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ABSTRACT. In this paper, we study fuzzy congruences, kernel fuzzy
ideals and (o, *)-fuzzy ideals of a demi-pseudocomplemented MS-algebra
L. In particular, we study the fuzzy congruence relation generated by
fuzzy relation and its properties. Also we prove that (o,x*)-fuzzy ideals
form a sublattice of fuzzy ideals of L, and the set of these fuzzy ideals is
isomorphic to the closed interval G and x, of the fuzzy congruence lattice
of L where G is Glievenko fuzzy congruence and Y, is the universal fuzzy
congruence.
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1. INTRODUCTION

Zadeh [16] introduced the concepts of a fuzzy set. Fuzzy sets have been found
to be very useful in diversely applied areas of science and technology. Extensive
applications of the fuzzy set theory have been found in various fields such as logic
programming, medical diagnosis, decision making problems and microelectronic fault
analysis. Also fuzzy set theory is conveniently and successfully applied in Abstract
Algebra. Rosenfeld [11] defined the notion of a fuzzy subgroup of a groups. Then
many algebraists took interest to introduce fuzzy theory in various algabraic struc-
tures by fuzzyfying the formal theory. [1, 13, 15] introduced fuzzy ideals of distribu-
tive lattice. Recently, Alaba and Alemayehu [2] introduced the notion of clouser
fuzzy ideals of MS-algebras. Also Alaba, Taye and Alemayehu [3] introduced the
concept of d-fuzzy ideals in MS-algebras.

On the other hand, Blyth and Varlet [6] introduced the notion of MS-algebras as a
common abstraction of de Morgan algebras and Stone algebras. Sankappanavar [12]
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introduced the notion of demi-pseudocomplemented algebrs, and Blyth, Fang and
Wang [4] studied on ideals and congruences of distributive demi-pseudocomplemented
algebras. More recently, Fang and Tan [7] characterized kernel ideals and (o, *)-ideals
in demi-pseudocomplemented MS-algebras.

These studies motivated us to study fuzzy congruences, kernel fuzzy ideals and
(o, x)-fuzzy ideals in demi-pseudocomplemented MS-algebras L. In particular, we
study the fuzzy congruence relation generated by fuzzy relation and its properties.
Also we prove that (o, *)-fuzzy ideals form a sublattice of fuzzy ideals of L, and the
set of these fuzzy ideals is isomorphic to the interval [Gr, x,] of the fuzzy congruence
lattice of L where G is Glievenko fuzzy congruence, and Y, is the universal fuzzy
congruence.

2. PRELIMINARIES
In this section, we recall basic concepts frequently used in this article.

Definition 2.1 ([12]). A demi-pseudocomplemented algebra is an algebra (L, A, V,*,0,1)
in which (L, A, V,0,1) is a bounded lattice and a unary operation x — x* satisfying
the following properties: for any z,y € L,

(i) (zVy) =z"Ay",

(i) (2 A )™ = & Ay
(iii) O* =1and 1* =0,
(iv) 2% = a7,
(v) z* Ax*™ =0.

As shown by Sankappanavara [12], in a demi-pseudocomplemented algebra, the
following property holds:
(vi) 2* A (z* A y)* = a* Ay*, for any x,y € L.

Definition 2.2 ([6]). An Ockham algebra is a bounded distributive lattice L to-
gether with a dual endomorphism f : L — L. An MS-algebra is an Ockham algebra
in which dual endomorphism z — f(z) is determined by the inequality = < f2(z).
As usual, we shall write z° for f(z).

Definition 2.3 ([3]). A demi-pseudocomplemented Ockham algebra is an algebra
(L,A,V, f,%,0,1) of type (2,2,1,1,0,0) where (L, A, V, f,0,1) is an Ockham algebra,
(L,A,V,*,0,1) is a demi-p-lattice and the operations x — f(z) and x — z* are
linked by the identity f(z*) = (f(x))*.

Specially, if (L,° ) is an MS-algebra, then (L, A, V,° ,*, 0, 1) is called demi-pseudoco
-mplemented MS-algebra. We shall denote the class of demi-pseudocomplemented
MS-algebra by dpMS-algebra.

Theorem 2.4 ([8]). If (L,°,*) is a dpMS-algebra then the flowing statements hold:

=x* =z Vo € L*,
(x/\y) =z*Vy*Ve,y €L,
*Var=1Vrel,
*ANy=0=z" <y*Vr,y€ L,
(L*,*) is a boolean algebra.
124
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Definition 2.5 ([9]). Let L be a lattice and let H C L x L. We denote by ©(H)
the smallest congruence relation containing H, and call it the congruence relation
generated by H. If H =1 x I, where I is an ideal, we write ©[I] for ©(H).

Definition 2.6 ([7]). An equivalence relation 6 is a congruence relation in dpMS-
algebra L, if it is a lattice congruence and (a,b) € 6 implies (a°,b°) € 6 and
(a*,b*) € 0 for all a,b € L. To distinguish lattice congruence of dpMS-algebra
L from congruence of dpMS-algebra L, we shall use the subscript ‘lat’ to denote
lattice congruence.

As shown [9], if I is an ideal of a distributive lattice L, then
(2.1) (x,y) €O < (Fiel)xVi=yVi.
Dully, if F is a filter of a distributive lattice L, then
(2.2) (,y) €EOF)| & (FjeF)zNj=yANj.

For an ideal I of dpMS-algebra (L,°,* ), We shall write
IZ={zeL:(3iel)i® <z}
Ieo={zeL:(Fel)z<i®}
and
I°’={yelz®°=y:3z eI}
Clearly, I° C IoZ , IoZ is a filter of L and I,, is ideal of L. By Definition of IoZ and
I° and by equation (2.2) Fang and Tan [7], characterize as
(2.3) (2,y) € O|IZ] & (Fi e I) z Ai° =y Ai°.
Theorem 2.7 ([6]). Let I be an ideal of the dpMS-algebra L. Then
O] = Ouat[IZ]V Ora[Loo).

We recall that for any nonempty set S, the characteristic function of .S,

(z) = 1 ifxes
XY =0 if wes,

Definition 2.8. [16] Let u be a fuzzy subset of S and let a € [0, 1]. Then the set

o = {2 € L < pulx))
is called a level subset of p.

Definition 2.9 ([13]). A fuzzy subset p of a bounded lattice L is said to be a fuzzy
ideal of L, if for all z,y € L,

(i) 1(0) = 1.

(i1) p(aVy) > pz) A ply),

(ili) p(z Ay) = p(@) vV u(y).

In [13], Swamy and Raju observed that, a fuzzy subset u of a a bounded lattice L
is a fuzzy ideal of L if and only if 4(0) = 1 and pu(zVy) = p(x)Auly) for all z,y € L.

A fuzzy relation 0 on a set X is map 6 : X x X — [0,1]. For any z,y € X and
fuzzy relations 6 and ¢ on X, (6 N ¢)(x,y) = min{6(z,y), ¢(x,y)}, (U @)(z,y) =

maz{0(z,y), d(x,y)}, 0 C ¢ means 0(z,y) < ¢(x,y).
125
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Definition 2.10 ([10]). Suppose that 6 and ¢ are two fuzzy relations on a set X.
Then (0 0 ¢)(x,y) = sup.ex (6(z,2) A d(2,9))-

Definition 2.11 ([10]). A fuzzy relation ¢ on X is said to be a fuzzy equivalence
relation on X, if

(i) ¢(z,x) =1 for all x € X (reflexive),

(ii) ¢(z,y) = ¢(y,z) for all z,y € L (symmetric),

(iil) ¢(z, z) > d(x,y) A @(y, 2) for all z,y, z € L (transitive).

Through out the next sections, L stands for demi-pseudocomplemented MS-
algebras unless otherwise mentioned.

3. FUzzY CONGRUENCES IN DEMI-PSEUCODOMPLEMENTED MS-ALGEBRAS

Definition 3.1. A fuzzy relation ¢ on a demi-pseudomplemented MS-algebra (L,° ,*)
is called fuzzy congruence relation on (L,°,*), if the following are satisfied:

(i) ¢(z,x) =1 for all x € L,

(ii) ¢(z,y) = é(y, x) for all z,y € L,

(it}) 6(z, 2) > 6(2,y) A By, 2) for all .y, 2 € L,

(iv) p(z Az, y ANw) Ap(zV 2,y Vw) > ¢(x,y) A p(z,w) for all z,y,z,w € L,

(v) 6(2°,5°) A 6", y*) > 6, ) for all 2,y € L.

Example 3.2. Consider the dpMS-algebra (L,° ,* ) given in Hasse diagram 1 below,
unary operations © and * define in the table.

1
-8
C A
o
. s
4 9 \
o
\ b
>
0
Ola|blc|d|1l
°l/l1|d|la|0]|a]|0
*11]0|1]0(1]0
Diagram 1
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Define a fuzzy relation ¢ : L x L — [0,1] in Table 1

(0,0) | (a,a) | (b,b) | (c,c) | (d,d) | (1,1) | (0,a) | (a,0) | (0,b) | (b,0) | (0,c)

e(,) 1 1 1 1 1 1 0.8 | 0.8 0.8 0.8 | 0.8

(¢,0) | (0,d) | (d,0) | (0,1) | (1,0) | (a,b) | (ba) | (ac) | (c,a) | (ad) | (da) | (a,1)

0.8 | 08 08 | 0.8 | 0.8 | 0.8 08 | 0.8 | 0.8 | 08 0.8 | 0.8

(b,c) | (c,b) | (b,d) | (d,b) | (b,1) | (1,b) | (c,d) | (c,d) | (dic) | (c,1) | (L,¢) | (1,d)

0.8 | 08 0.8 0.8 0.8 08 | 0.8 | 0.8 | 0.8 | 0.8 | 0.8 | 0.8

Table 1
We can be easily verified that ¢ is a fuzzy congruence on L.

Theorem 3.3. A fuzzy equivalence relation is a fuzzy congruence on (L,°*) if and
only if (x,y) < d(xAz,yAz)Ap(xV 2z, yVz) Ap(a°, y°) A(x*,y"), for all z,y,z € L.

Proof. The forward proof is clear. Conversely, let ¢ be a fuzzy equivalence relation
satisfying the following: for all z,y,z € L,

oz, y) S ple Az, y N2) Np(xV 2,y V 2) Ad(z®,y°) A dp(x™,y).
This implies
o(x,y) < plx A z,yAz), ¢(x,y)

o(z,y) < o(2°,y°), o(z,y)
Thus for all z,y,z,w € L,

Pz, y) No(z,w) S Px Az, y AN2) Aply Az y Aw) < ¢z Az, y Aw).

Similarly, ¢(x,y) A ¢(z,w) < @p(x V z,y V w). So ¢ is a fuzzy congruence relation of
(L,° ). O

Example 3.4. Let (L,°,*) be an dpMS-algebra. Define the fuzzy relations ¢ and

Gp on L by:
1 ifx°=y°
d)(r,y):{

o(xV z,yV z2),
P(z", 7).

<
<

0  otherwise
and
1 ifar=y*
Griey) = {0 otherwise,
for any z,y € L. Then
(1) ¢ and G are fuzzy congruences of (L,° ,*),
(2) gCo.

We call the fuzzy congruence G is Glievenko fuzzy congruence.

Theorem 3.5. A fuzzy relation ¢ on (L,°,*) is a fuzzy congruence relation if and
only if every level subsets ¢, of (L,°,*), a € [0,1] is a congruence relation on
(L),

Corollary 3.6. An equivalence relation ¢ is a congruence relation on L if and only

if its characteristic function x4 is a fuzzy congruence on L.
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Lemma 3.7. If {¢; : i € A} is a family of fuzzy congruences of (L,°,*), then
Niea®; is a fuzzy congruence on (L,°*).

The set of all fuzzy congruences of L is denoted by FC(L) and the set of all
congruences of L is denoted by C(L). w = {(z,y) e LxL:z=y}tand t =L x L
are the smallest and the largest elements of C(L) respectively and

Xw(x,y):{l if(z,y) Ew

0  otherwise,

and x,(x,y) =1 for all x,y € L are the smallest and the largest elements of FC(L)
respectively.

Theorem 3.8. (FC(L),C) is a complete lattice.

Proof. Clearly, we note that both fuzzy congruence relations x,, and y, are the least
and the greatest elements of FC(L), respectively. Then clearly, N;cad; is a lower
bound of any family {¢; : i« € A} of fuzzy congruences of L and (FC(L),C) is
poset. Let © be any lower bound of {¢; : i« € A}. Then © C ¢,, for all i € A. Thus
O C Nijeadi. So Nicag; is a greatest lower bound of {¢; : i € A}. Hence (FC(L), Q)
is a complete lattice. O

Next we define the fuzzy quotient demi-pseudocomplemented MS-algebra induced
by fuzzy congruence relation.

Definition 3.9. Let (L, A,V,°,*,0,1) be a demi-pseudocomplemented MS-algebra,

x € L and 0 be a fuzzy congruence on L. The fuzzy congruence determined by z

and 6, denoted by 6,, is the fuzzy subset of L defined by 0,(y) = 6(z,y), Vy € L.
Let L/6 denote the set of all fuzzy congruence class, that is L/0 = {0, : x € L}.

Remark 3.10. If 0 is a fuzzy congruence of L and z,y € L, then 0, = 0, &
O(x,y) = 1.

Theorem 3.11. Let 6 be a congruence of a demi-pseudocomplemented MS-algebra
(L,A,V,°,*,0,1). For any 8,, 0, € L/0, define

O A Oy = Opnys 02V Oy = Oy, (02)° = Opo, and (02)" = Op-.

Then (L/0,N\,V,°,*,00,01) is a demi-pseudocomplemented MS-algebra, where 6y,
and 01 are the smallest and largest elements of L/0 respectively.

Proof. we should first prove that the operations on L/6 are well defined. To do this,
for any any x,y,w and z € L, suppose 0, = 6,, and 0, = 0,. Then
O(z,w)=1and O(y,z) =1
=0z ANy, wAz)>0x,w) AN0(y,z) =1
- 9w/\y = ew/\z-
Similarly, 0y, = 04v.. Thus the operations of L/ are well defined.
For any « € L, 6, A6y = 0,00 = 6p. Then 0y < 6,, for all ,, € L/0. Thus 6, is
the smallest element of L/6. Similarly, 6, is the largest element of L/6.
Now let 0,0, € L/6. Then
(0 vV 0y)" = (Bovy)” = O(avy)= = bo=ny= = Oa= Aby- = (62)" A (0y)"
Thus
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(O NOY)** = (Oxny)™ = Oany)es = Oprrpnyes
= Open A Oysr = (05)* A (0,)*".
Similarly, we can easily show that (6y)* = 61, (61)* = 6, (0,)*** = (6,)* and (6,)* A
(02)" =0y and (0,)* A ((0:)* NOy)* = (02)* A (6,)*. Hence (L/6,A,V,*,60,61) is
a demi-pseudocomplemented algebra. Similarly, we can see that (L/6,A,V,°,60,01)
is an MS-algebra. Hence (L/0,A,V,° * 0y, 61) is a demi-pseudocomplemented MS-
algebra. O

L/0 is called the fuzzy quotient a demi-pseudocomplemented MS-algebra L in-
duced by 6. Tt is clear that the map © — L/ is a homomorphism from L onto
L/6.

Example 3.12. Consider the dpMS-algebra (L,°,*) given in Hasse diagram 2,
unary operations © and * define in the table.

Ola|blc|d|e|f|g|h|1l
°11|h|h|h|h|f|lg|f]|d
111|111 (0|1 00

—_
N
Nej
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diagram 2
Define a fuzzy relation ¢ : L x L — [0,1] in the Table 2

(0,0) | (aa) | (b,b) | (c,c) | (dd) | (ee) | (££) | (g:8) | (h) | (1,1) | (0,a) | (a,0)
o) 1 1 1 1 1 T [ 1 1 1 1 1 1
(0,b) | (b,0) | (0,¢) | (c,0) | (0,d) | (d,0) | (a,b) | (ba) | (a,c) | (c,a) | (a,d) | (d.a) | (c,b)
1 1 1 1 1 1 1 1 1 1 1 1 1
(b,e) | (b,d) | (db) | () | (dse) | (esg) | (goe | (h,1) | (L,h) | (0,e) | (e,0) | (0.f) | (£0)
1 1 1 1 1 1 [ 1] 1 1 [0707] 07 | 07 | 0.7
(0,g) | (2,0) [ (0.h) | (h,0) | (0,1) | (1,0) | (a,e) | (e,) | (af) | (£a) | (ag) | (g.a) | (ash)
07 | 07 | 07 | 07 | 07 | 07 | 07 | 07 ] 07 | 07 | 0.7 | 0.7 | 0.7
(ha) [ (a1) [ (La) [ (ef) | (fe) [ (bee) | (e,b) [ (bif) [ (D) | (byg) | (gb) | (b,h) | (h,b)
07 | 07 | 07 |07 [07] 07 07|07 |07 07|07 07] 07

(b,1) | (1,b) | (ce) | (ec) | (ef) | (fie) | (c,8) | (g:¢) | (¢,h) | (hye) | (c,1) | (1,¢) | (de)

0.7 07 |07 |07 07|07} 07 |07 | 07 | 07|07 ] 07

(e,d) | (d.f) | (fd) | (dsg) | (8:d) | (d;h) | (hd) | (d,1) | (1,d) | (e,h) | (hie) | (e,1)

0.7 | 0.7 | 0.7 | 0.7 0.7 0.7 0.7 0.7 0.7 | 0.7 | 0.7 | 0.7 | 0.7
(fg) | (gf) | (Eh) | (hf) | (£1) | (1) | (g:h) | (hyg) | (8,1) | (1,8)
07 | 07| 07| 07 | 07 ] 07| 07 0.7 | 0.7 | 0.7
Table 2
we can easily verified that ¢ is a fuzzy congruence on L, pg = @0, = @0p = e = @4 ,
e = g and ¢p, = ¢1. This implies L/ = {@o, pe, s, 1} and (L/@,V,A\,°.*,0,1)
is a dpMS-algebra, where g, and ¢, are the smallest and largest elements of L/
respectively.
Now we define the join of two fuzzy congruence of L.
Definition 3.13. Let ¢ and ¢ be any two fuzzy congruence relations of a dpMS-
algebra (L,°,*). Then define ¢V =nN{O € FC(L): ¢ CO and ¢ C O}, ie., pVo
is the smallest fuzzy congruence containing ¢ U .
Theorem 3.14. Let ¢ and ¢ be any fuzzy congruence relations on a dpMS-algebra
(L)), Then ¢V = UX,0,, where ©, = $opod, O = popodopod,
O3 =¢opopopopopodg,... .
Proof. Let k = U2 (,0,,. We prove that « is the smallest fuzzy congruence relation
in a dpMS-algebra (L,°,*) containing ¢ and ¢. It can be easily verified that ¢ C
0,CO,C, .,andpCO; CO,C, ...andso O, C oV .
Now we see that k is a fuzzy congruence relation in dpMS-algebra (L,°,*).
(1) 1 =o¢(z,z) <O1(z,z) U2 (O, (z,z) = k(x,z). Then k(z,x) = 1.
(2) Symmetric is straightforward.
(3) Ii(il'7 y)/\li(y7 Z) = UZO:19n(9Ca y)/\U?LO:1®n(y7 Z) = Sup,, ®n(x, y)/\SUpn Gn(y, Z) S

U 10, (x, 2) since O,(x,y) A On(y, 2) < Opim(x, 2), for any real number n and
m.
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(4) H(xay) = U;.Lozlgn(xvy)
= Sup,, (SUpP,, ., ., (0(7,21) A (21, 22) A @(22, 23) A oo A (220, 7))
S Sup’ﬂ(Sup21/\C,ZZ/\C,...,ZQ7L/\C(¢(x A ¢ 21 A C) A 90(21 A ¢, 22 A C)
Ap(z2 A e, z3 AN C)ooo AN p(2an A,y Ac)))
=US 0, (z Ay ne) =k(z A,y Ac).
Similarly, we can show that x(z,y) < k(z V e,y Ve).

(5) H(l}y) = Uflo:19n($ay)
= Sup( sup (¢(£C, Zl) A w(zlv ZQ) A ¢(227 23) A A ¢(22na y)))

< sup(sup (B(2% 27) A (215 23) A (23, 23) - A B(250,°)))
Uzo:1®n(xo’yo) = H(xo7yo)-
(6) H((E,y) = U?zo:1®n(xay)
= sup( sup (B(w,21) Ap(21,22) A (22, 23) Ao A (220, 9)))

< sup(osup (@27, 2) Ap(21523) A D225 23) - A D230, 97)))

no zy,2%,...,23,
= U’?Lozle)n(x*ay*) :K“(x*ay*)'
This implies & is fuzzy congruence of a dpMS-algebra (L,° ,*).
Finally, let 7 be any fuzzy congruence relation such that ¢ C 7 and ¢ C 7. Then
we prove that k C 7.

/{('%y) = U?zozlgn(xay)
= sup( sup (@(z,21) Ap(z1,22) A P(22,23)... A d(22n,Y)))

n. z1,22,..-,22n

< sup( sup (7(x,21) AT(21,22) A oo AT(220,9)))
= SELpT(x7 y) = T(,’E7y).

Thus k is the smallest fuzzy congruence such that ¢ C 7 and ¢ C 7. So ¢V p =
U2 4Oy O
Definition 3.15. Let L be an dpMS-algebra. The fuzzy congruence generated by
the fuzzy relation ¢ of L is defined by ©(¢) =n{ € FC(L): ¢ CI}. lf ¢ =p x
is the product of fuzzy ideal p by itself, where (u x p)(z,y) = p(z) A p(y) for
all (z,y) € L x L. We write O[] instead of ©(¢) i.e O[u] is the smallest fuzzy
congruence containing g X p.

Theorem 3.16. Let ¢ be a fuzzy relation of dpMS-algebra (L,° *). Then ©(¢)(x,y) =
sup{a : (z,y) € O(¢o)}, for any (z,y) € L x L and o € [0, 1].

Proof. Let p(x,y) = sup{a : (z,y) € O(¢da)}, for any (x,y) € L x L and « € [0, 1].
Then we prove that ¢ = ©(¢). First we see that ¢ is a fuzzy congruence of (L,° ,*).
(1) p(z,z) = sup{a : (z,x) € O(¢a)} =1.
(2) Symmetric is straightforward.
(3) @z, 9) A ply, 2) = supla s (2,) € O(6a)} A sup{A : (3, 2) € O(62)}
= sup{a A (x,y) € G(d)a); (y,z) € ®(¢)\)}
< Sup{a AN (.Z‘, y) € @(¢a/\)\)’ (ya Z) € e(qﬁa/\k)}
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< su(p{a)/\ A (z,2) € O(danr)}
= p(x, 2).
(4) o(z,y) A p(w, z) = sup{a: (x,y) € O(pa)} Asup{A: (w, z) € O(¢px)}

— sup{a AN (,9) € O(da), (w.2) € O(6x)}
<sup{a A X (2,y) € O(danr), (w,2) € O(Panr)}
<sup{aAX: (xAw,yAz) € O(panr)}
=p(z Aw,yAz).

Similarly, we can prove that ¢(x,y) A p(y, 2) < p(x Vw,y V z).

(5) ¢(z,y) = sup{a : (z,9) € O(¢a)} < sup{a: (2°,9°) € O(¢a)} = ¢(2°,4°).
Similarly, ¢(x,y) < p(z*,y*). Then ¢ is a fuzzy congruence of a dpMS-algebra

(L,°,"). Now ¢(z,y) = sup{a : (2,y) € ¢a} < sup{a: (z,y) € O(da)} = 0(z,y),
for any z,y € L. Thus ¢ C . Finally, let 7 be any fuzzy congruence of a dpMS-
algebra (L,°,*) such that ¢ C 7. We see that ¢ C 7. If ¢ C 7, then ¢, C 7, and
thus O(¢q) C O(74) = 7. Now,

e(z,y) = sup{a : (z,y) € O(¢a)} < sup{a: (z,y) € Ta} = 7(z,y).
So ¢ C 7. Hence p = O(¢). O

4. KERNEL FUZZY IDEALS AND FUZZY CONGRUENCES

Definition 4.1. Kernel fuzzy ideal of a dpMS-algebra (L,°,*) is a fuzzy ideal p of
L for which there exists a fuzzy congruence ¢ on L such that u = Kery ie., p is
the kernel fuzzy congruence ¢ , where Kerp(xz) = ¢(x,0) for all z € L.

Definition 4.2. Cokernel fuzzy filter of a dpMS-algebra (L,°,*) is a fuzzy filter 7
of L for which there exists a fuzzy congruence 1 on L such that n = CoKeriy ien
is the Cokernel fuzzy congruence 1 , where Cokery(x) = 1(x,1) for all z € L.

Example 4.3. Consider the dpMS-algebra (L,°,* ) and the fuzzy congruence ¢ in
Example 3.2. Define fuzzy subsets p and n of (L,°,*) as follows:

1(0) =1, p(a) = p(d) = p(c) = p(d) = p(1) =08
and

n(1) =1, n(a) = n(b) = nlc) = n(d) = n(0) = 0.8.
Then u(z) = ¢(0,2) for all € L and n(x) = ¢(1,z), for all z € L. Thus p is a
kernel fuzzy ideal and 7 is a cokernel fuzzy filter of a dpMS-algebra (L,° ,*).

In the the following Theorem, we characterized a kernel fuzzy ideal of a dpMS-
algebra.

Theorem 4.4. Let (L,°,*) be a dpMS-algebra. If p be a kernel fuzzy ideal, then
() < () A () Ap(x™), Vo € L.
Proof. The proof follows from the Definition 4.1. O
For a fuzzy ideal u of a dpMS-algebra (L,°,* ), define
pZ(z) = sup{u(i) : i° <z, i € L} for Vo € L,
ul(x) =sup{p(i) :i° ==, i € L} for Vx € L,

too () = sup{u(i) :  <i°°, i € L} for Vx € L.
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Then it can be easily verified that u? is a fuzzy filter of L, oo is a fuzzy ideal of L
and the a-level subsets of u?, 1°, and poo are

(43)a ={r € L:3i € po i° < x},

po={y€L,x2°=y:3x € pa}
and
(Hoo)a ={x € L: (i € po) x < i°°}, respectively.
By Definition 3.15, Theorem 3.16 and equations (2.1), (2.2), we can write
Qlat[ﬂ](x7y) = sup{a : (l',y) € Oat [/La]}a
Otat[too](@,y) = sup{a: (z,¥) € Orar[(koo)al}
=sup{a:axVi=yVi, i € [(loo)al}
=sup{a:axVi=yVi, 1 <j°° for some j € uy}
and
Ouat[ns](w,y) = sup{ar: (2,y) € Ouar[(15)al}
=sup{a:zAi=yAi, i€ (u3)a]}
=sup{a:xAi=yAi, j°<i forsome j € g}
Also by equation (2.3), we have O [u2](z,y) = sup{a:  Ai® = y Ai®, i € o}

Corollary 4.5. If u is a kernel fuzzy ideal of a dpMS-algebra (L,°,*), then p =
Hoo t.€ pu(x°°) > p(x)) forV x € L.

Proof. poo(x) = sup{u(i) : x < i°°} < sup{p(i®®) : < i°°} < u(x). It is obvious
that p C poo. This implies p = pioo. O

The description of ©;4; [u?] can be characterized as follows.

Lemma 4.6. Let (L,°,*) be a dpMS-algebra and p be a kernel fuzzy ideal of L.
Then following conditions hold.

(1) Bral2)(,9) < vl 2%, ) A Bl il 5°),
(2) Oraeltdl(@,y) < Oraelpz (%, 4°) A Orarus ) (z*, y*).

Proof. (1) ©aelpis )(w,y) = sup{e : (z,y) € Orar[(115 )al}
=sup{a:zAi=yAi, i€ (uz)a}
=sup{a:xANi=yAi, j° <i for some j € u,}
<sup{a:z°Vi®=y°Vi° i°® < j°° for some j € gy}
= 6lat [Noo](xovyo) = ®lat [,U,] (xo’ yo)7
since u is a kernel fuzzy ideal of L. Also
Otat |15 (w,y) = sup{a : (2,y) € Oar[(15)al}
—sup{a:zAi=yAi, i€ (u)a}
<sup{a:z*Vi* =y*Vi*, i* < 5% = j°*°° for some j°* € L}
-~ = Ouat[poo] (2", y") = Ouas[u](", y").
Thus ©pas (115 ) (%, y) < Orar (1) (x°, ¥°) A Opar (1) (2*, ).
(2) elat [,LL] (.’E, y) = Sup{a : (I7y) € Glat [ﬂa]}
=sup{a:axVi=yVi, i € g}
=sup{a:xVi=yVi, i € (loo)a)
=sup{a:zVi=yVi, i <j°°, j € pa}
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<sup{a:z° Ai® =y° Ni° j° <i° J € ua}
. :@lat[ﬂc?](wovyo)a
Otat [u}(z,y) = sup{a : (l‘,y) € Ouat [.ua]}
sup{a:zVi=yVi, i € uo}
=sup{a:axVi=yVi, i € (loo)at
=sup{a:zVi=yVi, i <j°°, j € pa}
<sup{a:z* A =y* A*, 5O <@ =40 5 € ol
:@lat(luloz)(x*ay*)'
Thus O[] (x,y) < Orat[15](2°,¥°) A Opar [ ](z*, y*). O

Theorem 4.7. Let (L,°,*) be a dpMS-algebra, and pu be a kernel fuzzy ideal of L.
Then we have O[u] = O (1] V O [1Z].

Proof. Let ¢ = ©a4[5] V Orae[1r]. We see that ¢ is the smallest fuzzy congruence
containing pu x p. Clearly, u x u C ¢. Now we prove that ¢ is a fuzzy congruence
of L. Since Oy [u?] and O;,,[u] are lattice fuzzy congruences, ¢ is a lattice fuzzy
congruence of L.

By Theorem 3.16 and Lemma 4.6 ,

o(z,y)
— sup, (sup,, .. ... (Oae[112]) (2, 21) A Opar|pt] (21, 22) A Orar 5] (22, 23)A
AN élat [,Uoz](ZQna y))
< sup,, (Susz,zg,...,zgn (@lut [M](Z‘O7 Zi)) A @lat [,Uoz](Zijy ZS) A @lat [,U’](Zgy Z??)/\
A\ @lat [NC?](ZSTN yo))
- Sa(ajoa yo).

Similarly, p(z,y) < ¢(z*,y*). Thus ¢ is a fuzzy congruence of a dpMS-algebra L.
Finally, we see that ¢ is the smallest fuzzy congruence containing p X p1. Since ¢
is a fuzzy congruence containing p X p, ©fu] C .

Clearly O4¢[p] C ©|p] and also by Theorem 2.7 and Corollary 4.5, O [(12)] (2, y) =
sup{a_: (2,y) € Ouat|(15)al} < supla 1 (z,y) € Olual} = Oluf(z,y). Thus
Otat[15] V Orar[pt] € O[p]. So ¢ € O[p]. Hence ¢ = O|p]. O

5. (o, *)-FUZZY IDEALS

Definition 5.1. A fuzzy ideal u of a dpMS-algebra (L,°,*) is said to be a (o, x)-
fuzzy ideal if p(z) = p(z°*) for all x € L.

Example 5.2. In Example 4.3, the kernel fuzzy ideal p is not (o, *)-fuzzy ideal.
Because 0.8 = pu(b) # p(b°*) = p(a™) = u(0) = 1.

Theorem 5.3. Let (L,°,*) be a dpMS-algebra. If p is (o, *)-fuzzy ideal of L, then
p(xz**) = p(x) Vo e L.

Proof. Suppose that 1 is a (o, *)-fuzzy ideal of L. Then p(z) = pu(x°*) = p(x(°*)°*) =
(™). O
Theorem 5.4. u is a (o,*)-fuzzy ideal of L if and only if pa, ¥V a € [0,1] is a
(o, x)-ideal of L.

Corollary 5.5. I is a (o,%)-ideal of L if and only if x1 is (o, *)-fuzzy ideal of L.
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Example 5.6. Consider the dpMS-algebra (L,°,*) discribe in the Hasse Diagram
2.
Define a fuzzy subset p of L as follows:

1(0) = p(a) = p(b) = p(c) = p(d) = u(f) =1
and
pu(e) = pu(g) = p(h) = p(1) = 0.7.
Then it can be easily verified that u is a (o, *)-fuzzy ideal.

As indicated in Example 5.6 , KerGpr = p is a (o, x)-fuzzy ideal. The following
Theorem shows that it is true in general case.

Theorem 5.7. If (L,°,*) is a dpMS-algebra, then KerGp is the smallest a (o, *)-
fuzzy ideal of L.

Proof. We prove that KerGp(z*°) = Gp(2*°,0) = KerGp(x),for any x € L.

Suppose Gp(2*°,0) = 1. Then z*°* = 0*. This implies 2*°*° = 0*°. Thus we have
¥ = g**° = 0. So ™ = z**° = 0* = 2*. Hence Gp(2**,0) = Gp(x,0) = 1.
Therefore KerGp(2*°) = KerGp(z**) = KerGp(x) = 1.

Suppose Gp(2*°,0) = 0. Then z*°* # 0*. We see that x*** # 0* and z* # 0*.
Now we prove by contradiction. Assume that x* = 0*. Then z*** = 0*. This
contradicts the hypothesis. Also assume that x*** = 0*. Then z*°* = x*°*°* =
0*°* = 0*. It also contradicts the hypothesis. Thus

KerGp(z*©) = KerGp(z™) = kerGp(x) = 0.

So in either cases, for any z € L, KerGp(2*°) = KerGp(z**) = KerGr(x). Hence
KerGrp is (o, *)-fuzzy ideal of L.

Let p be any (o, *)-fuzzy ideal. If KerGp(x) = Gp(z,0) = 1, then z* = 0*. We
have z** = 0** = 0. This implies

KerGp(z) = KerGp(2™) =1 = p(0) = p(z™) = p(z).

If KerGp(x) =0, then KerGp(z) =0 < p(z). Thus for any x € L, KerGp(z) <
w(x). So KerGr C u. Hence KerGp is the smallest (o, x)-fuzzy ideal of L. O

Corollary 5.8. (L,°,*) be a dpMS-algebra. The KerGr = x oy if and only if every
fuzzy congruence kernel of L is a (o, *)-fuzzy ideal.

Proof. (Necessity). Suppose KerGr = x{o}- Then for every x € L, we have x A
x* = 0. Let p be the kernel of any fuzzy congruence ¢ of L, ie., u = Kerp.
Then p(z) = Kerp(z) = o(x,0) < o(x*,0) = p(x*). Conversely, u(z*°) =
@(2%,0) < p(a*,1) = @la™ 1) A ple,2) < plz Aa*,2) = ¢(0,2) = (). Thus
w(x) = p(x*®), Vo € L and so p is a (o, x)-fuzzy ideal of L.

(Sufficiency). Suppose every fuzzy congruence kernel of L is a (o, *)-fuzzy ideal.
Then by Theorem 5.7 , KerGr(z) =1 = Kerx,(z). Thus KerGr = x0}- O

Corollary 5.9. Let (L,°,*) be a dpMS-algebra. If ¢ is a fuzzy congruence on L
such that Gg C ¢, then Kery is a (o, *)-fuzzy ideal of L.

We denote the set of all (o, *)-fuzzy ideals of L by FI,.(L) and the set of all fuzzy
ideals of L by FI(L).
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Theorem 5.10. If (L,°,*) a dpMS-algebra, then FI,.(L) is a sublattice of the
lattice FI(L) of fuzzy ideals of L.

Proof. Tt is clear that KerGp € Fl,.(L). Then FI,.(L) # &. Let p,v € Flo.(L).
Then clearly, u Av € FI,.(L). We see that Vv € FI,.(L). Thus
(nVv)(@) =sup{u(i) \v(j) :x =iV j}
< sup{u(i*o) A V(j*o) . p*O = j*° \/j*o}
= (uVw)(@™).
Conversely,

(1 V) (z*®) =sup{p(i) Av(j) : 2™ =iV j}
< sup{p(i*°) Av(5*° ) T¥O ="V j*°}
= sup{p(i* )/\ v(j*e) ratt =14V j*°}
= (uVv)(a™)
Clearly, KerGpr(z AN z*) = 1, KerGr C p and KerGrp C v. So KerGp C pV v.
Since p V v is anti-tone,
(nVvv)(@™) = (V)@ )A(pVre)(zAz)
V)V (@ A o))
(27 V )

Hence pu Vv € FIo.(L). Therefore FI,.(L) is a sublattice of FI(L). O
Theorem 5.11. If (L,°,*) is a dpMS-algebra then for each p € Flo.(L), there

exists a smallest fuzzy congruence on L with kernel p given by the followings:

5(u) (,y) = sup{pa(i) : (@ Vi) A8 = (y Vi*®) Ai°}.

Proof. Reflexive and symmetric are clear. Next, we prove that d(u) is transitive.
Suppose that (z Vi°°) Ai°® = (y Vi®°) Ai®, (yV j°°)Aj° = (2V j°°) A j°, for any
x,y,1,5 € L. Put r =4V j. Then we have

(xVre) AT = (2 V(i V %) A(° AJ°)

= ((@Vi®) Vi) A@EAG)

= ((xVi*)AGE AV (I AENG)
= ((yVi®)A@ETAG)) V(A AG0)
= ((yVi®)AGETAG))V3ETAGAG0)
= ((zVI®)A@EAG)) V(A AGO)
= (2V (V) A AG)

= (z2Vr®)Ars.

Thus (), ) A 5(1) (3, )
= sup{u(i) : (2Vi®) Ai® = (yVi*) AP} AsupAu(s) : (5V°9) AJ° = (2V5°°) AJ°}
— sup{u(i) A pG) : {2V i°°) AT = (yV i) AT°, 5V 3%°) AJ° = (2V 1°°) A J°)
<sup{u(r): (xVre)Are = (zVre°) Are}
= 0(p)(z, 2).
So d(p)(x,y) Ao(u)(y, z) < d(p)(x, z). Hence d(p) is transitive.
For any z € L,
() (@,y)
= 0(p)(z,y) A o(p) (2, 2)
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= sup{p(i) : (2Vi)AI° = (yVi) AL A sup{a(j) : (V) A" = (V5°)AS°)
=sup{u(i) Au(j): (x Vi) Ai° = (y Vi) A, (2VF°°)AG°=(2Vj°°)Aj°}.
Put r =7V j. Then we have r° =i° A j°, r°° =¢°°V j°°. Thus
(i% A J°)
(i° A J°)
((zV3*) A G AG))
((zV3*)AGTAT)
(i A J°)

(xV2)VTI) AT = ((&V2)V(E°°V %))
(Vi) v (2Vj%))

= ((@Vvi®) A NG))
((y Vi®) A (i A G%))
((yVv2) V(™ Vj®))

Vz) V1) Are.

A\
A
V
V
= A\

(v
This implies §(u)(x,y) = 6(p)(z,y) A d(p)(z,2) < d(u)(x V z,y V z). Similarly,
O(p)(z,y) < o(p)(x A z,yAz). Sod(p) is lattice fuzzy congruence of L.
Next we see that d(u )(x,y) <6(p )( y°) AN o(p)(x*, y*).

(x Vi) Ni® = (y Vi®) A (%)
(x° N )\/zOO =(y° A1 )\/z°°

(2° Vi) A (1° Vi) = (y° Vi*°) A (3° Vi°°)

(° Vi) A (Vi) A® = (y° Vi®°) A (i° Vi®°) A i°

(z° Vi) Ni® = (y° Vi®°) Ai°.

P4l

Also from (*), we have
(x /\ ZOO*) \/ ZO* — (y /\ ZOO*) \/ 7:0*
(1, \/Z ) ( OO* VZO*) (y* \/Z'Q*>/\('OO*\/7;O*)
(x \/ ZOOO*) /\ (iOO* V Z’OOO*) (y v ZOOO*) /\ (Z‘OOO* \/ 7;0*)-
("
= (a"

o

. Then
et VYNV I = YTV ) ATV YY) ‘
V)NV ) NGO = (Yt V) AV ) A e
= (@ V) NGO = (y" Vi) Aje.
On the other hand,
8(u)(w,y) = sup{pu(i) : (& Vi) Ni® = (yVi*) Ni%}
< sup{u(i) : (z° Vi) Ni° = (y° Vi®®) Ai°}
= d(p)(z°,9°).
Also,

5(p)(x,y) = sup{u(i) : (x Vi) Ni® = (y Vi°) Ai°}
< sup{u(j) : (z* Vi) A J° = (y" Vi) Aj°}
= 5@ v,
Thus §(p) is fuzzy congruence of L.
Next, we show that Kerd(u) = p. It is obvious that u C Kerd(u). Conversely,
Kerd(p)(x) = 6(p)(x,0)
=sup{p(i) : (Vi) Ni® =1i°° Ai°}
<sup{p(d) : (x™* Vi**) Ao = i Ao
Now (2% Vi) A9 = i** A %% Then (z** A %) V (i** A %) = i** A i**. We
observe that x™* A ¢°** < i** A ¢°** < ¢**. Since p € Fl,.(L),

(i) = p(i™) = p(@®) < p(™ AT,
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Thus
Kerd(u)(x) < sup{u(i): (™ Vi™) A% = ANi°*}
= sup{u(®) A (@ AT (V) AT = 7 A )
= sup{p(i® V (2 A (@ V) AT = 7 A0
= sup{u(®* V@) : (@ V) A = i A 0)
< p(e™) = px).

So = Kerd(u).
Let ¢ be any fuzzy congruence on L with Ker¢ = u. We prove that o(u) C ¢.
Now
5() (. ) = suplu(i) : (2 V%) Ai° = (y Vi) Ai°)
= sup{¢(i,0) : (x Vi*°) Ai® = (y Vi°°) Ai°}.
Since ¢ is fuzzy congruence on L, ¢(i,0) < ¢(i°, 1) < ¢(i°°,0). Then

¢(i,0) < ¢(i%,1) < @z, (x V%) Ni%)) A((y Vi) Ai®,y) < Bz, y).
Thus d(u) C ¢. So d(p) is as our required. O

Corollary 5.12. Let (L,°,*) be a dpMS-algebra. If p € Flo.(L), then Olu] = &(p).

Proof. By Theorem 5.11, it is enough to show that Ker©[u] = u. It is clear that
u € Ker©[u]. Conversely, Theorem 4.7,
KerOlu(r) = O]0.2) B
= sup,, (Supzl,zQ,..‘,zzﬂ (@lat [/j,}(o, Zl) A @lat [ﬂ?](zl7 22)
- AOpat[u](z2, 23) A oo A Oat[p] (220, )))
< G100 [1](0, 21)
=sup{u(i):i =1V 21}
=sup{p(iVz):i=1iVz}
< p(z1)-
Or
Ker®[u](z) = O[u](0, )
< Opar[5](0, 21)

=sup{u(j):0=21Nj° j€ L}
<sup{p(j) : 0= 27" /\] , Jj €L}
=sup{p(j**) : 0= 27" Aj*, j€ L}
< p(29%)

= M(Zl)7

since z{* < j**
Suppose that for r < k, p(i) < p(z,), for 2. Vi = z.41 Vi. Then
ol0,2) B ) -
=SUD,, .y (©rat 1] (0, 21) ABuat 105 ] (21, 22) ABuat 1] (22, 23) A...AByat 1] (220, 7))
< Ot (1] (2k, 241)
=sup{p(i):iVzr =1V 2zpr1}
=sup{u(t) A p(zg) 1 iV 2k =0V 241}
=sup{u(iVzr) iVzp =1V 2p41}
=sup{u(iV zk41) iV 2 =10V 2p41}
< p(Zk+1)-

e oveXovetonel
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On the other hand, since j° A z, = j° A 241 and j** V j* = 1, we have
JTAS =0 AR 2 R
Thus -
O[ul(0,z) = @lat[lt?](zlm Zk+1)
=sup{u(y) : j° ANz =J° AN zgy1, j € L}
< p(z")
= p(2k) -~ -~
So it follows by induction that KerO[u](x) < p(z). This implies p = Ker©|u).
Hence the required equality holds. O

Theorem 5.13. If (L,°,*) be a dpMS-algebra, then for each p € FIl..(L), the
greatest fuzzy congruence on L with kernel u is the relation o(u) given by:

o(p)(z,y) = p((@™ Ay*) vV (2" Ay™)).

Proof. We prove that o(u) is a fuzzy congruence on L. It is obvious that o(u) is
reflexive and symmetric. We show that o(u) is transitive.
p(e™ Az") = p((@™ Az") A (y* Vy™)
V(A2 Ay))
N2 ANY) A p((@ A2 AYT))
TAYT) A (T Ay
TANYT) At Ay Ayt AT A (T Ay
T AY)V (@AY Ayt AZT)V (T AYT))
)(@,y) Aa(p)(y, 2)-
> o(p)(z,y) A o(p)(y, z). This implies

) At A = o (p) (s y) Ao(p)(y, 2)-
Then o(p)(x,2) 2 o(u)(@,y) Ao(u)(y, z). Also

o(p)(zAa,yNa)=p(((zAa)™ Ay Aa)*) Vv (zAa)* Ay Aa)™)))

(x
E( TAY)V (@t AYT)) AaT)

Il
=
’s?

*

*
>
N
>
QE

Similarly, p(a* A 2**

=
8
>
N

Similarly, o(u)(zVa,yVa) >
On the other hand,
o(u)(z*,y ) p((@ Ay™) V(@™ Ay™)
p((z* Ay™) V(@™ Ay*))
o(p)(z,y)

(@™ Ay V(2" Ay™))
((96** /\ yI) V(T AyT)))
( Oskkk /\yo**) ( Ok /\yo**))
(1, /\ yo**) ( Ok % /\ yO*))
(1) (2%, y°).
So o(u) is a fuzzy congruence of a dpMS-algebra L.
Also Kero(p)(x) = o(p)(2,0) = p((z** A0*)V (2* A0*)) = p(x**) = p(z). Then
Kero(u) = p. Thus o(u) is a fuzzy congruence of L with kernel p.
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Finally, let ¢ be a congruence on L with Kery = p. Then

o(x,y) < o, y") < @™, y™).
Thus

*

y)
Y ) w( (x** *)Acp(x* z”)
AT y* /\x YA (™ Azt Yttt A )
*AT) V(a7 Axh)), (Y Ax) A (Y™ AxT)))
(" A Ay Aat)))
ro((y* Aa™) A (Y™ Aa*))
(" na™) A (y™ Aar))
=o(p)(z,y).
So ¢ C o(u). Hence o(u) is the greatest fuzzy congruence of L with kernel p. O

o(,y)

8
*\.

** **)

I IAIA I IA
Nﬁﬁﬁ\ﬁ\ﬁ
ﬂﬁ O/—\H

=

Theorem 5.14. If (L,°,*) be a dpMS-algebra then for each p, v € FIlo(L), the
following statements hold:

(1) pnCveo(u) Co),

(2) o(KerGr) = G,

(3) Gr C o).

As constituted in Theorems 5.11 and 5.13, for every p € FI,.(L), there exists
the smallest fuzzy congruence §(p) and the biggest fuzzy congruence o(u) on L with
kernel p. The relationship between these two congruences can be characterized as
follows.

Theorem 5.15. Let (L,°,*) be a dpMS-algebra. If u € FI,.(L), then o(u) =
GpVo(p).

Proof. By Theorems 5.11 and 5.13, we have clearly seen that Gr Vv §(u) < o(p). To
show the reverse inequality, put t = (** A y*) V (x* A y**). Then t°° = t** = ¢ and
Vit =y Vi =" vy This implies (z** V) At° = (y** V) At° and also
(27 V) A t° = (y** V1°°) At° as t°° = t. Now
o (1) (@) = (5™ Ay)V (2° Ay™)

= p(t)

< sup{p(t) : (x** V) ALt° = (y™ VI°°) At°}

= 5() (@™, 5.
Clearly Gp(z z* ) =1, for all z € L. On the other hand,

< (5( )o GF)(x,y) < (6(n) V Gr)(z,y).

Thus the result is holds. O

Theorem 5.16. Let (L,°,*) is a dpMS-algebra. A (o, *)-fuzzy ideal of L is precisely
the kernel of the fuzzy congruence o on L if and only if (L/p,*) is boolean.

Proof. Suppose p is a (o, *)-fuzzy ideal. Then by Theorem 5.14, Gr < o(u). Since
foreachx € L, 1 = KerGp(zAz*) < Kero(p)(z Az*) and 1 = CokerGp(axVa*) <
Cokero(u)(x V x*), we have

1= FKerp(z Az*) = p(x Ax*,0)
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and
1= Cokero(u)(z V") =oc(u)(zVz*,1).

Thus o(s2)e A (0(1).)" = o(w)o and (). V (o(n)a)* = o(w). So (L/o(u).") is
boolean.

Conversely, suppose that ¢ is a congruence on L such that (L/p,*) is boolean.
We prove that Keryp is a (o, *)-fuzzy ideal of L. Let « € L. Then

Kero(x) = ¢(z,0) < o(x°*,0) = Kero(z®).

Also Kerp(z®*) = o(x°*,0) < ¢(x*,1). Since (L/o(u),*) is boolean, ¢, A (pz)* =
¢o. Thus ¢(z A z*,0) = 1. On the other hand,
Kerp(z®) < p(z*, 1) Ap(z,z) < p(xz Ax*, x)
=pzAz*,z)A1
< o(z,0) = Kero(zx).
So Keryp is (o, *)-fuzzy ideal. O

Example 5.17. As indicated in Example 5.6, KerGp = u € FI,.(L). We can be
easily verified that (Gr)o = (Gr)a = (Gr)y = (Gr)c = (Gr)a = (Gr)s, L/Gr =
{(GF)o, (GF)e, (Gr)g, (GF)n, (Gp)1} and (L/GF,*) is boolean.

Theorem 5.18. If (L,°,*) is a dpMS-algebra, then Flo.(L) ~ [GF, x.]-

Proof. Let p,v € FI,.(L). Then o(uAv)(z,y) = (uAv)(z** Ay*) V(2" Ay*™)) =
p((@™ Ay )V (@ Ay™)) Av((@ Ay*) V(2" Ay™)) = o(u)(@,y) Ao(v)(z,y). Thus
uw —> o(p) is A -monomorphism.

By Theorem 5.14, we see that the mapping ;1 — o(p) is an isotone from FI,, (L) —
[Gr,Xx.], so that for p,v € FI,.(L), we have

(5.1) o(p) Vo) <oluVwv).

The converse inequality of (5.1):
o(pVv)(z,y) = (V)@ Ay") V(e Ay™))
=sup{p(i) Av(j) iV j = (& Ay )V (2" Ay}, e,

(5.2) o(pVv)(@,y) =sup{u() Av(j) iV j= (" Ay") V(" Ay™)}.

Put t = (™ Ay*)V(z* Ay*™™) =iVj. Thent = t** = i**Vj** and t Ai* = j** A¢*
and also observe that
[z V)" Ay Vi)™] V(v Ay Vi)
=[x* AN (Y V)] V(2 V) Ayt AT
= (@AY AF)V (@ AYTAT) = [ Ay V(@ Ay A
=t A" (5.3)
[2* A (z V)]V [z** A (2 Vi)
=[(z* Az*)V (2* APV [ A2 A ZF A0
=2*Ni**VzeLlz=zorz=y). (5.4)
From (5.2) and (5.3),
oV v) () = (1Y ) (2% Ay*) v (@* A y*)
sup{p(i) A V() 1V ] = (@ Ag) V (2° A y™)}
v(j** Ni*) = v(t ANi¥)
v([(zva)* Aly Vi)™ )]V (e Vi)™ Ay Vi)l
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=o(v)(xVi,yVi). (5.5)
From (5.2) and (5.4),
o1V V)@, y) = (V)@ A Y)Y (27 A )
sup{yuli) Av(G) 1V § = (2% Ay) V (5 Ay}
u(a* A i)
u(lz* A @V iy=]V 5 A @V ))
o(p)(z,zVi). (5.6)

A

From (5.5) and (5.6),
o(pvv)(e,y) <o@)(eVi,yVi) No(u)(e,z Vi) < (o) Vao(p)(z,yVi).
Similarly, o(p VvV v)(z,y) < (o(v) Vo(u))(z Vi,y). Thus we obtain

o(puVvv)(z,y) < (o(v)Vo(w)(z,y).

So the reverse inequality of (5.2) holds. This implies 4 — o () is a V-morphism.
In addition to this it is an injective by Theorem 5.14 (1).

Next we see that it is a surjective. Let ¢ € [GF,x.]. Then by Corollary 5.9 ,
Kery is a (o, %)-fuzzy ideal of L. Now p(z,y) < p(z*,y*) < p(z* Ax™, y* Az**) =
©(0,y* A x**) and ¢(z,y) < (0,2* Ay**). Then

e(z,y) < (0, (=" Ay™) A (y* Az™))
= Ker(o)((z* Ay™) A (y* Aa™™))
=o(Kery)(z,y).
Conversely,
o(Kero)(z,y)) = Ker(o)((a® Ay™) V (y* Az™))
< Ker(p)(y* Az™)
=¢(0,y" Nz™)
<o,y Vva*).
Since G < ¢, we have p(z,2**) = 1. Thus
o(Kere)(z,y)) < o(1,y™ Aa¥)
<oz, (Y™ Az*) AT*)
< @z, ™ Ny™).
Similarly, o(Kerp)(z,y)) < o(y, 2™ Ay*™™). It follow that o(Kerp)(z,y) < o(z,y).
So we have got o(Keryp) = ¢. Hence u — o(u) is a surjective. Therefore it is a
lattice isomorphism. O

6. CONCLUSION AND FUTURE WORK

In this paper, we have studied the fuzzy congruences, kernel fuzzy ideals and
(o, x)-fuzzy ideas of demi-Pseudocomplemented MS-algebras and their Properties.
In [14], Filters congruences of Pseudocomplemented MS-algebras have been studied.
One of the most promising ideas could be the investigation of fuzzy setting applied
to filters congruences of Pseudocomplemented MS-algebras.
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