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ABSTRACT. In this paper, we introduce the concept of d-fuzzy ideals and
injective fuzzy ideals in a distributive lattice with respect to derivation. It
is proved that the set of all d-fuzzy ideals forms a distributive lattice. A
set of equivalent conditions are derived for a derivation d of L to became
injective. Moreover, we proved that the set of all injective fuzzy ideals
forms a complete distributive lattice.
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1. INTRODUCTION

Bel ana Kappe [3], and Kaya [6] have studied derivations in rings and prime

rings after Posner [10] had given the definition of the derivation in ring theory. Szasz
[14, 15]introduced and developed the theory of derivations in lattice structures. In
particular, Szasz [15] observed that a derivation d of a lattice L is a lattice homo-

morphism and also preserves the minimum 0. Ferrari [5] extended these concepts
to lattices and he embedded any lattice having some additional properties into the
lattice of its derivations. Rao [11] introduced the concept of d-ideals and injective
ideals in a distributive lattice with respect to derivations.

On the other hand, the notion of a fuzzy set initiated by Zadeh in [17]. Rosenfeld
has developed the concept of fuzzy subgroups [12]. Since then, several authors have
developed interesting results on fuzzy theory, like ([1],[2],[7],[9],[13],[16]).

In this paper, we introduce the concepts of d-fuzzy ideals and injective fuzzy
ideals in a distributive lattice with respect to derivation. We prove that the set of
all d-fuzzy ideals forms a distributive lattice. Set of equivalent conditions are given
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for a derivation d of L to became injective. We also characterized injective fuzzy
ideals in terms of extension of fuzzy ideals. Finally, we prove that the set of all
injective fuzzy ideals forms a complete distributive lattice.

2. PRELIMINARIES

We refer to Birkhoff [1] for the elementary properties of lattices.

Now we recall the concept of derivation of a lattice L.

Definition 2.1 ([15]). A self-map d : L — L is a derivation of L, if it satisfies the
following conditions:

(i) d(z A y) = (d(@) Ay) V (z Adly)),

(ii) d(z Vy) = d(x) V d(y).

In [15], Szasz observed that a derivation d of a lattice L is a lattice homomorphism
and also preserves the minimum 0.

Remark 2.2. In [5], Ferrari observed the condition (i) is redundant and is equivalent
to

dlx ANy) =d(z) Ny =z Ad(y).

Lemma 2.3 ([5]). Let d be a derivation of L. Then for any x,y € L, we have
(1) d(0) =0,
(2) d(z) <=,
() z<y=d(z) <d(y).

Remember that, for any set A, a function pu: A — [0, 1] is called a fuzzy subset
of A, where [0,1] is a unit interval, o A 8 = min{«, 5} and a V 8 = maz{«, 5} for
all o, 8 € [0,1] [17].

Definition 2.4 ([12]). Let p and 0 be fuzzy subsets of a set A. Define the fuzzy
subsets p U@ and p N6 of A as follows: for each x € A,

(1U0)(2) = u(x) v 6(x) and (1N 0)(z) = p(x) A B(x).
Then U6 and p N @ are called the union and intersection of p and 6, respectively.

For any collection, {y; : ¢ € I'} of fuzzy subsets of X, where I is a nonempty index
set, the least upper bound | J;.; p; and the greatest lower bound (1, u; of the p;’s
are given by for each z € X,

(Uier i) (@) = Vier pilz) and (Mg i) (@) = Njeg pi(),
respectively.
We define the binary operations ”+” and ”-” on the set of all fuzzy subsets of L
as:

(+0)(x) = Sup{u(y) N0(z) :y,z € L, yVz=xa} and
(- 0)(x) = Sup{u(y) NO(2) 1 y,z € L, y Nz = x}.
If ;o and 6 are fuzzy ideals of L, then -0 =pnN6é and p+60 =pVvo.
For each t € [0,1], the set

e ={x € A: plx) > t)
234
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is called the level subset of u at ¢ [17].
Note that a fuzzy subset p of L is nonempty, if there exists x € L such that

p(x) # 0.

Definition 2.5. [12] Let f be a function from X into Y, u be a fuzzy subset of X
and let 6 be a fuzzy subset of Y.

(i) The image of p under f, denoted by f(u), is a fuzzy subset of Y defined by:
for each y € Y,

fF(y) = {

(ii) The preimage of @ under f, denoted by f~1(6), is a fuzzy subset of X defined
by: for each x € X,

Sup{p(z) :x € fHy)} i f7HY) # ¢

0, otherwise.

F7HO)(z) = 0(f (2)).

Definition 2.6 ([12]). Let f be any function from a set X to a set Y and let p be
any fuzzy subset of X. Then p is called f-invariant, if for any z, y € X,

f(z) = f(y) implies pu(z) = p(y).

Definition 2.7 ([13]). A fuzzy subset p of a bounded lattice L is said to be a fuzzy
ideal of L, if for all x, y € L,

() u(0) =1

(ii) p(z Vy) = p(x) A ply),

(ili) p(x Ay) = p(@) V p(y).

In [13], Swamy and Raju observed that a fuzzy subset u of a lattice L is a fuzzy
ideal of L if and only if

©(0) =1 and p(z Vy) = p(z) A uly), for all x,y € L.

Corollary 2.8 ([13]). Let o € [0,1]. If u be a fuzzy ideal and 6 be a fuzzy filter of a
lattice such that pN O = « (the constant fuzzy subset attaining o), then there exists
a prime fuzzy ideal n of a lattice L such that

wCnandnnd=a.

Let p be a fuzzy subset of a lattice L. The smallest fuzzy ideal of L containing
is called a fuzzy ideal of L induced by p and denoted by (u] and

(] = N6 € FI(L): p C 6}

Theorem 2.9 ([8]). Let u be a fuzzy subset of L. The fuzzy subset i of L define by
(x) = Sup{t € [0,1] : © € (]} for all x € L is the fuzzy ideal induced by p.

The set of all fuzzy ideals of L is denoted by FI(L).

3. d-FUZZY IDEALS

In this section, we introduce the concept of d-fuzzy ideals in a distributive lat-
tice. We prove that the set of all d-fuzzy ideals forms a distributive lattice. Some
properties of d-fuzzy ideals also studied.

Throughout the rest of this paper, L stands for a distributive lattice with 0 and
d is a derivation of L.

235
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Lemma 3.1. Let p be a fuzzy ideal of L. If a,b € L and b < a, then d(u)(b) >
d(p)(a)-

Proof. Let a,b € L such that b < a. If d()(a) = 0, then it holds trivially. Again,
let d(u)(a) = Sup{u(r) : r € d"*(a)} = k > 0. For each € > 0, there is € d~*(a)
such that u(z) > k —e. Take y = x A b. We get that y € d=1(b) and u(y) > k — e.
This implies that for each ¢ > 0, we can find y € d=1(b) such that u(y) > k — e.
Thus d()(5) > d(11)(a). 0

Theorem 3.2. Let p be a fuzzy ideal of L. Then
(1) d(u) is a fuzzy ideal of L such that d(u) C p,
(2) d=(p) is a fuzzy ideal of L.

Proof. Suppose p is a fuzzy ideal of L and x, y € L. Clearly d(u)(0) = 1 and
d(p)(xVy) >d(p)(z) Ad(p)(y). Again, by the above lemma,

d(p)(x Ay) = d(p) (@) V d(p)(y)-

Thus d(u) is a fuzzy ideal of L.

Now we prove d(u) C pu. Let 2 € L. Then d(u)(x) = Sup {t = u(a) : a € d"1(x)}
and pu(z) = Sup {k:x € up}. Put A={t =p(a):acd(zx)}and B={k:x €
pr}. To verify that A C B, let t € A. Then t = u(a), for some a € d~*(z). This
implies a € uy and d(a) = z. Since y; is an ideal of L, d(a) € py. Thus A C B. So
d(p) € p. O

Definition 3.3. A fuzzy ideal p of L is called a d- fuzzy ideal, if p = d(p).
Example 3.4. Consider the distributive lattice L = {0,a, b, ¢, 1}

»

Define a self map d : L — L as follows: for each =z € L,

0, if z=0
dlz)=<a, if x=a,c
b, if x=5,1.

Then it can be easily verified that d is a derivation of L.
Now define a fuzzy subset u of L as follows:

#(0) = 1, u(a) = (b) = 0.5 and pu(c) = 0 = p(1).
Then p is a fuzzy ideal of L and d(u) = p. Thus p is a d-fuzzy ideal of L.
Note that for any fuzzy ideal u of a lattice L, the ideals u; are called level ideals

of p. The level ideals of y is denoted by F), and F,, = {p; : t € Im p}.
236
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Theorem 3.5. Let p be a fuzzy ideal of L. If p is d-invariant and d is onto, then
the following are true

(1) Fay = {d(pe), t € Imp},
(2) Fa-r(y = {d" (), t € Im p}.

Fyuy and Fy-1(,,) denote the family of level ideals of d(pu) and d=*(u), respectively.

Proof. (1) Take any d-invariant fuzzy ideal pu of L. First, we observe that Im pu=Im
d(p).
telImu<s u(z ):tfrsomexeL
& (d7(d(p))(x ) =t since p is d-invariant
& (d(p))(d(x)) =
s telImd(u).
Next, we proceed to show that d(u:) = (d(p)):. Let y € d(pt). Then there exists
x € yy such that d(z) = y. Which implies Sup{u(a) : a € d"*(y)} > t. This shows
that y € (d(n)):. Conversely, let y € (d(u)):. Then d(p)(y) > t. Since d is onto,
(d(p))(d(z)) > t, for some x € L such that y = d(z). This implies (d=*(d(u)))(z) >
t. Since u is d-invariant, we get that p(x) = (d=1(d(u)))(x) > t. This shows that
y = d(z) € d(uy). Thus Fa = {d). t € Im 1} = {(d(u))r. t € Im p}.
(2) Take any fuzzy ideal p of L. Then clearly, Im pu = Im d~'(u). Now we
proceed to show (d=*(u)); = d~! (Mt)
ze(d )& d Hp)(a )
w(d(z)) >
= d(x) S /Lt
sz ed ().
Thus Fy-1(,) = {d " (ue), t€Imp}={(d"(n)e, telImp}. O

Lemma 3.6. Let p and 0 be any two fuzzy ideals of L. Then we have
(1) pCO=d(u) Cd),
(2) d(16) = () 0d(0),
(3) d(uV 0) =d(u) Vv d(0).
Proof. (1) the proof is straightforward.
(2) Since pNO C pand pNO C O, by (1), we get d(pN ) C d(u) Nd(H). For any
r €L,
d(p)(z) A d(0)(x) = Sup{u(a) : a € ™" (2)} A Sup{0(b) : b€ d”(x)}.
Since d(a) = x and d(b) = z, d(a Ab) = x. Using this fact, we have
d(p)(x) AdO)(x) < Sup{u(aAb):anbed(x)}ASup{flanb):anbed(x)}
Sup{p(a Ab) AB(aAb):anbed (x)}
Sup{(uNO)(aAb):aNbecd(z)}
Sup{(uN0)(c):c € d™(z)}
= d(uno)).
Then d(p N 0) = d(p) Nd(0).
(3) By (1), we have d(u) V d(6) Cd(uV ). For any x € L,

d(u v 6)(x) = Sup{(i1V 6)(a) : a € d~(x)}
237
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= Sup{Sup{u(ri) VO(rs) :a=r; Vry};a € d1(x)}

(d(p) v d(0))(z)

= Sup{d(p)(b1) A d(0)(b2) : x = b1 V b}

— Sup{Suplulcr) : ¢1 € & (1)} A Sup{B(cs) : e € A~ (ba)}; 0 = by V by}

= Sup{Sup{u(c1) N0(c2) : c1 € d"(b1), ca € d"(ba)}}; x = by V ba}.
Put A= {(r1,m2) ELXxL:a=r Vry ac€d(z)} and
B = {(.%‘1,3?2) € LxL:x € d_l(bl), To € d_1<b2>, xr = d(bl\/b2>, b1 Vby € d_l(a:)}
If (x1,72) € B, then 77 € d='(b1), o € d Y(bs) and @1 V 22 € d~'(x). Thus
(x1,22) € Aand B C A. Sod(uVve) C (d(p)Vvd(8)). Hence d(puVv0) = d(p)vd(9). O

and

For any derivation of a distributive lattice L, let us denote the class of all d-fuzzy
ideals of L by FI4(L).

Theorem 3.7. The set F14(L) is a distributive lattice with respect to set inclusion.
Moreover, if d is onto, then FI14(L) is a complete distributive lattice.

Proof. Clearly, (F14(L),C) a partially ordered set. By the above lemma, (FI4(L),N,V)
is a lattice and sublattice of FI(L). Since FI(L) is a distributive lattice, F'I4(L) is
a distributive lattice.

Suppose d is onto. Then x|, is greatest element of FI;(L). Let {p : « € A} bea
subset of a d-fuzzy ideal of L. Then [, fa is a fuzzy ideal of L and d((,ca ta) €
MNaca Ha- Since d is onto, for any = € L, d(z) = z. Now,

d([) pa)(@) = Sup{[) pala):acd'(x)}

aEA aEA
> ﬂ Ua(x)'
a€A
Thus d((Nyen a) = Naca Ha- So (FIq(L),N,V) is a complete distributive lattice.

O

Theorem 3.8. A fuzzy subset p of L is a d-fuzzy ideal if and only if py is a d-ideal
of L, for each t € (0,1].

Proof. Let p be a d-fuzzy ideal. Then p; = (d(p)):. Since p is a fuzzy ideal, p; is
an ideal of L, for each ¢t € [0,1] and d(pu) C pe. Let « € py and t € (0,1]. Then
d(u)(x) = Sup{u(a) : a € d~1(x)} >t > 0 and = = d(z). Which implies z € d(u,).
Thus p is a d-ideal of L, for each ¢ € (0,1].

Conversely, suppose that every proper level subset of u is a d-ideal of L. Then p
is a fuzzy ideal of L and d(p) C pu. Let x € L. If u(x) = 0, then d(p)(z) > p(x).
Suppose p(z) # 0. Then

p(x) = Sup{t € (0,1] : @ € d(p)} < Sup{t € (0,1] : @ € d(p)e} = d(p)(x).
Thus p = d(p). So p is a d- fuzzy ideal of L. O
Lemma 3.9. If I is an ideal of L, then d(x1) = Xa(r)-

Proof. Let I be an ideal of L and « € L. If 2 € d(I), then « € I and there is a € T

such that d(a) = x. Thus x45)(z) =1 = d(x7)(v). Again, if x ¢ d(I), then there

is no a € I such that d(a) = = and x4(r)(z) = 0. Assume that d(xs)(z) # 0. Then
238
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d(x1)(z) = 1. This implies there is a € I such that d(a) = 2 and x € d(I). Which
is a contradiction. Thus d(x1)(z) = 0 = xq(r)(z). So d(x1) = Xa(r)- O

Theorem 3.10. A nonempty subset I of L is a d-ideal of L if and only if x5 is a
d-fuzzy ideal.

Proof. Suppose [ is a d-ideal of L, by the above lemma, y; is a d- fuzzy ideal of L.

Conversely, suppose that xs is a d- fuzzy ideal of L. Then I is an ideal of L and
d(I) CI. Let x € I. Then d(xr)(z) = 1. This implies that there is a € I such that
a € d Y(x). Thus I Cd(I). So I is a d-ideal. O

Lemma 3.11. If d is onto, then every fuzzy ideal of L is a d-fuzzy ideal.

Proof. Let p be a fuzzy ideal of L and d is onto. Then for any = € L, d(z) = z. To
show that u C d(u), let € L. Then d(p)(z) = Sup{u(a) : a € d=1(x)} > u(z).
Thus p C d(p). So p is d-fuzzy ideal. O

Theorem 3.12. Let pu be any fuzzy ideal of L. If p is a d-fuzzy ideal, then
p = Ugc,(d(9)], where 8 is a fuzzy subset of L.

Lemma 3.13. Let p be any fuzzy ideal of L. If for each fuzzy ideal 8 C u of L,
there exists a fuzzy ideal n C p of L such that 8 = d(n), then p is a d-fuzzy ideal.

Proof. Assume that for each fuzzy ideal 8 C p of L, there exists a fuzzy ideal 6 C p
of L such that 6 = d(6). Since pu C u, by the assumption, there is a fuzzy ideal
B C pof L such that u = d(B). Since d(8) C 8, we get that u C 8. Thus u = § and
w=d(u). So pis a d-fuzzy ideal. O

4. INJECTIVE FUZZY IDEALS

In this section, we introduce the concept of injective fuzzy ideals in a distributive
lattice with respect to derivation. A set of equivalent conditions are derived for a
derivation d of L to became injective. Finally, we proved that the set of all injective
fuzzy ideals forms a complete distributive lattice.

Definition 4.1. A fuzzy ideal p of L is called an injective fuzzy ideal with respect
to d, if for z,y € L,d(z) = d(y), then p(x) = u(y).

Theorem 4.2. For any nonempty fuzzy subset u of L, v is an injective fuzzy ideal
if and only if each level subset of p is an injective ideal of L with respect to d. (In
particular, a nonempty subset I of L is an injective ideal of L if and only if x5 is
an injective fuzzy ideal of L).

The following examples demonstrates the independence between the class of all
d-fuzzy ideals and injective fuzzy ideals.

Example 4.3. Consider the distributive lattice L = {0, a,b, ¢, 1} whose Hasse dia-
gram is given below:
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0

Define a self map d : L — L as follows: for each =z € L,

= 1
d(z) = {a, T =a, c,

0, otherwise.

Then it can be easily verified that d is a derivation of L.
Now define a fuzzy subset p of L as follows:

1(0) =1 = p(b) and p(a) = p(c) = p(1) = 0.4.
Then p is an injective fuzzy ideal but not a d-fuzzy ideal of L.

Example 4.4. Considering the distributive lattice L = {0,a,b,¢,1} given in the
Example 3.4 mentioned earlier, we have seen that  is a d-fuzzy ideal and d(a) = d(c),
but p(a) # p(c). From this, we can simply observe that u is a d-fuzzy ideal but not
injective with respect to d.

Lemma 4.5. The characteristic function of Ker d is the smallest injective fuzzy
ideal of L.

Proof. Since Ker d is an injective ideal of L, by Theorem 4.2, x ke, ¢ is an injective
fuzzy ideal. To show Xger q is the smallest injective fuzzy ideal, let us take any
injective fuzzy ideal p of L with respect to d. Suppose € Ker d. Then d(z) =
0 = d(0). Since p is injective with respect to d and u(0) = 1, we get that p(x) = 1.
Thus Ker d C p. So Ker d is the smallest injective fuzzy ideal of L. 0

In the following theorem we established a set of equivalent conditions for x ¢} to
become an injective fuzzy ideal.

Theorem 4.6. The followings are equivalent in L:
(1) xgoy is an injective fuzzy ideal of L with respect to d,

(2) XKer d = X{0}»
(3) d(z) =0 implies that x =0, for all x € L.

Proof. (1) = (2): Suppose {0} is an injective fuzzy ideal of L with respect to d.
Then clearly, x{0} € Xkera- By Lemma 4.5, Xker 4 is the smallest injective fuzzy
ideal of L. Thus we get that xxerq C X{0}- SO0 XKerd = X{0}-

(2) = (3): Suppose Xkera = X{0}- Then Ker d = {0}. Thus fixed any z € L
satisfying d(z) = 0, x € Ker d. By our hypothesis, we get that « € {0}. This shows
that = 0, for all # € L such that d(z) = 0.

(3) = (1): Suppose the condition (3) holds. To prove xyoy is an injective fuzzy
ideal, it suffices to show that {0} is an injective ideal. Let x,y € L such that
d(z) = d(y) and = € {0}. Then d(y) = 0. Thus by the condition (3), y = 0 and
y € {0}. So xqoy is an injective fuzzy ideal of L with respect to d. O
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In the following theorem a set of equivalent conditions is given for a derivation d
of L to become injective.

Theorem 4.7. The following conditions are equivalent in L:
(1) d is injective,
(2) Every fuzzy ideal is injective with respect to d,
(3) Every prime fuzzy ideal is an injective fuzzy ideal with respect to d.

Proof. (1) = (2) = (3): The proof is straightforward.

(3) = (1): suppose every prime fuzzy ideal of L is an injective fuzzy ideal. Let
x,y € L such that d(z) = d(y). Assume that x # y. Without loss of generality, we
can assume that (z] N [y) = ¢. x(y and x|, are fuzzy ideal and fuzzy filter of L,
respectively such that x(; N x[,) = X (the constant fuzzy subset attaining, value
0), by Corollary 2.8, there exists a prime fuzzy ideal 8 of L such that

X(z] & 0 and HQX[y) =X

Since x (5] € 0, 0(x) = 1. Again, 0(y) N x[y)(y) = 0. Since 0 is meet irreducible in
[0,1], 8(y) = 0. Which is a contradiction. Thus d is injective. O
Theorem 4.8. A fuzzy ideal p of L is injective with respect to d if and only if for
any x € L, p(x) = p(d(x)).

Now we are going to discuss about the extension of fuzzy ideals. We also char-
acterize injective fuzzy ideals in terms of extension of fuzzy ideals. That is, for any
given fuzzy ideal p of L always there exists a smallest injective fuzzy ideal containing

7

Definition 4.9. For any fuzzy ideal p of L, an extension of u is defined as:
W () = Sup{u(a) : d(z) € (d(a)]}.

Lemma 4.10. For any fuzzy ideal u of L, ,u, s a fuzzy ideal of L.

Proof. Let pu be a fuzzy ideal of L. Then p ( ) =1. For any z,y € L,

w(@)Ap(y) = Supfu(a):d(x) € (da)]} A Sup{u(b) : d(y) € (d(b)]}

= Sup{u(a) A p(b) : d(z) € (d(a)], d(y) € (d(b)]}
= Sup{p(aVb):d(z) € (d(a)], d(y) € (d(b)]}

= Sup{p(aVb):d(x)Vd(y) € (d(a)] Vv (d(b)]}

= Sup{p(aVb):d(zVy) e (d(a)VdD)}

= Sup{u(aVb):d(zVy) € (dlaVb)}

< Sup{p(c) - d(z Vy) € (d(c)]}

= 4 (zVy).

And, ' (2) = Sup{p(a) : d(z) € (d(a)]} < Sup{p(a) : d(x Ay) € (d(a)]} = p'(z Ay).
Similarly, x' (z) < u'(z Ay). This shows that u'(z Ay) > p' (x) V 1 (y). Thus s
a fuzzy ideal of L. O

Example 4.11. Considering the distributive lattice L = {0,a,b,c¢, 1} given in the
Example 4.3. Define a fuzzy subset p of L as follows:
241
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#(0) = 1, 1u(b) = 0.5 and p(a) = p(e) = (1) = 0.4.
Then p is a fuzzy ideal of L. Now we can easily show that p (0) = ' (b) = 1 and
pa) =p(c) =p (1) =04
Lemma 4.12. For any two fuzzy ideals p and 0 of L, we have the following:
W) nCp,
(2 uCl=puco,
(B3) p N =(und).
Proof. The proofs of (1) and (2) are straightforward. Now we proceed to prove the
following. Let u and 6 be fuzzy ideals of L. Then by (2), we get (uN 9)/ cony.
For any z € L, i’ (z) A0 (z) = Sup{u(a) : d(z) € (d(a)]} A Sup{0(b) : d(z) € (d(b)]}.
If d(z) € (d(a)] and d(z) € (d(b)], then we get d(z A a) = d(x), d(z Ab) = d(x)
and d(z A (a Ab)) = d(z). Thus based on this fact we have,
() A0 (z) < Sup{u(zA(aAb)):d) e (daA (anb)}
A Sup{f(z A (a D)) :d(z) € (d(zA(and)]}
Sup{u(z A (aAb))AO(x A (aAD)):d(x) e (dxzA(anbd)]}
= Sup{(pNd)(xA(anb)):d(x)e (dxA(anb)}
Sup{(1N0)(e) : d(x) € (d(c)]}
= (uNo) (z).
So (und) =pu NG O

IN

Proposition 4.13. For any fuzzy ideal p of L, ,u, is the smallest injective fuzzy
ideal of L with respect to d such that y C b .

Proof. Let p be any fuzzy ideal of L. Then /Ll is injective. To show p, is the
smallest ideal containing p, suppose € is any injective fuzzy ideal of L containing p.
Let 2 € L. Then p'(z) = Sup{u(a) : d(x) € (d(a)]}. This implies d(z A a) = d(z),
for all @ € L such that d(x) € (d(a)]. Since 6 is injective and p C 6, we have
w(a) < 0(zx), for all a such that d(x) € (d(a)]. This implies 6(z) is an upper bound
of {u(a) : d(z) € (d(a)]}. Thus ' (z) < 6(x). So p is the smallest injective fuzzy
ideal containing p. O

Corollary 4.14. If u is an injective fuzzy ideal of L, then p = ul.

Theorem 4.15. The set IFI(L) of all injective fuzzy ideals of L with respective to
a giwen derivation d of L forms a complete distributive lattice.

Proof. Since L is injective ideal, x, is a largest injective fuzzy ideal of L. For u, 60 €
IFI(L), define the operations A and L such that g A0 = N6 and pU6 = (u\V o).
Then clearly, pu A0, pU 0 € IFI(L) and (IFI(L),A,U) is a lattice. Now for any
w,0,m € IFI(L), we have p U (0 An) = (uUO)A(OUnR). Thus (IFI(L),A L) is a
distributive lattice. To show IFI(L) is complete, let {{o : @ € I} be a subfamily
of IFI(L). Then (,c; fa is fuzzy ideal of L. Let 2,y € L such that d(z) = d(y).
Then N ta(x) = influa(z) : a € It = inf{pa(y) : @ € I} = (\,es taly). Thus
(IFI(L),A,U) is a complete distributive lattice. O
242
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5. CONCLUSIONS

In this work, we introduce the concept of d-fuzzy ideals and injective fuzzy ideals
in a distributive lattice with respect to derivation and investigate some their prop-
erties. We have shown that the class of d-fuzzy ideals forms a distributive lattice.
Moreover, the class of d-fuzzy ideals can be made a complete distributive lattice
whenever d is onto. Furthermore, a set of equivalent conditions also derived for a
derivation d to become injective. Our future work will focus on studding a d-fuzzy
ideals of an almost distributive lattice.
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