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ABSTRACT. Information entropies have been widely applied in con-
structing heuristic attribute reduction. However, little attention has been
paid to the information entropies for dynamic information systems with
varying object set. In this paper, we present an incremental approach to
update conditional complementary entropy for dynamic information sys-
tems with varying objects. Based on the new incremental formulas, we de-
velop an incremental attribute reduction algorithm for decision table with
varying object set. By a numerical experiment, we express the efficiency
of the new method.
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1. INTRODUCTION

Rough set theory [16, 18, 19, 20] pioneered by Pawlak in 1982 is aimed at data
analysis problems involving uncertain, imprecise or incomplete information. As an
objective soft computing tool, rough set theory has been widely applied to vari-
ous fields such as medical diagnosis[15], investment decisions [2], feature selection
[24, 25], knowledge discovery[l1] and data mining [3]. Many techniques have been
developed for attribute reductions in the past decades. In order to describe the
uncertainty of information systems, some uncertainty measures have been studied
[7, 12]. Several authors have acquired entropy reducts which can remain the entropy
of target decision unchanged. The concept of entropy was introduced by Shannon in
1948, and its initial goal was to evaluate uncertainty of a system. In order to mea-
sure uncertainty in rough set theory, Beaubouef and Duentsch et al. [4, 3] utilized
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Shannon’s entropy and its variants. Slezak [22, 23] proposed Shannon’s information
entropy for searching reducts. In [10], Liang et al. acquired reducts by using a new
information entropy and defined some new information entropies like rough entropy,
combination entropy. The reference [21] brought forward combination entropy for
measuring the uncertainty of information systems. Dai et al. [0, 5] investigated
information entropies, including Shannon’s entropy, conditional entropy and joint
entropy for incomplete decision systems, and presented a new form of conditional
entropy and constructed three attribute selection approaches, etc. In practice, infor-
mation systems usually vary with time. Specially, the objects in business database
are changing all the time. Some researchers have studied attribute reductions of
dynamic information systems[l, 9, 13, 14, 26]. For example, Bang et al. [l] pre-
sented an incremental inductive learning algorithm to find a minimal set of rules
for an information system when adding a new object. Hu et al. [9] gave an in-
cremental attribute reduction algorithm when adding some new objects. Wang et
al. [26] discussed how to update entropy for dynamic information system when
changing data values. However, in their work, the object set and attribute set must
remain unchanged, which limit its application. Moreover, the updating mechanisms
in their article are only applicable when data are varied one by one. Their ideas are
reasonable but their work needs further improvements.

Following the above work, we provide an incremental approach to updating con-
ditional complementary entropy for dynamic information systems when the object
set evolves with time. In order to study the dynamic changes of information system,
we study from simple case to complex. Firstly, when only one object is removed, we
update the conditional complementary entropy by definition and present an incre-
mental approach to acquire new information entropy from the former information
entropy. When only one object is added, we also establish recursive formula to con-
struct new conditional complementary entropy by definition. Secondly, when only
one object is changed, we update the information entropy by removing the old object
and adding the new object. When several objects are removed, we use the recursive
formula in the first case several times, then we construct an incremental algorithm.
When several objects are added, we apply the recursive formula in the first case
several times, then we acquire an incremental algorithm. Thirdly, for varying object
set, by combining the first case and the second case, we can renew the information
entropy.

The rest of this paper is organized as follows. Some preliminaries related to
rough set theory are briefly reviewed in Section 2. Section 3 presents an incremental
approach to updating conditional complementary entropy for dynamic information
systems. Based on the above analysis, we construct a new algorithm for decision
table with varying object set in Section 4. In order to demonstrate the practicality
and effectiveness of our proposed method, we give a numerical experiment in Section
5. Section 6 provides the conclusion of this paper and some future works.

2. PRELIMINARIES

In this section, we recall some basic concepts of rough sets and information en-
tropy.
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Definition 2.1 ([17]). An information system (or decision table) is defined as a pair
(U, A) where U is a non-empty finite set of objects, A = C'U D is a non-empty finite
set of attributes, C' denotes the set of condition attributes and D denotes the set of
decision attributes, C N D = @&. Each attribute a € A is associated with a set V,, of
its value, called the domain of a.

The concept of information system provides a convenient framework to represent
the objects in the universe. Actually, every B C A can determine an equivalence
relation Rp as

Va,y, Rp(z,y) <= Va € B : a(z) = a(y),

where a(z) denotes the attribute value of x respect to a. Every Rp can partition U
into some equivalence classes given by U/Rp = {[x]g|z € U}, or just U/B for short,
where [z]p = {y € Ul|(x,y) € Rp} denotes the equivalence class including = with
respect to B. Using these elementary sets in U/R, we can approximate arbitrary set
X CU:

apr(X) = J{[z]rllz]r € X} = {z € Ul[z]r € X},
apr(X) = [{lz]rllz]n N X # ¢} = {w € Ul[a]r N X # ¢}.

The lower approximation apr(X) contains all the elementary sets which are the
subsets of X, and upper approximation apr(X) contains all the elementary sets
which have a non-empty intersection with X.

The complementary entropy is used to measure the uncertainty of an information
system, and the conditional complementary entropy defined as below can measure
the uncertainty of a decision table.

Definition 2.2 ([26]). Let S = (U,C U D) be an information system, B C C,
U/B={X1,Xs,---Xp} and U/D = {Y1,Y,--- Y, }. A conditional complementary
entropy of B relative to D is defined as

C C
Yj—X

XmY IX;NY;| |X;-Y
u(D|B) = ZZ| | [ ZZ U|]. |U|]'

i=1 j=1 i=1 j=1

The entropy reduction was proposed by Skowron in 1993. Then, Slezak introduced
Shannon’s entropy to get reducts in classical rough set model [22, 23].

Definition 2.3 ([26]). Let S = (U, CUD) be information system and B C C. Then,
B is a relative reduct, if it satisfies:

(i) E(D|B) = E(D|C),

(ii) Ya € B, E(D|B — {a}) # E(D|B).

The first condition indicates that B keeps the same entropy as C', and the second
condition indicates that each attribute in B is individually necessary.

3. AN INCREMENTAL APPROACH TO COMPUTING CONDITIONAL COMPLEMENTARY
ENTROPY FOR DYNAMIC INFORMATION SYSTEMS

In this section, we establish a mathematical fundamental to compute the entropy
for dynamic data sets.
275
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Let S=(U,A=CUD,V, f) with CND =@, BC C. Then, one can obtain the
partitions U/B = {X1, Xa, - X, and U/D = {Y1, Y3, - - Y, }. The complementary
conditional entropy of D with respect to B is Ey(D|B). By revising the object set,
we can easily update conditional complementary entropy. When one object enter
or get out of the system, we can ignore new condition equivalence classes and new
decision equivalence classes by assuming that some X; € U/B, Y; € U/D can be
empty sets [20].

Lemma 3.1. Suppose only one object x get out of the system S’, and x € Xp,,x €
Y, . Then we get a new information system S and U = U — {z}, U /B =
(X1, Xa, X, X}, U /D = {¥1,Ys, - Y, -V, whereX = X,, — {z},
qul =Y, —{z}. New entropy E;»(D|B) can be got as the followmg.

2|‘Xv101 — qu| )

M.EU/(D|B):EU(D|B)* U2

Ul?

Proof. By Definition 2.2, the new conditional complementary entropy is

X;NY;| |X;-Y; "X, NY | X =Y
D|B Z Z ‘ ]|‘ ]“i‘ Z | m Q1‘.| (I1|

—1 -1 —1 —1
i=1,i#p1 j=1,j#q |U| ‘U| i=1,i7#p1 |U| |U‘

N z": Xp, Y51 15, — Y5 15, NYy | X, — Y|

B 7 7 e A R R
Then, using XI;I =X,, —{z} and qu1 =Y, — {z}, we have
(Ul -1)?
O - Ey_23(D|B)

i Zn: |Xz'ﬁYj|_|Xi_Yj|_|_ i | Xi N Yy | [Xi — Y|
U] U U] U]

i=1,i#p1 j=1,j#q i=1,i7#p1
+ Zn: |Xplmy}‘.|XP17YH71+|XP10Y41|71.|XP17Y211|

P Ul U] U]
—ruoip) (3 HmOnl oYl
J=1j#q
X, NY;| |X, NY. _y
DB - Z' nOGl_ Vi ntal, o —tal,
— Ey(D|B) — (Uép'lzl X |U[7|2qu| | plU—Pqul)
— By (D|p) - 2 Tul,

0

Lemma 3.2. Suppose only one object x enter the system S, and x € Xp,,x €
Y,,. Then we get a new information system S and U = UU{z}, U/B =
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{X1, X9, - X Xm}, U//D ={N",Ys, - Y, Y, }, where X = X,, U{z}

SRS e
and Yq2 =Y, U{z}. New entropy E(D|B) can be got as follows:
(Ul +1)? 2| Xy, — Yol
———— E,(D|B)=Ey(D|B)+ ———5-—".

‘U|2 U ( | ) U( | )+ |U|2

Proof. By Definition 2.2, the new entropy is

X;NY;| |X;-Y; "X NYL| | X =Y
D|B Z Z ‘ J|‘ J‘_i_ Z | ﬂqz‘.| qz|

1 1 1 1
i=1,1%#p2 j=1,j7#q2 Ul+ Ul+ i=1,i#p2 U]+ U]+

U+1  U[+1 U+1 U+l

J=1.j#q2

Then, using XI;2 = X,, U{z} and quz =Y, U{z}, we obtain

(U] +1)?
VT 2 By (DB
- ‘XimYQQHXi_Y:Zz‘
—[Ey(D|B) - ) 5
i=1,j#p2 ‘U|
. |XI)2 N YV]Hsz — 16‘ |X;D2 n }/CI2||XI)2 — YlIz|
a Z U2 - U2 ]
J=1,j#q2

2
i=1,j#p2 ‘U|
o 3 B 0Yil0X m Vil D) | (X 1Yl DI, = Yo
Jj=1.j#q2 |U|2 |U‘2
" ,NY; —-Y,
:EU(D|B)+ Z | 5 |+| P2 - Q2‘
Jj=1.j#q2 |U| |U|
= |XP mYJ| |Xp ny | ‘ P _Yq|
:EU(D|B)+ 2 _ 2 2 2
jz_:l \U? IUE UK
| ‘ | m}/lhl | Pz_}/qzl
=FEy(D|B
VBB o T op P
2|X fY[\
—E:(D|B Z7p2  “42l

O

Wang et al. [26] have shown the process of computing new entropy when attribute
values of x are varied and x is changed to 2’. We can replace this process by removing
z from system first, and then add z’ into the system. In other words, we can get
Wang’s Theorem as our inference.
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Theorem 3.3 ([20]). If one and only one object x € U is changed to z’, © € X, ,

zeY,, s e X;Q,x € Yq’2. The new complementary conditional entropy becomes

2|1X,, —Y,|—2|X, —-Y,
EU’ (D|B) _ EU(D‘B) + | D2 (]2|U'|2 | P1 QI‘.

Proof. For the change of x to z’, we pull out in two stages as follows. First, we
remove x from S, then the combination conditional entropy of Eyy_¢,3(D|B) can be
got By Lemma 3.1, that is

(U] -1)

2‘XP1 — YII1|
U? '

Second, by adding z’, we get the new combination conditional entropy E (D|B) =
Ey_{z3u{ery(D|B) by lemma 3.2 as

u?

_E 2Xp, — Yoo
(1Ul=1)

,E_ ’ DB :E_ DB
U {I}U{az}( |B) U {w}( |B) + (U —=1)2

thus

(o] -1)?
U

(U[-1)? 21X, —Y,

Q2|

uRE (ul-1?

Ey_ {230y (D|B) = - Ey_12)(D|B) +

by using
(U

2|‘Xpl - th|
GIESE

EU—{&E}(D|B) - |U|2 )3

Ey(D|B) —

we get

Ey_(zyu{ay(D|B)
_(uj-1*  (up
v |Ul=1)?
2|X:D2 — YQQ| — 2|*XZ71 — YQ1|
UK ‘

2|‘X1?1 _ }/211|) (|U| — 1)2 . 2|XP2 _ }/212|
U2 U2 (IUl-1)?

- (Eu(D|B) —

= Ey(D|B) +
O

When M objects get out of the system, we can iterate Theorem 3.1 for M times.
Then we get the following theorem.

Lemma 3.4. If M objects get out of the system, M;; represents that there M; objects
that get out of the conditional class X; and M;; objects of them come from decision
class Y;, then the new combination conditional entropy denoted by Ey_ni(D|B) be-
comes

(U] = M)

M;;|X; —Y;
By (pIB) = By(pim) 230> Ml

2
=1 j=1 |U‘
278
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Proof. We remove M objects from S one by one. When Mj; objects get out, we can
apply Theorem 3.1 for M7, times. So we get
(U] = Mi)? 2M1 | Xy — Y|
U? U? '
Next, let M5 objects leave this new system. By using Lemma 3.1 for M, times,
we obtain

- Evy—wm,, (D|B) = Ey(D|B) —

(|U| = Myy — Myz)? 2M79] X7 — Ys|
- Eu_ny,— D|B) = Ey_ DB) - ——7
(|U| _M11)2 U—Mi1 M12( | ) U Mll( | ) (|U| _M11)2
Since
|U|? 2M;11 X1 — Y|
Ey_ DB)=+——— (Bv(D|B) - —————
U Mll( | ) (|U|_M11)2 ( U( | ) |U|2 )’
we get
(IU] = Miy = Mip)? |U|?
-Eu_ny,— D|B)=———+—F— - (Eu(D|B
(|U| 7M11)2 U—Mi M12( ‘ ) (|U| 7M11)2 ( U( | )
_ 2M;1| X1 — Y1 2Mi2] X1 — Ys|

O )T (U] - M)

In other words,

(JU| = My — My2)? 2M11| X1 — V1|, 2My9| X, —
FEu_ ., — D|B) =(Ey(D|B
|U|2 U—Mi1 M12( | ) ( U( | )_ ‘U|2 ) |U|2
Repeating this operation, we can complete the proof by induction axiom. O

When N objects enter the system, by using Lemma 3.2, we get the following
lemma.

Lemma 3.5. If N objects enter the system, N;; represents that there N; objects
enter the conditional class X; and N;; objects of them enter decision class Y;. The
new combination conditional entropy Eyn(D|B) becomes

(U] + N)?

N | X; —Y;
o7 - By n(D|B) = Ey(D|B) +QZZ Nyl X = Y5

2
=1 j=1 |U|

Proof. We add these N objects into S one by one. When Nj; objects get in, by
using Lemma 3.2 for N7; times, we get

Ul + Ni1)? 2N11| X1 — Y]
WL TY g, (D1B) = Bu(D]B) + Y21 211
U] U]
Next, when adding Ni2 objects, we use Lemma 3.2 for 15 times, that is
(|U| + Ni1 + Ni2)? 2N12| X1 — Ya|
- B DIB)=F DB+ —————
(|U| +N11)2 U+N11+N12( | ) U+N11( ‘ )+ (|U‘ +N11)2
Using
U2 2N11| X7 — Y1
E L(D|B)=——"— - (Eyv(D|B) + —————),
U+N ( | ) (|U| +N11)2 ( U( | ) |U|2 )
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we acquire
(JU| + N1y + N12)? |U|?
- B DIB)=—+——— - (Ey(D|B
(|U|+N11)2 U+N11+N12( | ) (|U|—|—N ) ( U( ‘ )
2N | X, — Y 2N12| X, — Ys|

or ) T U )

In other words,

(JU| + N11 + N12)? 2N11| X1 — Y1 2N X1 — Y3
-E D|B) = Ey(D|B .
|U|2 U+N11+N12( | ) U( ‘ )+ |U‘2 |U‘2
Repeating this operation, we can complete the proof by induction axiom. O

Suppose there are NV objects enter the system and M objects get out of the system
at the same time. N;; represents that there N; objects that enter the conditional
class X; and N;; objects of them enter decision class Y;. M;; represents that there M;
objects that get out of the conditional class X; and M;; objects of them come from
decision class Y;. Combining Lemma 3.4 and Lemma 3.5, we acquire the conclusion
below.

Theorem 3.6. If N objects enter the system, and M objects get out of the system
at the same time. The new combination conditional entropy which we denote by
Eyin_m(D|B) becomes

(Ul + N — M)?
|UJ?

D)X — Y;
Buen-n(DIB) = Ey(0B) +23° 3 |7j|2' 5
i=1 j=1

Proof. After adding these IV objects into S one by one, by Lemma 3.5 we get

(U] + N)?

X;,-Y;
G Eoan(DIB) = Eu(DIB) p23y NalXi - Y|

2
i=1 j=1 |U|
Then we remove M objects from the system above, by Lemma 3.4,

(JU|+ N — M)?

M| X; = Y;
(T Boen-m(DIB) = Buan(DIB) - 222 Myl X — ¥yl

1=1 j=1 |U|+N

Combine these two equations and eliminate Eyin(D|B), then we complete our
proof. O

4. AN INCREMENTAL ATTRIBUTE REDUCTION ALGORITHM FOR DECISION TABLE
WITH DYNAMICALLY VARYING OBJECT SET

Based on the incremental formula in Theorem 3.6, in this section, we will intro-
duce an incremental attribute reduction algorithm for dynamically varying object
set.

We first need to run the classic algorithm denoted by CAR [26] and store the
result U/B, U/D, E(D|B). Then we add or delete some objects and perform our
incremental algorithm as follows.

Algorithm: An incremental attribute reduction algorithm for decision table with
dynamically varying object set (IAR)
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Input: A decision table S = (U,C U D), N new objects enter S and M objects
escape from S.

Output: Attribute reduction REDyyn_pr of new decision table 8" = (U + N —
M,CUD).

Step 1: Run classical attribute reduction algorithm and store U/B, U/D, E(D|B)
for B C C.

Step 2: For each z € N or z € M, check z € X; and x € Y;, where X; € U/B)Y; €
U/D. Then we get N;; and M;;,i=1,2,--- ,|U/B|,j =1,2,---,|U/D|.

Step 3: reduct < ¢, i + 1.

Step 4: According to Theorem 3.6, we compute Ey 4 n_p(D|reduct).

Step 5: If Byyn—m(D|reduct) = Eyyn—p(D|C), then turn to Step 7; else turn
to next Step 6.

Step 6: While (Ey4n—ar(D|reduct) # Eyyn-a(D|C)) do
{

i it 1
reduct < reduct U ¢;, where ¢; is the i-th important attribute in C.
}

Step 7: REDy4+n_p < reduct, return REDy 4y and end.

By [26], in classic algorithm (CAR), we first need to acquire partition U/C with
time complexity being O(|U||C]); then we compute conditional entropy E(D|B) by
its definition, the corresponding time complexity is © = O(|U||C| + |U| + |U||U]) =
O(|U|?); finally, we add each a € C' and check Definition 2.3, the time complexity is
O(|C|©). Thus, the time complexity of CAR is O(|U||C|+©+|C|0) = O(|C|*|U| +
CIIU?).

While, by IAR, in Step 1, we need to run CAR so as to get U/B,U/D, E(D|B), the
time complexity is O(|C|?|U|; in Step 2, the time complexity of checking N M new ob-
jects v € X;,x € Y; is O(NM|U/B||U/D]J); in Step 4, the time complexity of updat-
ing Ey1n-m(D|B)is © = O(|U/B||U/D||X;||Y;|); in Step 57, the time complexity
of adding attributes is O(]C|©’). Hence, the total time complexity of algorithm TAR
is O(CF\U| + NM|U/B|\U/D| + [U/B|[U/D||X[Y;1 + CIIU/BIU/DIIXY;1) =
O(ICP|U| + NM|U/BI[U/D| + |C|\U/BI|U/ DI X;1[V;)).

Generally speaking N, M, |U/B|,|U/D|, |X;|,|Y;| are usually much smaller than
\U|, then NM|U/B||\U/D| + |C||U/B||U/D||X:||Y;] < |C||UJ*>. As a result, IAR
usually performs better than CAR.
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5. EXPERIMENTAL ANALYSIS

TABLE 1. Time consumed by CAR and TAR

The size of the data set |U| t (seconds) At (seconds)

2000 74.943 0

2100 83.415 0.016
2200 92.166 0.031
2300 101.744 0.031
2400 110.698 0.016
2500 121.51 0.031
2600 136.189 0.031
2700 140.729 0.031
2800 156.36 0.031
2900 161.742 0.031
3000 173.114 0.031
3100 184.518 0.031
3196 201.975 0.031

Here, we give an example to express the effectiveness and efficiency of the pro-
posed incremental reduction algorithm. The data set ”Chess (King-Rook vs. King-
Pawn).txt” is downloaded from UCIT repository of machine learning databases. The
experiments have been carried out on a personal computer with window 7 and Intel
(R) Pentium (R) CPU G2030, 3.00GHz and 4 GB memory. The software used is
Mathematica 4.0.

Firstly, we take out the first |U| (for example |U| = 2000) objects from the data
set named ”Chess (King-Rook vs. King-Pawn).txt”. Then, we run the classical
reduction algorithm and list the consumed time denoted by ”t” in table 1. During
above calculation, we have stored each U/B, U/D, E(D|B), B C C, so as to continue
our incremental algorithm TAR. In what follows, we add 100 new objects step by
step and perform our new algorithm. At the same time, we also record the consumed
time denoted by ”At” in Table 1.

According to the above analysis, we can clearly see that TAR works better than
CAR for this experiment. The main reason is that we make full use of existing
information including U/B, U/D, E(D|B)(B C C) obtained by CAR. We only need
to check each new object x € N, confirm whether x € X; or z € Y;. Then we update
the new entropy Fy,n(D|B) by Theorem 3.6. As |U/B| < |U|,|U/D| < |U],
the time consumed by TAR is obviously less than CAR. As it is extremely time-
consuming to compute E(D|B), the efficiency of IAR is improved.

6. CONCLUSIONS

Updating information entropies for dynamic data sets is a challenging issue. In
this paper, we construct an incremental algorithm to renew conditional complemen-
tary entropy for dynamic information systems. We carefully divided new objects
into the corresponding condition classes and decision classes and calculate new en-
tropy incrementally. We consider the variation of data values as our special case
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by deleting some old objects from data sets and adding some new objects into data
sets. By our incremental algorithm, we can get new entropies without computing
repeatedly by their definition. It should be pointed out that updating mechanisms of
the conditional complementary entropy introduced in our work are only applicable
when attribute sets do not change. And it is worthy to point out that the variation
of data values can be replaced by the variation of data sets. We think that the
results which we give here can be widely used.

It is expected to construct incremental algorithms to update information entropies
for dynamic data sets whose attribute sets can be changed. When attribute sets
change, all equivalence classes can change, so it is more complex.
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