,n,k) € K :m <i,n < jk </}
Then the natural density of K is given by

| Kl
03 (K) = i,jl,?goo il
where |K;;¢| denotes the number of elements in K.

First applied the concept of (p,g)-calculus in approximation theory and intro-
duced the (p,g)-analogue of Bernstein operators. Later, based on (p,q)-integers,
some approximation results for Bernstein-stancu operators, Bernstein- Kantorovich
operators, (p,q)-Lorentz operators, Bleimann-Butzer and Hahn operators and
Bernstein-Shurer operators, etc.

Khan et al. [10] have given a nice application in computer-aided geometric design
and applied these Bernstein basis for construction of (p, q)-Bezier curves and sur-
faces based on (p, ¢)-integers which is further generalization of ¢g-Bezier curves and
surfaces.

Motivated by the above mentioned work on (p, ¢)-approximation and its applica-
tion, in this paper we study statistical approximation properties of Bernstein-Stancu
operators based on (p, ¢)-integers.

Now we recall some basic definitions about (p, g)-integers. For any w,v,w € N,
the (p, g)-integer [uvw], 4 is defined by
puvw o quvw

[0]p.q :=0 and [uvw]p 4 = if u,v,w>1,

p—q
where 0 < ¢ < p < 1. The (p, ¢)-factorial is defined by
[0]p.4! := 1 and [uvw]ly 4 = [Lp.g[2)p.q - - - [wvw]p,q if w,v,w > 1.

Also the (p, ¢)-binomial coefficient is defined by

NN [)'q [w]!p.q
() (#) <k) Tl [ — mlyg []lpg [0 — 1]l [Flpg [0 — K]pg

for all u,v, w,m,n,k € N with (u,v,w) > (m,n, k).
The formula for (p, ¢)-binomial expansion is as follows:

uvw v hd had (u—m)(u—m—-1)+(v—n)(v—n—1+(w—k)(w—k—1) m(m—1)+n(n—1)+k(k—1)
(az+by)ya’=> > > p 2 q 2 ~
m=0n=0k=0

(;ﬁ) (,}%) (k‘) a(ufm)+(vfn)+(w7k)bm+n+kx(u7m)+(vfn)+(w7k)ym+n+k
p

g

)

(@4y)p = (z+y) (pz+ay) (2 +¢%y) - -(p(“‘MHHW%M(“HHH“)y) ,

(1_:1:)1;’1;11) _ (1_1‘) (p_q-’lf) (pZ_qu,). . .(p(u—l)—l-(v—l)-&-(w—l) _q(u—1)+(1)—1)+(1u—1)x) ,

and

(x);r?;lk — (p.’l?) (pr) . (p(u—1)+(1)—1)+(w—1)x) _ pm(m—l)hz(;fl)ﬂc(k—l) -
286
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The Bernstein operator of order (r,s,t) is given by

Byrst (f,2) Z sz (ﬂ::f) ( ) (n) <;;> gk (] gy mr) )+ (=)

m=0n=0%k

where f is a continuous (real or complex valued) function defined on [0, 1].
(p, 9)-Bernstein operators are defined as follows:

. m(m—1)4n(n—1)+k(k—1) mtn-tk
Brstypyq(fvx)_ r(r— 1)+b(6 D +t(t—1) E E E ( )( )( > 2 €T ’
p

m=0n=0k=0
(r—m-—1) (s—n—1) (t—k—1)
(1.1) [T e —ao) [ @=-q=2) [[ 0% -q=2)-
u1=0 u2=0 u3z=0

; (p“""’ [l + 907" ], PV (K]

(rlpq + [8lpq [t q ’ ) .z €[0,1]

Also, we have

t
 (r=m)(r=m=1)4(s—n)(s—n—1)+(t—k)(t—k—1)
(1 _ x)v"st z : (_1)m+n+kp > .

_ D) Ko(Fom t
qm(m 1tn(n= 1) bk(k=1) (T%) (TSL) (k) gtk
mm b (R (e)
Srst,pyq(fax): 7(7~—1)+:.(.5—1)+t(t b)) E E E ( )( )( > 2 € :
p

m=0n=0k=0
(r—m-—1) (s—n—1) (t—k—1)
(1.2) [T w*=gu2) T[ 0=-q=2) [[ 0" -q=2)
U1:0 ’LLQZO ’LL3:0

/ p(“m) [m]qu +p(87n) [n]p,q p(tik) [k]p»q n x € [0 1]
[Flpq + [8lpg + [t + 1t

Note that for n = u = 0, (p, ¢)-Bernstein-Stancu operators given by (1.2) reduces
into (p, q)-Bernstein operators. Also for p = 1, (p, q)-Bernstein-Stancu operators
given by (1.1) turn out to be g-Bernstein-Stancu operators.

Throughout the paper, R denotes the real of three dimensional space with metric
(X,d). Consider a triple sequence of Bernstein stancu polynomials (Syst p.q (f,2))
such that (Sysipq (f,2)) € R, m,n, ke N.

Let f be a continuous function defined on the closed interval [0,1]. A triple
sequence of Bernstein-Stancu polynomials (Syst p,q (f,2)) is said to be statistically
convergent to 0 € R, written as stz —lim S,4 p 4 (f, ) = f(x), provided that the set

K. :={(m,n,k) e N* 2 |Spstpg (frz) — (f,2)| > 3
has natural density zero for any € > 0. In this case, 0 is called the statistical limit

of the triple sequence of Bernstein-Stancu polynomials. i.e., 3 (K,) = 0. That is,

i m S S sk S Sy (F0) — (£0)] 2 ] =0,
287
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In this case, we write d3 — lim Sys1p 4 (f, ) = (f, ) Or Srsip.q (f, ) =y (f,x).

Throughout the paper, N denotes the set of all positive integers , x 4- the char-
acteristic function of A C N, R the set of all real numbers. A subset A of N is said
to have asymptotic density d (A4) if

. A
ds (A) = ”1?300 BT 3D xa(k).
m=1n=1k=1

The theory of statistical convergence has been discussed in trigonometric series,
summability theory, measure theory, turnpike theory, approximation theory, fuzzy
set theory and so on.

A triple sequence (real or complex) can be defined as a function z : Nx Nx N —
R (C), where N, R and C denote the set of natural numbers, real numbers and
complex numbers, respectively. The different types of notions of triple sequence
was introduced and investigated at the initial by Sahiner et al. [14, 15], Esi et al.
[3, 1, 5, 6], Datta et al. [7], Subramanian et al. [16], Debnath et al. [3] and many
others.

A triple sequence © = (Zynk) is said to be triple analytic, if

1
SUp |Tpnk| ™ FF < 00.
m,n,k

The space of all triple analytic sequences are usually denoted by A3.

2. DEFINITIONS AND PRELIMINARIES

Throughout the paper, R? denotes the real three dimensional case with the usual
metric. Consider a triple sequence & = (Zyun) such that z,,,x € R3; m,n, k € N3.
The following definition are obtained.

Definition 2.1. Let f be a continuous function defined on the closed interval [0, 1].
A triple sequence of Bernstein-Stancu polynomials (Syst p,q (f,)) is said to be sta-
tistically convergent to (f,z), denoted by Systpq (f, ) —571m (f 2, if for any
€ > 0, we have d (A (¢)) = 0, where

A (6) = {(711 Sat) € NS : |S7“St7p,q (fvx) - (f,CL')| > 6} .
Definition 2.2. Let f be a continuous function defined on the closed interval [0, 1].
A triple sequence of Bernstein-Stancu polynomials (Sys p.q (f,)) is said to be sta-
tistically convergent to (f,z), denoted by Systpq (f,z) —571m (f 2), provided
that the set
{(T,S,t) € N? |S7’St,P,q (f7 l’) - (f,:l:)| > 6} ,

has natural density zero, for every e > 0. In this case, (f,x) is called the statistical
limit of the sequence of Berstein-Stancu polynomials.

Definition 2.3. Let f be a continuous function defined on the closed interval [0, 1].
A triple sequence of Bernstein-Stancu polynomials (Syst,p,q (f, %)) in a metric space
(X,].,.]) and § be a non-negative real number is said to be S-convergent to (f,x),
denoted by S,stp.q (f,2) =P (f,2), if for any € > 0, there exists N, € N® such that
for all 7, s,t > N, we have

‘Srst,;mq (f,l’) - (fv x)l <r+e
288
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In this case, Srstp.q (f, ) is called an §- limit of (f, x).

Remark 2.4. We consider [-limit set Spsipq(f,z) which is denoted by
LIM®S, st o (f, ) and is defined by

LIMB Srst,p#] (fa ‘T) = {f : Srst,p,q (fa .CE) %ﬁ (fv .CU)} .

Definition 2.5. Let f be a continuous function defined on the closed interval [0, 1].
A triple sequence of Bernstein-Stancu polynomials (Systp ¢ (f,2)) is said to be j-
convergent, if LIM” Srstpq (f;2) # ¢ and B is called a rough convergence degree
of Srstpq (fix). If B = 0, then it is ordinary convergence of triple sequence of
Bernstein-Stancu polynomials.

Definition 2.6. Let f be a continuous function defined on the closed interval [0, 1].
A triple sequence of Bernstein-Stancu polynomials (Syst,p.4 (f, %)) in a metric space
(X,].,.]) and B be a non-negative real number is said to be 8- statistically convergent
to (f,z), denoted by Syst p.q (f, ) =P75% (f,z), if for any € > 0, we have d (A (¢)) =
0, where
Ale) = {(T,S,t) e N3 |Srstp.q (f,2) — (f,2)] >r+ e}.

In this case, (f, ) is called 8- statistical limit of Syet pq (f, ). If B =0, then it is
ordinary statistical convergent of triple sequence of Bernstein-Stancu polynomials.

Definition 2.7. A class I of subsets of a nonempty set X is said to be an ideal in
X, provided

(i)pel,

(ii) A, B € I implies AU B € I,

(iii) A€ I, B C A implies B € I.

I is called a nontrivial ideal, if X ¢ I.

Definition 2.8. A nonempty class F' of subsets of a nonempty set X is said to be
a filter in X, provided

(i) p € F,

(ii) A,B € F implies A(\B € F,

(ii) Ae F, AC B implies B € F.

Definition 2.9. Let I be a non trivial ideal in X and X # ¢. Then the class
F(I)={McCX:M=X\A forsome A €I}
is a filter on X, called the filter associated with 1.

Definition 2.10. A non trivial ideal I in X is called admissible, if {2} € I, for each
z e X.

Note 2.11. If I is an admissible ideal, then usual convergence in X implies 1
convergence in X.

Remark 2.12. If [ is an admissible ideal, then usual rough convergence implies
rough I- convergence.

Definition 2.13. Let f be a continuous function defined on the closed interval [0, 1].

A triple sequence of Bernstein-Stancu polynomials (Sysp.q (f,2)) in a metric space

(X,].,.]) and B8 be a non-negative real number is said to be rough ideal convergent
289
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or BI- convergent to (f,z), denoted by Sysipq (f,z) =51 (f,z), if for any € > 0, we
have

{(r,s,t) e N3 [Srstp.q (f,2) — (f,2)] > B+ e} el.
In this case, (Systpq (f,2)) is called BI- convergent to (f,z) and a triple sequence of
Bernstein-Stancu polynomials (Sysp.q (f,x)) is called rough I- convergent to (f,x)
with £ as roughness of degree. If § = 0 then it is ordinary I- convergent.

Note 2.14. Generally, let f be a continuous function defined on the closed interval
[0,1]. A triple sequence of Bernstein-Stancu polynomials (Syst p,q(9,x)) is not I-
convergent in usual sense and |Syst p.q (f, ) — Srst.p.q (9,7)| < B, for all (r, s, t) € N3
or

{(Tas>t) eN’: |S7'st,p,q (f,x) — Srst,p.g (g,2)| > 5} €l
for some B > 0. Then the triple sequence of Bernstein-Stancu polynomials
(Srst,p.q(f,z)) is BI- convergent.

Note 2.15. It is clear that SI- limit of a sequence Sys1p.q (f,x) of Bernstein-Stancu
polynomial is not necessarily unique.

Definition 2.16. Consider 8I- limit set of (f,x), which is denoted by
I— LIMﬁ Srst,p,q (f7 JU) = {f : Srst,p,q (f7 x) _>ﬁl (fv l‘)} .

Then the triple sequence of Bernstein-Stancu polynomials (Syst p ¢ (f, 2)) is said to be

BI- convergent, if I — LIM? Srst.p.q (f,2) # ¢ and B is called a rough I- convergence
degree of Syt p.q (f, ).

Definition 2.17. Let f be a continuous function defined on the closed interval [0, 1].
A triple sequence of Bernstein-Stancu polynomials (Sysp.q (f,x)) is said to be I-
analytic, if there exists a positive real number M such that

{(T7S7t) S N3 : ‘Srst,p,q (f,$)|1/m+n+k Z M} el.

Definition 2.18. Let f be a continuous function defined on the closed interval
[0,1]. A point L € X is said to be an I- accumulation point of a Bernstein-Stancu
polynomials (Syst.p,q (f,2)) in a metric space (X, d), if for each € > 0, the set

{(T7 57t) € Nd : d(ST‘st,qu (fa I) ) (f7 I)) = |S7"St,p7q (f7 l') - (fa I)| < 6} ¢ I
We denote the set of all I-accumulation points of (Syst.p.q(f,2)) by I(T(Systp.q(f,2)))-
Definition 2.19. Let f be a continuous function defined on the closed interval [0, 1].
A triple sequence of Bernstein-Stancu polynomials (Sys¢p.q (f, )) is said to be rough
I- convergent, if I — LIM® S, , o (f,x) # ¢.
It is clear that if I — LIM” Srstp.q (f;2) # ¢ for a triple sequence of Bernstein-
Stancu polynomials (Sys,p.q (f,x)) of real numbers, then we have

I —LIM? Srst,pq(fox)=[I —lHmsup Sret pq(f,x) — B, I — lIminf S, p (f,2)+0].

Definition 2.20. Let f be a continuous function defined on the closed interval [0, 1].
The number of § = inf {8 > 0: T~ LIM? S,41,5,4 (f,) #  } is said to be rough I —

core Systpq (f, ) of triple sequence of Bernstein-Stancu polynomials (Sys¢ p.q (f,2)).
290
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3. MAIN RESULTS

Theorem 3.1. Let f be a continuous function defined on the closed interval [0,1].
A triple sequence of Bernstein-Stancu polynomials (Systp.q (f,x)) of real numbers

and I C 2N be an admissible ideal, we have diam (I — LIM” Srst.p.q (f5 z)) <2B. In
general, diam (I — LIM? Srst.p.q (f, :L')) has an upper bound.
Proof. Assume that diam (LIM/B Srst.p.q (f, x)) Then, 35,4t p.q (0, ),

Srstp.q (¢,7) € LIM” Srstip.g (fy%) 21 |Srstp.g (P T) — Srstpq (¢, 7)] > 2.

Take € € (O7 ‘S”"”"’(p’x)gsm‘p’q(q’x)l - ﬂ). Because

Srst,p,q (p, I) ) Srst,p,q (Qa LE) el - LIMﬁ Srst,p,q (f, 17) ,
we have Ay (¢) € I and As (€) € I for every ¢ > 0, where

Aq (e) = {(u,v,w) eN?: |Srstp.q (f, @) — Srstp.q (0 x)| > 1+ e}
and

As (6) = {(u,v,w) €N [Srstpg (Fr2) = Srstpq (¢, )] > 7+ e} )
Using the properties F' (I), we get

(Al () () Az (e)c) e F(I).
Thus we write,

|Srst7p7q (pa J)) - Srst,p7q (Q7 37)‘ < |Srst7p7q (fa .’IZ‘) - Srstm,q (p7 $)| +
|Srst,pg(fs @) = Srst,p,q (¢ )| < (B+€) + (B+€) <2 (B+e),
for all (r,s,t) € Ay (€)°() A2 (¢)° which is a contradiction. So

diam (LIMﬁ Srstpa (f: m)) < 28.

Now, consider a triple sequence of Bernstein-Stancu polynomials of (Syst p.q (f,))
of real numbers such that I — lim,st—o0 Srstp.q (f,2) = (f,x). Let € > 0. Then we
can write

{(r, s,t) € N3 . [Srstp.q (f,2) — (f, )] > e} el.
Thus we have

|Srst,p,q (fiz) = Srst.p.q (P z)| < |Srst,p,q (fiz) = (f,o) +|(f,z) — Srst.p.q (Ps )|
T

< |STS75,ZMJ (f7 )—(f,$)|+6§5+6,

for each Systp.q(p,2) € Sa((f.@)) := {Srstp,q(P,2) ER?:|Srst p.q(p,x)— (f.2)| <B}. So
we get
|Srst,p,q (f7 J?) - Srst,p,q (pa .Z‘)l < B +e€
for each (r,s,t) € {(r,s,t) € N*: |Spq 4 (f,2) — (f,x)| < €}. Because the triple
sequence of Bernstein-Stancu polynomials of Sye p ¢ (f, ) is I- convergent to (f, z),
we have
{(T,S,t) e N3 |Srst.p.q (QJ;,IQC) - (f,x)| < 6} eF(I).
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Hence we get p € I — LIM" Syqt .4 (f, ). Consequently, we can write

(3.1) I —LIM? S, 4 (f.2) = S5 ((f,2)).
Because diam (5'5 ((f, x))) = 203, this shows that in general, the upper bound 25 of
the diameter of the set I — LIM? S,..;, o (f,2) is not lower bound. O

Theorem 3.2. Let f be a continuous function defined on the closed interval [0,1].
A triple sequence of Bernstein-Stancu polynomials (Srst p.q (f,x)) of real numbers,
I c 3Y be an admissible ideal. For an arbitrary (f,c) € I(I';), we have

‘Srst,p,q (f,z) = (f,c)| < B for all Srst,p.q (f,z)el— LIM? Srst,p.q (f,z).

Proof. Assume on the contrary that there exist a point (f,¢) € I(T';) and
Srstpq (fix) € T — LIMP S,1 1, 4 (f, ) such that |Syepq (f.2) = (f,c)| > B. De-
fine € := IST'st,p,q(f"'g)*(fac)lfﬂ' Then

{r5,8) €N [Spat g (f,2) = (F,0)] < €}
(3.2) C{(r,s,t) €N’ |Ss1pq (f,2) = (f,2)] = B+€}.
Since (f,c) € I (T'y), we have
{(T,s,t) e N3 [Srstp.q (f,2) — (f,0)] < e} ¢ 1.
But from definition of I- convergence, since
{(r,s,t) € N° 1St pq (fra) = (f2)| 2 B+e} €1,
by (3.2), we have
{(r,s,t) € N1 [Sps 4 (fr2) — (f,0)| < €} €1,
which contradicts the fact (f,c¢) € I (T';). On the other hand, if (f,¢) € I (T',) i.e.,

{(rs.t) N2 [Srarpq (f2) = (i)l < e} £1,

then
{(r,5,0) €N? 1 |t g (f2) = (fr2)| 2 B+e} ¢ 1,
which contradicts the fact (f,z) € I — LIM” Syqtp.q (f, 7). O

Theorem 3.3. Let f be a continuous function defined on the closed interval [0,1].
A triple sequence of Bernstein-Stancu polynomials

(Srstpnq () =7 (f,2) <= T = LIMP Sy g (f,2) = S5 ((f,2)).

Proof. Necessity: By Theorem 3.1. B
Sufficiency: Let I — LIM? S,q 4 (f,2) = S5 ((f,)) (# ¢). Thus the triple
sequence of Bernstein-Stancu polynomials of (Syst,p,q (f,)) is I- analytic. Suppose

that (f,z) has another I- cluster point (f/, x) different from (f,z). The point

_ B ,
) = g~y (= ()
292



N. Subramanian et al./Ann. Fuzzy Math. Inform. 18 (2019), No. 3, 285-296

(JF#U) - (f/,x> =(f,z) - (f',:c) +M K(fvx)— (flvl"))
()
G0 = (5 2)| = [0 = (o) [+ Sy [0 = (79)
09 (70 = 1 (1) 42

Since ( f’,a:) € I(T,), by Theorem 3.2, (f,2) ¢ I — LIM® S,y (f,2). It is not

possible as |(f,z) = (f,#)| = B and I —=LIM" Syg 4 (f. @) = S5 ((f,2)). Since (f, )
is the unique-I- cluster point of (f,z). Hence = S5, 4 (f,7) =1 (f, 7). O

Corollary 3.4. If (X,|.,.|) is a strictly convex spaces and let f be a continuous
function defined on the closed interval [0,1]. A triple sequence of Bernstein-Stancu
polynomials (Systpq (f,7)) € X, there exists y1,y2 € I — LIMP S,g o (f,2) such
that |y; — ya| = 28, then this triple sequence (f,x) —1 W

Proof. Omitted. 0

Theorem 3.5. If I—LIM” ¢, then I—limsup Srst,p.q(fix) and I-liminf S, p 4 (f,2)
belong to the set I — LIM*? S, o (f, ).

Proof. We know that I — LIM? Srstp.q (f;2) # ¢, a triple sequence of Bernstein-
Stancu polynomials of (Syst p ¢ (f,2)) is [— analytic. The number I—lim inf S, , 4 (f,2)
is an I-cluster point of (f,x) and consequently, we have

() = I = Timinf St pq (f,2)] < BY (f,2) € T = LIMP (f,).
Let A= {(r,s,t) e N : |(f, @) — Spstp,q (f,2)| = B+ €}. Now if (r,s,t) ¢ A, then
|Srst,pg (fs @) = (I = iminf Spg p g (f, @))| < [Srstpq (f,2) = (f,2)]
+[(f,z) — (I —lhminf S,e pq (f,2))] <28 +e€.

Thus
I —liminf Spgrp g (f,2) € I — LIM*? S, 0 (f ).

Similarly, it can be shown that I — limsup zmynx € I — LIM?? Tomnk- O

Corollary 3.6. Let f be a continuous function defined on the closed interval [0, 1].
A triple sequence of Bernstein-Stancu polynomials (Srstp.q (f,x)) of real numbers,
if I —LIMP Spg0p4 (f,2) # &, then

I—core{(f,x)} C1— LIM?8 Srstp.q (f,2) .
Proof. We have
I—1LIM”? Srstp.q(f,x)=[I — Umsup Syt p.q(f,x) — 26,1 — liminf Syg o (f,2)+20] .

Then the result follows from Theorem 3.5. O
293



N. Subramanian et al./Ann. Fuzzy Math. Inform. 18 (2019), No. 3, 285-296

Theorem 3.7. Let f be a continuous function defined on the closed interval [0, 1].
A triple sequence of Bernstein-Stancu polynomials (Srstp.q (f,x)) of real numbers.
Then the diam (I — core {Sysip.q (f,x)}) of the set

I —core{Srstpq (fr2)} =B <=1 —core{(f,z)} =1 —LIMP S,q o (f, )
Proof.

diam (I — core{Srst.pq (f,2)}) =8

<= (I —limsup Srstpq (f,2)) — (I —lminf zpne) =5

I — core{Tmni} = [I — Uminf i, I — limsup Sy p.q (f,2)]
=[I—I—-limsup Spstpq(f,x) — B, I —lUminf S, 4 (f,2) + 7]
=1 —LIM" S,s 4 (f,2).

Also it is easy to see that
(i) B> diam(I —core{Syst.p.q(f;0)}) < I —core{Syst pq(fi)} CI— LIM” Srst.p.q(f:2),
(ii) B < diam(I —core{Syst.p.q(f,2)}) @IfLIMﬁSrstypyq(f,x) CI—core{Syst,p,q(f0)}
O

Theorem 3.8. Let f be a continuous function defined on the closed interval [0, 1].
A triple sequence of Bernstein-Stancu polynomials (Syst p.q (f,x)) of real numbers, if

B:inf{ﬂ >0:1 — LIMP Srst,p.qg(f, ) ;éqb}, then B=radius (I — core {Srst.pq(f,7)}).

Proof. If the set I-core{S,st p ¢ (f,2)} is single ton, then radius(l —core{Sys p,q(f,2)}) =
0 and the triple sequence of Bernstein-Stancu polynomials is I— convergent, i.e.,
I —TLIM® S, 4 (f,2) # ¢. Hence we get § = radius (I — core {Syst.pq (f,2)}) = 0.

Now assume that the set I — core {Syst,pq (f,x)} is not a single ton. We can
write I — core{Sysip,q (f,z)} = [a,b], where ¢ = I — liminf Sy5 4 (f,z) and b =
I —limsup Syetpq (f, ).

Now let us assume that 3 # radius (I — core {Syst.p.q (f,7)}).
— b—a _ —
If 8 < radius (I — core {@mni}), then define € = 7376. Now, be definition of 3
implies that [ — LIMPT€ S, ., . (f,x) # ¢, given € > 0

JIeR: A= {(T,s,t) e N3 [Srstp.q (f,2) — (f, )] > (B+€) —|—€} cl.

Since B + € < b*Ta which is a contradiction of the definition of a and b.

If /B > ra‘dius (I — core {Srst7p7q (f7 x)}), then deﬁne €= Bi;%’l and B/ = B — 2€

It is clear that 0 < 8 < f and by definitions of a and b, the number b*Ta €
I —LIM? Srstp.q (f; ). Then we get

Be{p=0:1-1IM S0, (f.0) # 6},

which contradicts the equality

= inf{ﬁ >0: 1 —LIMP Syt pq (f,2) # ¢} as B < B.

294



N. Subramanian et al./Ann. Fuzzy Math. Inform. 18 (2019), No. 3, 285-296

Corollary 3.9. Let f be a continuous function defined on the closed interval [0, 1].
A triple sequence of Bernstein-Stancu polynomials (Srstp.q (f, x)) of real numbers,

then I — core{Srstp.q (f,2)} =1— LIM?? Srst.p.q (f, ).
Proof. 1t follows that Theorem 3.7 and Theorem 3.8. g

Example 3.10. With the help of Matlab, we show comparisons and some illustrative
graphics for the convergence of operators (1.2) to the function
f(z) = (x —3) (x = 5) (x — 6) under different parameters.

From Figure 1(a), it can be observed that as the value the ¢ and p approaches
towards 1 provided 0 < ¢ < p < 1, (p,q)-Bernstein-Stancu operators given by
(1.2) converges towards the function f(z) = (z —3)(z —5) (x —6). From Figure
1(a) and (b), it can be observed that for n = p = 0, as the value the (r,s,t)
increases, (p,q)-Bernstein-Stancu operators given by (1.2) converges towards the
function. Similarly from Figure 1(c), it can be observed that for n = u = 5, as the
value the ¢ and p approaches towards 1 or some thing else provided 0 < ¢ < p <
1, (p, q)-Bernstein-Stancu operators given by (1.2) converges towards the function.
From Figure 1(c) and (d), it can be observed that as the value the [r, s, t] increases,
(p, ¢)-Bernstein-Stancu operators given by f(z) = (x —3) (x — 5) (z — 6) converges
towards the function.

For g=0.1, p=0.3
For =05, p=0.65
For g=0.95, p=0.99

0.1

———function

o 0.1 0.2 03 0.4 05 0.6 0.7 0.8 09 1 o 01 0.2 03 0.4 05 0.6 0.7 0.8 09 1
X (for r=3, 5=3, =3, =0, 1=0) X (for 1=5, s=3, t=4, 7/=0, 4=0)

o 01 0.2 03 04 05 0.6 0.7 0.8 09 1 o 01 0.2 0.3 0.4 05 06 07 0.8 0.9 1
x (for r=3, s=3, t=3, 7j=5, u=5) X (for 1=5, $=3, t=4, n=5, ;i=5)

(c) (d)
FIGURE 1. (p,q)-Bernstein-Stancu operators

295



N. Subramanian et al./Ann. Fuzzy Math. Inform. 18 (2019), No. 3, 285-296

COMPETING INTERESTS

The authors declare that there is not any conflict of interests regarding the pub-
lication of this manuscript.

4. CONCLUSION

We introduced and studied some basic properties of Bernstein-Stancu polynomials
of rough I-convergent of triple sequences and also studied the set of all Bernstein-
Stancu polynomials of rough I-limits of a triple sequence and relation between an-
alyticness and Bernstein-Stancu polynomials of rough I-core of a triple sequence.
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