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of fuzzy tri-ideals of I'-semiring and study some of their properties.

2010 AMS Classification: 16Y60,16Y99, 03E72

Keywords:  semiring, I'-semiring, I'- regular semiring, bi- quasi ideal, bi-interior
ideal, fuzzy bi- quasi ideal,fuzzy bi-interior ideal, tri- ideal and fuzzy tri- ideal.

Corresponding Author: M. Murali Krishna Rao (mmarapureddy@gmail.com)

1. INTRODUCTION

Semiring is an algebraic structure which is a common generalization of rings
and distributive lattices, was first introduced by Vandiver [35] in 1934 but non-
trivial examples of semirings had appeared in the earlier studies on the theory of
commutative ideals of rings by Dedekind in 19th century. Semiring is a universal
algebra with two binary operations called addition and multiplication, where one of
them distributive over the other. In 1995, Murali Krishna Rao [13] introduced the
notion of a I'-semiring as a generalization of a I'-ring, ring, ternary semiring and
semiring. In structure, semirings lie between semigroups and rings.

We know that the notion of a one sided ideal of any algebraic structure is a
generalization of notion of an ideal. The quasi ideals are generalization of left ideal
and right ideal whereas the bi-ideals are generalization of quasi ideals. In 1952,
the concept of bi-ideals was introduced by Good and Hughes [2] for semigroups.In
1976, the concept of interior-ideals was introduced by Lajos [9] for semigroups. The
notion of bi-ideals in rings and semigroups was introduced by Lajos and Szasz [10].

Bi-ideal is a special case of (m-n) ideal. Steinfeld [33] first introduced the notion of
quasi ideals for semigroups and then for rings. Iseki [4, 5, 6] introduced the concept
of quasi ideals for a semiring. Quasi ideals and bi-ideals in I'-semirings studied
by Jagtap and Pawar [7]. Rao [14, 15, 18, 21, 22, 23, 24, 25 27], and Rao et al.

[22, 28] studied ideals in ordered I'-semiring, introduced the notion of bi-interior
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ideal, bi- quasi-interior ideal and left (right) bi-quasi ideal of semiring, I'-semiring,
I'-semigroup and studied their properties and characterized simple I'-semiring and
regular I'-semiring using these ideals. The fuzzy set theory was developed by Zadeh
[36] in 1965. Many papers on fuzzy sets appeared showing the importance of the
concept and its applications to logic, set theory, group theory, ring theory, real
analysis, topology, measure theory etc. The fuzzification of algebraic structure was
introduced by Rosenfeld [32] and he introduced the notion of fuzzy subgroups in
1971. K. L. N. Swamy and U. M. Swamy [34] studied fuzzy prime ideals in rings
in 1988. In 1982, Liu [28] defined and studied fuzzy subrings as well as fuzzy ideals
in rings. Mandal [12] studied fuzzy ideals and fuzzy interior ideals in an ordered
semiring. Rao [16, 17, 19, 20, 26, 29, 31] studied fuzzy k—ideals of I'-semirings,
r—fuzzy ideals of T-incline and T—fuzzy ideals of ordered I'-semirings. Kuroki [3]
studied fuzzy interior ideals in semigroups. In this paper,as a further generalization
of ideals, we introduce the notion of tri-ideal of I'-semiring as a generalization of
ideal, left ideal, right ideal, bi-ideal, quasi ideal and interior ideal of I'-semiring and
the notion of fuzzy tri-ideal of I'-semiring. We characterize the regular I'-semiring
in terms of fuzzy tri-ideal of I'-semiring and studied some of their properties.

2. PRELIMINARIES

In this section, we recall some of the fundamental concepts and definitions which
are necessary for this paper.

Definition 2.1 ([1]). A set S together with two associative binary operations called
addition and multiplication (denoted by + and - respectively) is called a semiring,
if it satisfies the following conditions:

(i) addition is a commutative operation,

(ii) multiplication distributes over addition both from the left and from the right,

(iii) there exists 0 € S such that r + 0=z and z-0=0-2 =0, for all z € S.

Definition 2.2. Let M and I'" be two non-empty sets. Then M is called a I'-
semigroup, if it satisfies

(i) zay € M,

(ii) za(yBz) = (vay)pz, for all x,y,z € M,a, 5 €T

Definition 2.3. Let (M, +) and (T, +) be commutative semigroups. A I'-semigroup
M is said to be I'-semiring, if it satisfies the following axioms: for all z,y,z € M
and o, B €T,

(i) za(y + 2z) = zay + zaz,

(ii) (x + y)az = zaz + yaz,

(iil) z(a + By = zay + xPy.

Every semiring M is a ['-semiring with I' = M and ternary operation as the usual

semiring multiplication

Definition 2.4. A T'-semiring M is said to have zero element, if there exists an
element 0 € M such that 0+ z =z and Oax = za0 =0, for all z € M,a € T.

Definition 2.5. Let M be a I'-semiring. An element a € M is said to be regular
element of M, if there exist x € M, «, 8 € T" such that a = aazfSa.
182
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Definition 2.6. Let M be a I'-semiring. If every element of M is a regular, then
M is said to be regular I'-semiring.

Definition 2.7. A non-empty subset A of a I-semiring M is called
(i) a I'-subsemiring of M if (A, +) is a subsemigroup of (M, +) and AT'A C A.
(ii) a quasi ideal of M if A is a I-subsemiring of M and AT'M N MT'A C A.
(iii) a bi-ideal of M if A is a T'-subsemiring of M and ATMT A C A.
(iv) an interior ideal of M if A is a I'-subsemiring of M and MTATM C A.
(v) aleft (right) ideal of M if A is a I-subsemiring of M and MT A C A(ATM C
A).
(vi) an ideal if A is a I'-subsemiring of M, ATM C A and MT'A C A.
(vii) a k—ideal if A is a I-subsemiring of M, ATM C A,MTA C A and z €
M, z+ye Aye Athen xz € A
(viii) a bi-interior ideal of M if A is a I'-subsemiring of M and MTBT'M N
BIr'MTB C B.
(ix) a left bi-quasi ideal (right bi-quasi ideal) of M if A is a subsemigroup of
(M,+) and MTANATMT'AC A (ATM NATMTA C A).
(x) a bi-quasi ideal of M if B is a I'—subsemiring of M and Bis a left bi-quasi
ideal and a right bi-quasi ideal of M.
(xi) aleft quasi-interior ideal (right quasi-interior ideal) of M if A is a I'-subsemiring
of M and MTATMTA C A (ATMTATM C A).
(xii) a quasi-interior of M if B is a I'—subsemiring of M and Bis a left quasi-
interior ideal and a right quasi-interior ideal of M.
(xiii) a bi-quasi-interior ideal of M if A is a I'-subsemiring of M and BTMTBTMTB C
B.
(xiv) a left(right) weak-interior ideal of M if B is a I'—subsemiring of M and
MTBI'B C B( BTBT'M C B).
(xv) a weak-interior ideal of M if B is a I'—subsemiring of M and Bis a left
weak-interior ideal and a right weak-interior ideal)of M.

Definition 2.8. A I'-semiring M is a left (right) simple I'-semiring, if M has no
proper left (right) ideal of M

Definition 2.9. A I'-semiring M is said to be simple I'-semring, if M has no proper
ideals.

Definition 2.10. Let M be a non-empty set. A mapping f: M — [0,1] is called a
fuzzy subset of a I'-semiring M.

Definition 2.11. Let f be a fuzzy subset of a non-empty set M, for ¢ € [0, 1] the
set fr ={x € M| f(z) > ¢} is called a level subset of M with respect to f.

Definition 2.12. Let M be a I'-semiring. A fuzzy subset u of M is said to be fuzzy
I'-subsemiring of M, if it satisfies the following conditions:

(i) (@ +y) = min {u(z), n(y)},
(i) p(zay) > min {u(z), u(y)}, for all x,y € M, € T.

Definition 2.13. A fuzzy subset p of a I'-semiring M is called a fuzzy left (right)
ideal of M, if it satisfies the following conditions:

(1) u(z +y) = min{p(x), p(y)},
183
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(ii) p(zay) > ply) (u(x)), for all x,y € M, € T".

Definition 2.14. A fuzzy subset p of a I'-semiring M is called a fuzzy ideal of M,
if it satisfies the following conditions:

(i) p(z +y) = min{u(x), n(y)},
(ii) p(zay) > maz {p(x), u(y)}, for all z,y € M, €T,

Definition 2.15. For any two fuzzy subsets A and p of M, A C pmeans \(z) < p(z)
for all x € M.

Definition 2.16. [(] Let f and g be fuzzy subsets of a I'—semiring M. Then f o
g,/ +9g,fUg, fNg,are defined by
sup {min{f(2), 9(0)}, sup {min{ f(2), 9(0)},
fog(z) =4 ==wov f+g(z) =1 =2ty

0, otherwise 0, otherwise

fUg(z) = max{f(2),9(2)} ; fNg(z) =min{f(z),9(2)}
forall z,y,z € M,a €T.

Definition 2.17. Let A be a non-empty subset of M. The characteristic function
of A is a fuzzy subset of M, defined by

(z) = 1, ifzeA,
YW= 0, ifzé A

3. TRI- IDEALS OF I'-SEMIRINGS

In this section, we introduce the notion of tri-ideal as a generalization of bi-ideal,
quasi-ideal and interior ideal of a I'-semiring and study the properties of tri-ideal of
a I'-semiring. Throughout this paperM is a I'-semiring with unity element.

Definition 3.1. A non-empty subset B of a I'-semiring M is said to be right tri-ideal
of M, if B is a I'-subsemiring of M and BITBI'MT'B C B.

Definition 3.2. A non-empty subset B of a I'-semiring M is said to be left tri-ideal
of M, if B is a I'-subsemiring of M and BTMI'BI'B C B.

Definition 3.3. A non-empty subset B of a I'-semiring M is said to be tri-ideal of
M, if B is a I'-subsemiring of M and B is a left tri-ideal and a right tri-ideal of M.

Remark 3.4. A tri-ideal of a I'-semiring M need not be quasi-ideal, interior ideal,
bi-interior ideal and bi-quasi ideal of a I'-semiring M.

Example 3.5. Let I be the set of all rational numbers and M = { ( 8 i ) | a,b,c€ I}

Then M is a I'-semiring with respect to usual addition of matrices and ternary opera-

tion is defined as the usual matrix multiplication. If A = { < 8 (b) ) |a,0#£be Q} ,

then A is a right tri-ideal but not a bi-ideal of the I'-semiring M.

Example 3.6.
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(i) Let @ be the set of all rational numbers, M = (CI Z ) | a,b,c,d € Q} be

the additive semigroup of M matrices and I' = M. A ternary operation AaB is
defined as usual matrix multiplication of A, «, B, for all A,«, B € M. Then M is a
I'-semiring

(a)

(b)
(i)

(iii)

0 0
semiring M and R is neither a left ideal nor a right ideal.

IftsS = {( 8 8 > |0#ac€ Q}, then S is a bi-ideal of the I'-semiring M.

IfR = {( @ b ) |07$a,07éb6Q}, then R is a quasi ideal of the I'-

0 c
respect to usual addition of matrices and ternary operation is defined as
usual matrix multiplication and A = { ( 8 2 > |0#£a,0£b€ Q} . Thus

A is not a bi-ideal of the I'-semiring M.

({3

s o)
respect to usual addition of matrices and ternary operation is defined as

usual matrix multiplication and A = { ( CCL 8 > |0#a,0#b€ Q} . Thus

A is a tri- ideal of the I'-semiring M.

If M = {( a b ) |a,b,cEQ} and I' = M then M is a I'-semiring with

|a,b,c € Q¢ and T' = M, then M is a I'-semiring with

Example 3.7. Let N be a the set of all even natural numbers and I' = N be additive
abelian semigroups.A ternary operation is defined as (z,«,y) — = + « + y, where
+ is the usual addition of integers. Then N is a I'—semiring. A subset I = 4N of
N is a tri-ideal of N but not bi-ideal,quasi-ideal, interior ideal, bi-interior ideal and
bi-quasi ideal of I'-semiring N.

In the following theorem, we mention some important properties and we omit the
proofs since they are straightforward.

Theorem 3.8. Let M be a I'-semring. Then the following are hold.

Every left ideal is a tri-ideal of M.

Every right ideal is a tri-ideal of M.

Every quasi ideal is a tri-ideal of M.

Every ideal is a tri-ideal of M.

Intersection of a right ideal and a left ideal of M is a tri-ideal of M.

If L is a left ideal and R is a right ideal of a T'-semiring M then B = RI'L

s a tri-ideal of M.

If B is a tri-ideal and T is an interior ideal of M then BN T is a tri-ideal

of M.

Let M be aT'-semiring and B be a I'-subsemiring of M. If MUMT'MI'B C B

then B is a left tri-ideal of M.

Let M be a I'-semiring and B be a I'-subsemiring of M. If MU MTMT'B C B

and BTMTMT M C B then B is a tri-ideal of M.

Intersection of a right tri-ideal and a left tri-ideal of M is a tri-ideal of M.
185
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(11) If L is a left ideal and R is a right ideal of M then B = RN L is a tri-ideal
of M.

Theorem 3.9. If BTMTBI'B = B, for all left tri- ideals B of ar I'-semiring M,
then M is a reqular I'-semiring.

Proof. Suppose BTMT'BT'B = B, for all tri- ideals B of M. Let B = RN L, where
R and L are ideals of M.
Then B is a tri-ideal of M. Thus
(RNLYITMT(RNL)I(RNL)=RNL
=(RNL)YITMT(RNL)I(RNL)
C RTMTLTL
CRIL
CRNL. [Since RTL C L and RT'L C R)]
So RN L = RI'L. Hence M is a regular I'-semiring. O

Theorem 3.10. Let M be a commutative regular I'-semiring. Then BUMT'BT'B =
B, for all left tri- ideals B of M.

Proof. Suppose M is a regular commutative I'- semiring, B is a tri-ideal of M and
x € B. Then BTMT'BT'B C B and there exist y € M, «, 8 € T such that © = xayfSz.
Thus = = zayByazxfr € BTMI'BI'B. Sox € BTMTBI'B. Hence BTMTBI'B = B.

O

4. Fuzzy TRI- IDEALS OF I'-SEMIRINGS

In this section, we introduce the notion of fuzzy right(left) tri interior ideal as
a generalization of fuzzy bi-ideal of a I'-semiring and study the properties of fuzzy
right(left) tri interior ideals.

Definition 4.1. A fuzzy subset u of a I'— semiring M is called a fuzzy left (right)
tri interior, if
(i) p(z+y) = min{u(z), u(y)}, for all z,y € M,
(ii) poxmopopCp(popoxaonCp).
A fuzzy subset p of a I'-semiring M is called a fuzzy tri-ideal, if it is a left tri-ideal
and a right tri-ideal of M.

Example 4.2. Let Q be the set of all rational numbers and M = 8 IC) ) | a,b,c € Q}

and I' = M. Then M is a I'-semiring with respect to usual addition of matrices and
a ternary operation is defined as the usual matrix multiplication.

If A= {( 8 2 ) |a,0#b¢€ Q} , then A is a right tri-ideal but not a bi-ideal of

1 if A
I-semiring M. Define p: M — [0, 1] such that p(z) = it e 4,

0, otherwise.
Then p is a fuzzy right tri-ideal of M.

Theorem 4.3. A non-empty fuzzy subset p of a I'-semiring M is a fuzzy I'-subsemiring
of M if and only if pou C p.
186
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Proof. Suppose p is a fuzzy I'-subsemiring of M and x € M. Then

prop(x) = sup min{u(a),p(b)}

r=aab

< sup p(aab), since p(aad) > min{pu(a), u(b)}

r=aab
= p().

If a,b € M does not exist such that © = aab, then po pu(z) = 0 < p(z), for all
x € M. Thus pop C pu.
Conversely, suppose that popu C pand x,y € M, € I'. Then

wlxyy) = po pyy)
= sup min{u(z), u(y)}
> min{u(z), u(y)},

since p is a fuzzy I'-subsemiring of M. a

Theorem 4.4. Every fuzzy right ideal of a I'-semiring M is a fuzzy left tri-ideal of
M.

Proof. Let pu be a fuzzy right ideal of the I'— semiring M and = € M. Then
poxm(z) = sup min{u(a),xm(d)}, a, b€ M,a €Tl

r=aab

Thus po xap(z) < p(z).
Now poxpopop(xr)= sup min{po xy(uav), o u(s)}

r=uavfs

< sup min{pu(uav), u(s)}

r=uavfs
= p(z).
So pu is a fuzzy left tri-ideal of the I'-semiring M. O

Corollary 4.5. Every fuzzy left ideal of a I'-semiring M is a fuzzy right tri-ideal of
M.

Corollary 4.6. FEvery fuzzy ideal of a I'-semiring M is a fuzzy tri-ideal of M.

Theorem 4.7. Let M be a T'-semiring and p be a non-empty fuzzy subset of M. A
fuzzy subset p is a fuzzy left tri-ideal of a I'-semiring M if and only if the level subset
we of pis a left tri-ideal of a T'-semiring M, for every t € [0,1], where p; # ¢.

Proof. Let M be a I'-semiring and p be a non-empty fuzzy subset of M. Suppose p
is a fuzzy left tri-ideal of the I'-semiring M, u; # ¢,t € [0,1] and a,b € p;. Then
pla) > t,u(b) >t
=p(a+b) = min{pu(a), u(b)} =t
=a+b € py.
187
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Let x € puI’MT pyT'py. Then x = baaSdye, where a € M, b, c,d € pg, o, § and v € T.
Thus
poxmopopu(z) >t
=u(x) > poxar o pop(r) >t
So z € py. Hence py is a left tri-ideal of the I'-semiring M.
Conversely, suppose that u; is a left tri-ideal of the I'-semiring M, for all ¢ €
Im(p). Let ¢,y € M,a € T, u(x) = t1, u(y) = t2 and t; > to. Then x,y € py,.
=>r+Y € u, and zay € Ly,
=p(x +y) = t2 = min{ty, to} = min{u(z), u(y)}-

Thus p(x+y) > te = min{u(x), u(y)}. We have py T MT Ty C py, for alll € Im(p).
Suppose t = min{Im(u)}. Then p:TMT Ty C pig. Thus pro xpropopu C p. So p
is a fuzzy left tri-ideal of the I'-semiring M. g

Corollary 4.8. Let M be a I'-semiring and p be a non-empty fuzzy subset of M. A
fuzzy subset p is a fuzzy right tri-ideal of a I'-semiring if and only if the level subset
we of pis a right tri-ideal of a T'-semiring M for every t € [0, 1], where pus # .

Theorem 4.9. Let I be a non-empty subset of a I'-semiring M and x; be the
characteristic function of I. Then I is a right tri-ideal of a I'-semiring M if and
only if x1 s a fuzzy right tri-ideal of a I'— semiring M.

Proof. Let I be a non-empty subset of the I'-semiring M and x; be the characteristic
function of I. Suppose I is a right tri-ideal of the I'-semiring M. Obviously x7 is a
fuzzy I'-subsemiring of M. We have ITITMT'I C I. Then
XI©XIOXMOXI= XITITMTI
= XITITMTI
< xr-
Thus x7 is a fuzzy right tri-ideal of the I'—semiring M.
Conversely, suppose that x; is a fuzzy right tri-ideal of M. Then [ is a I'-
subsemiring of M. We have
XI©OXI1°XMmOX1 < X1
=XrrirmMrr € Xi-
Thus ITITMTI C I. So [ is a right tri-ideal of the I'-semiring M. O
Theorem 4.10. Let M be a reqular I'— semiring. Then u is a fuzzy left tri-ideal
of M if and only if p is a fuzzy right left ideal of M.
Proof. Let pu be a fuzzy left tri-ideal of the I'— semiring M and x € M. Then
=pOoxXMOpOpuE
Since M is a regular, there exist y € M, «, 8 € T', such that x = zaypfz.

Then j1oyaroprop(e) = sup  min{uoxar(way), p(@)}) < suwp  min{u(way), p(@)} = u(x)

r=zayfx r=zayfx
=poxum(r) < p(x)
Hence p is a fuzzy right ideal of M. By Theorem 4.4, Converse is obvious. O

188



Murali Krishna Rao /Ann. Fuzzy Math. Inform. 18 (2019), No. 2, 181-193

Corollary 4.11. Let M be a regular I'— semiring. Then u is a fuzzy right tri-ideal
of M if and only if 1 is a fuzzy left ideal of M.

Theorem 4.12. If u and A are fuzzy right tri- ideals of a I'-semiring M, then pNA

is a fuzzy right tri-ideal of a I' — semiring M.

Proof. Let p and A be fuzzy right-tri ideals of the I'-semiring M,z,y € M and
a,f €T'. Then

pN Az +y) = min{u(z +y), A(z + y)}
> min{min{u(z), u(y)}, min{A(z), A(y)}}
= min{min{y(z), A(z)}, min{u(y), A(y)}}
= min{u N A(2), p N A(Y)}

Xu o pNA(z) = Zitizbmin{w(a% O A(D)}
= swp min{xa(a), min{u(b), A(b)}}
= sup min{min{xa(a), p(b)}, min{xu (), A(b)}}
= mm{xiﬁ \ min{xas(a), 1(b)}, s min{xs(a), A\(b)}}

= min{xar o pu(z), xnm o A(z)}
=X o N xar o Az).

Thus xar o N xpr 0 A= xar o N A On the other hand,
pNAXopNXoxy opnNi(z)
= sup min{gopuNAioA(a),xa opuNA(bBc)}

rz=aabfc
= Sw min{p o p(a), A o A(a)}}, min{xar o p(bBc), xar © A(bBc)}}
= 7su%b min{min{u o p(a), xar o u(bBe)}, min{A o A(a), xar o A(bBc)}}
= min{ _sulzﬁ min{p o u(a), xar o u(bsBe)}, _sup;ﬂ min{A o A(a), xar o A(bBc)}}

= min{p o 1o xar o p(z), Ao Ao xn o A(x)}
=popoxmopunNioloxy o).
SopNAopNAoxpyopNA=popoxyopnNAiodoyy oA Hence
pNAXopNdoxpopuNA=popoxpyopNAoloxyr oA unA

Therefore p N A is a fuzzy right tri-ideal of the I'— semiring M. This completes the
proof. O

Corollary 4.13. If u and X\ are fuzzy left tri- ideals of a I'-semiring M, then pN A
is a fuzzy left tri-ideal of a I'-semiring M.

Corollary 4.14. Let p and A be fuzzy tri- ideals of a I'-semiring M. Then pN X is
a fuzzy tri-ideal of a I'-semiring M.

Theorem 4.15. If u and A are fuzzy right tri- ideals of a T'-semiring M, then U\
s a fuzzy right tri-ideal of a T'-semiring M.
189
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Proof. Let p and A be fuzzy right- tri ideals of the I'-semiring M, z,y € M and
a,B €. Then

p Uz +y) =max{u(r +y), ANz +y)}
> max{min{yu(z), u(y) }, min{A(x), \(y) } }
= min{max{p(x), \(z) }, max{u(y), \(y)}}
= min{p UA(z), pUA(y)}

Xm0 pUAN) = Iszligbmin{w(a), U A(b)}
= xiliﬁbmin{w(a)’ max{u(b), A(b) }}
= Igr;bmax{min{w(a), 1(b) }, min{xar(a), A(b)}}
= max{Iitigbmin{XM(a)au(b)} zsgr;bmm{XM( a), A(b)}}

= max{xn © p(x), xar 0 A(2)}
= XM o pUxnm o A(x).
Thus xar o U xar © A= xar o U On the other hand,
pUXopuUNoxa opUA(z)
= sup min{popuUXoA(a),xa opnUA(bBe)}

rz=aabfc
= _su%b max{min{u o p(a), xar o u(bBe)}, min{A o A(a), xar o A(bBc)}}
= max{ _supbﬂ min{p o p(a), xar o p(bBe)}, Supﬁ min{AoA(a), xar o A(bBc)}}

=max{popoxny op@),\oXoxp oz}
= popoxmopUAooxny o).
SopUdlopUloxpopuUAd=popoxpopuUArodoxy oA Hence
pUlopUloxpyopUl=popoxpyopmpUrodoxpyr oA C uUA

Therefore p U A is a fuzzy right tri-ideal of the I'-semiring M. This completes the
proof. O

Corollary 4.16. If u and X\ are fuzzy left tri- ideals of a I'-semiring M then pU A
s a fuzzy left tri-ideal of a I'-semiring M.

Corollary 4.17. Let p and A be fuzzy tri- ideals of a I'-semiring M. Then pU X is
a fuzzy tri-ideal of a I'-semiring M.

Theorem 4.18. M is a regular T'-semiring if and only if . = p o xpr 0 o p, for
any fuzzy left tri- ideal p of a I'-semiring M.

Proof. Let i be a fuzzy left tri-ideal of the regular I'-semiring M and x,y € M, a, 3 €
I'. Then poxp opop C p. Thus
poxn opopu(z)= sup {min{poxn(x),pmopu(ybz)}t}

r=zayfr

> sup {min{u(z), u(yBr)}}

r=zayfz

= ().
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So pu C poxmopop. Hence poxp opop=p.

Conversely, suppose that 4 = po xa o o u, for any fuzzy tri-ideal u of the
I'-semiring M. Let B be a left tri-ideal of the I'-semiring M. Then by Theorem 4.9,
xB be a fuzzy left tri-ideal of the I'-semiring M. Thus

XB = XBO9XM©°XB°XB

= XBIMI'BI'B
B = BI'MT'BT'B.
So by Theorem 3.9, M is a regular I'-semiring. g

Theorem 4.19. Let M be a I'-semiring. Then M is a regular if and only if pN~y C
poryopou, for every fuzzy left tri-ideal u and every fuzzy ideal v of T'-semiring M.

Proof. Let M be a regular I'-semiring and x € M. Then there exist y € M, «, 3 € T.
such that x = xaypBz. Thus

poyo o)
= x:ilﬁgm{mm{“ oy(way), po p(x)}}
= min{my:il;gﬁmy{min{u(w), V(yBray)}, x:itigm{min{u(x), p(yBe)}}}

> min{min{yu(z), v(x)}, min{p(z),v(x)}}
SopunyCpoyopuop.
Conversely, suppose that the condition holds. Let p be a fuzzy left tri-ideal of
the I'-semiring M. Then pNxp C poxaropop. thus p C ppoxp opop. So by
Theorem 4.15, M is a regular semiring. g

Corollary 4.20. Let M be a I'-semiring. Then M is a regular if and only if uN~y C
pwopoyou, for every fuzzy right tri-ideal p and every fuzzy ideal v of I'-semiring
M.

5. CONCLUSION

As a further generalization of ideals, we introduced the notion of a tri-ideal of
I'-semiring as a generalization of ideal, left ideal, right ideal, bi-ideal,quasi ideal, bi-
quasi ideal, bi-interior ideal, bi-quasi interior ideal and interior ideal of I'-semiring
and studied some of their properties. We also introduced the notion of fuzzy right
( left) tri-ideal of a I'-semiring and characterized the regular I'-semiring in terms
of fuzzy right(left) tri- ideals of a I'-semiring and studied some of their algebraical
properties. In continuity of this paper, we study prime tri- ideals, maximal and
minimal tri- ideals of I'-semirings.

Acknowledgements. The author is deeply grateful to referees for careful
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