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ABSTRACT. This paper focuses on solving fuzzy variables linear pro-
gramming problems with rough intervals coefficients (FVRILP). First,
FVRILP problems can be decomposed into three linear programming prob-
lems with rough intervals coefficients (RILP) using a crisp linear technique.
Then, interval method is utilized to convert each RILP problem into two
linear programming problems with interval coefficients (ICLP). Second,
the ensuing final, crisp linear programming problems are constructed for
each ICLP problem and finally, they are solved to obtain a fuzzy rough
solution for FVRILP problems in general. A numerical example is given
to illustrate the applicability of the proposed method.
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1. INTRODUCTION

Fuzzy linear programming (FLP) can be separated into two models. FLP with
fuzzy coeflicients and FLP with fuzzy constraints while the decision variables in these
types are considered as crisp. In the fuzzy variables linear programming (FVLP), the
decision-making variables are fuzzy while the coefficients of the objective function
and the right-hand side coefficients are not fuzzy. Xiaozhong et al. [17] discussed
the fuzzy linear programming problems with fuzzy variables and fuzzy coefficients.
Nasseri and Ardil [13] proposed a method depends on linear ranking functions and
simplex method to find the fuzzy basic feasible solution of the (FVLP). Pandian and
Jayalakskmi [15] suggested a decomposition method to find the optimal solution of
the integer linear programming problems with fuzzy variables. Some authors of [1, 4,
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, 10, 11] have presented several approaches based on ranking functions to transform
the fuzzy linear programming problems into the corresponding deterministic linear
programming problems.

Rough Intervals are helpful tools to treat the uncertainty in the decision-making
problems. The linear programming with interval coefficients in the objective func-
tions and/or in the constraints has been studied by several authors, [3, 7, 16]. Xu and
Yao [18] have presented two approaches for solving random rough multi-objective
programming problems. One is the interactive satisfying method which is used to
find the satisfying solution of the decision maker, and the other applies the technique
of random rough simulation-based genetic algorithm using compromise approach is
obtained for solving the general random rough multi-objective programming prob-
lems. The basic knowledge of possibly optimal range, surely optimal range, rather
satisfactory solutions, completely satisfactory solutions and rough optimal range of
the linear programming with rough interval coefficients are discussed by Hamzehee
et al. [5]. They transform the rough intervals linear programming problem into two
linear programming problems with interval coefficients.

This paper is organized into five sections. In the next section, definitions of arith-
metic operations on fuzzy numbers and on rough intervals that are necessary for
the discussion here are reviewed. In Section 3, fuzzy variables linear programming
problems with rough interval coefficients (FVRILP) are formulated, and a method-
ology is given to solve this type of problem. An illustrative numerical example for
the proposed method is presented in Section 4. Finally, conclusions are drawn in
Section 5.

2. PRELIMINARIES

In this section, basic notation related to the fuzzy numbers and rough intervals
used in this paper are given.

Definition 2.1 ([2]). A fuzzy number a = (a1, ag, as) is a triangular fuzzy number,
if its membership function is given by:

r—a
azfall’ a1 S X S a2,
1 T = as
K )
Ha (x) = r—as
as—as’ ag <z < as,
0, otherwise.

Definition 2.2 ([9]). Let @ = (a1, az,as) and b = (by, by, bs) be two triangular fuzzy
numbers. The basic arithmetic operations are defined as follows:
(i) Addition: a + b= (a1 4+ b1, a2 + be, a3 + b3),
(i) Subtraction: & — b= (a1 — bs, ay — by, az — b),
(iii) Scalar multiplication: ka = (kai, kao, kag) if k > 0,
ka = (kag, kag, kay) if k <0,

(iv) Multiplication: a x b= (a1b1, agba, agbs), a1 >0, ,
a x B = (albg,agbg,ag,bg), a1 <0, az >0,

a X l;: (albg,agbg,agbl), asz < 0.
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)

Definition 2.3 ([12]). Let A = ([a%,a" |, [a*, a”]) and B = ([e"3" |, [
be two rough intervals. The basic arithmetic operations are defined as follows:
(i) Addition: A+ B = ([QL + bV + Y ] , [aL +5, @ +BU]),
(ii) Subtraction: A — B = ([QL —vY,aV — bt } , [EL — 5U7 av — ELD,
(iii) Negation: —A = ([—QU, —ar } , [—EU, — EL]),
(iv) Intersection: AN B

= (s o) min {407} | e (55 i 517} ]

(v) Union: AUB
= ([mm {QL,QL} maa:{ v bU} ] , [min {HL,BL} , Max {EU,BU} D
3. METHODOLOGY

3.1. Formulation of the fuzzy variables linear programming problems with
rough interval coefficients (FVRILP). Let us consider the following FVRILP
problems:

(3.1) (FVRILP) : mazF = Z jL, 5]}, [EJL, ]) ® zj,
subject to

> (laf.a% ], [@h, ag]) @@ <b; (i=1,2,...,m)

j=1

>0 (j=1,2,...,n),

where Z; (j =1,2,...,n) is a vector of fuzzy decision variables, b; (i=1,2,...,m)
is a vector of fuzzy constants and ([ < ,cgj ] , [CJL, EJUD
and ([ ”,ag ] , [aiLj, E?j]) (i=1,2,...,m; j=1,2,...,n) are rough interval coef-

ficients of objective function and constraints respectively.

3.2. Defuzzification process. Let all the fuzzy parameters and fuzzy variables for
both objective function and constraints in Problem (3.1) be represented by triangular
fuzzy numbers, each of which has values as follows:

)

F=(F,F F),% = (tj,y; .2)and b; = (b}, b2,03) (i=1,2,....,m; j=1,2,...

[ i

Hence, Problem (3.1) can be reformulated as follows:

(3.2) mazx (Fy, Fy , F3) = Z ]L, ;J JL/, Ey]) ®(t]‘,yj ,Zj),

Jj=1

subject to

n

> (afaf; 1. (a5, @) ® (4,5 02) < (01,03,6) (i =1,2,...,m)
j=1

tiy; 5220 (1=1,2,...,n).
163
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Jayalakshmi and Pandian [38] presented a crisp technique, namely, the bounded
and decomposition method, to find an optimal solution for fully fuzzy linear pro-
gramming problems. Using this method, FVRILP problems can be converted into
three rough interval linear programming (RILP) problems.

Now, using the arithmetic operations of Definition 2.2 and the method described
in [8], Problem (3.2) can be decomposed into three RILP problems:

(1) Middle level rough interval linear programming (MRILP) prob-
lems:

(3.3)

(MRILP) : maxF; = Z middle value of ([QJL,QU |, [eF E;J]) ® (t5, 95 %),

j=1

subject to

Zmiddle value of ([%Ljaglyj ] ) [@-Lj, Eg-]) ® (tj,y; ,25) < (b},bibf’) (i=1,2,...,m)
i=1
ti,yi .2 >0 (1=1,2,...,n).

(2) Upper level rough interval linear programming (URILP) prob-
lems:

(3.4)

(URILP): mazF3 = Z upper value of ([Q]L,gg ] , [E]L, Egj]) ® (i, 95 ,24),

j=1

subject to

Zupper value of ([@fj,gg— ] , [6{3, Eg]) ® (tj,y; ,25) < (b%,b?,bf) (i=1,2,...,m)
j=1

> upper value of ([cf, ], [ef, 1) @ (t;,y;,2) > ([Fs.Fs |, [Fs", BY]),
Jj=1
ijyj (j:1727"'7n)a
t]7y]azjzo (j:172a"'7n)a

where ([F*LQ, FY ] , [FQ*L, FQ*U]) is the rough optimal range of the objective func-
tion Fy, it will be illustrated later.

(3) Lower level rough interval linear programming (LRILP) problems:

(3.5)

n
(LRILP): mazF; = Z lower value of ([QL,QSJ ] , [E]L, Egj]) ® (i, y5 ,24),

Jj=1

164
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subject to

Zlower value of ([a; a;s, 5]7 [EZ-LJ-, E%])@(tj7yj ,2) < (b1,02,03) (i=1,2,...,m)

j=1

Zlower value of ([QJL,Q?}, [E]L, E?])@(tj,yj ,zj)g([Fé,FfQ], [F;L, F;U]),

j=1
tjgyj (j:1,2,...7n),

tjayj ,Zj ZO (]:1,2,,n)

3.3. Crisp linear programming problems. Before we go any further, the follow-
ing definitions and theorems are needed:

Theorem 3.1 ([3]). Consider the inequality Z e a;js aij|z; < (b, bi], where
;>0 (j=1,2 ..., n). Then, >7_ Gjz; < b and Y77, a;;r; < b; are the
minimum value range and mazimum value range mequahtzes respectively.

Theorem 3.2. Consider the inequality Z] 1 [ ;s aij]xj > [bi, 57;], where x; >
0(j=1,2 ..., n). Then, 330_  G@ijx; > b; and 377, a;;x5 < b; are the minimum
value range and maximum value range inequalities, respectively.

Let F,. = (Er? Fr) = ([Efvﬂg ] ) {Ff7 F?}) (r=1,2,3).

Definition 3.3. If F,, = ([FL FY ] , [F:L, F;,"U]) (r=1,2,3), is the rough op-

*7)

timal range of Problems (3.3)- (3.5), then the rough optimal range of Problem (3.2)

is defined as:
(53] (b 5]

Definition 3.4. The optimal solution of Problem (3.2) which has optimal value in

[Er (FLES® FU } ({Zi JErE SR F*UD is called a completely (rather)
satisfactory solution.

3 3

Z FrE Z FY

r=1 r=1

(1) Crisp middle level linear programming (CMLP) problems:

Using the method suggested in [5], MRILP problems are converted into two linear
programming problems with interval coeflicients (ICLP), as follows:

maxFy = Z;L:1 [ZL, 7?] y; (l.a) maxF, = 2?21 c ]L, 5] Jy; (1.b)
subject to subject to

Sy (@, agly <67 (i=1,2,...,m) Y [af,af Jy; <07 (i=1,2,...

y; >0 (j=12,...,n). y; =0 (j=12,...,n).
The ICLP Problems (1.a) and (1.b) are transformed to four crisp linear program-
ming (LP) problems, as follows:
165
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—=U
maz k', :Z] 1 Jyj (2.a)
subject to

Y aby <8 (i=1,2,...,m)
y; >0 (j=1,2,...,n).

mazFY =21 C Uy (2.c)
subject to

S0y by <b2(i=1,2,...,m)

—L
mazkFy = Z; 1 ]y.] (2.b)
subject to

Z;‘L:1 Egyj <b? (i=1,2,...,m)
y; >0 (j=1,2,...,n).

mamEé‘ = Z? 1 jy.] (2.d)
subject to

Sy aby; <b2(i=1,2,...,m)

y; >0 (j=1,2,...,n). y; >0 (j=1,2,...,n).

Solving the problems (2.a)—(2.d), the rough optimal range to MRILP Problem
(3.3) is ([F*LQ, FY } , [F2*L, FQ*U]) with completely satisfactory solutions (y*Lj, yg])
and rather satisfactory solutions (y;‘L7 y;‘U)

(2) Crisp upper level linear programming (CULP) problems:

Using the method suggested in [5], URILP problems are converted into two ICLP
problems, as follows:

maxFy =37 [¢f, &)z (3.a) maxFy =" ¢k, ]2 (3b)
subject to subject to

Sy [, ag] 2 <03, (i=1,2,...,m) Yh . [afy,af ]z <Y, (i=1,2,...,
i ey ]z = [ B, Z? Ve ]z 2 [P Fa

zj > Yj, (j:1,2,...,n) 25 > Yj, (j—1,2,...,n)

z; >0, (1=1,2,...,n). zjzo, (j=1,2,...,n).

The ICLP Problems (3.a) and (3.b) are transformed to four LP problems, as
follows:

maxfg =" ¥z (4a) mamfg =>"_ekz (4b)

j=1%3 ~J j=1"7
subject to subject to
> awzjgb3 (1=1,2,...,m) D e agz; <b (i=1,2,...,m)
Z]:l 72 < FQ*U’ Z?:l EJUZj 2 FQ*Lv
zi>y; (J=1,2,...,n), zi >y (J=1,2,...,n),

>0 (j=1,2,...,n).

mang = Z;L lcgj i (d.c)
subject to
ZJ 1 amzj <b} (i=1,2,...,m)
Z] 1 j Z] < F*%a
zi>y; (J=1,2,...,n), 2%(J_Lz“wm,
zij(jzl,Q,...,n). szO(j:LQ,...,n).
Solving the problems (4.a)—(4.d), the rough optimal range to URILP Problem
(3.4) is ([F*LS,FE), ] , [F;L, FgU]) with completely satisfactory solutions (zfj, szj)
tL ),

and rather satisfactory solutions (zj ) 25

(3) Crisp lower level linear programming (CLLP) problems:

Using the method suggested in [5], LRILP problems are converted into two ICLP
problems, as follows:
166
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maxFy =37 [ef, & ]t; (5.a) maxFy =30 [k, ]ty (5b)
subject to subject to

Sy [an, aglty <bp (i=1,2,...,m) ¢, [afj,a”]t <b (i=1,2,...,m
Yo [ofs 1t < (B3t 7T, il 1t < [Fh P ],

t;<y; j=1,2,...,n) ti<y; j=1,2,...,n)

t; >0 (j=1,2,...,n). thO(j:1,2,...,n).

The ICLP Problems (5.a) and (5.b) are transformed to four LP problems, as
follows:

maxf? =37, ¢ty (6.a) mamff =7ty (6.b)
subject to subject to

Yooy agty <bp (i=1,2,...,m) Sy agt; <bp (i=1,2,...,m)
> fft <F2*U, i f?t < F3h,

t Syj (]—1,2,...,71), t éyj (J_172,~~'7n)7

thO (j=1,2,...,n). tj20 (j=1,2,...,n).
maxﬂgzzj LYty (6.c) maxﬂfzzj L city (6.d)
subject to subject to

> abit; <b} (i=1,2,...,m) i ality <bl (i=1,2,...,m)
el < P St < B

t Syj (]—1,2,...,71), t éyj (]_1727~~'7n)7

thO (j=1,2,...,n). tj20 (Gj=12,...,n).

Solving the problems (6.a)—(6.d), the rough optimal range to LRILP Problem
(3.5)is ([F5,FY ], [Fr*, FrY]) with completely satisfactory solutions (tf], t*UJ)
and rather satisfactory solutions (t;‘-L , t;U).

Hence, the rough optimal range of FVRILP problems (3.1) is

({Zi FE, Zi L FY } [Zi LVl Zi 1 F*U]) with completely satisfactory

fuzzy solution is (:E*Lj, i’fj) and rather satisfactory fuzzy solution is (:%;‘L and :%;‘U)

4. NUMERICAL EXAMPLE

The following example demonstrates the computational procedure for an FVRILP
problem:

maxF = ([1,4], [0,6]) &1 + ([2,3], [1,4]) Zo,
subject to
([274] ) [174}) il + ([Sa 5] ’ [2v6]) 5'2 <
([374] ) [2’ GD 571 + ([17 3] ’ [07 5]) Zg < 25
Z1, T9 > 0.
The first step in the procedure is to use arithmetical operations [9] and the bound
and decomposition method [3] to transform an FVRILP problem into RILP problem.
Let F = (Fl,FQ ,,Fg)7 .’Z’j = (tj,yj ,Zj), (] = 1, 2), bl = (9,6 ,11) and b2 =
(4,8 ,10), then an RILP problem can be formulated, as follows:

maxF; = ([174} ) [0’6]) i1+ ([2,3]7 [174])t27
167
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maxFy = ([1»4]7 [076]) Y1+ ([273]7 [174])?/2»
maxFz = ([1,4], [0,6]) z1 + ([2,3], [1,4]) 22,

subject to
(12,4], [1,4]) &2+ ([3,5], [2,6])t2 <6,
(12,4], [1,4))y1 + ([3,5], [2,6]) y2 <9,
(12,4], [1,4]) 21 + ([3,5], [2,6]) 22 <11,
(13.4], [2,6]) t2 + ([1, 3], [0,5]) t2 < 4,
(13.4], 2,6)) y1 + ([1, 3], [0,5]) y2 <38,
(13.4], [2,6]) 21 + ([1,3], [0,5]) z2 <10,
t1,y1 5215t Y2 20 > 0.

Using bound and decomposition method [8], an RILP problem can be decomposed
into three RILP problems, namely, MRILP, URILP and LRILP problems, as follows:

(1) MRILP Problem:

MRILP : maxF, = ([1,4], [0,6]) y1 + ([2,3], [1,4]) v2,
subject to
(12,4], [1,4) y1 + ([3,5], [2,6]) y2 <9,
(13.4], 2,6)) y1 + ([1, 3], [0,5]) y2 <8,
Y1, y2 > 0.

Using the interval method [5], MRILP problem is transformed to LP problems
LP1, LP2, LP3 and LP4.

LP1: maXF;J =6 y1 + 4y, LP2: maxfg = Yo,
subject to subject to
Yy +2y2 <9, 4y1 +6y2 <9,
2y, <8, 6y1 + Sy2 <8,
Y1, y2 > 0. Y1, Y2 > 0.
LP3 : maxFY =4 y; + 3ys, LP4 : maxFL = y; + 2y,
subject to subject to
2y1 +3y2 <9, 4y1 +5y2 <9,
3y1 + Y2 <8, 4y1 + 3y2 < 8,
Y1, y2 > 0. Y1, y2 > 0.

The rough optimal range to MRILP problem is
Fy = ([F5,FS ], [Fst, F3Y]) = ([3.6, 13.3], [1.5, 34]), completely satisfac-
tory solution is (yfj, y%) = ((0, 1.8), (2.1, 1.6)) and rather satisfactory solution
is (yi%, y;Y) = ((0, 1.5), (4, 2.5)).
(1) URILP Problem:
168
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URILP : maxF3 = ([1,4], [0,6]) z1 + ([2,3], [1,4]) 22,
subject to

(I

([
([1, 4], [0,6]) 21 + ([2,3], [1,4]) 2 > ([3.6, 13.3], [1.5, 34]),

2,4], [1,4]) z1 + ([3,5], [2,6]) z2 < 11,
374] ) [276]) z1 + ([173] ) [075]) z3 <10,
Z1 2 Y1, 22 2 Y2,

21, 22 > 0.

Using the interval method [5], URILP problem is transformed to LP problems
LP5, LP6, LP7 and LPS.

LP5: maxfg =6 21 + 429, LP6 : maxfé = 29,
subject to subject to
21+ 229 < 11, 4z1 4 629 < 11,
221 <10, 621 + 529 < 10,
29 < 34, 621 + 429 > 1.5,
z1, 22 > 0. z1, 22 > 0.
LP7: maXEg =4 21 + 329, LPS8: maxﬂg = 21+ 229,
subject to subject to
22’1 +322 S 11, 421 +52’2 S 11,
321+ 20 <10, 4z1 + 329 <10,
21 + 229 < 13.3, 4z1 + 322 > 3.6,
Z1, 2220. 21, 2220.

The rough optimal range to URILP problem is
F; = ([F5,FY ], [F3t, F3U]) = (44, 16.4], [1.8, 42]), completely satisfac-

tory solution is (25, z%) = ((0, 2.2), (2.7, 1.9)) and rather satisfactory solution
*L

is (z] , Z;U) = ((0, 1.8), (5, 3)).
(1) LRILP Problem:

LRILP : maxF; = ([1,4], [0,6]) t1 + ([2,3], [1,4]) t2,
subject to
([2,4], [1,4]) t2 + (3, 5], [2,6])t2 <6,
(3,4], [2,6]) tr + ([1,3], [0,5]) 2 < 4,
([1,4], [0,6])t1 + ([2,3], [1,4]) t2 < ([3.6, 13.3], [1.5, 34]),
t1 <Y1, t2 S Y2,
t1,t2 > 0.

Using the interval method [5], LRILP problem is transformed to LP problems
LP9, LP10, LP11 and LP12.
169
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LP9: maxfllj =6 t1 + 4to, LP10: maxflL = io,
subject to subject to
t1 + 2ty < 6, 4ty + 6ty < 6,
2t <4, 6t1 + Bty < 4,
to < 34, 6t + 4ty < 1.5,
t1, ty > 0. t1, ta > 0.
LP11 : maxEY =4 t; + 3t,, LP12 : maxFL = t; 4 2t,,
subject to subject to
2t1 + 3t < 6, 4t + 5t <6,
3t + to <4, Aty + 3ty < 4,
t1 + 2t < 13.3, 4t + 3ty < 3.6,
t1, t2 > 0. t1, ta > 0.

The rough optimal range to LRILP problem is
Fy = ([FLl,F*l{ ], [FI*L, Fl*UD = ([2.4, 7.7], [0.4, 20]), completely satisfac-

tory solution is (tfj, t*Uj) = ((0, 1.2), (0.8, 1.4)) and rather satisfactory solution is
(t:F, 5Y) = ((0, 0.4), (2, 2)).

Finally, the rough optimal range for an FVRILP problem is ([10.4, 37.4], [3.7, 96]),
while the completely satisfactory fuzzy solutions are (0, 1.2, 0, 1.8, 0, 2.2) and
(0.9, 1.4, 2.1, 1.6, 2.7, 1.9) and the rather satisfactory fuzzy solutions are found

(0, 0.4, 0, 1.5, 0, 1.8) and (2, 2, 4, 2.5, 5, 3).

5. CONCLUSIONS

This study presents a method to tackle linear programming problems with rough
interval coefficients in a fuzzy environment (FVRILP). This method uses a crisp
linear technique to convert FVRILP problems into three rough interval linear pro-
gramming (RILP) problems. The interval method can be used to convert each RILP
problem into four crisp linear programming (LP) problems. Then, each LP problem
can be solved independently to find the final solution. To test the validity of this
method, a numerical example is provided. The results obtained show the applica-
bility and accuracy of the proposed method.

However, there is another interesting area of research in solving linear program-
ming problems with rough interval coefficients in a fuzzy environment. The level-sum
method of Pandian proposed in [14] is a promising point in future to be used to treat
such formulated problems in this paper.
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