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ABSTRACT. In the present paper, we continue the study on generalized
fuzzy soft topological spaces. We introduce the notion of separation ax-
ioms T; (i = 0,1,2,3,4) in generalized fuzzy soft topological spaces and
study some of its properties. By using this notions, we also give some
basic theorems of separation axioms in generalized fuzzy soft topological
spaces. Finally, we discuss hereditary property and topological property
in generalized fuzzy soft topological spaces.
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1. INTRODUCTION

The concept of soft sets was first introduced by Molodtsov [19] as a general
mathematical tool for dealing with uncertain objects. Cagman et al. [4] and Shabir
et al. [23] introduced soft topological space independently. Moreover, many authors
studied soft topology and its applications [3, 10, 11, 18, 21, 22, 23, 24, 28]. Maji et
al. [16] introduced the concept of fuzzy soft set and some of its properties. Tanay
and Kandemir [26] introduced the definition of fuzzy soft topology over a subset of
the initial universe set. Later, Roy and Samanta [20] gave the definition of fuzzy
soft topology over the initial universe set. Ahmed and Karal [1] defined the notion
of a mapping on classes of fuzzy soft sets In 2010, Majumdar and Samanta [17]
introduced the notion of generalized fuzzy soft set as a generalization of fuzzy soft
sets and some of its basic properties. Khedr et al. [12] introduced the concept of a
generalized fuzzy soft point, a generalized fuzzy soft base (subbase) and a generalized
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fuzzy soft subspace. The concept of separation axioms is one of the most important
concepts in topological spaces. In fuzzy setting, it had been studied by many authors

such as: Das et al.[0], Saha et al. [7] and Hutton et al. [9]. In soft setting, it has
been studied by Shabir et al. [25] and Gocur et al. [8]. In fuzzy soft topological
space has been studied by Mahanta et al. [15] Khedr et al. [14] and Atmaca. [2]

In our present article, we introduce generalized fuzzy soft separation axioms T;(i =
0,1,2,3,4). By using this notions, we also give some basic theorems which are
important for separation axioms and taking place in classical topological spaces.

2. PRELIMINARIES

In this section, we will give some fundamental definitions and theorems about
generalized fuzzy soft sets, generalized fuzzy soft topology and generalized fuzzy
soft continuous mappings which will be needed in the sequel.

Definition 2.1 ([27]). Let X be a non-empty set. A fuzzy set A in X is defined by
a membership function py : X — [0, 1] whose value p(z) represents the ‘grade of
membership’ of z in A for z € X. The set of all fuzzy sets in a set X is denoted by
I% | where I is the closed unit interval [0, 1]

Definition 2.2 ([19]). Let X be an initial universe set and E be a set of parameters.
Let P(X) denotes the power set of X and A C E. A pair (f, A) is called a soft set
over X, if f is a mapping from A into P(X), i.e., f: A — P(X). In other words, a
soft set is a parameterized family of subsets of the set X. For e € A, f(e) may be
considered as the set of e—approximate elements of the soft set (f, A).

Definition 2.3 ([20]). Let X be an initial universe set and E be a set of parameters.
Let A C E. A fuzzy soft set f4 over X is a mapping from E to IX,i.e., fa: B — IX,
where fa(e) #0if e € A C E and fa(e) = 0 if e ¢ A, where 0 is denotes empty
fuzzy set in X.

Definition 2.4 ([17]). Let X be a universal set of elements and E be a universal set
of parameters for X. Let F : E — IX and u be a fuzzy subset of E, i.e., u: E — I.
Let F, be the mapping F), : E — IX x I defined as follows: F}, (e) = (F (e), u(e)),
where F(e) € I*X and u(e) € I. Then F, is called a generalized fuzzy soft set
(GFSS, in short) over (X, E). The family of all generalized fuzzy soft sets (GFSS's,
in short) over (X, E) is denotes by GFSS(X, E).

Definition 2.5 ([17]). Let F,, and Gs be two GF'SSs over (X, E). F), is said to be
a GF'S subset of G, denoted by F), C Gs, if

(i) p is a fuzzy subset of 0,

(ii) F(e) is also a fuzzy subset of G(e), Ve € E.

Definition 2.6 ([17]). Let F,, be a GF'SS over (X, E). The generalized fuzzy soft
complement of Fy,, denoted by Fy, is defined by Fj=Gs, where d(e) = pu°(e) and
G(e) = F°(e), Ve € E. Obviously, (F5)°=F,.

Definition 2.7 ([5]). Let F}, and G5 be two GF'SSs over (X, E).

(i) The union of F), and Gs, denoted by F, U G5, is a GFSS H,, defined as
H, : E — I* x I such that H, (e) = (H (e),v (e)), where H (e) = F(e) V G(e)
and v(e) =p(e)Vi(e), Vee E.
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(ii) The Intersection of F), and G5, denoted by F,, M G5, is a GFSS M,, defined
as My, : E — I x I such that M, (e) = (M (e),o(e)), where M (e) = F(e) AG(e)
and o (e) = p(e) Ad(e), Ve € E.

Definition 2.8 ([17]). A GFSS is said to be a generalized null fuzzy soft set,
denoted by 0g, if 0p : E — IX x I such that 0g(e) = (0(e),0(e)), where
0(e) =0,Ve € E and 0 (¢) = 0, Ve € E (where 0(x) =0, Vz € X).

Definition 2.9 ([17]). A GFSS is said to be a generalized absolute fuzzy soft set,
denoted by 1a, if 1, : E — IX x I, where 1,(e) = (1(e), A (e)) is defined by
1(e)=1,Vee Fand A (e) =1, Ve € E (where 1(z) =1,Vz € X ).

Definition 2.10 ([5]). Let T be a collection of generalized fuzzy soft sets over
(X,E). Then T is said to be a generalized fuzzy soft topology ( GFST, in short)
over (X, E), if the following conditions are satisfied:

(i) Op and 1a are in T,

(ii) arbitrary unions of members of T belong to T,

(iii) Finite intersections of members of T belong to 7.

The triple (X, T, E) is called a generalized fuzzy soft topological space (GFST-
space, in short) over (X, F). The member of T are called generalized fuzzy soft open
set (GF'S open, in short) in (X, T, E) and their generalized fuzzy soft complements
are called GFS closed sets in (X,T,FE). The family of all GF'S closed sets in
(X,T,E) is denotes by T°.

Definition 2.11 ([5]). Let (X,T,E) be a GFST—space and Fu € GFSS(X, E).
The generalized fuzzy soft closure of Fu, denoted by cl(F'u), is the intersection of all
GF'S closed supper sets of Fu. i.e., cl(Fu) =M{H, : H, € T, Fu C H,}. Clearly,
cl(Fu) is the smallest GF'S closed set over (X, E) which contains Fp.

Definition 2.12 ([12]). Let (X,T,E) be a GFST-space and Y C X. Let HY
be a GFSS over (Y,E), where HY : E — IX x I such that Ve € E, HY (e)
(HY (e),v(e)),

s

e@={, Iy ve-1

ie, HY (e)=Y, Ye€ E, v(e) =1.

Let Ty = {HY MGs : Gs € T}. Then Ty is a generalized fuzzy soft topol-
ogy (GF'S topology for short) over (X, F) called a generalized fuzzy soft subspace
topology (GF'S subspace topology, in short) over (Y, F) and (Y, Ty, E) is called a
GFS subspace of (X,T,E). If HY € T (vesp. HY € T°) then (Y, Ty, E) is called
generalized fuzzy soft open (resp. closed) subspace of (X, T, E).

Definition 2.13 ([12]). The generalized fuzzy soft set F,, € GFS(X, E) is called a
generalized fuzzy soft point (GFS point for short) over (X, E), if there exist e € F
and z € X such that

(i) F(e)(z) =a(0 < a <1) and F(e)(y) =0, for all y € X — {z},

(ii) p(e) = A0 < A <1)and p(e') =0, for all ¢’ € E — {e}.
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We denote this generalized fuzzy soft point F,, = (ex,za). (e, ) and (A, ) are
called respectively, the support and the value of (ey,z,). The class of all GF'S
points in (X, F), denoted by GFSP(X, E).

Definition 2.14 ([12]). Let F,, be a GFSS over (X, E). We say that (ex,z4))EF,
read as (e, o) belongs to the GFSS F,,, if for the element e € E, a < F(e)(z) and
A < p(e).
Theorem 2.15 ([12]). A GFS point (ex, o) over (X, E) satisfies the following
properties:

(1) if (ex,xa)EF,, then (ex,zq) may or may not belong to Fg,

(2) if (ex,za)EF),, then (ex,14)°€F) does not hold,

(3) the union of all the GF'S points of a GFSS is equal to the GFSS.

Definition 2.16 ([13]). Let GFSS(X, E) and GFSS(Y, K) be the families of all
GFSSs over (X, FE) and (Y, K), respectively. Let u: X — Y and p: E — K be
two mappings. Then a mapping fup, : GFSS(X,E) — GFSS(Y, K) is defined as
follows: for a GFSS F, € GFSS(X,E), Ve' € p(E) C K and y € Y,we have

(Vxeufl(y) veEpfl(e’) F(@)(LC), Veepfl(e’) M(e))v
fup(Fu)(e/)(y) = if u_l(y) # (b,p_l(k‘) 7 &,

(0,0), otherwise.

fup is called the generalized fuzzy soft mapping [GF'S mapping for short | and
fup(F)) is called the generalized fuzzy soft image (GF'S image for short) of a GF'SS
F,.

m

Definition 2.17 ([13]). Let u: X — Y and p: E — K be mappings.
Let fup : GFSS(X,E) — GFSS(Y,K) be a GF'S mapping and G5 € GFSS(Y, K).
Then f,.}(G;5) € GFSS(X, E) is defined as follows:
fup (Gs)(e)(x) = (G(p(e)(u(@)),d(p(e))) , for e € E,x € X.
fip (Gs) is called the GF'S inverse image of Gs.

If v and p are injective, then the generalized fuzzy soft mapping fy, is said to be
generalized fuzzy soft injective (GF'S injective for short). If u and p are surjective,
then the generalized fuzzy soft mapping f,, is said to be generalized fuzzy soft
surjective (GF'S surjective for short). The generalized fuzzy soft mapping fy, is
called generalized fuzzy soft constant (GFS constant for short), if u and p are
constant. fy, is said to be generalized fuzzy soft bijective (GF'S bijective for short),
if fup is GFS injective and GF'S surjective mapping.

Definition 2.18 ([13]). Let (X,T1,E) and (Y, T3, K) be two GFST-spaces, and
fup : (X, Th, E) — (Y, T», K) be a GF'S mapping. Then f,, is called:
(i) generalized fuzzy soft continuous (GFS-continuous, in short), if f,.1(G5) € T1,
for all G5 € Ts,
(ii) generalized fuzzy soft open (GFS open, in short), if fy,(F),) € T, for each
FP« eT.
198



F. H. Khedr et al. /Ann. Fuzzy Math. Inform. 18 (2019), No. 2, 195-208

(iii) generalized fuzzy soft homeomorphism (GF'S homeomorphism, for short), if
fup is GF'S bijection, GF'S continuous and GF'S open.

Theorem 2.19 ([13]). Let (X,T1, E) and (Y, T2, K) be two GFST-spaces and fyy :
(X, T1,E) — (Y, T2, K) be a GF'S mapping. Then the following are equivalent:
(1) fup GFS-continuous,
(2) fup (Gs5) € TY, for each Gs € Ts.

Theorem 2.20 ([13]). Let GFSS(X, E) and GFSS(Y, K) be two families of GFSSs.
For the GF'S mapping fup : GFSS(X,E) — GFSS(Y,K), we have the following
properties.

(1) fup (Gs)® = (fop (G5)), VG5 € GFSS(Y, K).

(2) fup(fiy (G5)) E G5,YGs € GFSS(Y,K). If fup is GFS surjective, then the
equality holds.

(3) Fu E fop (fup(Fp)),VF, € GFSS(X,E). If fup is GFS injective, then the
equality holds

(4) fup(Opy) = Opy and fup(Tay) E Tay. If fup is GFS injective, then the
equality holds.

=

(5) fu_p1(69y) = 69}( and (1A ) = lAX
(6) If F,, C H,, then fup( "V C fup(H,),VF,, H, € GFSS(X, E).
(7) If Gs C J,, then [11(Gs) E [1(J), ¥Gs, Jy € GFSS(Y, K).

(8) fup (Wics(Gs)i) = uZEqup (G 6)z and fo N (MiesGs)i) = Nies fop (Gs)i, ¥(Gs)i €
GFSS(Y, K).

(9) fpu(Uies(F)i) = Uics fup(Fu)i and fup(Tie s (Fu)i) E Mie s fup(Fu)i, V(FL)i €
GFSS(X,E). If fup is GFS injective, then the equality holds.

3. GENERALIZED FUZZY SOFT SEPARATION AXIOMS

Definition 3.1. Two GF'S points (ex,r,) and (€),ys) are said to be distinct, if
e#e.

The proof of the following theorem follows directly from the definition of GF'S
point and therefore omitted.

Theorem 3.2. A GFS pomt (ex, Ta) satzsﬁes the following properties.
(1) If (ex,za) M F, = = 0, then (e,\,xa)géF and (ex,xa)EF
(2) If (ex,o)EF, and o> 0.5 or X\ > 0.5, then (e>\7xa)¢FH.

Definition 3.3. A GFST—space (X,T,F) is said to be a generalized fuzzy soft
To-space (GFSTy—space, in short), if for every pair of distinct GF'S points (ex, ),
(e;, yg), there exists a GF'S open set containing one of the points but not the other.

Example 3.4. Let X = {z',2%}, E = {¢!,¢?} and T = {0y, 12, F},}, where

11,2

x ! 22
FM = {(el = {Ta T}’ 1)7 (62 = {67 6}70)}
Then clearly, T is GF'S topology over (X, E). Also for every pair of distinct GF'S
points, there exists GF'S open set containing one of the points but not the other.
Thus (X, T, E) is a GFSTy—space.
199
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Example 3.5. Let X = {z!,2%}, E = {e!,e?} and T = {69,IA, F,,,Gs,Hv},
where

1'1 CC2 Zl Z2
Fo={('= T 5hb: (e? = {* - hH bk

2l g2 2
G(s:{(elz{ﬁ T} 1), (e *{ } D},

Hv ={(e' ={—,—11 ={—, =L D}
v = 5 e = 5 )
Then T is a GF'S topology over (X, E) but not a GFSTy—space.

Example 3.6. The discrete GF ST —space is a GFSTy—space, but the indiscrete
GFST— space is not GFSTy.

Theorem 3.7. A GF'S subspace (X,Ty, E) of GFSTy— space (X, T, E) is GFST.

Proof. Let (ex,q),(el,ys) be two distinct GF'S points in (Y, £). Then these GF'S
points are also in (X, E). Thus there exists a GF'S open set F, in T’ containing one
of the points say (e,\,xa) but not (e/,yp). So H) MF, is a GFS open set in Ty
containing (ex, zo) but not (e, yg). Hence (X, Ty, E) is GFSTy. O

Definition 3.8. A GFST—space (X,T,FE) is said to be a generalized fuzzy soft
T, —space (GFST;—space, in short), if for every pair of distinct GF'S points (ey, 4 ),
(el,yp), there exist GF'S ' open sets F, and G5 such that (eA,xa)éFu,(e’wyB)géFu
and ( yvyﬁ)eGﬁa (e)\axa)¢G§
Example 3.9. Let X = {2z}, 22}, E = {e!,e?} and

T ={09,14,F,,Gs,Hv, K, M1, Nn, J5, L,}, where

o= (@ =15 T e = (5 o),
G = =15 S e = 5 Shy,
iy = (@ = (5 5@ = (5 ),
K= (= (5 50 = 15 S,
My = (e = (5, 2y, = 15, Sy,
N = = {5 5 = (5 )0
Jo= (e = 5 5p @ = (5, 210,
Ly =1 = (5 S = (5 2y ),

Then (X, T, E) is a GF ST, —space.

Example 3.10. The discrete GF ST —space is a GF'ST;— space, but the indiscrete
GFST—space is not GF ST} .
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Theorem 3.11. A GFS subspace (X,Ty,E) of a GFST\— space (X,T,E) is
GFST;.

Proof. It similar to the proof of Theorem 3.7. O

Theorem 3.12. If every GFS point (ex,zo) of a GFST—space (X, T, E) is GFS
closed such that o > 0.5 or A > 0.5, then (X, T, E) is GFST.

Proof. Suppose that (ex,z«) ,(€,, yg) are two distinct G F'S points over (X, E/). Then
by hypothesis, (ex, ) and (e/,ys) are GF'S closed sets such that o > 0.5 or A > 0.5
and 8 > 0.5 or v > 0.5. Thus (ex,7,)¢ and (€,y3)¢ are GF'S open sets where

(6)\,%&) (e 'yvyﬁ) (efyvyﬁ)%(efwyﬁ)c and (ex, a)¢(ex, za)% (€ 'yayﬁ) (ex,za)". So
(X,T,E) is GFST;. O

The condition o > 0.5 or A > 0.5, is necessary as shown by the following example:

Example 3.13. Let X = {z!,2?} and E = {e!,e?}. Consider the collection T' of
GFSSs over (X, E) as the following:

T = {097 ]-A; (F,u)la (F;L)27 (F )33 (F )47 (F ) ) (F )

s

5 6 (F )77(F )Sv(F;L)Qa(F,u)lOv
(Fu)it, (Fu )127(F )13a( 1)14}, where (F),

b
are as follows:

);
(Fu)1 = {(e! = {15, 1}1 N, (€2 = {Z, 2}, 1)},
(Fu)2 = {(e" = {2, {5511 =), (€2 f{%w—f} 1)},
<FH>3={<e1={L;,%},1>,<e2= la”%} M)},
(B = {e" = {551 D (2 = {7 12571 1= 1),
(Fu)s = {(e! = {1%5, 5511 le ), (€2 = {2, 5}, 1)},
(Fu)o = {(e' = {15, T} 1), (? = {2, 5}, 1 - X))},
(Fu)r={(e! = {125, 5} 1 - \), (e? —{1,1 B,}l )}
(Fu)s = {(e! = {%, £5},1—9), (2 = {5 Z}1- X)),
(Fu)o={(e' = {2, T} 1), (e = {{%, 25 1, 1 - N A1 =)},
(Fu)io = {(e' = {125, 1 2}1—A/\1—v) (2 = {2 ;,,zf}l—w},
(Fon = {(e' = {155, 5511 - A1 - 7, (¢ = 0k
(Fu)i2 = {(e' = {ffa, m—f}, 1= \), (€ = {25, 125 1= X A1=9)},
(Fu)is = {(e! = {7, 55}71 — ), (€ = {1Z, 2y 1 - N AL =9},
(F={(e" = {125, £5 1= A1 =), (¢ = {20, 55 1 - N A1 =)}

Then T is a GFS topology over (X,E) and (e},zl), (€2,,z),) are two distinct

o

GFS points in (X, E) such that at a < 0 5 and A < 0.5 any GF'S open set which
containing (e}, zY) also containing (€%,,z,). Thus (X, T, E) is not GFST}.

Remark 3.14. If (X,T,F) is a GFST;— space, then (ey,x,) may not a GFS
closed set as the following example shows.
Example 3.15. In Example 3.9, (X, T, E) is a GFST;— space, but (e}, z}) is not
GFS closed set. To show that, let (e)\, a) {(e! = {%1,/\)} Then
! 22
(e>n a) 7{(6 7{ 1 }717)‘)7(62:{T7T}71)}
201
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is not GF'S open set i.e.,(e}, z}) is not GFS closed set.

[e3

Definition 3.16. A GFST—space (X, T, E) is said to be a generalized fuzzy soft
Tr—space (GF STy—space, in short), if for every pair of distinct GF'S points (ey, ),
(e%,,yp), there exist disjoint GF'S open sets F}, and G such that (ex,To)EF,, and
(efya yﬁ)éG(S

Example 3.17. Let X = {z',2%}, E = {e',e?}. Consider the collection T of
GFSSs over (X,E), T ={09,14, F,,Gs}, where F,, and G5 are as follows:

R s RN
o 1° sy L)y 0)

1

72

6}70)}7

1,2 1,2
gl T 2_ (v T
GJ_{(G _{an}vo)a(e {171}71)}'
Then clearly, T is a GFS topology over (X, E). Also, for every pair of distinct

GF'S points, there exist disjoint GF'S open sets over (X, F) containing them. Thus
(X,T,E) is a GFSTy—space.

Example 3.18. The discrete GF'ST —space is a GF ST>— space, but the indiscrete
GFST—space is not a GFST].

Theorem 3.19. A GFS subspace (X,Ty,E) of a GFSTo— space (X,T,E) is
GFSTs.

Proof. Let (ex,zq),(el,ys) be two distinct GF'S points in (Y, £). Then these GF'S
points are also in (X, E). Thus there exists disjoint GF'S open set F, and G; in
T such that (ey,zq)€F, and (e;,y,@)éGts. So HY MF, and HY MGy are disjoint
GF'S open sets F, and G5 in Ty such that (e,\,xa)éHfl_lFu and (e;,yﬂ)éHfl_lG(;.
Hence (X, Ty, F) is a GFST,— space. O

Remark 3.20. From definitions one deduce the following implication hold:
GFSTy, = GFSTy = GFST,.

The inverse implications may not be true as shows is by the following examples.

Example 3.21. In Example 3.4, (X,T,F) is a GFST, — space but not GFSTj.
Since (e}, z},), (€2,23) are distinct GFS points in (X, E), but there does not GF'S
open set containing (e},z2). Then (X, T, E) is not GFST.

In Example 3.9, (X,T, E) is a GFST;—space but not GFSTs. Since (e}, xz!),
(e2,25) are distinct GF'S points and the only GFS open sets which containing
(ex,zd), (e%wlﬁ) are F,,H,, respectively, but they are not disjoint. Then (X, T, E)
is not GFST5.

Definition 3.22. Let (X, T, E) be a GFST— space. If for every GFS closed set
H, and every GF'S point (ey, z,) such that (ex,z,) M H, = 0Op, there exist disjoint
GFS open sets F, and Gs such that (e, z,)€F, and H, C Gs. Then (X,T,E) is
called generalized fuzzy soft regular space (GF'S regular space, in short).

Definition 3.23. A GFST—space (X, T, E) is called a generalized fuzzy soft T5—space
(GF STs—space, in short), if it is GFST; and GF'S regular.
202



F. H. Khedr et al. /Ann. Fuzzy Math. Inform. 18 (2019), No. 2, 195-208

Example 3.24. Let X = {z',22}, E = {e!,€?} and T = {04, 12, F},, G5}, where

5D}

1.2 1.2
= L= :1:7 £ = 2 = 2 :L.i
FH_{(e_{1>1}71)}ﬂG5 {(6 {171
Then T is GF'S topology over (X, E).

Now, let T¢ = {14, 0, F;, Gc}, where

22
FCZ{(G—{ }1)} G5 ={(e! —{ —hH Lk

Then by used GF'S regularlty on GF S closed sets as follows

(e}, z,)NFS = 0p = 3G$, G5 € T such that (e}, zl)EGS, F C Gs and G§MGs =
697
N (ex,23)NFy = = 0p = 3GS,Gs € T such that (e/\,a:ﬁ)EG Fi C Gs and G§NGs =
097

(e2,2),) N G§ = 0p = 3IFS, F, € T such that (e2,2!,)€F;, G5 C F, and
F,CF, = = 0p,

(7, 22) N GS = 0p = IFS, F, € T such that (e2
F,=
Thus (X T, E) is a GF'S regular space, but not a GF'ST; — space and so not GF'ST5.

e2,22)EFS, G5 C F, and F¢ C

Example 3.25. Let X = {z'}, E = {¢',¢?} and T = {0p, 14, F,,, G5}, where

Fu={' ={ThD}, G5 ={( ={T 1}

Then T is a GFS topology over (X, E). Moreover, T¢ = {1, 0p, F¢,G§}, where

Fy ={( ={T}hD} G5 ={(e' = {Th D}

For the GF'S point (e}, z},) M Fy = 0g, there exist GF'S open sets F,, and G5 such
that (e}\,xé)éﬂt, FiC Gsand F),MGs = 0p.

For the GFS point (e3,z.)NG§ = 0p, there exist GF'S open sets G and F,, such
that (e}, zL)€Gs, GS C F, and G5 M F,, = 0p. Thus (X, T, E) is a GFSTs—space.

Theorem 3.26. If (X,T,E) is a GF'S regular space, then for any GFS open set
G5 and a GFS point (ex,zq) in (X, E) such that (ex, o) MG§ = 0g, there exists a
GFS open set My, such that (ex,x,)EMy C cl(My) C Gs.

)

Proof. Suppose that (X, T, E) is a GF'S regular space. Let Gs be a GF'S open set
over (X, E) such that (ex,z,) M G§ = 0. Then clearly, G§ is a GF'S closed set over
(X, E) such that (ex,24) MG = 0. Then by the hypothesis, there exist two disjoint
GFS open sets M, and N,, such that (ey,z,)EM, and G§ C N,,. Now, Ny is GFS
closed set of (X, E) such that My, C NS C Gs. Thus (ex,zq)EMy E cl(My) and
My E NTCI C Gs. So Cl(Mw) C Gs. Hence (e,\,xa)ng C Cl(Mw) C Gs. O

Theorem 3.27. Every GFS reqular space, in which every GFS point is GFS
closed, is a GFST;-space.
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Proof. Let (ex,za), (€),ys) be two distinct GFS points of a GFS regular space
(X, T, E). Then by hypothesis, (¢/,ys) is GFS closed set and (ex, z4)1(€,,y5) = 0.
From the GF'S regularity, there exist disjoint GF'S open sets My, and IV, such that
(ex,za)EMy and (€, yg) & Ny. Thus (ex,z4)€My and (€, yg)EN,. So (X,T,E)
is a GF'STy—space. O

Remark 3.28. Every GFST;5—space, in which every GF'S point is GF'S closed, is
GFSTs;.

Theorem 3.29. The GF'S set K, is GF'S closed in the subspace (Y,Ty,E) of
(X,T,E) if and only if K., = HY 1 .Jy, for some GFS closed set J, in T (for HY
see Definition 2.12).

Proof. Let K be GF'S closed set in (Y, E). Then (K)%.. is GF'S open in Ty, where
(K,)%, is the closure of K, in the subspace (Y, Ty, E). Since (K,), € Ty, there
exist G5 € T such that (K,)5, = H) MGs. Thus
K, =(H) NGs), =HY N(HY 1Gs)

= (H) N (H, NGy

= H) N((H))°UGy)

= (Hy N (H))*)U(H, NGs)

= H) nGs.
Let G§ = J,. Then J, is GF'S closed set in (X, E) and K, = HY Y.J,. Conversely,
let J, be GFS closed set in (X, F) and K., = HY M.J,. We need to show thatK, is

GFS closed set in Ty, that is,
(Ky)q, = H) —(HY NJ,)=HY N(HY NJ,)*=HYN=HY nJS.

Since J, is GF'S closed set in (X, E), J; € T. Then (K,)7, € Ty ie, K, is GF'S
closed set in (Y, E). O

Theorem 3.30. A GF'S subspace (Y, Ty, E) of a GFST5—space (X, T, E) is GFST;.

Proof. By theorem 3.11, (Y, Ty, E) is GFST;—space. Now, we want to prove that
(X, Ty, E) is a GF S regular space. Let K, be a GI'S closed set in (Y, E) and (e, y5)
be a GFS point in (Y, E) such that (e/,ys) N K, = 0g. Then K., = HY NG, for
some GF'S closed set in (X, E). Thus (¢!, ys) M (H) NGs) = 0p. But (e}, ys)EH) .
So (€, ys)NGs = 0p. Since (X,T, E) is GF'S regular, there exist disjoint GF'S open
sets My, and Ny in T such that (e, yg)€M, and G5 T N,. It follows that, H) MM,
and HY M N, are disjoint GF'S open sets in Ty such that (e/,,yz)€H, N My and
(¢/,,yg)€HY M Ny. So (Y, Ty, E) is GF'S regular and hence GFSTs. O

Definition 3.31. Let (X,T,E) be a GFST—space. If for every disjoint GF'S
closed sets H,, K, there exist disjoint GF'S open sets M, and N, such that
H, T My, K, C N,. Then (X,T, E) is called generalized fuzzy soft normal space
(GF'S normal space for short). (X, T, E) is called a generalized fuzzy soft Ty—space
(GFST,—space, in short), if it is GF'S normal and GFST; —space.
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Example 3.32. Let X = {2!, 22}, E = {e!,e?} and T = {69,TA,FWG5,H,,7K7},
where

Fo={(" = {T. 5. = (5. 510},
! 22 ! 22

GJ - {(el = {Ta H}v 1)3 (62 = {Hv T}’l)}v

H, = {(e = {5 TH0L(€ = {T %},on,
! 22 z! 22

K= (@ = (5 Eh . = (5 o),

Then T is GF'S topology over (X, E). Now, T¢ = {Og,lA,F G§, Hy, K5} where

! 22 xz! 22

7{( :{H T}’O),(62:{T,T}71)}’

G5 ={(c' = {7 TH0L (@ = {T. 510},
x! 22 ! 22

Hﬁ - {(61 = {T, H}v 1); (62 - {Fa T}v 1)}7

Ke= (e = {5 S0, (0 = (5 2y ),

For the two disjoint GF'S closed sets G§ and H_ there exist Gs, H, € T such that
HSE Gs,GSE Hy,and GsMH, = 69. For the two disjoint GF'S closed sets G'§ and
K there exist Gs,H, € T such that G§ C H,, K C Gs and H, M Gs = 0y. Then
(X,T,FE) is a GFS normal space, but not GFST;— space and thus not GFST,—
space.

Theorem 3.33. If (X, T, E) is a GF'S normal space, then for each GFS closed set
K, in (X,E) and any GFS open set G5 in (X, E) such that K, N G§ = 0y, then
there exists a GF'S open set H, such that K, T My C cl(My) C Gs.

Proof. Suppose (X,T,E) is a GF'S normal space. Let K, be a GFS closed set in
(X, E) and G be a GF'S open set in (X, E) such that K,MG§ = 0g. Then K., C G.
Now, K., and G§ are two disjoint GF'S closed sets in (X, E). Since (X, T, E) is GF'S
normal, there exist two disjoint GF'S open sets My and NN, such that K, T My,
G$ C N, and My 1N, = 0g. Thus My C Ny, but Ny is a GF'S closed set. So
c(My) C Ny Hence we have K., C M, C cl(My) C Gs. O

Theorem 3.34. GF'S closed subspace (Y, Ty, E) of a GF'S normal-space (X, T, E)
is GF'S normal.

Proof. Let (K, )1 and (K, )2 be disjoint GF'S closed sets in (Y, E). Then (K,); =
HY 1 (F,): and (K,)2 = HY 1 (F,)s, for some GFS closed sets (F},)1, (F,)2 in
(X,E). Since HY is GFS closed set in (X, E), (K,); and (K, ), are disjoint GFS
closed sets in (X, F). Since (X, T, E) is GF'S normal, there exist disjoint GF'S open
sets (Gs)1 and (Gs)2 in(X, E) such that (K,); C (Gs)1, (K, )2 C (Gs)2. Thus

(

(K,)1 © (My)y = H) N(Gs)1, (Ky)1 € (My)z = H) 1(Gs)a.
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From definition Ty, we have (My)1, (My)2 € Ty and (My)171(My)2 = HY T1(Gs)1 1
HX M (G5)2 = H,z/ [ [(G5)1 M (G5)2] = Hg/ M0y = 0g. Thus (Y,Ty,E) is a GFS

normal space. O

Theorem 3.35. Every GFS normal space, in which every GF'S point (ex,xq) is
GFS closed, is a GF'S reqular space.

Proof. Let (X,T, E) be a GF'S normal space. Let (ey,z,) be a GFS point. Let
K, be a GF'S closed set such that (ex,zq) MK, = 0g. Since (ex,zq) is & GF'S
closed set in (X, FE), there exist disjoint GF'S open sets M, and N, such that
(ex,Za) & My, K, C N,. Then (ex,2o)EMy, K, = N,. Thus (X,T,E) is a GFS
regular space. O

Remark 3.36. Every GFST,—space, in which every GF'S point is GF'S closed, is
GFST;.

Theorem 3.37. Let f, : (X, T, E1) — (Y, T3, Es) be a GF'S bijective GF'S open
mapping. If (X, Ty, E1) is a GFST;—space, then (Y, Ty, Es) is a GFST; — space.,
i=0, 1,2

Proof. We prove the theorem for (i = 2, for example), the other cases are sim-
ilar. Let (X,T1,E:1) is a GFSTy—space and fy, : (X,T1,E1) — (Y, Ty, Es)
be a GFS bijective GFS open mapping. We want to show that (Y, Tz, Es) is a
GFSTy—space. Let (€),z4),(s),yp) be two distinct GF'S points in (Y, Ez). Since
fup 18 GF'S bijection, there exist two distinct GF'S points (ex,aq), (s,b5) in
(Xv El) such that fup(e)\vaa) = (eg\vxa)fup(s’wbﬁ) = (Siyvyﬁ)' But (XaTlaEl) is
a GFST,—space. Then there exist disjoint GF'S open sets F,, and G5 in (X, Ey)
such that (e, aq)EF), (€}, 24)EGs. It follows that, fuy(ex,an) = (€}, Ta)E fup(Fu),
fup(swbﬁ) = (597yﬁ)éfup(G5) and fup(Fu) M fup(Gs) = fup(Fu MGs) = fup(Opy) =
ﬁgy (from Theorem 2.20).

Since F,,Gs € Ty and fyp is GF'S open and fu,(FL), fup(Gs) € Ts, there exist
disjoint GF'S open sets f,,(F,) and fu,(Gs) in (Y, E2) such that (€}, 2a)€ fup(F)
and (s),,y3)€ fup(Gs). Thus (Y, Ty, Es) is a GFST,— space. O

Definition 3.38. The property P is called a generalized fuzzy soft topological prop-
erty (GF'S topological property, in short), if it is preserved under a GF'S homeo-
morphism mapping.

Remark 3.39. The property of being GF'ST;—space (i =0, 1, 2) is a GF'S topo-
logical property.

Theorem 3.40. The property of being GFST;—space (i = 3, 4) is a GF'S topological
property or it is preserved under a GF'S homeomorphism mapping.

Proof. We prove the theorem for (i = 3, for example), the other cases are similar.
Since the property of being GFST;— space is a GF'S topological property, we
only show that the property of GF'S regularity is a GF'S topological property. Let
fup 1 (X, 11, E1) — (Y, T3, E2) be a GF'S homeomorphism and (X,Th, Eq) be a
GF'S regular space. Let J, be a GFS closed set in (Y, E3) and let (€),y.) be a
GFS point in (Y, Ey) such that (e}, ya) M J, = Og,. Since fu, is GFS surjective,
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there exists a GF'S point (ex, z4) in (X, Ey) such that fyp(ex,zq) = (€, ya). Since
fup is GFS continuous and J, GFS closed in (Y, E;), we have f,!'(J;) a GFS
closed set in (X, E4) [from Theorem 2.19]. It follows that fu,(ex,za) = (€}, Ya)-

Then (ex,Za) = fuy (€\:¥a) [ @8 fup is GFS injective]. Since (€}, ya) M Jo = Ogy,

f[pl((el,\vya) M JU) = fu_pl(oey) =0py- Thus (e)wxa) M fu_pl(JU) = Op -

Now, f.'(Js) is GFS closed set over (X, E;) and (ex,z,) is a GFS point in
(X, E1) such that (ex,zo) M fo, (Jo) = 0. But (X,T1,E;) is a GFS regular
space. So there exist disjoint GF'S open sets G5 and H, in (X, E7) such that
(ekaxa)éGéa fu_pl(‘]0'> C Hl/' Hence fup(ekaxa> = (e&aya)éfup(Gﬁ)a fup(prl(Ja)) =
Jo C fup(Hy) [as fup is GFS surjective] and fu,(Gs) M fup(Hy) = fup(Gs M
H,) = fup(0py) = 0p, [from Theorem 2.20]. Since f,, is a GFS open map-
ping, fup(Gs), fup(H,) € To. Now, there exists disjoint GF'S open sets fu,(Gs)
and fup(H,) in (Y, E2) such that (€}, ya)€ fup(Gs) and J, T fu,(H,). Therefore
(Y, Tz, E5) is a GF'S regular space. O

4. CONCLUSION

In the present work, we have continued to study the properties of generalized
fuzzy soft topological spaces. We introduced some new concepts in generalized
fuzzy soft topological spaces such as generalized fuzzy soft separation axioms T;
(i =0, 1, 2), generalized fuzzy soft regular and generalized fuzzy soft normal by
used generalized fuzzy soft open sets and presented fundamentals properties such as
hereditary properties and topological properties in generalized fuzzy soft topological
spaces. Also, we discussed some of the characteristics that not hold of generalized
fuzzy soft topological spaces in general which is a departure from general topology.
For future works, we consider to study generalized fuzzy soft separation axioms T;
(i =0, 1, 2, 3, 4) by using generalized fuzzy soft quasi-coincident relation and
generalized fuzzy soft neighborhood system.
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