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ABSTRACT. In this paper, neutrosophic soft set was studied and an
observation made of the potential of its application in real life problems,
multicriteria decision making problems in particular. To achieve some of
the underlying goals, there is a need to define certain algebraic operations,
namely, restricted intersection, extended intersection and restricted union.
Some basic properties emerging from the definitions are presented and they
include union, AND-product and OR-product operations. Some De Mor-
gan’s laws and the concept of inclusions are also established in neutrosophic
soft set context. Some examples of the application of neutrosophic soft set
in decision making problems using level soft sets of neutrosophic soft sets
were presented. Furthermore, the concept of weighted neutrosophic soft
set were discussed and applied to multicriteria decision making problems.
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1. INTRODUCTION

T'he notion of fuzzy set was introduced by Zadeh in 1965 [19]. Since then
fuzzy set was considered as the most appropriate mathematical tool for dealing
with uncertainty and ambiguity in real life situations. The classical fuzzy set is
characterized by membership value. One major setback in fuzzy set is the difficulty
in assigning the membership values. As a result, the concept of interval valued fuzzy
set [4] was introduced so as to solve the difficulty in assigning the membership values
(to capture the uncertainty in the grade of membership values).

In real life applications, such as expert system, belief system, information fu-
sion, medicine, social sciences and so on, one needs to consider the membership
and non-membership for proper description of an object in uncertain and imprecise
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environment. None of the mentioned mathematical tools is appropriate for such sit-
uation. Only intuitionistic fuzzy set introduced by Atanassov [3] is appropriate for
such situation. The intuitionistic fuzzy sets can deal only with incomplete informa-
tion considering membership and non-membership values. But it does not handle
the indeterminate and inconsistent information which exists in belief system. The
concept neutrosophic set was introduced by Smarandache [18] is a mathematical tool
for dealing with problems involving imprecise, indeterminate and inconsistent data.

The introduction of soft set theory by Molodtsov [16] has enriched its potentiality
in dealing with aforementioned problems. Based on the several operations on soft
sets introduced in [2, 13, 14] some more properties and algebra may be found in [1].
Various neutrosophic theory and applications are found in [5, 6, 7, 8, 9].

The aim of this research paper, is to extend the work of Maji in [15] by defin-
ing more algebraic operations such as restricted intersection, extended intersection,
restricted union and present their various algebraic properties including various De
Morgan’s laws and Inclusion in neutrosophic soft set context which has indeed en-
riched the work of Maji on neutrosophic soft set. We also present the application
of neutrosophic soft set in multicriteria decision making problems. The method of
multicriteria approach adopted is easy to arrive at the optimum decision within a
shortest time possible compared to Roy-Maji [14] approach that requires a lot of
computations.

2. PRELIMINARY CONCEPTS

2.1. Neutrosophic set.

Definition 2.1.1 [18]. A Neutrosophic set A on the universe set of discourse X is
defined as:

A= {{z, Ta(z), Ia(x), Fa(x),):z€ X},

where T, I,F : X — |70, 17 [and "0 < T, (z) + Ia(x)+ Fa(z)<3T.

From the philosophical point of view, the neutrosophic set takes the value from
real standard or non-standard subsets ]~0, 17 [. However, in real life applications
in scientific and engineering problems, it is difficult to use neutrosophic set with
value from real standard or non-standard subset |70, 17 [. As a result, we consider
the neutrosophic set which takes the value from the subset of [0, 1].

Definition 2.1.2 [18]. A Neutrosophic set A is contained in another neutrosophic
set B, denotedby A C B,ifVa € X, Ty (z) < Tp(x), Ia(x) < Ig(x), Fa(z) >
FB (SC)

2.2. Soft Set.

We first recall some basic notions in soft set theory. Let U be an initial universe set,
E be a set of parameters or attributes with respect to U, P(U) be the power set of
U and ACE.
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Definition 2.2.1 [16]. A pair (F, A)is called a soft set over U, where F is a mapping
given by F': A — P(U). In other words, a soft set over U is a parameterized family
of subsets of the universe U. For z € A, F(x) may be considered as the set of
x-elements or as the set of z-approximate elements of the soft set (F, A). The soft
set (F, A) can be represented as a set of ordered pairs as follows:

(F, A) = {( & F(z), v€A, F(z) € PU)} .

Definition 2.2.2 [14]. Let (F, A) and (G, B) be two soft sets over U. Then

(i) (F, A) is said to be a soft subset of (G, B), denoted by (F, A)C (G, B), if
ACB and F (2) CG (), VzeA

(ii) (F, A) and (G, B) are said to be soft equal, denoted by (F, A)=(G, B), if
(F, A)C(G, B) and (G, B)C (F, A).

Definition 2.2.3 [2]. Let (F, A) be a soft set over U. Then the support of (F, A)
written supp(F, A) is defined by supp(F, A)={zx € A: F(z) # @}.
(i) (F, A) is called a non-null soft set if supp (F, A) # &.
(ii) (F, A) is called a relative null soft set denoted by @4 if F (z) =&, Ve € A
(iii) (F, A) is called a relative whole soft set, denoted by U4 if F (z) = U, Vx € A.

Definition 2.2.4 [11]. Let (F', A) be a soft set over U. If F'(z) # @ for all z € A,
then (F, A) is called a non-empty soft set.

Definition 2.2.5 [2]. Let (F, A) and (G, B) be two soft sets over U. Then the
union of (F, A) and (G, B), denoted by (F, A)U(G, B) is a soft set defined as:
(F,A)U(G, B)=(H, C), where C = AU B and Vz € C,

F (z), ifrte A-B
H(z)= G(x), ifre B—A
Fx)U G(z), ifzeANB.

Definition 2.2.6 [11]. Let (F, A) and (G, B) be two soft sets over U. Then the
restricted union of (F, A) and (G, B), denoted by (I, A) Ur (G, B) is a soft set
defined as:

(F7 A)OR (G, B) = (H, C),
where C = ANB #@ andVz € C, H(z) = F(z) U G(x).

Definition 2.2.7 [2]. Let (F, A) and (G, B) be two soft sets over U. Then the
extended intersection of (F, A) and (G, B), denoted by (F, A)Ng (G, B), is a soft
set defined as: (F, A)Ng (G, B) = (H, C), where C = AU B andV z € C,

F (z), ifte A-B
(x), ifre B—A

H(z)= G
Fx)n G(z), ifzeANB.

Definition 2.2.8 [2]. Let (F, A) and (G, B) be two soft sets over U. Then the
restricted intersection of (F, A) and (G, B) denoted by (F,A) m (G, B), is a soft
247
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set defined as: (F,A) m (G, B) = (H, C), where C = AN BandVz € C, H(z) =
F(z) NG ().

Definition 2.2.9 [14]. Let (F, A) and (G, B) be two soft sets over U. Then the

AND-product or AND-intersection of (F, A) and (G, B) denoted by (F, A)A
(G, B) is a soft set defined as:

(F’ A)/\ (Ga B):(H7 0)7
where C = AXx BandV (z, y) € Ax B, H(z, y) = F(z) N G(y).

Definition 2.2.10 [14]. Let (F, A) and (G, B) be two soft sets over U. Then the

OR-product or OR-union of (F, A) and (G, B), denoted by (F, A)\7 (G, B)isa
soft set defined as:

(F, A\/ (G, B)=(H,C),
where C = Ax BandV (z,y) € Ax B, H(z, y) = F(z) U G(y).

Definition 2.2.11 [17]. Let (F, A) and (G, B) be two nonempty soft sets over U.
The sum (F, A)+(G, B) is define as the soft set (H, C) = (F, A)+(G, B),
where C = A x B and H (xz,y) = F(x)+G(y), V (z, y) € C.

3. NEUTROSOPHIC SOFT SET AND ITS PROPERTIES

Definition 3.1 [15]. Let U be an initial Universe set and E be a set of parameters.
Let A C E and P(U) denotes the set of all neutrosophic sets of U. The pair (F, A)
is termed to be the neutrosophic soft set over U, where F' is a mapping given by
F:A— PU,).

For illustration we consider Example 3.1 below.

Example 3.1. Let U be a set of cars Mr X is considering for transportation pur-
chase during his wedding celebration and E is a set of decision parameters. Each
parameter is a neutrosophic word or a sentence involving neutrosophic words. Con-
sider

E = {beautiful, costly,very costly, cheap, expensive, model 2010, black, made
in Japan}.

In this case, to define a neutrosophic soft set means to point out beautiful cars,
costly cars, very costly cars, cheap cars and so on. Suppose that there are five
cars in the universe U given by U = {Cy,Cs,C3,Cy,Cs} and set of parameters
A = {a1,az,as,a4}, where a; stands for the parameter beautiful, as stands for the
parameter costly, as stands for the parameter model 2010 and a4 stands for the
parameter made in Japan. Suppose that

248



H. M. Balami /Ann. Fuzzy Math. Inform. 18 (2019), No. 3, 245271

F (beautiful) = {

(C1,0.7,0.4,0.5) , (C5,0.7,0.5,0.4) , (C5,0.8,0.2,0.3) ,
F (costly) = { (C4,0.7,0.2,0.3) , (C5,0.9, 0.4, 0.6) } )
(1,0.8,0.5,0.4) , (C2,0.6,0.7,0.3) , (C5,0.7,0.3,0.5) ,
(C4,0.5,0.3,0.6) , (C5,0.7,0.4,0.4) } ’
(C1,0.8,0.7,0.5) , (C5,0.6,0.8,0.5) , (Cs5,0.7,0.6,0.3)
(C4,0.8,0.7,0.6) , (C5,0.8,0.6,0.5) } ’
Then the neutrosophic soft set (F, A) is a parameterized family

(C4,0.6,0.7,0.3) , (C,0.4,0.8,0.5) , (C5,0.6,0.3,0.3) ,
(C4,0.8,0.4,0.3), (C5,0.8,0.3,0.4) ’

F (model 2010) = { <

F (made in Japan) =

{F(ai)a i:17273a"'7n}

of all neutrosophic sets of U and describes a collection of approximation of an object.
The mapping F here is ‘car, where dot (.) is to be filled up by a parameter a € F.
Thus F (a1) means ‘cars (beautiful)* whose functional-value is the neutrosophic set:
{(C1,0.6,0.7,0.3) , (C2,0.4,0.8,0.5) , (C5,0.6,0.3,0.3) , (C4,0.8,0.4,0.3)
(C5,0.8,0.3,0.4)} .
So we can view the neutrosophic soft set (F, A) as a collection of approximation
below:

(F, A)
. (41,0.6,0.7,0.3) ,(C5,0.4,0.8,0.5) , {C3,0.6,0.3,0.3) ,

beauti ful = { < (Cu, 0.>8, 0.4,0.3) , (Cs,0.8, §).3, 0.4) > } )

(C1,0.7,0.4,0.5) , (C5,0.7,0.5,0.4) , (C5,0.8,0.2,0.3) ,
(C4,0.7,0.2,0.3) , (C5,0.9,0.4,0.6) ’

(C1,0.8,0.5,0.4) ,(C5,0.6,0.7,0.3) , (C5,0.7,0.3,0.5) ,

(C4,0.5,0.3,0.6) , (C5,0.7,0.4,0.4) ’
(C1,0.8,0.7,0.5) , (C3,0.6,0.8,0.5) , (C5,0.7,0.6,0.3) , }
(C4,0.8,0.7,0.6) , (C5,0.8,0.6,0.5)
where each approximation has two parts:

(1) A predicate p and
(2) An approximate value-set v (or simply referred to as value-set v).

costly =
Model 2010 =

made in Japan =

For instance, for the approximation

beautiful cars =
{(C1, 0.6, 0.7, 0.3),(Cs, 0.4, 0.8, 0.5),(C5, 0.6, 0.3, 0.3),(Cy, 0.8, 0.4, 0.3),
(Cs, 0.8, 0.3, 0.4)}.

We have (i) predicate name beautiful cars and (ii) the approximate value-set is

{(C1, 0.6, 0.7, 0.3),(Cs, 0.4, 0.8, 0.5),(C3, 0.6, 0.3, 0.3),(Cy, 0.8, 0.4, 0.3)
(Cs, 0.8, 0.3, 0.4)}.

Hence, a neutrosophic soft set (F, A) can be viewed as a collection of approximation

like (F, A) = {p1 =wv1, p2 =V2y...,Pn = Up}.

For the purpose of storing a neutrosophic soft set in a computer, we could represent

it in the form of table as shown below (corresponding to the neutrosophic soft set in
249
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TABLE 3.1. Tabular representation of the neutrosophic soft set
(F, A) in Example 3.1.

U/A beautiful costly model 2010  made in Japan
Ch (0.6,0.7,0.3) (0.7,0.4,0.5) (0.8,0.5,0.4) (0.8,0.7,0.5)
Co (04,0.8,0.5) (0.7,0.5,0.4) (0.6,0.7,0.3) (0.6,0.8,0.5)
Cs (0.6,0.3,0.3) (0.8,0.2,0.3) (0.7,0.3,0.5) (0.7,0.6,0.3)
Cy (0.8,0.4,0.3) (0.7,0.2,0.3) (0.5,0.3,0.6) (0.8,0.7,0.6)
Cs (0.8,0.3,0.4) (0.9,0.4,0.6) (0.7,0.4,0.4) (0.8,0.6,0.5)

Example 3.1). In this table, the entries are ¢;; corresponding to the car ¢; and the
parameter a;, where

¢i; = (true-membership value of ¢;, indeterminacy-membership value ¢;, falsity-
membership value of ¢;) in F(a;). The tabular representation of the neutrosophic
soft set (F, A) is as follows:

Definition 3.2. The class of all value-set of a neutrosophic soft set (F, E) is called
value-class of the neutrosophic soft set and it is denoted by C(p, gy. For the Exam-
ple 3.1, C(F,E) - P(U)

Definition 3.3. Let (F, A) and (G, B) be two neutrosophic soft sets over a common
universe set U. (F, A) is said to be neutrosophic soft subset of (G, B), if A C B
and TF(e)(I) = Tg(e)(x),

Ip(e) (x) = Gg(e)(,T), FF(e) (3;‘) = FG(e) (I) R Veec A, x e U.

We denote it mathematically by (F, A)C(G, B).
(F, A) is said to be neutrosophic soft super set of (~G’ B), if (G, B) is a neutro-

sophic soft subset of (F, A). We denote it by (F, A)2(G, B).

Example 3.2. Consider the two neutrosophic soft sets (F, A) and (G, B) over a
common universe set U = {hy, ha, hs, hs, hs}. The neutrosophic soft set (F, A)
describes the sizes of the objects and the neutrosophic soft set (G, B) describes its
surface textures. Let
(F, A)
(h1,0.4,0.5,0.7) , (h2,0.5,0.2,0.5) , (hs,0.6,0.4,0.8) ,
(h4,0.6,0.3,0.6) , (hs5,0.4,0.3,0.6) ’
(h1,0.5,0.2,0.8) , (h2,0.6,0.5,0.8) , (hs,0.4,0.3,0.7) ,
(h4,0.2,0.6,0.8) , (hs,0.5,0.2,0.7) ’
(h1,0.4,0.6,0.6) , (h2,0.6,0.4,0.7) , (h3,0.4,0.4,0.9) ,
(h4,0.7,0.5,0.8) , (h5,0.4,0.3,0.4) } ’

small size =
= large size = {

moderate size = {

and
(G, B)
250
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(h1,0.5,0.6,0.3), (h2,0.6,0.4,0.3), (h3,0.7,0.5,0.4) ,
(h4,0.5,0.6,0.2) , (hs,0.6,0.3,0.2)
(h1,0.5,0.4,0.5), (h3,0.6,0.7,0.3) , (h3,0.4,0.4,0.5) ,
(h4,0.5,0.3,0.1) , (hs,0.6,0.3,0.2)
(h1,0.6,0.7,0.3) , (h,0.7,0.4,0.5) , (hs,0.5,0.6,0.3),
(h4,0.5,0.4,0.2) , (hs5,0.4,0.5,0.4)

small texture =
large texture = {

moderate texture =

very smoot texture = {

Obviously, A C B and (F, A)C(G, B).

(h4,0.5,0.7,0.2) , (hs,0.4,0.1,0.8)

Definition 3.4. (Equality of two neutrosophic soft sets) Let (F, A) and (G, B) be
two neutrosophic soft sets over a common universe set U. Then (F, A) is said to be
equal to (G, B), if (F, A) is a neutrosophic soft subset of (G, B) and (G, B) is a
neutrosophic soft subset of (F, A). We denote it by (F, A) = (G, B).

Definition 3.5. (NOT set of a set of parameters) Let E = {ey, €3, ..., e}
be a set of parameters. The NOT set of E is denoted by —FE is define by -F =
{—e1, —ea, ..., —e,}, where —e; = not e;, V i.

Example 3.3. Consider Example 3.1. Here
—A = {not beautiful,not costly, not model 2010, not made in Japan}.

Definition 3.6. (Complement of a neutrosophic soft set) The complement of a
neutrosophic soft set (F, A) denoted by (F, A)C and is defined as (F, A)C =
(FC, —|A)7 where F¢ : =A — P(U) is a mapping given by F¢ (a) = neutrosophic
soft complement with Trc () = Fr(z), Ipo@m) = Ip@) and Fpop) = Tp)-

Example 3.4. Consider Example 3.1. The (F, A)C describes the not attractiveness
of the cars. We have
F (not beauti ful)
_f (C41,0.3,0.7,0.6) , (C2,0.5,0.8,0.4) , (C3,0.3,0.3,0.6) ,
o { (C4,0.3,0.4,0.8) , (C5,0.4,0.3,0.8) }
F (not costly)
[ {€1,0.5,0.4,0.7) , (C5,0.4,0.5,0.7) , (C5,0.3,0.2,0.8)
- { (C4,03,0.2,0.7), (C5,0.6,0.4,0.9) }
F ( not model 2010)
(C1,0.4,0.5,0.8) , (C3,0.3,0.7,0.6) , (Cs5,0.5,0.3,0.7) ,
{ C’4,060305> (C5,0.4,0.4,0.7) }
F (not made in Japan)
B (CI,O 5,0.7,0.8) , (C2,0.5,0.8,0.6) , (C5,0.3,0.6, 0.7)
- { (C4,0.6,0.7,0.8) , (C5,0.5,0.6,0.8) } ’

Definition 3.7. (Empty or Null neutrosophic soft set with respect to a parameter)
A neutrosophic soft set (F, A) over the universe U is said to be empty or null neu-
trosophic soft set with respect to the parameter A, if Tp(.) (v) = 0, Fp() (z) = 0

251
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and Ipe) () =0, Ve € A, Vo € U. In this case, the null neutrosophic soft set is
denoted by (F, A),.

Example 3.5. Let U = {C1,Cs,C5,Cy, Cs}, the set of five cars be considered as
the universe set and A = {costly, cheap, expensive} be the set of parameters that
characterizes the cars. Consider the neutrosophic soft set (F, A) which describes
the attractiveness of the cars and

_ [ (C1,0,0,0),(C3,0,0,0), (C5,0,0,0),
F (very costly) = (C4,0,0,0), (Cs,0,0,0) ;
J— <CI’07070>7<027070’0>’<03,07070>7
F (cheap) = { (C4,0,0,0),(C5,0,0,0) )

. _ <Cla07070>7<C27O70a0>a<c3705070>7
d ( expens“)e) B <O4a Oa 07 0> ) <C57 07 Oa 0> ’
Then the neutrosophic soft set (F, A) is a null neutrosophic soft set.

Definition 3.8. (Union of two neutrosophic soft set) Let (F, A) and (G, B) be
two neutrosophic soft sets over a common universe set U. The union of (F, A)
and (G, B) denoted by (F, A)J(G, B) is defined as (F, A)U(G, B) = (H, C),
where C' = AU B and the truth-membership, indeterminacy-membership and false-
membership of (H, C) are as follows:

They () = Tr(e) (2), if ec A/B,
= Tee (2) if ee B/A,

= max (TF(G) (7)), Tee) (x) ) ifeec ANB,

Th(e) (x) = Ip(e) (2) , if ec A/B,
:IG(e) (3?) ifeEB/A R
- M ifec ANB,
Fre) (v) = Fpe (z), if ec A/B,
= FG(e) (x) if ee B/A s

= min (FF(e) (), Fae) (o) ) ifeec ANB.
Example 3.6. Let (F, A) and (G, B) be two neutrosophic soft sets over a common

universe set U given as follows:
(F, 4)
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(¢1,0.7,0.4,0.7) , (c2,0.5,0.6,0.5) , (c3,0.8,0.4, 0.3) ,
(c4,0.9,0.5,0.4) , (c5,0.7,0.8,0.1) ’
(c1,0.7,0.4,0.5) , (c2,0.6,0.8,0.3) , (c5,0.6,0.4,0.5) ,
(¢4,0.7,0.4,0.6) , {c5,0.6,0.4, 0.5) ’ )
(¢1,0.6,0.4,0.6) , (c2,0.7,0.6,0.4) , (c3,0.8,0.5,0.6) ,
(c4,0.7,0.6,0.7) , {c5,0.8,0.6,0.6) } ’

beauti ful =
= costly = {

model 2010 = {
G, B)

—

(c1,0.8,0.2,0.5) , (c2,0.7,0.4,0.3) , (c3,0.6,0.5,0.3) ,
(¢4,0.7,0.3,0.1), (c5,0.5,0.6,0.4) )
{¢1,0.8,0.6,0.7) , (c2,0.6,0.8,0.4) , (c3,0.5,0.7,0.5) , }

made in Japan =

model 2010 = (c4,0.8,0.4,0.6) , (cs,0.6,0.4,0.5)
Then the union of (F, A) and (G, B) is (H, C), where

(H, C)
. [ {C1,0.7,0.4,0.7) ,(C5,0.5,0.6,0.5) , (C,0.8,0.4,0.3) ,
beauti ful = (C4,0.9,0.5,0.4) , (C5,0.7,0.8,0.1) ’
costly — | (C1.0.7,0.4,0.5) ,(C5,0.6,0.8,0.3) , (C5,0.6,0.4,0.5).
B vy= (C4,0.7,0.4,0.6) , (Cs, 0.6,0.4, 0.5) ’
) wfodel 2010 — § (C150.8,0.5,0.6) ,(C,0.7,0.7,04) ,(C5,0.8,0.6,0.5,

(C4,0.8,0.5,0.6) , (C5,0.8,0.5,0.5) ’

(C1,0.8,0.2,0.5) , (Cs,0.7,0.4,0.3) , (C3,0.6,0.5,0.3) ,
(C4,0.7,0.3,0.1), (C5,0.5,0.6,0.4) }

Definition 3.9. (Restricted intersection of two neutrosophic soft sets) Let (F, A)
and (G, B) be two neutrosophic soft sets over a common universe set U. The inter-
section of (F, A) and (G, B) denoted by (F, A)m(G, B)is defined as (F, A)m (G, B) =
(H, C), where C = ANB # @ and the truth-membership, indeterminacy-membership
and false-membership of (H, C) are as follows: for each x € C,

TH(e) (J?) = min (TF(e) (a:) 7TG(e) (l‘) ) )

made in Japan = {

Ipe) (%) + Ig () (2)
2

Ihe) (z) =
and
FH(e) (l‘) = max (FF(e) (33) ; FG(e) (I) ) :
Example 3.7. Consider the Example 3.6 above for the union. Then the neutro-
sophic soft set (F, A)m (G, B) = (H, C), where
(H, C)
B [ (C1,0.6,0.5,0.7) , (C5,0.6,0.7,0.4) , (C3,0.5,0.6,0.6) ,
= {MOdel 2010 = { (C4,0.7,0.5,0.7) , (C5, 0.6, 0.5, 0.6) :

Proposition 3.1. For any two neutrosophic soft sets (F, A) and (G, B) over the
same universe set U, we have the following:

(1) (F, A)T(F, 4) = (F, A),
(2) (F, A)0(G, B) = (G, B)U(F, A),
(3) (F, A)0 (F, A), = (F, A),

(4) (F, A)a(F, 4) = (F, A),

(5) (F, A) (G, B) = (G, B)A(E, A),
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(6) (F, A)m(F, A)Z = (£} A)zv
1€
(M) [(F. A°] = (F.A).
Proof. The proofs are obvious. O

Proposition 3.2. Let (F, A), (G, B) and (H, C) be three neutrosophic soft sets
over a common universe set U, then

(1) (F, AU((G, B)U(H, O)) = ((F, A)U(G, B))U(H, C),

2) (F, Aa((G, B)a(H, C) = ((F, A)n(G, B))n(H, C),

(3) (F, AU((G, Bym(H, C)) = ((F, A)U(G, B))m ((F, A)U(H, (O)),

4) (F, A)a((G, B)U(H, 0)) = ((F, Am(G, B))U ((F, A)m(H, C))
Proof. The proofs are obvious. O

Definition 3.10. (AND-product operation of two neutrosophic soft sets) Let
(F, A) and (G, B) be two neutrosophic soft sets over a common universe set
U. The AND-product of (F, A) and (G, B) denoted by (F, A)A(G, B) is de-
fined as (F, A) 7\ (G, B) = (H, C), where C = A x B and the truth-membership,
indeterminacy-membership and false-membership of (H, C) are as follows:

Th(ere0) (2) = min (Tr(ey) (2), To(es) (2) )

IH(61,€2) (z) = IF(el)(m)‘;IG(eg)(m) and

FH(el,ez) (.T) = max (FF(el) (I),Fg(EQ) (1‘) ) R Y el € A, Y e € B.

Example 3.8. Consider Example 3.6. Then (F, A)A (G, B) = (H, C). Let

a1 = beautiful, ay = costly, a3 = model 2010, and b; = made in Japan,bs =
model 2010. Then
(H, O)
(ar, b)) = (C1,0.7,0.3,0.7), (C5,0.5,0.5,0.5) , (C5,0.6,0.45,0.3) ,
b o= (C4,0.7,0.4,0.4) , (C5,0.5,0.7,0.4) ’
(ar, b) = (C1,0.7,0.5,0.7) , (C5,0.5,0.7,0.5) , (C5,0.5,0.55,0.5) ,
1, B2/ = (C4,0.8,0.45,0.6) , (C5,0.6,0.6,0.5) '
(a9, by) = (C1,0.7,0.3,0.5) , (C5,0.6,0.6,0.3) , (C3,0.6,0.45,0.5) ,
e U= (C4,0.7,0.35,0.6) , (C5, 0.5,0.5,0.5) ’
- (a2, b) = (C1,0.7,0.5,0.7) , (C5,0.6,0.8,0.4) , (C5,0.5,0.55,0.5) ,
T2 (C4,0.7,0.4,0.6) , (C5,0.6,0.4,0.5) '
(as, b)) = (C1,0.6,0.3,0.6) , (C5,0.7,0.5,0.4) , (C5,0.6,0.5,0.6) ,
8 "= (C4,0.7,0.45,0.7) , (C5,0.5,0.6,0.6) '
(a5, by) = (C1,0.6,0.5,0.7) , (C5,0.6,0.7,0.4) , (C3,0.5,0.6,0.6) ,
3 72/ = (C4,0.7,0.5,0.7) , (Cs,0.6,0.5, 0.6)
Definition 3.11. (OR-product operation of two neutrosophic soft sets) Let

(F, A) and (G, B) be two neutrosophic soft sets over a common universe set
U. The OR-product of (F, A) and (G, B) denoted by (F, A)\7 (G, B) is de-
fined as (F, A) \7 (G, B) = (J, C), where C = A x B and the truth-membership,
indeterminacy-membership and false-membership of (H, C) are as follows:

Tj(el’e2) (l‘) = max (TF(el) (.’L‘) ,Tg(ez) (.T) ) 5
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IJ(el,QQ) ({L‘) = w and

FJ(el,ez) (.’t) = min (FF(el) (x) aFG(eg) (LB) ) R Ve € A, Y ey € B.

Example 3.9. Consider Example 3.6. Then (F, A) \7 (G, B)=(J, C). Let ay =
beautifulas = costly,as = model 2010 and by = made in Japan,bs = model 2010.
Then

(J, O)
(ar, br) = (C1,0.8,0.3,0.5) , (C5,0.7,0.5,0.3) , (C3,0.8,0.45,0.3) ,
’ (C4,0.9,0.4,0.1) , (C5,0.7,0.7,0.1) :
(ar, by) = (C1,0.8,0.5,0.7) , (C2,0.6,0.7,0.4) , (C3,0.8,0.55,0.3)
' (C4,0.9,0.45,0.4) , (C5,0.7,0.6,0.1) :
(4, by) = (C1,0.8,0.3,0.5) , (C,0.7,0.6,0.3) , (C5,0.6,0.45,0.3) ,
_ ’ (C4,0.7,0.35,0.1) , (Cs5,0.6,0.5,0.4) ’
(4, by) = (C1,0.8,0.5,0.5) , (C,0.6,0.8,0.3) , (C5,0.6,0.55,0.5) ,
’ (C4,0.8,0.4,0.6) , (Cs,0.6,0.4,0.5) ’
(a5, b)) = (C1,0.8,0.3,0.5) , (C2,0.7,0.5,0.3) , (C3,0.8,0.5,0.3) ,
’ (C4,0.7,0.45,0.1) , (C5, 0.8,0.6,0.4) :
(a5 by) = (C1,0.8,0.5,0.6) , (C,0.7,0.7,0.4) , (C5,0.8,0.6,0.5) ,
3 T2 (C4,0.8,0.5,0.6) , (C5,0.8,0.5,0.5)

Proposition 3.3. Let (F, A),(G, B) and (H, C) be three neutrosophic soft over
a common universe set U. Then

W (7 HA (@ BIAWH 0) = ((F 4)
(F, AV (@ BV H, 0) = ((F 4)

(2) )
(3) (F, AYA(F, A) = (F, A).
(4) (F, AV (F, A) = (F, A)

(@. B)) AH, O),

(@ B) V(H, O),

<@ >

(F, AN\ <(G, B)\ (H, C’))_ (F, A\ (G, BxC)=(N,Ax BxC),

where for all (b, ¢) € BxC, M (b, c) = G(b)NH(c) and for all (a, b, ¢) € AxBxC,
N(a, b, ¢) = F(a)n M(bc) = F(a)n(G () NH(c) = (F(a)NG(b)NH (c) =
Q (a,b) N H(c) with Q (a,b) = F (a) NG (b). Then

(Q, A x B)K (H, C) = ((G, B)K(H, c>> N\ (H, C).

Thus (1) holds.
(2) The proof is similar to proof of (1).
The proofs of (3) and (4) are straightforward. O

Definition 3.12. (Extended intersection of two neutrosophic soft set) Let (F, A)
and (G, B) be two neutrosophic soft sets over a common universe set U. The
extended intersection of (F, A) and (G, B) denoted by (F, A)Ng(G, B) is defined
s (F, A)Ng (G, B) = (W, C), where C = AU B and the truth-membership,
indeterminacy-membership and false-membership of (W, C) are as follows:
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Tw (e ()

IW(E) (I) = IF(e) (:E) )

FW(e) (33)

:Tp(e) ((E), ’Lf e GA/B

= TG(e) ((E)

if e€ B/A

= min (TF(e) (x) ,Tg(e) (x) ) ifeec ANB,

ifec A/B
:I(;(e) (.T) ifeEB/A
_ Ip(e)(l);rfc(e)(ﬂﬂ) if ec AN B,
:FF(e)(m)7 ZfBEA/B
:FG(e) (l‘) if@EB/A

= max (FF(S) (z), Fge () ) if ee ANB.

Example 3.10. Consider Example 3.6. Then the extended intersection of (F, A)

and (G, B)is (W, C),
(W, ©)
[ {C1,0.7,0.4,0.7) ,(C5,0.5,0.6,0.5) , (C5,0.8,0.4,0.3) ,
beauti ful = (C1,0.9,0.5,0.4) , (C5,0.7,0.8,0.1) )
costi — J (C1.0.7,0.4,0.5) ,(C5,0.6,0.8,0.3) , (C5,0.6,0.4,0.5),
B vy= (C4,0.7,0.4,0.6) , (Cs,0.6,0.4,0.5) ’
- [ (C1,0.6,0.5,0.7) ,(C,0.6,0.7,0.4) , (C,0.5,0.6,0.6) ,
Model 2010 = (C4,0.7,0.5,0.7), (C5, 0.6,0.5,0.6)
e in Jaman — | (C1:08,02,0.5) (C5,0.7,0.4,0.3) , (C5,0.6,0.5,0.3).
pan = (C4,0.7,0.3,0.1), (Cs,0.5,0.6, 0.4)

Definition 3.13.

and (G, B) be two neutrosophic soft sets over a common universe set U. The
restricted union of (F, A) and (G, B) denoted by (F, A)Ur(G, B) is defined as
(Fa A)UR(Ga B) =

(Restricted union of two neutrosophic soft sets) Let (F, A)

(V, C), where C = AN B # @ and the truth-membership,

indeterminacy-membership and false-membership of (V, C) are as follows:
= max (TF(e) (.’E) aTG(e) ((E) ) 3

IV(e) (:l?) =
= min (Fp(e) (z), Fae () ) , YeeC.

TV(e) ((E)

FV(e) (l‘)

Ire) (@) g ()

Example 3.11. Consider Example 3.6. Then (F, A)Ug (G, B) = (V, C), where

vV, ©)

= {Model 2010 = { {

C1,0.8,0.5,0.6) , (C2,0.7,0.7,0.4) , (C5,0.8,0.6,0.5) ,
(C4,0.8,0.5,0.6), (Cs, 0.8,0.5,0.5) '

Proposition 3.4. Suppose that (F, A), (G, B) and (H, C) are three neutrosophic
soft sets over the same universe set U. Then

AYun (£, ) = (F. 4)

(1)

bl

3

4

!

(F,
(F
(F
(
(
(
(

R les e

(2
(
(
(5
(6
(

7

Ur ((G, B)Ur (H, ) = ((F, A)Ur (G, B))Ur (H, C),
(G, B), = (F, A),
(G, B), = { (%11)4)),7 ’Oé}:i;]ie where D = AN B,

(G, B)Ap (H, C)) = ((F, A)f (G, B))Ag(H, C),
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Proof. The proofs are straightforward. O

Theorem 3.1. Let (F, A), (G, B) and (H, C) be neutrosophic soft sets over a
common universe set U. such that (ﬁ , C’) C (F , A). Then

1) (F, A)fgp ((G, B)U (H c)) C((F, APg (G, B)U(H, C),
@) (F, A)fgp ((G, B0 (H c)) = ((F, A)fg (G, B)U(H, C), if A C

Proof. The proofs are straightforward. O

Theorem 3.2. If (F, A), (G, B) and (H, C) are three neutrosophic soft sets over
a common universe set U. Then
(1) (F, A)Ur((G, B)m (H, C)) = ((F, A)Ur (G, B))m ((F, A)Ur (H, C)),

Proof. The proofs are straightforward. O

Theorem 3.3. Let (F, A) and (G, B) be two neutrosophic soft sets over U. Then
the following holds.
(1) (F, A)m (G, B) is a neutrosophic soft set over U, if it is non-null,
(2) (F, A)Ng (G, B) is a neutrosophic soft set over U, if it is non-null,
(3) (F, A)Ur (G, B) is a neutrosophic soft set over U, whenever, it is non-null
and if F (z) and G (z) are ordered by inclusion relation for all

z € supp((F, A)Ur (G, B)),

(4) (F, A) A\ (G, B) is a neutrosophic soft set over U, if it is non-null,

(5) (F, A)U(G, B) is a neutrosophic soft set over U, if it is non-null and if A
and B are disjoint,

(6) (F, A)\ (G, B) = (N, A x B) is a neutrosophic soft set over U, if it is
non-null and if F'(z) and G (y) are ordered by inclusion relation for all

(z, y) € supp(N, A x B),
(7) (F, A)+ (G, B) is a neutrosophic soft set over U, if it is non-null.

Proof. (1) Let (F, A)m (G, B) = (K, C), where K (z) = F(x) N G(x), for all
x € C=ANB # @. By hypothesis, (K, C) is a non-null neutrosophic soft set over
U. If x € supp(K, C), then K (z) = F(z) N G(z) # @. It follows that F(z) # @
and G(x) # @ are both neutrosophic set over U. Thus K (z) is a neutrosophic set
over U, for all z € supp(K, C). So (K, C) is a neutrosophic soft set over U.

(2) Let (F, A)Ng (G, B) = (M, AU B), where

F (z), ifre A-B
M (z) = G (z), ifre B—A
F(z)NnG(z), ifrxeANB,

for all x € AU B. Then by the hypothesis, (M, AU B) is a non-null neutrosophic

soft set over U. Let x € supp(M, AUB).If ©z € A— B, then @ # M (x) =

F(z).Ifx € B— A, then @ # M (z) = G(z), and if z € AN B, then M (z) =
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Fx)NG(x) # @. Since F(z) # @ and G(r) # @ are both neutrosophic
set over U, M (z) is a neutrosophic set over U, for all « € supp (M, AU B). Thus
(F, A)Ng (G, B) = (M, AU B) is a neutrosophic soft set over U.

(3) Let (F, A)Ugr (G, B) = (R, AN B), where R(x) = F(z) UG (z), for all
x € ANB # @. Then by hypothesis, (R, AN B) is a non-null neutrosophic soft set
over U. if x € supp(R, ANB), then R (z) = F (z)UG (x) # @. Since, F (z) and G (x)
are ordered by inclusion relation for all z € supp (R, ANB),F (z) UG (z) = F (x)
or F(z) UG () = G(x). Since F (z) # @ and G (x) # @ are both neutrosophic
set over U, R(x) is a neutrosophic set over U, for all x € supp (R, AN B). Thus
(R, AN B) is a neutrosophic soft set over U.

(4) Let (F, A)A(G, B) = (Q, Ax B), where Q(xz,y) = F (z) NG (y), for all
(z,y) € A x B. Then by hypothesis, (Q, A x B) is a non-null neutrosophic soft set
over U. If (x, y) € supp (Q, A X B), then Q (z, y) = F () NG (y) # &. It follows
that F (z) # @ and G (y) # & are both neutrosophic set over U. Thus Q (z, y)
is a neutrosophic set over U for all (z, y) € supp(Q, A x B). So (F, AA\(G, B)
is a neutrosophic soft set over U.

(5) Let (F, A)U(G, B) = (V, AU B), where

F (z), ifte A-B
V(x) = G(x), ifre B—A
F(z)UG(z), ifzeANB.
For all x € AUB and AN B = @, it follows that either z € A— B or z € B— A, for
allz € AUB. If x € A— B, then V () = F'(z) is a neutrosophic set over U and if
r € B— A, then V (z) = G (x) is a neutrosophic set over U. Thus (F, A)U(G, B)
is a neutrosophic sgft set over U.

(6) Let (F, A)V (G, B) = (N, A x B), where N (z, y) = F () UG (y), for all
(z, y) € A x B. Then by hypothesis, (N, A x B) is a non-null neutrosophic soft
set over U. If (x, y) € supp(N, A x B), then N (z, y) = F (z) UG(y) # &. Since
F (z) and G (y) are ordered by inclusion relation for all (z, y) € supp(N, A x B),
F(x)UG(y) = F(z) or F(z)UG(y) = G(y). Tt is clear that F (z) # & and
G (y) # @ are both neutrosophic set over U for all (z, y) € supp(N, A x B). Thus
(F, A)V (G, B) is a neutrosophic soft set over U.

(7) (F, A)+ (G, B) = (H, Ax B), where H (x, y) = F(z) + G (y), for all
(z,y) € Ax B. Then by the hypothesis, (H, A x B) is a non-null neutrosophic soft
set over U. Suppose (x, y) € supp (H, A x B). Then H (z, y) = F (z) + G (y) #
@. It means that F (z) # @ and G (y) # @ are both neutrosophic set over U.
Thus H (z, y) is an neutrosophic set over U for all (z, y) € supp (H, A x B). So
(F, A)+ (G, B) is a neutrosophic soft set over U. O

4. DE MORGAN’S LAWS AND INCLUSIONS

Theorem 4.1. Suppose (F, A) and (G, B) are two neutrosophic soft sets over a
common universe set U. Then

1) ((F, A)Ur (G, B)) = (F, A°a(G, B)°,
( ) (F, A)m (G, B))" = (F, A°Ur(G, B)".

Proof. (1) Let (F, A) = {<c, Tr) () Ip@) (¢), Frea) (c)> ic€ U} and
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(G, B) = {{c, Tew) (), Igw) (), Fgu (c)):c €U} be two neutrosophic soft
sets over the common universe set U. Also, let (F, A)Ug (G, B) = (V, C), where
C=ANB# o and

e) = ¢, maxr (TF(e)( ), Tae) (©) M, .
v ={( 00, T ) = Yiceu).

Then
((F, ATUr (G, B) =V, 0)°

) Ipe)(e)+ Ig(e(c
- {< c,min (F(c), Fge () w’ > = U} (4.1)
max(Tp ) (c), Fae (c))
Again,

(F, A°n(G, B)°

. Irc Ipc e
= {< e,min(Fre(e) (¢), Fre(e) (c) ), M’ > :CEU}
max(Tpee) (), Tpe(e) (c))

Ipey(e)+Ige)(c

= {< Cvmax(TF(e)’( )7 TG(G) (C) ) M’ >:C€U}
min(Fp (c), Fae ()

) (

_ {< e;min (Fpee (¢), Fae) (©)) M’ > ce U}. (4.2)
(Tre )( ) Ta(e) ()
It is obvious that (4.1) = (4.2). Then (1) holds.
(2) Let (F, A)m (G, B) = (H, C), where C = AN B # & and for all e € C.
Then we have

. Irpey(e)+ Ige(c
H(e) = {< e.min (Tr (o) (¢), Tee) (€) N Teats, >:c€U}.
mazx(Fp) (¢), Fae)(c))

C

c
(F om @ B)° = o
< ¢, max Fp(p)( ), FG(e) (C)) ) M’ > ic € U} (4.3)
min(Tr(e) (¢), Ta(e) (c)
UR(G B)
Ipc e Ipc e
< c,max(Fpe(e) (), Fpe(e (€) ), M’ >:C€U}
min(Tre(e) (c), Tpeey (€))
Irey(e)+lge) (e
{< ¢, min TF(e)( c), TG(e)(C)) ) %G()()’ >:CEU}
max(Fpe) (c), Fae (c))
Ipey(c)+Ige(c
{< e;maz (Fre) (€), Foe (c)) , 2ol > ce U}. (4.4)
min(Tr) (c), Tae (c)
It is clear that (4.3) = (4.4). Then (2) holds. =

C

Theorem 4.2. Suppose (F, A) and (G, B) are two neutrosophic soft sets over a
common universe set U. Then

(1) ((F, 40 (G, B) = (F, A°Fr(@, B,

(2) ((F, A)fg (G, B) = (F, 4)°T(G, B)°.
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Proof. (1) Let (F, A)U (G, B) = (K, C)

{c, (max (TF(e)( ), Tg(e)( c) if QEAﬂB)) TF(e (¢) if e€ A/B,
Tae (¢) if e € BJA), (@@t 160© o c A0 B, In (c)
if e€ A/B,Ig) (c) if e € B/A), (mm(FF(e)() Fge) (c) if e€ ANB)
Frey(c) if ec A/B,Fge (c) if e € B/A)): ceU

Then
(F. 0T (@. B) = (K, O
{c, mzn FF(e)( ), Fae (c) ifeeAﬂB) ),FF(e) (¢) if e€ A/B,
Fae (¢) if e € BJA), (FreOt fe@© r o c AN B, Ix, (o)
if e€e A/B, Ig(e (c) if e € B/A), (maz (Tr) (c), T (c) if e € ANB)
Tree) () if e€c A/B,Tge (c) if e € BJA)): ceU
(F

(4.5)

- A)°Ae(G, B)°
{c, (mzn (FF(‘(E) (€), Fae(e (Ic) if( (;EIAO(B;) ) Fpeey(c) if e€ A/B,
Fgee) (¢) if e € BJA), ( FHRE22CO2 if e € AN B, Ipe(e (c)
if ec A/lelgc(e() ()c)fzf e EA?éA% (7271(1?: gT} ), TCE/Z)%) szI; € ANB)
Fe(e) (C) 1] €€ ylaee) (€) 1) e € ce
(¢, (maz (Tre) (c), T (c) if e€e ANB) ), T(c) if e A/B,
T (¢) if e € BJA), (@Ot 160 o c 40 B, I (c)
if ee A/B,é@(e) ((C)) 7;:};6 € i//z“lB),l(:’m’Ln ((Z;F((}? (¢) ,BF/CX)e; (¢) (Z]f e€ AN B)
Fe)lc) 1] €€ yT'ae)(c) 1) ee 1 ce
(¢, (min (Fre)(c), Fae (I) i{cﬁezATf) ), Fre (c) if e A/B,
o et i o
T, (( )) sz;eeee A//B) :(rmax(()Fi(}) 22 73/6,’;1()85-(5)65”]0 c€ANE)
F(e G(e) :
It is obvious that (4.5) :)( ) Then (1) holds.
(c, (min (Tp(e) (c ) TG e (c) if e€ AﬂB) ) Tree(c) if ec A/B,
Tae (¢) if e € BJA), (@Ot 160 o ¢ A0 B, Tp (c)
if e€ A/B, I (c) zf e € B/A), (max (Fpge) (¢), Fae (c) if e€ ANB)
Frey(c) if e€ A/B, Fg)(c) if e € B/A)): ceU

(R, A)fs (@ B) = (K, )
(c, (maz (Fpe)(c), Fg)(c) if e€ ANB) ), Fr (c) if e€ A/B,
Foe) (0) if e € BJA), (L@ OL160O 5 o e AN B Ir) (c) (4.7)
if e € A/B, I (c) if e € BJA), (min (T (c), Tae (¢) if e€ ANB) '
TF(e) (C) if ee A/B,TG(C) (C) ifee B/A)) ceU

(F, AU, B)°
(¢, (maz (Fpe(e (), Fgee) (c) if e € ANB) ), Fpe(e) () if e € A/B,
Faee (¢) if e € BJA), ( fe@@Hec©© e o c A0 B I, ()
if e€ A/B,Ige)(c) if e € BJA), (min (T (c), T (c) if e € ANB)
Tpe(ey () if e€ A/B,Tgee () if e € BJA)): ceU
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(c, (min (Tpee (), Tae) (c) if e€ ANB) ), Tr (c) if e € A/B,
To () if e € BJA), (OO0 i c € AN B, I (¢)
if e€ A/B,Ig)(c) if e € BJ/A),(max (Fr( (c), Foe (c) if e€ ANB)
Fpey(c) if e€ A/B,Fge) (c) if e € B/A)): ceU
(c, (maa: (Fp(e) (¢), Faee(c) if e EADB) ),FF(E) (¢) if e€ A/B,
Foe) () if e € B/A), (T 100 Gf e e A0 B, I, (c)
if e€ A/B,Ig) (c) if e € BJA), (min (Tre) (c), Tge) (c) if e € ANB)
Tre)(c) if e€ A/B,Tg) (c) if e € B/A)): ceU
It is clear that (4.7) = (4.8). Then (2) holds. O

Theorem 4.3. Suppose (F, A) and (G, B) are two neutrosophic soft sets over a
common universe set U. Then

() (B, A0 (G BY SR, 4) (G, B)

(@) (1, A0@G, BT (. AT, B).

Proof. (1) Let (F, A)m (G, B) = (H, C), where C = ANB # & and for all e € C.
Then we have

. Irey(e)+ Ige(c
H(e) = {< e, min (Tre (¢), Tae) (€)) w’ >:ceU}.
maz(Fre (¢), Fae ()

(F, A)m (G, B) = (H, C)°

I c I
:{< C’maz(FF(E).(C); F@(e)( )) , Ir@)(O)+ Tg(c) )+ ce (e
min(Tre) (), Tae) (c))

CEU} (4.9)
(F, A°a(G, B)°
Ipce C+IFC9 C
{{ cmintFeeiy € Fry ) L@ el cev)
max(Tpee) (c), Tre(e) (C)

")
)

_ {< ¢ mag TF e) i ., To (c) ’ IF(e)(C +Ic(e> > ceU}
i i )

Fre (C , Fage (
= {< ¢, min FF(e)( (e (0)) IF(e) C)HGM(C)
maz( F( y(€)s Tee (0)
It is clear that (4.9) C (4.10). Then (1) holds.
(2) (F, A)°0(G, B)"
(c, (mam (ch(e) (¢),Faee () if e€ ADB) ) Fpegey(c) if ec A/B,
Faee) (¢) if e € BJA), ( fre@@OHe©© e o c A0 B, I, ()
if e€ A/B,Igee) (c) if e € BJA), (min (T (c),Tge(e) (¢) if e € AN B)
Tpeey (c) if e€ A/B,Tge(e) (c) if e € B/A)): ccU
(c, (min (Tre (¢), Tae) (c) if e€ ANB) ), Tre (c) if e € A/B,
Ta (c) if e € B/A),(M if e € ANB, Ip) (c)
if e€ A/B,Ig)(c) if e € BJA),(max (Fr (c), Foe (c) if e€ ANB)
FF(e) (C) if ee A/B,Fg(e) (C) if ee B/A)> ceU
261

ce U} (4.10)

C

(4.8)



H. M. Balami /Ann. Fuzzy Math. Inform. 18 (2019), No. 3, 245-271

(c, (ma:z: (FF(S) (¢), Fgey(c) if ec AOB) )7FF(6) (¢) if e€ A/B,
Fa(e) (¢) if e € BJA), (FIEIe0 g o € AN B, I, (c) (4.11)
if e€ A/B,Ig)(c) if e € B/A),(min (Tre) (c), T (c) if e€ ANB)
TF(e)( ) if ee A/B TG(e) (C) ifee B/A)) ceU

et (F, A)U (G, B) = (K, C)

(c, (maz (Tp(e) (e), Tae) (c) if eeAﬂB) )7TF(5) (¢) if e€ A/B,
_ Tae (¢) if e € BJA), (Zw@T 160 o c A0 B, I, (c)
if e€ A/B,Ig)(c) if e € BJA), (min (Fp) (c), Fg)(c) if e € ANB)
Frey(c) if e€ A/B,Fge(c) if e € B/A)): ceU
Then
(F. 0T (@. B) = (K, O
(c, (min (Fpee)(c), Fae (c) if e€ ANB) ), Fpe(c) if e A/B,
_ Fae) (c) if e € BJA), (51000 if o € AN B, Ip() (o) (4.12)
if e€ A/B,Ig)(c) if e € BJA),(max (Tr) (c), Te (c) if e € ANB) '
Tr(e () if ec A/B, T (c) if e € BJ/A)): ccU

It is obvious that (4. 11) (4.12). Then (2) holds. O

Theorem 4.4. Suppose (F, A) and (G, B) are two neutrosophic soft sets over a
common universe set U. Then

(1) (F, °0(G, B)°C((F, 4T (G, B)®

(2) ((F, A)n(G, B)C (F, TG, B)".

Tpe(e)(c)+1pe(e)(c)

- {< o (FFC(S) AN T R et

()
Irey(e)+ge) (e ©
_ {< e;maz (Tr(e) (0), Tage) (o)) , AeOemlE >:CEU}
mm(FF(E) (C » FG(e) (C))

)
Ipey(e)+1g(e(c)
(), ===, >:ceU} (4.13)

Tae (¢) if e € BJA), (Zw@T 160 o c A0 B, I, (c)
if e€ A/B,Ig)(c) if e € BJA), (min (Fp) (c), Fg)(c) if e € ANB)

(
{ (c, (maz (Tp(e) (c), Taw) (c) if e€c AN B) ) Tree(c) if eec A/B,
Fpey(c) if e€ A/B,Fge(c) if e € B/A)): ceU

Then
((F7 A)O (G’ B)) = (Ka O)C
{c, (min(FF(e)( ), Fg(e (¢) ifeEAﬂB) )7FF(e) (¢) if e€ A/B,
_ Fae (¢) if e € BJA), (FrelOt few© r o c AN B, Ix, (o) (4.14)
if e€ A/B,Ig)(c) if e € BJA),(max (Tr) (c), T (c) if e € ANB) '
Tre (c ) if ec A/B, T (c) if e € B/A)): c€U

It is obvious that (4.13) C (4.14). Then (1) holds.
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(2) Let (F, A)m (G, B) = (H, C), where C = ANB # & and for all e € C.
Then we have

. Ipcey(e)+ Ige(c
H(e) = {< e.min (T (€), oo (¢)) , e, >:ceU}.
mazx(Fp) (¢), Fae)(c))

Thus
(F, Am (G, B) = (H, C)°

I (O)+ o
_ { ¢, max (FF(e)'(C)a Fae (C)) ) M, > ‘ce U} (4.15)
min(Tr) (¢), Tae (¢))

and
(F, A)°0(G, B)©
(c, (maw (FFC(e) (¢),Fgee) (c) if e€ ADB) ) Fregey(c) if ec A/B,
Faee) (¢) if e € BJA), ( fre@@He©© e o c A0 B, I, ()
if e € A/B,Igee) (c) if e € BJA), (min (T (c),Tge(e) (¢) if e € AN B)
Tpeey (c) if e€ A/B,Tge(e) (c) if e € B/A)): ccU

(c, (min(TF(e) (c), Tee (c) ifeEAﬂB)) Fpey(c) if ec A/B, ©

Foe (0) if e € B/A), (8160 Gp o e A0 B, Ip, (c)
if e€ A/B,Ig)(c) if e € B/A),(max (Fr (¢), Foe (c) if e€ ANB)
FF(e) (C) Zf e c A/B,Fg(e) (C) Zf e e B/A)> celU

(¢, (max (Fpe) (), Fge)(c) if e€ ANB) ), Fp (c) if e € A/B,
Fa) (¢) if e € BJA), (Ireld2 16@© ¢ o e AN B, I, (c)
if e€ A/B,Ig)(c) if e € B/A), (min (Tre) (c), T (c) if e € AN B)
Tr (e (c) if e€ A/B,Tg (c) if e € B/A)): ceU
It is clear that (4.15) C (4.16). Then (2) holds. O

(4.16)

5. NEUTROSOPHIC SOFT SET BASED DECISION MAKING

Like most of the decision making problems, neutrosophic soft set based decision
making involves the evaluation of all the objects which are decision options. Most of
these problems are essentially humanistic and therefore subjective in nature (that is
based on human understanding and ability to see). In general, there actually does
not exist a uniform criterion for the evaluation of decision options.

5.1. Level soft sets of neutrosophic soft set.

In this section, we present an approach to neutrosophic soft set based decision mak-
ing problems. This is based on the following concept called level soft set.

Definition 5.1.1. Let ¥ = (F, A) be a neutrosophic soft set over U, where A C E
and F is a set of decision parameters. For s,t, v € [0, 1], the (s,t,v) — level soft
set of U is a crisp soft set L (¥3s,t,v) = <F(8 t0) A> defined by: for all a € A,
Fis, 1) (@) = L(F (a);s, t,v)
= {x €U : pup@) (r) > 5, 2p) () >t and Af(a) (z) <w }
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This definition is clearly an extension of level soft sets of fuzzy soft sets. That is,
s €0, 1] and ¢ € [0, 1] can be viewed as a given least threshold on member-
ship values, indeterminate values respectively and v € [0, 1] can be seen as a given
greatest threshold on non-membership values. In a real-life application of neutro-
sophic soft sets based decision making, normally the thresholds are predetermined by
the decision maker(s) and represent their requirements on truth-membership levels,
indeterminate-membership levels and falsity-membership levels.

For (s,t,v)-level soft sets, let us consider Example 3.1 and ¥ = ( F, A) with
tabular representation in Table 2. It is obvious that the (s,¢,v)-threshold of ¥ =
(F, (A) is neutrosophic set:

Now, let us take s = 0.6, t = 0.3 and v = 0.3, then we obtain the following:

L(F(a1);0.7, 0.3, 0.3) = {c1,c3,ca},
L(F (as);0.7, 0.3, 0.3) = { },
L(F(a3);0.7, 0.3,0.3) = {2},
L(F (a4);0.7, 0.3,0.3) = {cs}.
Then the (0.7, 0.3, 0.3) —level soft set ¥ = ( F, A) is a soft set L (¥;0.7, 0.3, 0.3) =

<F‘(0_770_37 0.3)5 A>7 where the set- valued mapplng F(O.7,043, 0.3) * A — P(U) is de-
fined by:

F(()'7’0.3’ 0.3) (Cll) = L(F (al) ,07, 037 03) for i = 1, 2, 3, 4.
Then Table 2 gives the tabular representation of the (0.7,0.3,0.3)-level soft set
L (9;0.7,0.3,0.3) with choice value.

Table 2: Tabular representation of the (s, t, v)-level soft set L (¥;0.7, 0.3, 0.3)
with choice value

U/A a; as as ay Choice value (c;)
c1 1 0 0 0 1
Co 0 0 1 0 1
cs 1 0 0 1 2
Cq 1 0 0 0 1
Cs 0 0 0 0 0

From Table 2, the maximum choice value is c3 = 2 and this corresponds to car c3.

Decision: The optimum decision for Mr X is to select car cg for transportation for
his wedding celebration.

Definition 5.1.2. Let ¥ = ( F, A) be a neutrosophic soft set over U, where A C F

and F is a set of decision parameters. Let h : A — [0, 1] x [0, 1] x [0, 1] be a

neutrosophic set in A which is called a Threshold neutrosophic set. The level soft

set of ¥ with respect to h is a crisp soft set L (¥, h) = (F},, A) defined by

Fila) = L(F(a); h(@) = {2 €U: ppe (@) 2 un (@), Cp (@) > Oala) and

Ar(a) (7) < Ap(a)} for all a € A. Clearly, the level soft sets of neutrosophic soft sets
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with respect to a neutrosophic set are extensions of the level soft set.

Definition 5.1.3. (The mid-level soft set of a neutrosophic soft set) Let ¥ = (
F, A) be a neutrosophic soft set over a universe set U, where A C FE and FE is a
set of decision parameters. Based on the neutrosophic soft set ¥ = ( F, A), we can
define a neutrosophic set midy : A — [0, 1] x [0, 1] x [0, 1] define by: for all a € A’

1
Hmidy (a) = m Z MF(a)(l‘),

zecU

»Qmid\Il (CL) = |75,| Z QF(a) (.’1?)

zeU
and

Amidw (@) = ﬁ Z AF(a) ().
zeU
Then the neutrosophic set midy is called the mid-threshold of the neutrosophic soft
set U. In addition, the level soft set of ¥ with respect to the mid-threshold neu-
trosophic set midy, namely L(¥, midy ) is called the mid-level soft set of ¥ and
is represented simply by L(¥;mid). In what follows the mid-level decision rule will
mean using the mid-threshold and considering the mid-level soft set in neutrosophic
soft sets based decision making.

Algorithm 1

(1) Input the neutrosophic soft set ¥ = ( F, A).

(2) Input a threshold neutrosophic set h: A — [0, 1] x [0, 1] x [0, 1] (or give
a threshold value triple (s, t,v) € [0,1] x [0, 1] x [0, 1]; or choose a mid-
level decision rule; or choose the triple-top-level decision rule; or choose the
triple-bottom-level decision rule) for decision making.

(3) Compute the level soft set L(h;h) with respect to the threshold neutro-
sophic set h ( or the (s, t, v) —level soft set L(¥;s,t,v); or the mid-level
soft set L(W;mid); or the triple-top-level soft set L(Wstripletop) or the triple-
bottom-level soft set L(U;triplebottom)).

(4) Present the level soft set L (¥3h) (or L (Uss, ¢,v); L(Tymid);
orL (Ustripletop) ; or L(Ustriplebottom) ) in tabular form and compute the
choice value ¢; of o;, for all i.

(5) The optimal decision is to select oy, if ¢ = max;c;.

(6) If £ has more than one value then any one of o, may be chosen.

For mid-level soft sets, let us consider Example 3.1 and ¥ = ( F, A) with tabu-
lar representation in Table 3. It is obvious that, the mid-threshold of (F, A) is
neutrosophic set:

. [ (a1, 0.64, 0.5, 0.36), (a, 0.76, 0.34, 0.42)  (az, 0.66, 0.44, 0.44)
MR, A) = (as, 0.74, 0.6, 0.48) :
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Table 3: Tabular representation of the mid-level soft set L((F, A);mid)
with choice value

U/A a az as ag Choice value (c;)
c1 0 0 1 0 1
c2 0 0 0 0 0
3 0 0 0 0 0
4 0 0 0 0 0
cs 0 0 0 0 0

From Table 3, it is clear that the maximum choice value is ¢; = 1 and this corre-
sponds to car c¢;.

Decision: The optimum decision for Mr X is to select car ¢; for transportation for
his wedding celebration.

Definition 5.1.4. (The Triple-Top-level soft set and Triple-Bottom-level soft set
of a neutrosophic soft set) Let ¥ = ( F, A) be a neutrosophic soft set over the
universe set U, where A C FE and FE is a set of decision parameters. Based on the

neutrosophic soft set ¥ = ( F, A), we can define a neutrosophic set tripletopy :
A — [0, 1] x [0, 1] x [0, 1] by: for all a € A,

Hitripletop ¥ (a) = TEGUQC /”LF((I)(x) )
Qtrz’pletoplll (a) = TECLL% QF(a) (JZ)
and

)\tripletop v (a> = Teal}; )\F(a) (aj)

For triple-top-level soft sets, let us consider Example 3.1 and ¥ = ( F, A) with
tabular representation in Table 4. It is obvious that, the triple-top-threshold of
(F, A) is neutrosophic set:

. [ (a1,0.8,0.8,0.5) , (a2,0.9,0.5,0.6), (a3, 0.8,0.7,0.6) ,
tripletop(r, 4) = { (a4,0.8,0.8,0.6) '

Table 4: Tabular representation of the triple-top-level soft set L((F, A);
tripletop) with choice value

U/A a; as as ay Choice value (¢;)
c1 0 0 0 0 0
Co 0 0 0 0 0
c3 0 0 0 0 0
Cq 0 0 0 0 0
cs 0 0 0 0 0
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From Table 4, there is no maximum choice for Mr X. Here it means that, if Mr X
is a high income earner, no car meets his requirement.
Also, neutrosophic set triplebottomy : A — [0, 1] x [0, 1] x [0, 1] is define by:
for all a € A,

Mtriplebottom ¥ (a) = TGZ;} HE(a) (x)7

Qt’r‘iplebottom\ll (a) = ZLEZ;} QF(a) (Jf)
and

)\t'lbtt q,a—min)\p .
riplebottom ( ) el (a)

To illustrate the above definitions, we shall consider the following Example 3.1.

For triple-bottom-level soft sets, let us consider Example 3.1 and ¥ = ( F, A) with
tabular representation in Table 5. It is obvious that, the triple-bottom-threshold of
(F, A) is neutrosophic set:

, a1,0.4,03,0.3) , (a2,0.7,0.2,0.3) , (a3,0.5,0.3,0.3) |
tripiebottomir, ) :{ “ > <<a24 0.6,0.6 0.3>> . | }

Table 5: Tabular representation of the triple-bottom-level soft
set L((F, A);triplebottom) with choice value

U/A a as as ay Choice value (c;)
c1 1 0 0 0 1
Co 0 0 1 0 1
c3 1 1 0 1 3
Cy 1 1 0 0 2
cs 0 0 0 0 0

From Table 5, we can easily see that the maximum choice value is ¢3 = 3 and this
corresponds to car c3.

Decision: The optimum decision for Mr X is to select car cg for transportation for
his wedding celebration.

6. WEIGHTED NEUTROSOPHIC SOFT SET BASED DECISION MAKING

In 1996, Lin [12] defined a new theory of mathematical analysis, namely the weighted
soft sets (W-soft sets). In accordance with Lin’s style, Maji et al [13] defined the
weighted table of a soft set. A weighted table of a soft set is presented by having
dij = w; X hy; instead of 0 and 1 only, where h;; are entries in the table of the
soft set and w; are the weights of the attributes e;. The weighted choice value of an
object 0; is ¢;, given by ¢; = Y j d;;. By imposing weights on choice parameters, a
revised algorithm for arriving at the final optimal decisions was established in [13].
In tandem with this idea, we introduce the notion of weighted neutrosophic soft set
and present its application to multicriteria decision making problems.
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Definition 6.1. [10]. A weighted neutrosophic soft set is a triple n = (F, A, w)
,where (F, A) is a neutrosophic soft set over U, and w : A — [0, 1] is a weight
function specifying the weight w; = w(a;), for each attribute a; € A.

By definition, every neutrosophic soft set can be considered as a weighted neutro-
sophic soft set. clearly the concept of weighted neutrosophic soft set provides a
mathematical framework for modeling and analyzing the decision making problems
in which all the choice parameters may not be of equal significance. The difference
between the importance of parameters are characterized by the weight function in a
weighted neutrosophic soft set.

Algorithm 1 can be revised to deal with decision making problems based on
weighted neutrosophic soft sets (See Algorithm 2). In the revised algorithm, we
take the weights of parameters in to consideration and compute the weighted choice
values ¢; instead of choice values ¢;. Note that for a weighted neutrosophic soft set
n = (F, A, w) the weight function w : A — [0, 1] can be used as a threshold neu-
trosophic set, which implies that one can consider the level soft set L((F, A);w ).
This will be called decision making approach based on the weight function decision
rule in what follows. Sometimes it is much reasonable to use this decision rule since
the decision maker may need higher membership levels on the parameters he puts
on more preference.

Algorithm 2.

(1) Input the weighted neutrosophic soft set n = (F, A, w).

(2) Input a threshold neutrosophic set A : A — [0, 1], (or give a threshold
value (s,t,v) € [0, 1] x [0, 1] x [0, 1]; or choose the mid-level decision rule;
or choose the triple-top-level decision rule or choose the weight function
decision rule) for decision making.

(3) Compute the level soft set L(n; A ) with respect to the threshold neutrosophic
set A (or the (s,t,v)—level soft set L(n;(s,t,v) ); or the mid-level soft set
L(n;mid ) or the triple-top-level soft set L (n;max ) or the triple-bottom-
level soft set L (n;min )or L((F, A), w)).

(4) Present the level soft set L(n; A )(or L (n; (s, t,v) ); or L(n; mid) or L (n; max)or
L (n;min ) or L((F, A), w) ) in tabular form and compute the weighted
choice value ¢; of o; for all i.

(5) The optimal decision is to select oy if ¢ = max;c;.

(6) If k has more than one value, then any one of o, may be chosen.

Note that in the last step of algorithm 2, if too many optimal choices are obtained,
one can go back to the third step and change the threshold (or decision rule) previ-
ously used so as to adjust the final optimal decision.

To illustrate the above concept, we reconsider Example 3.1 for the (s, ¢, v)-level soft
set L (1;0.7, 0.3, 0.3) now assume that Mr X have imposed the following weights
for the parameters in A: for the parameter “beautiful”, wy; = 0.7; for the parameter
“costly”, we = 0.4; for the parameter “model 2010”7, ws = 0.5; for the parameter
“made in Japan”, wy = 0.3.
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Table 6: Tabular representation of the level soft set L((F, A), w)

U/A a1(0.7) a2(04) a3z(0.5) a4(0.3) Choice value (c;)
1 1 0 0 0 0.7
) 0 0 1 0 0.5
e 1 0 0 1 1.0
C4 1 0 0 0 0.7
cs 0 0 0 0 0.0

From Table 6, it is obvious that the maximum choice value is ¢z = 1.

Decision: The optimum decision is for Mr X to purchase car c3 for transportation
during his wedding celebration.

Also, let us consider the case of a triple-bottom-level soft sets, Example 3.1 and
U = ( F, A) with tabular representation in Table 7. It is obvious that, the triple-
bottom-threshold of (F, A) is neutrosophic set:

. 10.4,0.3,0.3) , (a2,0.7,0.2,0.3) , (a5, 0.5,0.3,0.3)
triicbottome, a :{ “ | <<ac124,0.6,0.6,0.?>>> - > }

Let us assume that Mr X imposed the following weights for the parameters in
A: for the parameter “beautiful”, w; = 0.3; for the parameter “costly”, ws = 0.25;
for the parameter “model 2010”7, ws = 0.8; for the parameter “made in Japan”,
Wy = 0.2.

Table 7: Tabular representation of the level soft set L((F, A), w)

U/A a1(0.3) a2(0.25) a3z(0.8) a4(0.2) Choice value (c;)
c1 1 0 0 0 0.30
c2 0 0 1 0 0.80
c3 1 1 0 1 0.75
c4 1 1 0 0 0.55
cs 0 0 0 0 0.00

From Table 7, It is clear that the maximum choice value is ¢ = 0.8.

Decision: The optimum decision is for Mr X to purchase car ¢ for transportation
during his wedding celebration.

7. CONCLUSION

In this paper, the basic soft set operations were defined, this includes restricted inter-

section, restricted union, and extended intersection in neutrosophic soft set context

supported with basic and illustrative examples. Some basic results on neutrosophic
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soft set were presented. We stated De Morgan’s laws and inclusions and proved
them in details. We also presented some detailed results on restricted union, union,
restricted intersection, extended intersection, AND and OR products with respect
to the various operations.

Finally, an adjustable approach to multicriteria decision making problem using
level soft set of a neutrosophic soft set was presented with relevant and illustrative
example. Weighted neutrosophic soft set and its application in decision making prob-
lem was presented. The advantage the method of multicriteria approach adopted
over the Maji et al. [13] approach is that in the adjustable approach in multicriteria
decision making, it is easy to arrive at the optimum decision within a shortest time
possible compared to that of Maji et al. that requires a lot of computations.
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