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ABSTRACT. In this paper, we introduce the notion of L-fuzzy sublattice
of a bounded lattice with truth values in a complete lattice satisfying the
infinite meet distributive law and prove certain general properties of these,
by observing that these form an algebraic fuzzy set system.
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1. INTRODUCTION

Ever since Zadeh [17] introduced the notion of a fuzzy subset of a non empty set
X as a function from X into the unit interval [0, 1], several algebraists studied fuzzy
subalgebras of various algebraic systems such as groups, rings, modules, lattices with
membership function assuming truth values in the unit intervel [0, 1] of real numbers.
Rosenfeld [3] defined the notion of a fuzzy subgroup of a group and since then several
researchers worked on fuzzy subrings and ideals of rings [0, 7], fuzzy ideals of lattices
[1, 5], fuzzy subspaces of a vecter space [4] and so on. In the above mentioned, the
fuzzy statements take truth values in the interval [0, 1] of real numbers, while crisp
statements take truth values in the two-clement set {0,1}. However, Gougen [3]
realised that the interval [0, 1] is insufficient to have the truth values of general
fuzzy statements and it is necessary to consider a more general class of lattices in
place of [0,1]. Swamy and other researchers in [9, 10, 11, 12, 13, 14, 15, 16][9-16]
used a complete lattice satisfying the infinite meet distributivity, which are called
frames, to have the truth values of general fuzzy statements.

In this paper, we introduce the notion of an L-fuzzy sublattice of a bounded
lattice (A, A, V,0,1), having truth values (as suggested by Gougen [3]) in a complete
lattice L satisfying the infinite meet distributive law and we prove certain important
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structural properties of these. Mainly, we observe that the set FSy,(A) of all L-fuzzy
sublattice of A is an algebric fuzzy set system.

Throughout this paper, L = (L, A, V, 0, 1) stands for a non-trivial complete lattice
in which the infinite meet distributive law is satsified. That is;

a/\(\/s) = \/ (a/\s)
seS SES
for any S C L and a € L and A stands for a bounded lattice (A, A,V,0,1). We
consider L-fuzzy subsets (for simplicity, fuzzy subsets) of A in the sense of Gougen
[3]. Accordingly, an L-fuzzy subset of A is a mapping of A into L. If L is the unit
interval [0, 1] of real numbers, these are the usual fuzzy subsets of A.

2. L-FUZZY SUBLATTICES

A non-empty subset S of a bounded lattice (A, A,V,0,1) is called a sublattice
of A if it is closed under the binary operations A and V and containing smallest
element 0 and largest element 1 of A. Let S(A) be the set of all sublattices of A.
Then it is well known that S(A) is an algebraic closure set system on A (i.e, closed
under arbitrary intersections and unions of upward directed subclasses of S(4)). In
the following, we introduce the notion of an L-fuzzy sublattice of a given bounded
lattice (A, A, V,0,1) and prove certain properties of these.

Definition 2.1. An L-fuzzy subset A of A is said to be an L-fuzzy sublattice of A
if and only if it satisfies the following conditions:
A(0) =1=A(1) and
Az) AXy) < MaAy)AXzVy), forall x,y e A.

We can identify any sublattice of A with an L-fuzzy sublattice of A by the fol-
lowing theorem. For any subset S of A the characterstic map x, : A — L is defined

by
(z) 1 ifzesS
xTr) =
Xs 0 ifz¢s.

Theorem 2.2. For any subset S of A, S is a sublattice of A if and only if x, is an
L-fuzzy sublattice of A.

Next we characterize L-fuzzy sublattices by their a-cuts. First let us recall that,
for any L-fuzzy subset A of A and o € L, the a-cut of X is defined by
Moyl ={z € A:a < A(z)}.
Note that the a-cut of xg is given by
_ A ifa=0
Xs ! [Oz7 1] = .
S ifa#0.
The above theorem can rephrased as xg is an L-fuzzy sublattice of A if and only

if xg'[o, 1] is a sublattice of A, for each v € L.

Theorem 2.3. An L-fuzzy subset A\ of A is an L-fuzzy sublattice of A if and only
if A", 1] is a sublattice of A, for each o € L.
174
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Proof. Suppose that A is an L-fuzzy sublattice of A and « € L. Then A\(0) =1 =
A(1). Thus 0, 1 € A7 Yo, 1]. So A ta, 1] # @.
Let # and y € A ![a, 1]. Then a < A(z) and o < A(y). Thus

a<Ax)AAy) <Mz Ay) and a < A(z) V A(y) < Az Vy).

Soz Ay, xVy € A Ha,1]. Hence A™t[a, 1] is a sublattice of A.

Conversely, suppose that for each o € L, \7![a, 1] is a sublattice of A. In par-
ticular, A=1[1,1] is a sublattice of A and then 0,1 € A71[1,1], it follows that
A0)=1=X(1). Letzand y € A. Put & = A(x)AA(y). Then a < A(z) and o < A(y).
Thus z, y € A™1[a, 1]. Since A7Ya, 1] is a sublattice of A, zVy, 2 Ay € A7 a, 1].
Thus A(z) AA(y) < MxzAy) and A(x) VA(y) < A(zVy). So Ais an L-fuzzy sublattice
of A. O

Let FS1(A) denote the set of all L-fuzzy sublattices of A. We have the point-wise
ordering on FSp(A) which is defined by
A < wif and only if A(z) < p(z)
for all z € A and for any A, u € FSL(A). The following is straightforward verifica-
tion.

Theorem 2.4. (.FSL(A), < ) is a complete lattice in which, for any
{Aitiea C€ FSL(A), the infimum and supremum are given by

/\ Ai = The point-wise infimum of {\;}ica
iEA
and
V A= A\{reFSL(A): A <X forall icA}.
1EA
For any S C A, we denote the sublattice of A generated by S by (S) (i.e; the
smallest sublattice containing S). It is well known that S +— (S) is an algebraic
closure operator on A and hence

(S)y =U{(T) : T is a finite subset of S}.
Note that the set {0, 1} is the small sublattice of the bounded lattice (A, A, V, 0, 1).
Now, we prove an important characterization of an L-fuzzy sublattice of A and this
will be used repeatedly throughout this paper.

Theorem 2.5. The following are equivalent to each other, for any L-fuzzy subset A
of A:
(1) A is an L-fuzzy sublattice of A,
(2) for any S C A and a € (S), Ma) > A Max),
€S

(3) forany S CT A, N\ Mz)= A Aa).
€S ze(S)
Proof. (1)=(2): Suppose that A is an L-fuzzy sublattice of A and S C A. Put

a= A Ax). Then a < \(x), for all z € S. Thus S € A~ [a, 1]. By Theorem 2.3,
€S

A7, 1] is a sublattice of A containing S. So (S) € A71[a, 1]. Hence a < A(a), for

all a € (S). Therefore A(a) > A A(z), for all a € (S).

z€eS
175
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(2)=(1): Suppose that the condition (2) holds. In particular, if S = @, then
A AMz) = 1. Thus A(a) > 1, for all a € (&). Since (@) = {0,1}, A(0) > 1 and
1.

€S
A(1) > 1. This implies A(0) =1 = A\(1). If S = {z,y}, then z Ay and z V y € (S).
Thus A(z) A A(y) < Az Ay) AXax Vy). So Ais an L-fuzzy sublattice A.
(2)=(3): Suppose that the condition (2) holds. Then we have
A Az < A\ Ma) < A Aa).
resS a€e(S) €S
Thus A AMx)= A A=).
€S ze(S)
(3)=(2): The proof is trivial. O

If {)\; : i €A} is a family of L-fuzzy sublattices of A, then A A; (the point-wise
ien

infimum of A}s) is an L-fuzzy sublattice of A (by Theorem 2.4) and in particular, if
A is any L-fuzzy subset of A then the point-wise infimum of all L-fuzzy sublattices
of A containing A is an L-fuzzy sublattice of A and which becomes the L-fuzzy
sublattice A generated by . In the following we give a precise discription of the
L-fuzzy sublattice A generated by a given L-fuzzy subset A of A. We write S € A
to mean that S is a finite subset of A.

Theorem 2.6. Let \ be an L-fuzzy subset of A. Then, the L-fuzzy sublattice A
generated by \ is given by

X(x):\/{ /\ Ma): S €A and z € (S)},
acs
for any x € A.

Proof. Let v(z) =\ { A\ Ma):S € Aand x € (S)}. We shall prove that v is the
a€S

smallest L-fuzzy sublattice of A containing A. If S = {z}, then z € (S), for any

x € A. Thus A(z) < v(z), for all x € A. So A < v. Since the set {0,1} is the

smallest sublattice of A containing the empty set @, 0, 1 € (&) and A A(a) = 1.
acd

This implies that 1 < v(0) and 1 < v(1). Hence v(0) =1 = v(1).
Now, using the infinite meet distributivity in L, we have
v(z) Av(y) = \/{( /\ Ma)) A ( /\ A(b)) : S, T € Aand z € (S),y e (T)}.
acS beT

Let Sand T € Aand z € (S),y € (T) and F = SUT. Then F € A and z,y € (F).
Thus z Ay, 2 Vy € (F). So

( /\ Aa)) A ( /\ b)) = /\ (Aa) AXD)) Sv(zAy) Av(zVy).
a€s beT abeF

It follows that, v(z) Av(y) < v(z Ay) Av(zVy). Hence v is an L-fuzzy sublattice
of A.

If pu is any other L-fuzzy sublattice of A containing A, then for any finite subset
Sin A and z € (S), we have,

/\ Ma) < /\ pu(a) < p(x). (by Theorem 2.5)
a€S a€S 176
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Thus v(x) < u(z) for all z € A. So v < u. Hence A = v. O

It can be easily proved that the supremum of a class {\; };ea of L-fuzzy sublattices
of A is given by

\/ Ai =T, where pu(x) = \/{/\Z(x) (i€ A}
iEA
and then by Theorem 2.6,
(\/ )\z)(x)z\/{ /\,u(a) :S€Aandxe (S)}.
1€EA acsS
Since (S) = {(T) : T € S} for any S C A, it can be easily verified that
Mz)=\{ /A Ma): SC Aand z € (S)}.
acs

Let us recall that the constant maps 0 and 1 of A are defined by 0(z) = 0, the
smallest element in L and 1(x) = 1, the largest element in L. It can be easily verified
that the L-fuzzy sublattice generated by 0 is the smallest L-fuzzy sublattice of A and
1 is the largest L-fuzzy sublattice of A. These ideas are generalized in the following.

Theorem 2.7. For any sublattice S of A, X, = X, -

Proof. For any S C A, we have

X, (z) = \/{ /\ Xs(a): T C Aand x € <T>}

acT

Since S C (5),Xxs < X5 - Then Xg < X, - On the other hand, if z ¢ (S5), then

X s () =0 < Xxg(z). If z € (S), then x,(x) > /\st(a) =1= x4, (z). Thus
ac

Xs = Xs) - =

Next, we describe the a-cut of X. First let us recall that, for any o € L and C C L,
C is called a cover of a if a < Sup C.

Theorem 2.8. Let A be an L-fuzzy subset of A and X is the L-fuzzy sublattice of A
generated by A. Then for any o € L,

X_l[a, 1] = U{ ﬂ (A7YB,1]) : C is a cover of o in L}.
BeC
Proof. For any x € A, we have
X(a:):\/{ /\ Mz):SCA and z€(S)}.
acs
Let a € L. Suppose there exists a cover C of « in L such that x € (\71[3,1]), for
all 3 € C. Then for any a € A71[B,1], we have 3 < A(a). Thus

< A Ma) <X(@).

a€A=1[B,1]

So a < Sup C < (). Hence x € X_l[oz, 1].
177
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On the other hand, let = € Xﬁl[a, 1]. Then o < A(x). For any S C A with z € (S),
let Bs = A Aa) and C = {Bs:5 C A and z € (S)}. Then, clearly C is a cover of
acC

ain L. Let Bs € C. Then for any a € S, we have 85 < A(a). Thus S C A\~}[3g,1].
So z € (S) C (A\"}Bg, 1]), for every Bs € C. O

In the following we define a-level L-fuzzy sublattice of a bounded lattice (A, A, V,0,1),
which slightly generalize the notion of the characterstic map x, corresponding to a
sublattice S of A.

Theorem 2.9. For any subset S of A and o € L, we define ag : A — L by

(z) = 1 ifzeS
RRARC PN ifeésS.

Then ag = sy -

Corollary 2.10. For any S C A and o € L, ag is an L-fuzzy sublattice of A if and
only if S is a sublattice of A.

It can be seen that the correspondence S — «ag establishes an isomorphism from
the lattice S(A) of all sublattices of A onto the lattice of a-level L-fuzzy sublattices
of A. Also, for any proper sublattice S of A, the mapping a — «g is an isomorphism
of L onto a complete sublattice of the lattice of L-fuzzy sublattices of A.

Now the following theorem provides a method for constructing L-fuzzy sublattice
of A from their a-cuts satisfying certain conditions.

Theorem 2.11. Let {S, : a € L} be a family of sublattices of A such that () S, =

aeM
Syo forall M C L. Define \: A— L by

)\(m):\/{aeL:xES’a}.

Then X is an L-fuzzy sublattice of A such that S, is precisely \~ta, 1], for any
a € L and conversely every L-fuzzy sublattice of A can be defined as above.

Proof. By the definition of A, for any € A and o € L, we have
r€8,=a<\z)=zeN ]

Then Sz C A71[B,1,] for all B € L. Clearly, « — S, is an antitone.
Now, z € A7![B,1] = B< ANz) =V{a €L :z € S,}

=pB=BAN(V{aeL:zeS,})

=fB=V{fAa:x€S,}

= S5s= (1 9pna

TESy
=z € [\ Sgrna =53 (since So C Spna).
IGSa
Thus A™1[B,1] = S;, for all 3 € L. So by Theorem 2.3, X is an L-fuzzy sublattice of
A.
178
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The converse is clear, since for an L-fuzzy subset A\ of A, () A !, 1] =
aeM
AV e, 1], for any M C L and clearly, M(z) =\/{a € L:z € X a,1]}. O
aeM

Corollary 2.12. Let S; C Sy C S3 C ... be an increasing sequence of sublattices
o0
of A such that \J S, = A and 1 = a1 > ag > a3 > --- be a decreasing sequence

of elements in gilThen, the L-fuzzy subset \ defined by A(x) = av,, where n is the
least integer such that x € S, is an L-fuzzy sublattice of A and the a-cut of X\ is
given by
N = {A if a < ay, for alln
“ Sn if n is the largest such that o, > a.

Corollary 2.13. Let S1 C Sy C S3C--- C S, = A be finite increasing sequence of
sublattices of A and 1 = a1 > as > az > --- > ay, be a finite decreasing sequence
of elements in L. Then, the L-fuzzy subset A defined by \(x) = «, if i is the least
integer such that x € S; is an L-fuzzy sublattice of A.

A class € of L-fuzzy subsets of a non-empty set X is called directed above if,
for any A\, € €, there exists v € € such that A < vy and p < ~. ¥ is said to be
an algebraic fuzzy set system if, ¢ is closed under point-wise infimums and closed
under the point-wise supremums of directed above subclsses of €.

Theorem 2.14. The class FSL(A) of all L-fuzzy sublattices of A is an
algebraic fuzzy set system.

Proof. By Theorem 2.4, we have FS[,(A) is closed under point-wise infimums. Let
{\i : i €A} be a directed above subclass of FSy(A) and for any = € A,

p(z) = \/ Ai(x) = Sup{;(x) : i €r}.
ien
Then clearly, (0) =1 = pu(1), since each \; is an L-fuzzy sublattice of A. Now, let
x,y € A. Then by the infinite meet distributivity in L,

(*) p) Ap(y) = (\/ @) A\ xw) =V (hi@) AX@).
ien ien ijEA
Since for any 4, j €A, there exists k €A such that A\; < A\ and A; < X\ and
Ai() AN (1Y) < Ae(@) Ak (y) < M@ Ay) Adi(z Vy).

Thus by (%), it follows that p(z) A p(y) < p(x Ay) A p(zVy). So pis an L-fuzzy
sublattice of A. O

3. CONCLUSIONS

In this paper, we have studied the structural theory of fuzzy sublattices of a
bounded lattice with truth values in a complete lattice satisfying the infinite meet
distributive law such a lattice is called a frame. Here, we have proved that the class
of fuzzy sublattices of a bounded lattice is a complete lattice and form an algebraic
fuzzy system. We want to know whether this class form an algebraic lattice or not
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and to investigate prime and maximal fuzzy sublattices and prime spectrum of fuzzy
sublattices. We leave these concepts for future study.
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