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ABSTRACT. We define a hesitant fuzzy BCK/BCI-algebra and obtain
some of its properties. Next, we introduce the concept of hesitant fuzzy
ideal and obtain some of its properties and give some examples. Finally,
we define a hesitant fuzzy positive implicative ideal, a hesitant fuzzy im-
plicative ideal, a hesitant fuzzy commutative ideal and investigate some of
its properties, respectively and their relations. In particular, we give char-
acterizations of hesitant fuzzy positive implicative ideal, a hesitant fuzzy
implicative ideal and a hesitant fuzzy commutative ideal, respectively.
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1. INTRODUCTION

I 2010, Torra [21] introduced the notion of a hesitant fuzzy set which can con-
sider as the generalization of fuzzy sets (Refer to [18, 20]). After then, Jun et al.
[8] studied hesitant fuzzy bi-ideals in semigroups. Xia and Xu [22] applied hesitant
fuzzy set to decision making. Furthermore, Deepark and John [2] investigated hes-
itant fuzzy rough sets through hesitant fuzzy relations. Also They [3, 4, 5] studied
homomorphisms of hesitant fuzzy subgroups, and hesitant fuzzy subrings and ideals.
On the other hand, Alshehri and Alshehri [1] applied Hesitant anti-fuzzy soft sets to
BCK-algebras. Jun and Ahn [7] studied hesitant ideals in BC'K-algebras. Muhi-
uddin and Aldhafeeri [16] studied Subalgebras and ideals in BCK/BCI-algebras
based on uni-hesitant fuzzy set theory. Rezaei and Saeid [17] introduced the notion
of hesitant fuzzy filters, and obtained some of its properties and studied hesitant
Fuzzy implicative filters in BE-algebras. Solariaju and Mahalakshmi [19] investi-
gated hesitant intuitionistic fuzzy soft groups. Deepark and Mashinchi [6] studied
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hesitant L-fuzzy relations. Recently, Krishankumar et al. [14] studied a new two-
stage decision-making framework for supplier outsourcing using hesitant fuzzy infor-
mation and a new ranking method called three-way hesitant fuzzy VIKOR. Kim et
al [12] introduced the category HSet(H) consisting of all hesitant H-fuzzy spaces
and all morphisms between them and studied HSet(H) in the sense of a topological
universe. Also they [13] investigated hesitant fuzzy subgroups and rings.

In this paper, we define a hesitant fuzzy BCK/BCI-algebra and obtain some of
its properties. Next, we introduce the concept of hesitant fuzzy ideal and obtain some
of its properties and give some examples. Finally, we define a hesitant fuzzy positive
implicative ideal, a hesitant fuzzy implicative ideal, a hesitant fuzzy commutative
ideal and investigate some of its properties, respectively and their relations. In
particular, we give characterizations of hesitant fuzzy positive implicative ideal, a
hesitant fuzzy implicative ideal and a hesitant fuzzy commutative ideal, respectively
(See Theorems 5.6, 5.17 and 5.24).

2. PRELIMINARIES

In this section, we list some basic definitions and some properties needed in the
next sections.

A BCK/BCI-algebra is an important class of logical algebras introduced by K.
Iséki (see [10, 11]) and was extensively investigated by several researchers.

An algebra (X;*,0) is called a BCI-algebra, if it satisfies the following axioms:
for any z, y, z € X,

(D) ((z*y) * (z % 2)) * (zxy) =0,
(II) (z* (z +y)) xy =0,
(ITI)  * = = 0,
(IV)zxy=0,yxz=0 = x=y.
If a BCI-algebra X satisfies the following identity:
(V) 0xx =0, for each x € X,

then X is called a BC' K-algebra.
Any BCK/BCI-algebra X satisfies the following conditions: for any z, y, z € X,

(2.1) %0 =z,

(2.2) c<y=>axxz<y*xz, z2xy<zx,
(2.3) (xxy)*xz=(z*xz)*y,

(2.4) (z*2)*%(y*2) <z*y,

where x < y if and only if z xy = 0.
Any BCT-algebra X satisfies the following conditions (see [9]): for any z, y, z €

X,
(2.5) zx(z*x(xxy)) =x*y,
(2.6) Ox(xxy)=(0xx)*(0xy).

A BCK-algebra X is said to be positive implicative, if it satisfies the condition:

(2.7) Vo, y, z€ X)((xxy)*2) = (x*2) * (y *2)).
210
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A BCK-algebra X is said to be implicative, if it satisfies the condition:

(2.8) Vo, y € X)(z =z x (y xx)).
A BCK-algebra X is said to be commutative, if it satisfies the condition:
(2.9) (Va, y € X)(z* (zxy) =yx (y*x)).
Definition 2.1 ([12, 21]). Let X be a reference set and let P[0, 1] denote the power

set of [0,1]. Then a mapping h : X — P[0, 1] is called a hesitant fuzzy set in X.
The hesitant fuzzy empty [resp. whole] set, denoted by h® [resp. hl], is a hesitant
fuzzy set in X defined as: for each z € X,

BO(z) = 6 [resp. h(x) = [0,1]].
In this case, we will denote the set of all hesitant fuzzy sets in X as HS(X).

Definition 2.2 ([2]). Let hy, ho € HS(X). Then

(i) we say that hy is a subset of hs, denoted by hy C ho, if hi(z) C hao(z), for
each r € X,

(ii) we say that h; is equal to hs, denoted by hy = ho, if hy C ho and he C hy.

Definition 2.3 ([12]). Let hq, ho € HS(X) and let (h;);es C HS(X). Then
(i) the intersection of h; and hs, denoted by hiNhsg, is a hesitant fuzzy set in X
defined as follows: for each = € X,

(h1ﬁh2)($) = hl(l') N hg(l‘),

(ii) the intersection of (h;);jcs, denoted by ﬁjejhj» is a hesitant fuzzy set in X
defined as follows: for each z € X,

(ﬂjeth)(Jf) = ﬂ hj(),
jeJ
(iii) the union of hy and hs, denoted by hiUhs, is a hesitant fuzzy set in X defined
as follows: for each x € X,

(h10h2)(a)‘) = hl(x) U hg(.’lﬁ),

(iv) the union of (h;);cs, denoted by Oje]hj, is a hesitant fuzzy set in X defined
as follows: for each x € X,

U, @) = U hita).
JjeJ
Definition 2.4 ([12]). Let X be a nonempty set and let h € HS(X). Then the
complement of h, denoted by h¢, is a hesitant fuzzy set in X defined as: for each
z e X,
he(z) = h(x)° =1[0,1] \ h(x).

Definition 2.5 ([13]). Let h € HS(X). Then h is called a hesitant fuzzy point with
the support € X and the value ¢ # A € P[0, 1], denoted by xy, if ) : X — P[0, 1]
is the mapping given by: for each y € X,

A ify#x

10} otherwise.

211
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We will denote the set of all hesitant fuzzy points in X as Hp(X).
For any z, y, € Hp(X), we say that ) is equal to y,, denoted by =\ =y, if
r=yand A = pu.

Definition 2.6 ([13]). Let h € HS(X) and let ) € Hp(X). Then z, is said to be
belong to h, denoted by z) € h, if A C h(x).
It is obvious that h = [, cs%x.

3. HESITANT FUZzY BCK-ALGEBRAS

Definition 3.1. Let (X;*,0) be a BCI/BCK-algebra and let hy, hy € HS(X).
Then the hesitant fuzzy product of hy and hsy, denoted by hj o ho is a hesitant fuzzy
set in X defined as follows: for each z € X,

(hioho)(@) =] _ [h(y) Nha(z).

Y*Z=2

Example 3.2 (See Example 1 of 12 pages in [15]). Let X = {0, a, b, ¢} be the BCK-
algebra with the following Cayley table:

*x|10 a b c
0|0 0 0 O
ala 0 0 a
blb b 0 b
clec ¢ ¢ O
Table 3.1

Consider two hesitant fuzzy sets h; and ho defined as follows:
71 (0) = (0,1), haa) = [0.2,0.6), hy(b) = {0.3,0.7}, hi(c) = (0.4,0.8],
h2(0) = (0,1], ha(a) ={0.1,0.5}, ho(b) = (0.4,0.9], ha(c) = {0.2,0.7}.
Since0=0%x0=0%xa=0xb=0xc=axa=bx*xb=cx*c,
(h1 0 h2)(0)
= (h1(0) Nh2(0)) U (R1(0) N ha(a)) U (h1(0) Nha(b)) U (h1(0) N ha(c))
=(0,1).
Similarly, we have
(hy o hg)(a) =[0.2,0.6], (hy o he)(b) = {0.3,0.7}, (h1 o he)(c) = (0.4,0.8].
Then we can see that (h; o hg) is a hesitant fuzzy set in X.

Proposition 3.3. Let (X;%,0) be a BCI/BCK-algebra, let hy, hy € HS(X) and
let xx, y, € Hp(X). Then
(1) zxoyu = (& * Y)anp, in particular, xx oyx = (T *y)x,

(2) hyohy = U-’»K)\eh17 v €haTA O Y-

Proof. (1) Let z € X and suppose z = & %y . Then

(@x o yu)(z) = Uz:x’*y/ [2a(z") Ny (y)] = AN p.

(2) Let h = Omehl, yuchy T 0 Yy and let z € X. Then
212



J. Kim et al./Ann. Fuzzy Math. Inform. 18 (2019), No. 3, 209-231

(1 © h2)(2) = Uppua [ (w) N o (0)]
5 Unsums(Usy ey, gene [ () N34(0)]

= U:v,\Ehl, Yu€ha [xA o yﬂ]

= h(2)
and ~ _
h(Z) = ,\L,meehl’ }{;Leh/g (Uu*v:z[x)\(u) N y#(v)])

= gu*v=z(Ux>\€h1, Yu€ha [l’)\(u) n y#(v)])

B gu*v:z[uhl(u) (u) N Uhg(v)(v)]

Uy [ () 1 o (v)]

= (hoh)(z).
Thus hy o he = h. So h10h2:U1A6h17yuyeth)\oyH. O

The followings are immediate results of Proposition 3.3 (1).

Proposition 3.4. Let (X;*,0) be a BCI/BCK -algebra. Then (Hp(X),o) satisfies
the followings: for any x, y, z € X,

1) ((xk o yu) © (l‘A © Zl/)) © (ZV © yu) = OAﬂuﬂu;

) (x>\ ° (Z‘)\ © yu)) OYu = 0)\(1;4;

) x0Ty = Oxrp,

)ifexoy, =0, andy,0oxy =0,, thenx =y and v = p = AN, in fact,
= Yrnp but T\ # yu in general,

For a fixed A € P[0,1], let [Hp(X)]x denote the set of all hesitant fuzzy points
with the value in X. Then by Proposition 3.3 (1), we have the following results.

Proposition 3.5. Let (X;*,0) be a BCI/BCK -algebra and let A € P[0, 1] be fized.
Then ([Hp(X)]a;0,0)) satisfies the followings: for any xx, yx, zx € [Hp(X)]x,

HBCI-1 ((xx oyx) o (zxo2x)) o (zx0oyr) =0y,

HBCI-2 (I’A o} (IL‘)\ o y)\)) oYy = O)\,

HBCI-3 )OIy — 0)\,

HBCI-4 z) oyy = 0y and yy o xy = 0y imply x) = yx,

HBCK-5 O,\ Oy = O)\.

In this case, ([Hp(X)]a; 0,0,) will be called a hesitant fuzzy pointwise BC1/BCK-
algebra with the value A induced by X.

For a BCK-algebra X, we define a binary relation < on ([Hp(X)]x;0,0,) as
follows: for any zy, yx € [Hp(X)]a,

z) <y, if and only if x) o yy = 0x.

Then we have the following results.
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Theorem 3.6. Let (X;x,0) be a BCK -algebra and let A € P[0,1] be fized. Then
([Hp(X)]x;0,0y) is a hesitant fuzzy BCK -algebra if and only if it satisfies the fol-
lowings: for any x, y, € X,

(3.1) (wxoyn)o(wrozy) < 2xoyn,

3.2) zxo (zxoyr)) < Yr,

33) TX < TN,

3.4) xx <yx and yx <z imply xx = Y,

35) 0)\ S M

Theorem 3.7. Let (X;%,0) be a BCK-algebra. Then X is positive implicative if
and only if for any xx, y., 2, € Hp(X),

(3.6) (Troyu) oz = (zr02) 0 (Yu 0 20).

Proof. Suppose X is positive implicative and let zy, y,, 2, € Hp(X). Then by
Proposition 3.3 (1),

(@xoyu) oz, = (T*y)rnu * 02 = ((T *Y) * 2)xapunw
and

(iC)\ o Zl/) o (yu o Zl/) = (CE * Z))\ﬂu o (y * Z),u,ﬁu = ((iC * Z) * (y * Z)))\ﬂ/.tﬁl/'
Since X is positive implicative, by (2.7), (z *y) x z = (2 * 2) * (y * z). Thus (3.6)
holds.
The proof of the converse is easy. 0

The following is an immediate result of Theorem 3.7.
Corollary 3.8. Let (X;%,0) be a BCK-algebra and let X\ € P[0,1] be fized. Then
X s positive implicative if and only if [Hp(X)]x is positive implicative, i.e., for any
Tx, Yx, 2x € [HP(X)]>U
(3.7) (xoyn)ozn=(xx02zr)o0(ysozy).
Theorem 3.9. Let (X;*,0) be a« BCK-algebra and let A € P|0,1] be fized. Then X
is implicative if and only if [Hp(X)|x is implicative, i.e., for any xx, yx € [Hp(X)]x,
(3.8) T\ =)0 (yxoxy).
Proof. Suppose X is implicative and let x, vy, € [Hp(X)]x. Then by Proposition
3.3 (1), zxo(yroxy) =zro(yxx)y = (x*(y*x))x. Since X is implicative, by (2.7),
x =z * (y*x). Thus (3.8) holds.

The proof of the converse is easy. O

Theorem 3.10. Let (X;%,0) be a BCK-algebra. Then X is commutative if and
only if for any xx, y, € Hp(X),
(3'9) x)\o(a:Aoyu =Yuo (yuo-%'A)-
Proof. Suppose X is commutative and let zx, y,, 2, € Hp(X). Then by Proposition
3.3 (1),
zao(zroy, =azr0 (T*yY)ranu = (@ * (Z*Y))rnp
and
Y © (Y ©%x) = Yu © (Y * @)anp = (U * (¥ * 2))anp-
Since X is commutative, by (2.9), (z *y) * 2 = (z * 2) * (y * z). Thus (3.9) holds.
214
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The proof of the converse is easy. O

The following is an immediate result of Theorem 3.11.

Corollary 3.11. Let (X;%,0) be a BCK-algebra and let A € P[0,1] be fived. Then
X is commutative if and only if [Hp(X)]x is commutative, i.e., for any Tx, yx, €
[HP (X)])u

(3.10) zxo (zxoyn =yro (yroxy).
4. HESITANT FUZZY SUBALGEBRAS AND IDEALS

In what follows, let X denotes a BCK/BCI-algebra unless otherwise specified.

Definition 4.1 (See [7]). Let h° # h € HS(X). Then h is called a hesitant fuzzy
subalgebra of X, if it satisfies the following condition:

(HFSA) h(z*y) D h(z) Nh(y), Yz, y € X.
It is clear that h' is a hesitant fuzzy subalgebra of X.

Example 4.2. (1) Let X = {0, a, b} be the BC K-algebra with the following Cayley
table: Let h be the hesitant fuzzy set in X given by:

‘@Q O‘*‘

h(0) = (0,1), h(a) =10.3,0.9), h(b) = (0.2,0.8].
Then we can easily see that h is a hesitant fuzzy subalgebra of X.

(2) Let X ={0,a,b,c} be the BCK-algebra given by Example 3.2. Let h be the
hesitant fuzzy set in X given by:

h(0) = (0.2,0.7], h(a) = [0.3,0.6], h(b) = (0.2,0.4]u{0.5,0.6}, h(c) = (0.3,0.4)U{0.6}.
The we can easily see that h is a hesitant fuzzy subalgebra of X.

Theorem 4.3. Let X be a BOK-algebra and let h® # h € HS(X). Then h is a
hesitant fuzzy subalgebra of X if and only if it satisfies the following condition:

(4.1) (Vax, yp € Hp(X))(xr, yp €I = 270y, € D)

Proof. Suppose h is a hesitant fuzzy subalgebra of X and for any z», y, € Hp(X),
suppose z, Y, € h. Then h(z) D A and h(y) D p. Thus
h(z *y) D h(z) N h(y) [Since h is a hesitant fuzzy subalgebra of X]
D AN p.
So zx oy, = ( * Y)anu € h. Hence the condition (4.1) holds.

Conversely, suppose the necessary condition (4.1) holds and let =, y € X. Let
h(z) = A and h(y) = p. Then clearly, zx, y, € h. Thus by the condition (4.1),
(@ *Y)xnp =Tr0yu € h. So h(zxy) D AN p = h(z) N h(y). Hence h is a hesitant
fuzzy subalgebra of X O

215



J. Kim et al./Ann. Fuzzy Math. Inform. 18 (2019), No. 3, 209-231

Definition 4.4 (See [7]). Let h® # h € HS(X) and let A € P[0, 1]. Then the A-level
set of h, denoted by hj, is a subset of X defined by:

ha={x € X : h(z) D A}.
It is obvious that either hy = ¢ or hy # ¢. In the future, we will assume h)y # ¢,
for each A € P[0, 1].

Theorem 4.5. Let h® # h € HS(X) and let hy # ¢, for each A € P[0,1]. Then h
is a hesitant fuzzy subalgebra of X if and only if hy is a subalgebra of X.
In this case, hy will be called the A-level subalgebra of X.

Proof. Suppose h is a hesitant fuzzy subalgebra of X and let z, y € h), for each
A € P[0,1]. Then h(z) D A and h(y) D A. Thus h(z *y) D h(xz) Nh(y) D A. So
xxy € hy. Hence h) is a subalgebra of X

Conversely, suppose hy is a subalgebra of X, for each A € P[0,1] and for any
xz, y € X, let h(z) N h(y) = p. Then clearly, x, y € h,. Thus by the hypothesis,
x*xy € hy. So h(x+y) D = h(xz)Nh(y). Hence h is a hesitant fuzzy subalgebra of
X. O

Proposition 4.6. Let h be a hesitant fuzzy subalgebra of X. Then h(0) D h(x), for
each x € X.

Proof. Let x € X. Then clearly, zxz = 0. Thus h(0) = h(z*z) D h(x)Nh(z) = h(zx).
So h(0) D h(z). O

Proposition 4.7. Let X be a BCI-algebra. if h is a hesitant fuzzy subalgebra of
X, then h(z * (0xy)) D h(z) Nh(y), for any z, y € X.
Proof. Let z, y € X. Then by Definition 4.1 and Proposition 4.6,

h(zx (0xy)) D h(z) Nh(0*xy) D h(z)NA(0)NA(y) = h(z) Nh(y).

Theorem 4.8. Let h be a hesitant fuzzy subalgebra of X. Then
(Va, y € X)(h(x *y) D h(y) < h(zx) = h(0)).

Proof. Suppose h(z *y) D h(y), for any =, y € X. Let y = 0. Then by (2.1),
h(z) = h(z *x 0) D h(0). By Proposition 4.6, h(0) D h(z), for each € X. Thus
h(z) = h(0), for each z € X.

Conversely, suppose h(z) = h(0)), for each z € X. Let 2, y € X. Then by the
hypothesis and Proposition 4.6,

h(z xy) D h(z) Nh(y) = h(0) N h(y) = h(y).
Thus h(z *y) D h(y). O

Proposition 4.9. Let h be a hesitant fuzzy subalgebra of X and let A € P[0, 1] such
that hy # ¢. We define a mapping h* : X — P[0,1] as follows: for each x € X,

«r | h(z) if © € hy
W (x) = { ) otherwise.

Then h* is a hesitant fuzzy subalgebra of X .
216
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Proof. Tt is clear that h* is a hesitant fuzzy set in X from the definition of A*. From
Theorem 4.5, it is obvious that hy is a subalgebra of X, for each A € P[0,1] with
hy # ¢. Let x, y € X.

Suppose z, y € hy. Then clearly, z *y € h). Thus

h*(x xy) = h(x xy) D h(z) Nh(y) = h*(z) NR*(y).
Suppose x € hy or y & hy. Then h*(z) = ¢ or h*(y) = ¢. Thus
h(xxy) D¢ =h*(x)Nh*(y).

So in ether cases, h*(x *xy) D h*(z) Nh*(y). Hence h* is a hesitant fuzzy subalgebra
of X. O

Let A be a nonempty subset of a set X, let A\, u € P[0, 1] be fixed such that A 2 I
and let ha, [ha],u) @ X — P[0,1] be two mappings defined as follows, respectively:
for each = € X,

_J0,1] ifreA
ha(w) = { 10) otherwise,

adow@ ={ ) Eed

I otherwise.
Then clearly, h4 and [ha](x,,) are hesitant fuzzy sets in X. In particular, hypy is a
special hesitant fuzzy point in X.
The followings are immediate results of definitions of hy and [ha](x .-

Theorem 4.10. Let A be a nonempty subset of a BCK -algebra X and let A\, u €
P[0,1] be fized such that 2 . Then the followings are equivalent:

(1) A is a subalgebra of X,

(2) ha is a hesitant fuzzy subalgebra of X,

(3) [halxp) is a hesitant fuzzy subalgebra of X.

Definition 4.11. Let h® # I € HS(X). Then [ is called a hesitant fuzzy ideal of
X, if it satisfies the following conditions:

(HFI) I1(0) D I(x), Vx € X,

(HFI,) I(z) D I(xxy)NI(y), Vo, y € X.

It is obvious that h' is a hesitant fuzzy ideal of X. We will call A' is trivial. A
hesitant fuzzy ideal I of X is said to be proper, if I # h'.
The followings are immediate results of ha and [ha](x .-

Theorem 4.12. Let A be a subset of a BCK-algebra X such that 0 € A and let
A, p € P[0,1] be fized such that A 2 . Then the followings are equivalent:

(1) A is an ideal of X,

(2) ha is a hesitant fuzzy ideal of X,

(3) [halxp) is a hesitant fuzzy ideal of X .

Example 4.13. (1) Let X = {0, a, b} be the BC K-algebra given in Example 4.2 (1).
Then we can see easily see that X is an implicative BC K-algebra. Moreover, by The-
orem 4.12, 05 € Hp(X), hjoy, h{o,a}» hgop}s (ol g0t [hioel ey bt
are hesitant fuzzy ideals of X.
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Q O O

QR O %
QO "R OO
o O o oln

b
Table

b
0
0
0
a
4.

2

(2) Let X = {0,a,b,c} be the BCK-algebra with the following Cayley table:
Then we can easily see that X is a commutative BC K-algebra. Moreover, by The-
orem 4.12, 05 € Hp(X), hoy, [h{o}](r,n) and h' are hesitant fuzzy ideals of X.

(3) Let X ={0,a,b,¢,d} a BCI-algebra with the following Cayley table:

x0 a b ¢ d
00 0 0 ¢ c
ala 0 a d c
bbb b 0 ¢ ¢
cle ¢ ¢ 0 O
dld ¢ d a 0
Table 4.3

Consider the mapping I : X — P[0, 1] defined by:
1(0) =[0.1,0.9], I(a) =[0.2,0.4) U{0.5,0.8}, I(b) =(0.1,0.3]U{0.5} U[0.7,0.8],
I(c) =[0.1,0.5] U (0.7,0.8), I(d) =1[0.2,0.4] U{0.5,0.6,0.7,0.8}.

Then we can easily see that I is a hesitant fuzzy ideal of X.

Theorem 4.14. Let h® #1 € HS(X). Then I is a hesitant fuzzy ideal of X if and
only if Iy is an ideal of X, for each X € P[0,1] such that I1(0) D A.

Proof. Suppose I is a hesitant fuzzy ideal of X. For each z € X, let I(x) = A. Then
by (HFI), I(0) D I(x). Thus I(0) D A. So 0 € I,.

Now suppose z *xy € Iy and y € I . Then clearly, I(z xy) D A and I(y) D A
Thus by (HFI), I(xz) D I(x *y) NI(y) D A. So x € I. Hence I is an ideal of X.

Conversely, suppose T, is an ideal of X, for each A € P[0, 1] such that 7(0) D \.
For each z € X, let I(z) = p C [0,1]. Then clearly, I(0) D p = I(z). Now for any
z, y€ X, let I(x+xy) =\, I(y) = p and let 6 = AN p. Then clearly, z xy € I5 and
y€ls. Thusz € Is. SoI(x) Dd=ANp=I(xxy)NI(y). Hence I is a hesitant
fuzzy ideal of X. O

Theorem 4.15. Let h® # 1 € HS(X) such that 1(0) = [0,1]. Then I is a hesitant
fuzzy ideal of X if and only if it satisfies the following condition:

(4.2) (Vzx, yu € Hp(X))(@roy, € I and y, € [ = zxny € I).

Proof. Suppose I is a hesitant fuzzy ideal of X and for any zy, y, € Hp(X), let
zxoy, € I and y, € I. Then I(y) D p. Since xx 0y, = (T*Y)xnpu, L(x*y) D AN L.
Thus by the hypothesis, I(xz) D I(z*y) NI(y) D (ANpu)Np=ANp. So zx, € 1.
Hence the condition (4.2) holds.
Conversely, suppose the necessary condition (4.2) holds and for any z, y € X, let
I(z*y) =0 and I(y) = p. Then there is A € P[0,1] such that zx oy, = (2 * y)rxnp
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and ANp =9, and y, € I. Thus (z *xy)rxn, € I, ie., zx 0y, € I. By the condition
(4.2), exnp € 1. SoI(z) DANp=ANp)Np=0Np=I(z*y)NI(y). Since
I(0) = [0,1], it is clear that I(0) D I(x), for each z € X. Hence I is a hesitant fuzzy
ideal of X. 0

Lemma 4.16. Let I be a hesitant fuzzy ideal of X. Then
Vo, ye X)(xxy=0= I(x) D I(y)).

Proof. Suppose x xy =0, for any z, y € X. Then
1) > I(z +y) N 1(y) By (HFL)]
= I1(0) N I(y) [By the hypothesis]
— I(y). [By (HFI,)] O

Since y < « if and only if y * x = 0, the following is an immediate result of the
above Lemma.

Corollary 4.17. Let I be a hesitant fuzzy ideal of a BCK-algebra X. If for any
xz, y€ X,y <uwz, then I(y) D I(x).

Proposition 4.18. Let I be a hesitant fuzzy ideal of X. Then
(1) (Vz, y, z € X)((I(zxy) D I(z*2)NI(z*y)),
(2) (Vz, y € X)((I(z *y) = 1(0) = I(z) > I(y)).
Proof. (1) Let z, y, z € X. Since X is a BC K-algebra, by the axiom (I),
(2 %9)* (0 2) * (2 9) = 0.
Then by Lemma 4.16, I((z * y) * (x * 2)) D I(z * y). Thus
Hxxy) DI((z*y)*(xx2))NI(xxz) By (HFI)]
S Iz y) N I(x % 2)
=I(xxz)NI(z*y).
(2) Suppose I(z *y) = I(0), for any x, y € X. Then
I(z) 5 I(z +y) N I(y) [By (HFI)]
= I1(0) N I(y) [By the hypothesis]|
=I(y). By (HFI)] O
Theorem 4.19. Let I be a hesitant fuzzy ideal of X. Then the followings are
equivalent:

(1) (Va, y € X)I(zxy) D I((z *xy) xy)),
(2) (Va, y, 2z € X)(I((z* 2) * (y * 2)) D I((x *y) * 2))).

Proof. (1)=(2): Suppose the condition (1) holds and let z, y, z € X. Since X is a
BCK-algebra, by (2.3), (2.4) and the definition of <,
Le, ((xx(y*xz2))*x2)x2)*((xxy)*2)=0.
Then by Lemma 4.15,
(2)=(1): Suppose the condition (2) holds and let y = z in (2). Then by (III) and

(2.1),
I((w%2) % 2)) € I((w#2) * (2% 2) = I((w2) x 0) = (& +2)
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This completes the proof. O

Proposition 4.20. Every hesitant fuzzy ideal of a BCK-algebra X is a hesitant
fuzzy subalgebra of X.

Proof. Let I be a hesitant fuzzy ideal of a BC'K-algebra X and let z, y € X. Then

clearly, by (2.3) and (V), (x xy) *xx = 0. Thus by Lemma 4.16 and (HF'I5),
IHaxxy) D I(x) D I(xxy)NI(y) D I(x)NI(y).

So I is hesitant fuzzy subalgebra of X. d

Remark 4.21. If X is a BCI-algebra, then Proposition 4.20 is not hold, in general.

Example 4.22 (See Example 4 in [16]). Let (Y,*,0) be a BCI-algebra and let
(Z,—,0) be the adjoint BCI-algebra of the additive group (Z,+,0) of integers.
Let X = Y x Z and let ® be the operation on X defined as follows: for any
(z,m), (y,n) € X,

(‘r7m)®(y’n) = (l‘*yvm_n)'
Then clearly, X is a BClI-algebra. for a subset A = Y x (NU {0}) of X, let
I:X — PJ[0,1] be the hesitant fuzzy set in X given by: for each (z,m) € X,

I(m):{ A if (x,m) € A

¢ otherwise,

where A € P[0, 1] with A # ¢. Then we can easily see that I is a hesitant fuzzy ideal
of X. Consider (0,2), (0,3) € A. Then clearly, (0,2) ® (0,3) = (0,—1) € A. Thus

1((0,2) ® (0,3)) = ¢ 2 A = 1(0,2) N 1(0,3).
So I is not a hesitant fuzzy subalgebra of X.

Proposition 4.23. Let I be a hesitant fuzzy ideal of X. Then I satisfies the fol-
lowing condition:

(4.3) Ve, y, z€ X)((xxy)x2=0=I(x) D I(y) N I(2)).
Proof. Suppose (zxy)*z = 0, for any x, y, z € X. Then by (H FI,) and Proposition
46,
Haxy) DI((z*xy)x2)NI(z)=1(0)NI(z) =I(z).
Thus for any z, y, z € X,
Iz) D I(zxy)NI(y) DI(z)NI(y) =I(y)NI(2).
So (4.3) holds. O

The following give conditions for a hesitant fuzzy set to be a hesitant fuzzy ideal.

Proposition 4.24. Let h® # I € HS(X) satisfies the following conditions:
(1) I(0) D I(x), for each x € X,
(2) forany x, y, z€ X, if (x xy)*xz =0, then I(z) D I(y) NI(2).
Then I is a hesitant fuzzy ideal of X

Proof. From (IT) and the condition (2), the proof is clear. O
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Theorem 4.25. Let h® # h € HS(X). Then the followings are equivalent:
(1) h is a hesitant fuzzy ideal of X,
(2) the nonempty A-level set hy of h is an ideal of X, for each X € P[0, 1].

Proof. Suppose (1) holds and let A € P[0, 1] such that hy # ¢. Then there is z € X
such that h(xz) D A. Thus h(0) D h(z) D A. So 0 € hy. Let =, y € X such that
xxy € hy and y € hy. Then h(z*y) D A and h(y) D A. Thus by (HFI,),

h(z) D h(z xy) Nh(y) D A

Hence x € hy. Therefore h) is an ideal of X.

Conversely, suppose (2) holds. Then clearly, 0 € hy. Assume that there is a € X
such that h(0) 2 h(a). Then h(0) 2 A, for A = h(a) \ h(0). Thus 0 & hy. This is a
contradiction. So h(0) D h(z), for each z € X.

Now let z, y € X such that h(z xy) = A\ € P[0,1] and h(y) = Ay € P[0, 1]. Let
A=A1NAy. Then zxy € hy and y € hy. Thus by the hypothesis, z € hy. So

h(z) D A=A NAa = h(z*xy)Nh(y).
Hence h is a hesitant fuzzy ideal of X. O

5. HESITANT FUZZY (POSITIVE) IMPLICATIVE AND COMMUTATIVE IDEALS

Definition 5.1. Let (X,*,0) be a BCK-algebra and let h® # I € HS(X). Then
I is called a hesitant fuzzy positive implicative ideal (in short, HFPII) of X, if it
satisfies the following conditions: for any =, y, z € X,

(HFI) I1(0) D I(x),
(HFI3) Haxxz) DI((xz*y)*2)NI(yx*z).

It is obvious that A is a hesitant fuzzy positive implicative ideal of X.
We have easily the following results.

Theorem 5.2. Let A be a subset of a BCK-algebra X such that 0 € A and let
A, p € P[0,1] be fized such that A 2 . Then the followings are equivalent:

(1) A is a positive implicative ideal of X,

(2) ha is a hesitant fuzzy positive implicative ideal of X,

(3) [halixu) is a hesitant fuzzy positive implicative ideal of X.

Example 5.3. Let X = {0,a,b,¢,d} a BCK-algebra with the following Cayley
table:

*x10 a b ¢ d
00 0 0 0 O
ala 0 a 0 a
bbb b 0 b 0
clec a ¢ 0 ¢
did d d d 0
Table 5.1

Consider the mappings I;, Is : X — PJ0, 1] defined by:
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.[1(0) = [0, ].}, Il(a) = [01,04), Il(b) = Il(C) = Il(d) = [01,04],

I,(0) = Ix(c) = [0,1), Ix(a) = (0,0.6], I5(b) = (0,0.5), I2(d) =[0,0.6) U{0.8}.
Then we can easily see that I is a hesitant fuzzy positive implicative ideal and I
is a hesitant fuzzy ideal of X. But

Iy(b*a) = (0,0.5) 2 [0,0.6) U {0.8} = Iy((b* d) x a) N Iy(d % a).

Thus I is not a hesitant fuzzy positive implicative ideal of X. Moreover, by Theorem
5.2, we can easily check that h{O,a,c}7 h{O,a,b,c}a [h{O,a,c}](A,u)a [h{O,a,b,c}](/\,u) are
hesitant fuzzy positive implicative ideal of X, and hoy, hgop), hqob,ars [h{o}]n)>
(P06 )0y [P1op.ay)a,u) are hesitant fuzzy ideal but not hesitant fuzzy positive
implicative ideal of X.

Proposition 5.4. Fvery hesitant fuzzy positive implicative ideal is an ideal but the
converse s not true.

Proof. Suppose I is a hesitant fuzzy positive implicative ideal of X and let z, y € X.
Then

I(a) = I( * 0) [By (2.1)]
D I((z*y)*0)NI(y*0) [By the hypothesis]
=I(z*y)N1(y). By (2.1)]
Thus [ is a hesitant fuzzy ideal of X. Moreover, form Example 5.3, we can see that
the converse is not true. g

Theorem 5.5. Let I € HS(X) such that I(0) = [0,1]. Then I is a hesitant fuzzy
positive implicative ideal of X if and only if it satisfies the following condition:

(6.1) (Yax, Yu, 2o € Hp(X))((zroyu) oz, €l and y, 02, €I = xrnp 02, € 1).

Proof. Suppose [ is a hesitant fuzzy positive implicative ideal of X and for any
Tx, Yu, 2 € Hp(X), let (xxoy,) oz, €I and y, 0z, € I. Since (xx0y,) oz, =
((z *y) * 2)axnpnw and Y, 0 2, = (¥ * 2)unw. Thus I((z *y) *2) D AN pNv and
I(y x 2) D pNuv. By the hypothesis, I(z * 2z) D I((x xy) *2) N I(y * z). So
I(xxz) D (ANp)Nv, ie., (2% 2)anune € 1. Since (2% 2)(xap)nw = Tanu © 2. Hence
Tanp 0 2Zv € 1.

Conversely, suppose the necessary condition (5.1) and for any z, y, z € X, let
I((x xy)*x2z) = 0, I(y*z) = n. Then there are A\, p, v € P[0,1] such that
(@royu) o2y = ((@*y)* 2)anunw = (T *y) *2)s and Yy, 02, = (Y * 2)urw = (Y * 2)y.
Since ((x*y)*2); € I and (y*2), € I, (xxoyu) oz €I and y, oz, € I. Thus by
the condition (5.1), zxn, © 2, € I. It is clear that xxq, © 2, = (2 * 2)xnpnw. SO

Izxz) DANunv=iNn=I((r=*xy)*x2z)NI(yx*z).

Since I(0) = [0,1], it is obvious that I(0) D I(z), for each © € X. Hence I is a
hesitant fuzzy positive implicative ideal of X. O

Theorem 5.6. Let X be a BCK-algebra and let h® # I € HS(X). Then the
followings are equivalent: for any z, y, z € X,
(1) I is a hesitant fuzzy positive implicative ideal of X,
(2) I is a hesitant fuzzy ideal of X and I(x *y) D I((x xy) *y),
(3) I is a hesitant fuzzy ideal of X and I((x % z)* (y*2)) D I((x xy) * 2),
(4) 1(0) > I(x) and I(z +y) > I(((x +y) +y) «2) N 1(2).
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Proof. (1)=(2): Suppose I is a hesitant fuzzy positive implicative ideal of X. Then
by Proposition 5.4, I is a hesitant fuzzy ideal of X. Let x, y € X. Then
Iz xy) D I((z+y)*y)NI(y=*y) By the hypothesis|
— I{(z %) * ) N 1(0) [By (I1D)
=I((z*y)*y). By (HFI)]

Thus (2) holds.
(2)<(3): From Theorem 4.19, it is obvious.
(3)=(4): Suppose (3) holds. Then clearly, I(0) D I(x), for each z € X. Let
z, y, z € X. Then
I(((xxy)*xy)*x2)NI(z) C[I((z*y)*y)NI(2)]NI(z) [By Proposition 4.20]
= [I(x+xy)NI(y)]NI(z) [By Proposition 4.20]
=I(zxy)N[I(y)]N1(z)]
C I(z*y).

Thus (4) holds.

(4)=(1): Suppose (4) holds and let z, y € X. Then by the second condition
of (4), I(((x x0) x0) xy) C I(0*x ). Thus by (2.1), I(z xy) C I(z). By the first
condition of (4), I(0) D I(x), for each x € X. So I is a hesitant fuzzy ideal of X.

Now let z, y, z € X. Then

I(x*x2) D I(((x*2)*2)* (yx2)) [By the condition (4)]
DI((xxz)*z))NI(y=*z). [By Proposition 4.20]
Thus I is a hesitant fuzzy positive implicative ideal of X. O

Theorem 5.7. Let h® # I € HS(X). Then I is a hesitant fuzzy positive implicative
ideal of X if and only if I is a positive implicative ideal of X, for each A € P[0, 1]
such that I(0) D \.

Proof. Suppose I is a hesitant fuzzy positive implicative ideal of X. Then from
the proof of Theorem 4.14, it is clear that 0 € I. For any z, y, z € X, suppose
(x*xy)*xz e Iy and y*z € Ix. Then clearly, I((x *y) *2z) D Aand I(y*2) D A.
Thus by (HFI3), I(xxz) D I((zxy)*z)NI(x*y) DA So xx*z € I,. Hence I, is
a positive implicative of X.

Conversely, suppose I is a positive implicative ideal of X, for each A € P[0, 1]
such that 7(0) D A. Then from the proof of Theorem 4.14, it is obvious that
I(0) D p=I(z). Forany =, y, z € X, let I((z*xy) *xz) = X and I(x *xy) = p,
say A C p. Then clearly, (zxy) * z € I, and  xy € I,. Thus by the hypothesis,
zxze€l, Sol(x*z)DpdDI((x*xy)*z) NI(xxy). Hence I is a hesitant fuzzy
positive implicative ideal of X. O

Definition 5.8. Let (X, *,0) be a BCK-algebra and let h® # I € HS(X). Then
T is called a hesitant fuzzy implicative ideal (in short, HFII) of X, if it satisfies the
following conditions: for any =, y, z € X,

(HFI,) I(0) D I(x),
(HF1y) I(z) D I((x* (yxx)) * 2) NI(2).

It is obvious that A is a hesitant fuzzy implicative ideal of X, which will be called
the trivial hesitant fuzzy implicative ideal.
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We have easily the following results.

Theorem 5.9. Let A be a subset of a BCK-algebra X such that 0 € A and let
A, p € P[0,1] be fized such that A 2 . Then the followings are equivalent:

(1) A is an implicative ideal of X,

(2) ha is a hesitant fuzzy implicative ideal of X,

(3) [halxp) is a hesitant fuzzy implicative ideal of X .

Example 5.10. Let X = {0,a,b,¢,d} a BCK-algebra with the following Cayley
table:

*x|10 a b ¢ d
0|0 0 0O O O
ala 0 0 0 O
bl{b a 0 0 O
clec ¢ ¢ 0 O
did d d d 0
Table 5.2

Consider the mapping I : X — P[0, 1] defined by:

I1(0) = [0,1], I(a) =(0,0.9], I(b) =][0,0.8], I(c) =[0.1,0.8], I(d) = (0.1,0.7].
Then we can easily see that I is a hesitant fuzzy implicative ideal of X. Furthermore,
by Theorem 5.9, we can easily check that hgg 4 5.} and [hgo.a,p.c}](x,.) are hesitant
fuzzy ideals but not hesitant fuzzy implicative ideals of X.

Theorem 5.11. Let h® # I € HS(X) such that 1(0) = [0,1]. Then I is a hesitant
fuzzy implicative ideal of X if and only if it satisfies the following condition:

(5.2) (Vxa, yu, 2o € Hp(X))((zro(ypoxn)) o2z, €I and 2z, € I = xrxnpuny € I).

Proof. Suppose I is a hesitant fuzzy implicative ideal of X and for any xx, y,, 2z, €
Hp(X),let (zxo(ypoxr)) oz, €1 andz, €. Since

(@x o (Yuozr)) oz = (x* (y*T)) *2)xnunw,
I((z*(y*xxz))*2) DANpNnvand I(z) Dv. Thus
I(z) D I((z* (y*x))*2z)NI(z) [By (HFIL)]
DANuNu.
So Zaxnunv € I. Hence the condition (5.2) holds.

Conversely, suppose the necessary condition (5.2) and for any z, y, z € X, let
I((xx (yxx))*z) = 6§, I(z) = n. Then there are A\, u, v € P[0,1] such that
(@xo(ypoxr)) oz, = ((x* (y*x)) *2)anprw = (T * (yxx))*2)5 and I(2) =n = .
Since ((x * (y * x)) * 2)s € I, (xx o (yyoxx)) oz, € I and z, € I. Thus by the
condition (5.2), xnu © 2, € I. So

Iz)yDAnunv=dnn=I((zxy)*z)NI(y=*z).
Since I(0) = [0, 1], it is obvious that I(0) D I(z), for each + € X. Hence [ is a
hesitant fuzzy implicative ideal of X. O

Proposition 5.12. Let X be a implicative BCK -algebra. Then every hesitant fuzzy
ideal is a hesitant fuzzy implicative ideal.
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Proof. Let I be a hesitant fuzzy ideal of X and let =, y, z € X. Then
I{((z*(y*xz))*x2)NI(z) =I(x*2)NI(z) By (2.8)]
C I(x). [By (HFI)]
Thus I is a hesitant fuzzy implicative ideal. 0

Proposition 5.13. FEvery hesitant fuzzy implicative ideal is a hesitant fuzzy ideal,
but the converse is not true.

Proof. Let I be a hesitant fuzzy implicative ideal and let z, y € X. Then
I(z) D I((z * (xxx)) xy) N I(y) [By the condition (H F1,)]
=I(z*y)NI(y). [By (II) and (2.1)]
Thus I is a hesitant fuzzy ideal.
The converse is shown by the following example. O

Example 5.14. Let X = {0,a,b,¢,d} a BCK-algebra with the following Cayley
table:

*x|0 a b ¢ d
00 0 0 0 O
ala 0 a 0 a
bbb b 0 b 0
clec a ¢ 0 ¢
dld d d d 0
Table 5.3

Consider the mappings I, Iy : X — P[0, 1] defined by:

11(0) = [0,1], I1(b) = [0,0.8], Ii(a) = I1i(c) = Ir(d) = ¢,

1(0) = 0.1, Io(a) = Iz(c) = [0.1,0.8), Ix(b) = Io(d) = 6.
Then we can easily see that I; is a hesitant fuzzy ideal and I is a hesitant fuzzy
positive implicative ideal of X, respectively. But

Ii(a) = ¢ 2[0,1] = Ii(((ax (bxa)) *0) N I;(0),

I (b) = ¢ 2 10,1] = Ly (((b (¢ x b)) x 0) N I(0).
Thus I; and I are not hesitant fuzzy implicative ideal of X. Furthermore, by
Theorem 5.9, we can easily check that hygs, and [hgopy]a, 1) are hesitant fuzzy
ideals but not hesitant fuzzy positive implicative ideal of X.

Proposition 5.15. A hesitant fuzzy implicative ideal is positive implicative, but a
hesitant fuzzy positive implicative ideal need not implicative

Proof. Suppose I be a hesitant fuzzy implicative ideal of X and let z, y, z € X.
Then by (I) and (2.3),

Thus by Proposition 5.4 and Corollary 4.17,

(5.4) I((xx2)*2)x(y*2)) DI((z*2)*y) = I((x*y) *2).
Thus I is a hesitant fuzzy ideal, by (HFI),

(5.5) I(z*xz)xz) DI(((x*xz)*z)* (y*2))NI(y=*z).
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By (2.3) and (2.5),

So

implicative ideal of X.
From Example 5.14, we can see that I3 is a hesitant fuzzy positive implicative
ideal of X but not implicative. O

Theorem 5.16. Let I be a hesitant fuzzy ideal of X. Then I is implicative if and
only if for any x, y € X,

(5.7) I(x) D I(x x (y x x)).

Proof. Suppose [ is implicative and let z, y € G. Then
I{z) D I((z* (y*z)) ) NI(x) [By (HF1,)]
D I(zx*(y*x)) NI(x). [Since I is a hesitant fuzzy algebra of X]
Thus I(z) D I(x * (y *x)).
Conversely, suppose the necessary condition (5.7) holds and let z, y, z € X.
Then
I(z) D I(x = (y *x x)) [By the hypothesis]
DI((xx(y*xz))*2)NI(z). [By (HFI,)]
Thus I is implicative. This completes the proof. O

Theorem 5.17. Let I be a hesitant fuzzy ideal of X. Then I is implicative if and
only if for any x, y € X,
(5.8) Iz x(xxy)) DI(y*(y=*x)).

Proof. Suppose I is implicative and let z, y € G. Then we can see that the following
holds (See the proof of Theorem 4.4 in 75 page of [15]):

(5.9) (@x(zxy)) = (y*(zx(@*xy))) <y=*(y*z).
Thus by Proposition 5.4 and Corollary 4.17,

(5.10) I (zxy)) = (y* (z*(x*xy))) D I(y=*(yx2)).
So

I (zxy)) D I(((z+ (y * ) * (y * (xx (xxy))) *0) N I(0) By (HFL)]
D I((wx (y*x)) * (y  (xx (xxy))) N I(0)
[By Proposition 4.19 and Definition 4.1]
= I((w (y+2)) * (y* (@ (w +1))) [By (HFL,)]
D I(y* (y+w)). By (5.10)]
Thus I(z* (x*y)) D I(y* (y*x)).
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Conversely, suppose the necessary condition (5.8) holds and let z, y, z € X.
Since [ is a hesitant fuzzy ideal of X,

(5.11) Hzx(yxx)) DI((z*(y*x))*2)NI(z).

Moreover, from the proof of Theorem 3.4 in 75 page of [15], we can see the followings
hold:

(5.12) (y*x(y*xz))x (yxxz) < z*(y*z),

(5.13) (xxy)xz<axxy<zx*(y*zx).

Then by Proposition 5.4 and Corollary 4.17,

(5.14) I((y* (y x @) * (y x2)) D I(w* (y * 2)),

(5.15) I((xxy)*2) DI(xxy) D I(z*(y*x)).

Since [ is a hesitant fuzzy positive implicative ideal of X, by Theorem 5.5 (2),
(5.16) Iy (y = 2)) D I((y = (y* x)) * (y x x)).

Thus I(z) D I(x * (x*y)) N I(xz *y) [By Proposition 5.4 and (H FI5)]
(y* (y*x)) NI(x xy) [By the condition (5.8)]
(5 % (y 5 2)) % (y ) N I(z xy) [By (5.16)
DI(zx*(yxx))NI(z*y) By (5.14)]
(v % (y+2)) By (5.15)]
DI((xx(y*xx))*2z)NI(z). By (5.11)]
So I is implicative. This completes the proof. O

Theorem 5.18. Let h® # I € HS(X). Then I is a hesitant fuzzy implicative ideal
of X if and only if I is an implicative ideal of X, for each A € P|0,1] such that
I(0) D A

Proof. Suppose [ is a hesitant fuzzy implicative ideal of X. Then from the proof of
Theorem 4.14, it is clear that 0 € Iy. For any z, y, z € X, suppose (zx(y*z))*z € I)
and z € I,. Then clearly, I((z * (y *x)) * z) D XA and I(z) D A. Thus by (HF1,),
I(z) D I((x* (yxx))*2)NI(z) DA Sox € I,. Hence I, is an implicative ideal of
X.

Conversely, suppose I is a implicative ideal of X, for each A € P[0, 1] such that
I(0) D A\. Then from the proof of Theorem 4.14, it is obvious that 1(0) D p = I(z).
For any =, y, z € X, let I((z * (yxx)) *x2z) = X and I(z) = pu, say A C pu. Then
clearly, (x * (y*2))* 2z € I, and z € I,. Thus by the hypothesis, x € I,. So
I(x) D p D I((z* (y*x)) xz) N I(z). Hence I is a hesitant fuzzy implicative ideal
of X. O

Definition 5.19. Let (X, *,0) be a BCK-algebra and let h° # I € HS(X). Then
I is called a hesitant fuzzy commutative ideal (in short, HFCI) of X, if it satisfies
the following conditions: for any z, y, z € X,

(HFI,) 1(0) © I(2),

(HFI5) I (y * (y = 2))) O I((x xy) x 2) N1 (2).
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It is obvious that h! is always a hesitant fuzzy commutative ideal of X, which
will be called the hesitant fuzzy trivial commutative ideal.

We have easily the following result.

Theorem 5.20. Let A be a subset of a BCK-algebra X such that 0 € A and let
A, p € P[0,1] be fized such that A 2 . Then the followings are equivalent:

(1) A is a commutative ideal of X,

(2) ha is a hesitant fuzzy commutative ideal of X,

(3) [halx,p) is a hesitant fuzzy commutative ideal of X.

Example 5.21. Let Iy and I> be the hesitant fuzzy sets in X given in Example
5.14. Then we can easily see that I is a hesitant fuzzy commutative ideal and I is
a hesitant fuzzy positive implicative ideal. But
Ii(axb) =I(a) =¢ £[0,0.8] = I1((axc) xb) NI (b),
Lbx(cx(cxb)=I,=¢ 2[0,1] = (b c) x0) N I5(0).
Thus I; is not positive implicative and Iy is not commutative. Furthermore, by
Theorem 5.20, we can easily check that hyopy, hqopas [Pgopronus [Pfop.dr] e
are hesitant fuzzy commutative ideals but not hesitant fuzzy positive implicative
ideals; hg,q,c} and [hgq,q,c}](x,u) are hesitant fuzzy positive implicative ideals but not
hesitant fuzzy commutative ideals; hyo.a,p,c} and [h{oa,b.c}](x,u) are hesitant fuzzy
positive ideals.
Proposition 5.22. A hesitant fuzzy commutative ideal is a hesitant fuzzy ideal but
the converse does mot hold.

Proof. Suppose I is a hesitant fuzzy commutative ideal of X and let x, y € X. Then
I(z) = I(z = (0 (0x z))) [By (V)]
D I((z*0)*y)NI(y) [By the hypothesis]
= I(z *y)]capI(y). [By (2.1)]
Thus I is a hesitant fuzzy ideal of X.
From Example 5.18, we can easily see that the converse does not hold. O

Theorem 5.23. Let I be a hesitant fuzzy ideal of X. Then I is commutative if and

only if for any x, y € X,

(5.17) IHax(y*(yxx))) D I(zxy).

Proof. Suppose I is commutative and let z, y € X. Then

Iz x (y*x (y*x))) DI((z*y)*0)NI(0) By the hypothesis]

= I(z*y) N I(0) [By Proposition 4.20 and Definition 4.1]
=I(zxy). [By (HFI)]

Thus the condition (5.17) holds.

Conversely, suppose the condition (5.17) holds and let x, y, z € X. Since [ is a
hesitant fuzzy ideal of X,

(5.18) Iz xy) DI((xxy)*2)NI(2).
Thus
Iz x (y* (y*x))) D I(z*y) [By the condition (5.17)]
D I((xxy)*z)NI(2). [By (5.18)]
So I is commutative. O
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Theorem 5.24. Let X be a BCK-algebra and let ¢ # I € HS(X). Then I is
a hesitant fuzzy implicative ideal if and only if it is both commutative and positive
implicative.

Proof. Suppose [ is a hesitant fuzzy implicative ideal. Then by Proposition 5.15, T
is positive implicative. Let z, y, z € X and let w = z * (y * (y * 2)). Then from the

proof of Theorem 4.4 in 78 page of [15], we can see the followings hold:
(5.19) (ux(y*u)) <zx*xy.

Thus by Corollary 4.17,

(5.20) I((ux(y*u))) D I(x*y).

Since [ is implicative, by Theorem 5.16,

(5.21) I(u) D I(ux(y*u)).

By (5.21) and (5.20),

IHx*(y*x(y=*x))=I(uw) DI(ux(y*xu)) DI(xx*y).
So the condition (5.17) holds. Hence by Theorem 5.23, I is commutative.
Conversely, suppose the necessary conditions hold and let x, y € X. Then we
have the following inequalities:

(5.22) (yx(y*xz))x(y*xz) <zx*x(y*xz), vxy < zx*(y*z).

Thus by Corollary 4.17,

(5:23)  I((y#(yx2) * (yxa) D I (y2), Iwey) > Iz« (y ).

Since I is commutative, by the condition (5.18),

(5.24) IHax(y*(yxx))) D I(zx*xy).

So

I(z) D I(x+ (y* (y*x)))NI(y=* (y=*z)) [Since I is a hesitant fuzzy ideal]

DI(xxy)NI(yx(yx*z)) [By the condition (5.24)]
DI(x*xy)NI((y=*(y*z))*(yx+x)) By Theorem 5.6 (2)]

DI(z*(y*x)). By (5.23)]
Hence by Theorem 5.14, I is implicative. O

Theorem 5.25. Let h® # [ € HS(X). Then I is a hesitant fuzzy commutative
ideal of X if and only if I is a commutative ideal of X, for each A € P[0,1] such
that I(0) D A.

Proof. Suppose [ is a hesitant fuzzy implicative ideal of X. Then from the proof of
Theorem 4.14, it is clear that 0 € I\. For any z, y, z € X, suppose (z *y) *x z € Iy
and z € Iy. Then clearly, I((z *y) *z) D X and I(z) D A. Thus by (HFIs),
Iz*(yx(y*xx))) D I((x*xy)*2)NI(z) DX Soxzx*(y*(y*x)) € I,. Hence I is a
commutative ideal of X.

Conversely, suppose I is a commutative ideal of X, for each A € P[0, 1] such that
I1(0) D A. Then from the proof of Theorem 4.14, it is obvious that 1(0) D p = I(x).
For any z, y, z € X, let I((x xy) x z) = XA and I(2) = p, say A C p. Then clearly,
(x*y)*z € I, and z € I,. Thus by the hypothesis, z * (y * (y * z)) € I,. So
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I(x*(y*(y*xx))) D uDI((xxy)xz)NI(z). Hence I is a hesitant fuzzy commutative
ideal of X. O

Theorem 5.26. Let h° # I € HS(X) such that I1(0) = [0,1] and let X\ € P[0,1] be
fixed. Then I is a hesitant fuzzy commutative ideal of X if and only if it satisfies
the following condition:

(5.25)

(Vﬂf)\, Yx, Zx € [HP(X)})\)((:U)\ Oy)\) ozy€land zy € I = x)o0 (y)\ o (y)\ O:B)\)) € I)

Proof. Suppose [ is a hesitant fuzzy implicative ideal of X and for any xy, yx, 2zx €
[Hp(X)]a, let (zxoyx)ozy € T and 2, € I. Since

(zxoyn)ozy = ((x*xy)*2)x,
I((xxy)*z) D Xand I(z) Dv. Thus by (HF1I;),
Hzx(yx(y*2) DI((z*xy)*2)NI(z) DA

So (x* (y=* (y=*x)))x € I Hence the condition (5.25) holds.
Conversely, suppose the necessary condition (5.25) and for any z, y, z € X, let
I((x* (y*xx))*z) = I(z) = \. Then clearly, ((x*(y*z))*z)x € I and z) € I. Since
aoyn)ozy = ((x*xy)*2))x, (xaoyx)ozy € and 2y € I. Thus by the condition
5.25), zxo(yno(yroxy)) €I, ie, zx (y*(y*xx)) € l. So
(

Hax(y*x(yxx) DA=I((z*(y*x))*x2z)NI(z).

Since I(0) = [0, 1], it is obvious that I(0) D I(z), for each + € X. Hence [ is a
hesitant fuzzy commutative ideal of X. O

6. CONCLUSIONS

We proved that ([Hp(X)]a,o,0,5) forms a BCK/BCI-algebra (will be called
a hesitant fuzzy BCK/BCT-algebra with the value A induced by X) for a given
BCK/BCI-algebra (X, *,0) and a fixed A € P[0,1]. We introduced the concepts of
a hesitant fuzzy algebra, a hesitant fuzzy ideal, a hesitant fuzzy posiyive implicative
ideal, a hesitant fuzzy implicative ideal and a hesitant fuzzy commutative ideal and
obtained some of its properties, respectively. In particular, we gave each character-
izations (See Theorems 4.4, 4.14, 5.6, 5.17 and 5.24). In the future, we will try to
deal with hesitant fuzzy congruences in BCK/BCI-algebras.
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