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ABSTRACT. We define a hesitant fuzzy subgroupoid and obtain some of
its properties. Next, we introduce the concepts of hesitant fuzzy subgroups,
hesitant fuzzy ideals and hesitant fuzzy normal subgroups, and obtain some
of its properties, respectively (In particular, see Theorems 4.5, 4.7 and 4.16,
and Propositions 4.23 and 4.24). Finally, we define a hesitant fuzzy subring
and investigate some of its properties. In particular, we give a characteristic
of a (usual) field by a hesitant fuzzy ideal (See Proposition 5.9).
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1. INTRODUCTION

In 2010, Torra [13, 14] introduced the notion of a hesitant fuzzy set (Refer to
[10, 12]) which further characterized an element by a set of membership values
thereby decreasing the loss of information during fuzzufication. After then, Jun et

al. [7] studied hesitant fuzzy bi-ideals in semigroups. Xia and Xu [15] applied hesi-
tant fuzzy set to decision making. Furthermore, Deepark and John [2] investigated
hesitant fuzzy rough sets through hesitant fuzzy relations. Also They [3, 4, 5] studied

homomorphisms of hesitant fuzzy subgroups, and hesitant fuzzy subrings and ideals.
Alshehri and Alshehri [1] applied Hesitant anti-fuzzy soft sets to BCK-algebras. So-
lariaju and Mahalakshmi [11] investigated hesitant intuitionistic fuzzy soft groups.
Deepark and Mashinchi [6] studied hesitant L-fuzzy relations. Recently, Kim et al
[8] introduced the category HSet(H) consisting of all hesitant H-fuzzy spaces and
all morphisms between them and studied HSet(H) in the sense of a topological
universe. Also they [9] studied hesitant fuzzy relations.

In this paper, we define a hesitant fuzzy subgroupoid and obtain some of its
properties. Next, we introduce the concepts of hesitant fuzzy subgroups, hesitant
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fuzzy ideals and hesitant fuzzy normal subgroups, and obtain some of its properties,
respectively (In particular, see Theorems 4.5, 4.7 and 4.16, and Propositions 4.23
and 4.24). Finally, we define a hesitant fuzzy subring and investigate some of its
properties. In particular, we give a characteristic of a (usual) field by a hesitant
fuzzy ideal (See Proposition 5.9).

2. PRELIMINARIES

In this section, we list some basic definitions and some properties needed in the
next sections.

Definition 2.1 ([8, 13]). Let X be a reference set and let P[0, 1] denote the power
set of [0,1]. Then a mapping h : X — P[0, 1] is called a hesitant fuzzy set in X.

The hesitant fuzzy empty [resp. whole] set, denoted by h® [resp. hl], is a hesitant
fuzzy set in X defined as: for each x € X,

BO(z) = & [resp. h(x) = [0,1]].
In this case, we will denote the set of all hesitant fuzzy sets in X as HS(X).
Definition 2.2 ([2]). Let hy, hy € HS(X). Then
we say that hy is a subset of hy, denoted by hy C he, if hi(x) C ha(x), for each

zeX,
(ii) we say that h; is equal to ho, denoted by hy = ho, if h1 C ho and he C hy.

Definition 2.3 ([8]). Let hy, ho € HS(X) and let (h;);e;s C HS(X). Then
(i) the intersection of h; and hs, denoted by hiNhs, is a hesitant fuzzy set in X
defined as follows: for each z € X,

(hlﬁhg)(fﬁ) = h1($) N hg(l’),

(ii) the intersection of (h;);jcs, denoted by ﬁ
defined as follows: for each = € X,

jeshj. is a hesitant fuzzy set in X

(ﬂjejhj)(x) = hs(=),

jed
(iil) the union of hy and hg, denoted by hy Uhsg, is a hesitant fuzzy set in X defined
as follows: for each x € X,
(h10h2)($) = hl(l') U hg(l‘),

(iv) the union of (h;),;c s, denoted by O
as follows: for each x € X,

ey, is a hesitant fuzzy set in X defined

U, m)@) = U by
jeJ
Definition 2.4 ([8]). Let X be a nonempty set and let h € HS(X). Then the
complement of h, denoted by h¢, is a hesitant fuzzy set in X defined as: for each
zeX,
he(x) = h(z)® = [0,1] \ h(z).
106
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Result 2.5 ([3], Proposition 3.14). Let X be a nonempty set, let h, hy, ha, hz €
HS(X) and let (h;)jes C HS(X). Then
(1) (Idempotent laws): hUh = h, hith = h,
(2) (Commutative laws): hyUhg = hoUhy, hiNhg = hoNhy,
(3) (ASSOCiatiVG laws): hlo(hQOhg) = (h10h2)0h3, hlﬁ(hgﬁhg,) = (hlﬁhg)ﬁhg,
(4) (DlStI‘ibutiVG 1&WS)I h10(h25h3) = (hlohg)ﬁ(hlohg),
hi0(hoUhg) = (hiNh2)O(hNhs),
(4)" (Generalized Distributive laws): ho(ﬂjeth) = ﬂjeJ(hGhj),

hﬁ(Ojeth) = Oje](hﬁhj)’

(5) (Absorption laws): h1U(hiNha) = hy, hiN(h1Uhg) = hy.

(6) (DeMorgan’s laws): (hyUhsg)¢ = h§NhS, (hiNhy)® = h$UAS,

(6)" (Generalized DeMorgan’s laws): (Ujeshi)® = Njeshs (Njeshi) = UjeJh“
(7) (h)° =, )

(8) hiNhg C hy and hoNhy C hg,

(9) h1 Q hgghl and h1 Q thhg,

(10) Zf h1 Q hg and hg Q h3, then hl g h3,

(11) Zf hl g hQ, then hlﬁh Q hgﬁh and hlgh Q hgoh,

(12) h® C h C R,

(13) hNRC = RO, AUR® = h, hNh' = h, hUR' = ht.

From the above proposition, we can easily see that (HS(X),N,U,°) is a Boolean
algebra with the least element h° and the largest element Al.

Definition 2.6 ([8]). Let X and Y be a nonempty sets, let hxy € HS(X) and
hy € HS(Y)) and let f : X — Y be a mapping. Then the image of hx under f,
denoted by f(hx), is a hesitant fuzzy set in Y defined as follows: for each y € Y,

f(hx)(y) = { gxe‘f_l(y)hx(x) if f~1(y) # ¢

otherwise.

Result 2.7 ([8], Proposition 3.16). Let f : X =Y be a mapping, and let hx, hx1, hxa €
HS(X), (hX])jeJ C HS(X), hy, hy1, hyg (S HS(Y) and (hy'])je] C HS(Y)

if hx1 C hxo, then f(hx1) C f(hx )

2) f(hx10hx2) = f(hx1)0f(hx2), f(UjeJ ) = Ujes f(hx;),
3) f(hx1Nhx2) € f(hx1)Nf(hx2), f(ﬂj hx;) € Njesf(hx;), N
3) if f is injective, then f(hx1Nhx2) = f(hx1)Nf(hx2), f(ijJhXj) = njejf(hxj)f

1)
)
)
)
)
) if hy1 C hys, then f~(hy1) C f Y(hys),
)
)
)
)
0

(

(

(

(4) f(A) = hO if and only zfA ho,

(5 N

(6) f1(hy10hy2) = f~ (hy1)Of " (hy2), f~ 1(Ujez 5) = gjekif_l(th%
(7) f~H(hy1Nhy2) C = (hy)Nf " Hhy2), £~ 1(ﬂjeJ ) € Nyesf (),
(8) f~L(hy) = h' if and only if hyﬁf(hl) =hl,

(9) hx C f~Yo f(hx); in particular, hx = f of(hX) if [ is injective,
(10) fo f~Y(hy) C hy; in particular, f o f~*(hy) = hy, if f is sujective.
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3. HESITANT FUZZY SUBGROUPOIDS

Definition 3.1. Let h € HS(X). Then h is called a hesitant fuzzy point with the
support € X and the value A, denoted by x, if ) : X — P[0, 1] is the mapping
given by: for each y € X,

[ Aco,1] ify#zx
2Aly) = { 1) otherwise.

We will denote the set of all hesitant fuzzy points in X as Hp(X).

Definition 3.2. Let h € HS(X) and let ) € Hp(X). Then x is said to be belong
to h, denoted by xz € h, if A C h(x).
It is obvious that h = [, c,%x.

The following is the immediate result of Definitions 2.2, 2.3 and 3.1.

Theorem 3.3. Let hq, ho € HS(X) and let (h;)jeq C HS(X).
(1) hy C he if and only if x5 € ha, for each x) € hy.
(2) z € hiNhy if and only if x5 € hy and x) € hs.
(3) If x5 € hy or xx € hy, then xx € hyUhy.
(4) wx € e hy if and only if x5 € hj, for each j € J.
(5) If zx € hy for some j € J, then xx € ;¢ hy-

Remark 3.4. The converses of (3) and (5) of Theorem 3.3 need not to be true in
general as shown the following example.

Example 3.5. Let X = {a,b,c}, let hy and hy be two hesitant fuzzy sets given by,
respectively: hi(a) = {0,0.4,0.7}, hq1(b) = [0,0.6), hi(c) = (0,0.8]
and

ha(a) = {0,0.5,0.7}, ho(b) =[0.1,0.7), ha(c) =[0,0.8).
Let A = {0,0.4,0.5} € P[0,1] and consider ay € Hp(X). Then clearly, we can easily
check that ay € h1Uhy but ay € hy and ay € ho.

Definition 3.6. Let (X,-) be a groupoid and let hy, ho € HS(X). Then the
hesitant fuzzy product of hy and hsy, denoted by hj o hs, is a hesitant fuzzy set in X
defined by: for each = € X,

(hy 0 ho)(z) = Uyzza b1 (y) N h2(2)] if yz =
) otherwise.
Proposition 3.7. Let hi, he € HS(X) and let zx, y, € Hp(X). Then
(1) IhOYu = (}"y),\mw
(2) hyohy = Umehl, ypEhaTA O Yy
Proof. (1) Let z € X and suppose z = z'y . Then

(@x 05)(2) = Uy [oa@) Ny = AN p

Oz'y':z[mk(‘r,) N yu(y/)] if x/y/ =z
¢

(zxoyu)(z) = otherwise

108



J. Kim et al./Ann. Fuzzy Math. Inform. 18 (2019), No. 2, 105-122

_Anp ifxy = 2
T ¢ otherwise
= ($y>mu~

(2) Let h = U, en, yucho©A © Y- For each z € X, we assume that there are
u, v € X such that uv = z, x5 # ¢ and y,, # ¢, without loss of generality. Then

(h © h2)(2) = Uy [ () 1 R (0)]
2 guv:z(szehl, YuE€ho [Jf)\(u) N yu(v)]

= Uzkehl, Yu€ha [zx 0 yu]

. = h(z)
1(2) = Usyens, yuens Unpms 22 () N19(0)])
= Uuo—sUs,ena, yuenal#2 () Nu(0)])
) gu’u:z[uhl (u) (u) n th(”)(v)]
= qu:z[hl(u) N h2 (U)]
= (h1 0 h2)(). B
Thus A1 o ha = h. So hloh?:Umehl,yMehaxkoyﬂ' O

The following is the immediate result of Definition 3.6.

Proposition 3.8. Let (X,-) be a groupoid and let o be the hesitant fuzzy product.
(1) If “7 is associative [resp. commutative], then so is “o” in HS(X).
(2) If “” has an identity e € X, then ejg 1) s an identity of “” in HS(X), i.e.,

hoep1 =h=cepoh, for each h € HS(X).

Definition 3.9. Let (G,-) be a groupoid and let ¢ # h € HS(X). Then h is called
a hesitant fuzzy subgroupoid (in short, HGP) in G, if ho h C h.
We will denote the set of all HGPs in G as HGP(G).

Example 3.10. Let G = {a, b, c,d} be the groupoid in which - is given by:

a b ¢ d
ala b ¢ d
bl|b ¢ a b
cle d ¢ a
dld b d a

Table 3.1

Consider two hesitant fuzzy sets hy and hg in defined by:
hi(a) ={0.1,0.3,0.7}, hy(b) ={0.3}, hi(c) = hi(d) = {0.3,0.7}.
and
ho(a) = {0.1,0.3}, ha(b) = (0.6,1], ha(c) ={0.3,0.8}, ha(d) =1[0.1,0.4).

Then hj o hy is a hesitant fuzzy set in G given by:
(hl o) hl)(a) = {01,03}, (hl e} hl)(b) = {03},
109
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(hl o hl)(C) = (hl o hl)(d) = {03, 07}

Thus hy o hy C hy. So h; is a hesitant fuzzy subgroupoid in G.

On the other hand, (hs o ha)(a) = [0.1,0.4) U {0.8} ¢ {0.1,0.3} = hz(a). Then

ho o hy ¢ hy. Thus ho is not a hesitant fuzzy subgroupoid in G.

Theorem 3.11. Let (G,-) be a groupoid and let ¢ # h € HS(X). Then the follow-

ings are equivalent:

(1) h € HGP(G),

(2) for any xx, y, € h, xx 0y, € h, i.e., (h,0) is a groupoid,

(3) for any z, y € G, h(zy) D h(z) N h(y).

Proof. (1)&(2): From Definitions 3.6 and 3.9, the proof is clear.
(1)=(3): Suppose h € HGP(G) and let =, y € G. Then
h(zy) D (h o h)(xy) [By Definition 3.9]

= Usy=uo () N (v)] [By Definition 3.6]

D h(x) N h(y).
Thus h(zy) D h(z) N h(y).

(3)=(1): The proof is obvious.

From Proposition 3.11, we can define a HGP in a groupoid G as follows.

Definition 3.12. Let G be a groupoid and let h € HS(G).
hesitant fuzzy subgroupoid (in short, HGP) in G, if

h(zy) D h(x) N h(y), for any x, y € G.

It is obvious that h?, h' € HGP(G).
Example 3.13. Let G = {a,b,c,d} the groupoid in which - is given by:

Let h be the hesitant fuzzy set in G defined by:

a b ¢ d
ala b ¢ d
bl|b b b b
cle d ¢ c
dld b d d

Table 3.2

Then h is called a

h(a) =10,0.6], h(b) = (0.1,0.7], h(c) = (0,0.8), h(d) =[0.1,0.9].
Then we can easily check that h is a hesitant fuzzy subgroupoid in G.

Proposition 3.14. If (h;);e; C HGP(G), then (\;c;h; € HGP(G).

Proof. Let h = ﬁjeJ
h(zy) = N;es hi(zy)

D ﬂjEJ[hj(x) N h;(y)] [Since h; € HGP(G)]

= (ﬂjeJ hj(z)) N (ﬂjeJ hi(y))

= [ﬂjeth}(x) N [ﬂjeth](y)

=h(z)Nh(y).
Thus h(zy) D h(z) Nh(y). So N

jeJ

h; € HGP(Q).

110
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Proposition 3.15. Let f: G — G bea groupoid homomorphism, let hg € HS(G)
and hey € HS(G').

(1) fexoyu) = f@)ro fW)u, for any zx, y, € Hp(G).

(2) If f is surjective and h € HGP(G), then f(h) € HGP(G).

(3) If h e HGP(G'), then f~'(h) € HGP(G).

Proof. (1) Let xy, y, € Hp(G) and let z € G'. Then
fexoyu)(z) = [((zy)rnu)(2) [By Proposition 3.7 (1)]
_ { U esmi i @mana(z) it F71(z) # ¢
¢

otherwise

ANp if 2= f(ay)
10 otherwise.

On the other hand, , ,
o ,1) = { Yomae SN0 S0 o (1) € GG it = =

otherwise

AN p if z = f(2)f(y)
10) otherwise.

Thus f(xx o yu) = f(z)xo f(Y)u-
(2) Assume that f(h) & HGP(Gl). Then there are y, ¥ € G such that
)G FM)w) N FR)).

Thus Uf(z) oy 1(2) & Uf (w)=y P ))Q(Uf(m'):y/ h(z')). Since f is surjective, there
are x, € G with f(z) =y and f(x ') = y/ such that

U ne z) N h(z).
@)=y
So h(zz') C Usz)=yy 1(2) & h(z) N A(z "). This is a controdiction from the fact
that h € HGP(G). Hence f(h) € HGP(G ).
(3) The proof is easy. O

Definition 3.16. h € HS(X) is said to have the sup-property, if for each subset T
of X, there is tg € T such that h(to) = J,cp h(t).

Proposition 3.17. Let f : G — G be a groupoid homomorphism and let h €
HS(G) has the sup-property. If h € HGP(Q), then f(h) € HGP(G').

Proof. Let y, y/ € G'. Then we can consider four cases:

6) £ # 0. ) # 0.
(i) £ () # 6. ) = o,
(i) /= (v) = &, /() # &,

(iv) fH(y) = (b, 1) =¢.
We will prove only the case (i) and omit the remainders. Since h has the sup-
property, there are x¢ € f~!(y) and scé) € f_l(y/) such that

hiz) = |J At)and h(zg)= |J ht).
tef=1(y) tef-1(y')
111
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Then /
f(h)(yy ) = Uzef*/l h(z) , / ,
D h(zow) [Sir/lce f(@ozg) = fzo)f(2o) = yy ]
D h(zo) Nh(zy) [Since h € HGP(G)]
= (Utef—l(y) h(t)) N (Ut’ef—l(y’) h(t/))
= W) N FR)().
Thus f(h) € HGP(G). O

Definition 3.18. Let f : X — Y be a mapping and let h € HS(X). Then h is
said to be hesitant fuzzy invariant (in short, HF-invariant), if f(z) = f(y) implies
h(zx) = h(y).

It is clear that if h is HF-invariant, then f~!o f(h) = h.

The following is the immediate result of Definition 3.18.
Proposition 3.19. Let f : X — Y be a mapping and let
H={he HS(X): his HF —invariant and has the sup property}.

Then there is a one-to-one correspondence between H and HS(Imf), where Imf
denotes the image of f.

The following is the immediate result of Propositions 3.17 and 3.19.

Corollary 3.20. Let f: G — G be a groupoid homomorphism and let
H ={h € HGP(G) : h is HF — invariant and has the sup property}.

Then Then there is a one-to-one correspondence between H and HGP(Imf).

4. HESITANT FUZZY SUGROUPS

Definition 4.1. Let G be a group and let h € HS(G). Then h is called a hesitant
fuzzy subgroup (in short, HFG) in G, if it satisfies the following conditions: for any
z, y €G,

(i) h(zy) O h(z) N h(y),

(ii) h(z™1) D h(z).

We will denote the set of all HFGs in G as HFG(G).

Example 4.2. Consider the additive group (Z,+). We define h : Z — P[0,1] as

follows: for each n € Z,
14, . . 1 2 .
h(n) = [57 g], if nis odd and h(n) = [g, g], if nis even, and h(0)=[0,1].

Then we can easily see that h is a HFG in (Z, +).
The following is the immediate result of Proposition 3.13 and Definition 4.1.

Proposition 4.3. Let G be a group and let (hj)jc; C HFG(G). Then ﬁje}hj €
HFG(G).
112
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Proposition 4.4. Let G be a group and let h € HFG(G). Then
(1) h(z=1) = h(x), for each x € G,
(2) h(e) D h(z), for each x € G, where e is the identity of G.

Proof. (1) Let € G. Then by Definition 4.1, h(z) = h(z=1)~1) D h(z~1) D h(x).
Thus h(z~1) = h(z).
(2) Let € G. Then by Definition 4.1 and (1),

h(e) = h(zz™) D h(z) N h(z™') = h(z) N h(z) = h(z).
Thus h(e) D h(x). O

Theorem 4.5. Let G be a group and let h € HS(G). Then h € HFG(G) if and
only if h(zy=1) D h(z) N h(y), for any =, y € G.

Proof. Suppose h € HFG(G) and let x, y € G. Then by Definition 4.1 and Propo-
sition 4.4 (1) h(zy~!) D h(z) Nh(y~1) = h(x) N A(y).

Conversely, suppose the necessary condition holds and let z € G. Then h(e) =
h(zz=Y) D h(x) Nh(z) = h(z). Thus h(z~!) = hlez~t) D h(e) N h(x) = h(z). So h
satisfies the condition (ii) of Definition 4.1.

Now let z, y € G. Then h(xy) = h(z(y~')™1) D h(z) Nh(y™) D h(z) N h(y).
Thus h(xy) D h(z) N h(y). So h satisfies the condition (i) of Definition 4.1. Hence
h € HFG(G). O

Proposition 4.6. Let G be a group and let h € HS(G). If h € HFG(G), then
hoh = h.

Proof. Suppose h € HFG(G). Then clearly, h € HGP(G). Thus by Definition 3.9,
hoh C h. Let x € G such that z = yz, where y, z € G. Then
(hoh)(z) =U,=,.[R(y) N h(z)] [By Definition 3.6]
D h(z) N h(e) [Since G is group, = = ze = ex.]
= h(z). [By Proposition 4.4 (2)]
Thus hoh D h. So hoh = h. O

Theorem 4.7. Let G be a group and let hy, ho € HFG(G). Then hiohe € HFG(G)
if and only if hy o hg = ho o hy.
Proof. Suppose hyohy € HFG(G) and let € G and let € G. Then
(h1oh2)(z) = U,—,.[h1(y) Nha(2)] [By Definition 3.6]
= Upeyella(zz™h) Nha(y~'a)]
[Since G is a group, y = x2~! and z = y~ ']
= Up—y:[P1(z271) Nhg(z~1y] [By Proposition 4.4 (1)]
= Uz*lzzflyfl [hl(y_l) N h’Q(Z_l)]
=Up-1za1y [h2(z7H) N ha(y™)]
= (hg o hy)(z~1) [By Definition 3.6]
= (hg o hy)(z). [By the hypothesis]
Thus hl o h2 = hg o hl.
Conversely, suppose hj o hg = hg o hy. Then
(h1 o hg) o (hy ohg) =hyo(hgohy)ohs [By Proposition 3.8 (1)]
113
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= hy o (hy o hy) o hy [By the hypothesis]
= (hl o hl) o (h2 o hg)
C hq o hs. [Since hi, hy € HFG(G)]
Thus by Definition 3.9, hy o hy € HGP(G). So hy o hs satisfies the condition (i) of
Definition 4.1.
Let z € G. Then
(h1 o hg)(z~t) = (ha o hy)(x~1) [the hypothesis]
= Uz-12y[h2(y) N ha(2)] [By Definition 3.7]

= U, impelho(@ =) n b (y~ e )]
[Sincey =a~'2"" and z =y —lg=1)
= U,-12y.[h2(22) N ha(zy)] [By Proposition 4.4 (1)]

= U, ioyelha(y™ ) nha(z7h)]
[Since zz = y~!and 2y = 271
=Upez1yalh2ly™") Nha(z71)]
= (hl o hg)(l‘)
Thus h o he satisfies the condition (ii) of Definition 4.1. So hyohe € HFG(G). O

Proposition 4.8. Let G be a group and let h € HFG(G). Then G, = {z € G :
h(z) = h(e)} is a subgroup.

Proof. Let x, y € Gj. Then
h(xy_l) D h(z) N h(y) [By Theorem 4.5]

(e) Nh(e) [Since z, y € G]
= he).
Thus h(zy~!) D h(e). From Proposmon 4.4 (2), it is obvious that h(e) D h(zy~1).
So h(zy~1) = h(e). Hence 2y~! € G},. Therefore G, is a subgroup of G. O

Proposition 4.9. Let G be a group and let h € HFG(G). If h(zy~!) = h(e), for
any z, y € G, then h(zx) = h(y).

Proof. Let z, y € G. Then
h(x ) h((zy~ ")y )
h(zy=1) N h(y) [Since h € HFG(G))
(e) h(y) [By the hypothesis]
h(y) [Proposition 4.4 (2)]

and

h(y) = h((yz™")z)

h(yz=1) N h(x) [Since h € HFG(G)]

h((yz=1)~1) N h(z) [By Proposition 4.4 (1)]
h(zy™") N ()
h(
h(

||u|l

e) N h(x) [By the hypothesis]|
x). [Proposition 4.4 (2)]
)-

Thus h(z) = h(y O

Proposition 4.10. Let G be a group and let h € HFG(G). If Gi, is a normal
subgroup of G, then h is constant on each coset of Gy,.
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Proof. Let a € G and let € aGy. Then there is y € G such that x = ay. Since
G}, is normal, za~! € Gj. Thus by the definition of Gy, h(za=!) = h(e). So by
Proposition 4.9, h(x) = h(a). Hence h is constant on aGy, for each a € G.
Similarly, we can easily see that h is constant on Gpa, for each a € G. This
completes the proof. O

Let H be a subgroup of a group G. Then the number of right [resp. left] coset of
H in G is called the index of H in G and denoted by [G : H]. If G is a finite group,
then there is only a finite number of distinct right [resp. left] cosets of H and thus
[G : H] is finite. However, if G is an infinite group, then [G : H| may be either finite
or infinite.

Proposition 4.11. Let G be a group, let h € HFG(G) and let Gp, be normal. If
[Gh, : G| is finite, then h has the sup property.

Proof. Let T C G. Since [G}, : G] is finite, let [G}, : G] = n, say
A= {alGh7 a2Gh, ce aanGh}a
where a; € G (1 =1, 2, ---, n) and a;G, Na;Gy = ¢, for any i # j.
Let t € T. Since ' C G = JA = U, a;Gp, there is i € {1,2,--- ,n} such that
t € a;Gy. Since Gy be normal, by Proposition 4.10, h(t) h(a;) on a;Gy, say

h(t) = A € P[0,1]. Thus there is to € T such that h(to) = U;—; Ai = Uper A(t). So
h has the sup property. O

Proposition 4.12. A group G cannot be the union of two proper HFGs.
Proof. Assume that hy and hs are two proper HFGs of G such that

hiUhy = h, hy # h' and hy # h1.
Let z € G. Then (hyUhy)(z) = hi(z) U ha(z) = [0,1]. Thus hi(z) = [0,1] or
ha(x) =[0,1]. This is a contradiction. This completes the proof. O
Proposition 4.13. Let G be a finite group and let h € HGP(G). Then h €
HFG(G).

Proof. Let x € G. Since G is finite, = has the finite order, say n. Then z" = e,
where e is the identity of G. Thus 2= = 2"~ !. Since h € HGP(G),

h(z™') = h(z" 1) = (2" %) D h(x).
So h € HFG(G). O

Theorem 4.14. Let G be a group, let h € HFG(G) and let x € G. Then h(zy) =
h(y), for each y € G if and only if h(x) = h(e).

Proof. Suppose h(zy) = h(y), for each y € G. Then clearly, h(x) = h(e).
Conversely, suppose h(x) = h(e) and let y € G. Then by Proposition 4.4 (2),
h(z) D h(y). Thus h(zy) D h(xz) Nh(y) = h(y). On the other hand,
h(y) = h(z~'zy) D h(z) N h(zy) [By Proposition 4.4 (1)]
= h(zy). [By the hypothesis and Proposition 4.4 (2)
So h(zy) = h(y), for each y € G. O
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Proposition 4.15. Let f: G — G be a group homomorphism, let hg € HFG(G)
and let hyy € HFG(G').

(1) If hg has the sup-property, then f(hg) € HFG(G,).

(2) f’l(hG/) € HFG(Q).

Proof. (1) From Proposition 3.17, it is clear that hg € HGP(G). Then it is enough
to show that f(hg)(y™!) D f(ha)(y), for each y € f(G). Let y € f(G). Then
clearly, ¢ # f~!(y) C G. Since hg has the sup-property, there is xo €' (y) such
that
ha(zo) = U ha(t).
tef~(y)

Thus f(he)(y™") = Ures-1y-1) ha(t) D ha(zg ') D ha(z) = f(ha)(y)- So f(he) €
HFG(G).

(2) From Proposition 3.15, it is clear that f~'(hy) € HGP(G). Then it is
enough to show that f~'(he )(z™t) D f~(hg )(z), for each z € G. Let z € G.
Then

Thus f~'(hey) € HFG(G). O

Theorem 4.16. Let G, be a cyclic group of prime order, say G, = {0,1,2,--- ,p—
1}. Then h € HFG(G)y) if and only if h(xz) = h(1) C h(0), for each 0 # x € G,,.

Proof. Suppose h € HFG(G),) and let 0 # z € G,,. Since z is the sum of 1’s and 1
is the sum of a's, h(z) D h(1) D h(x). Thus h(z) = h(1). Since 1 is the identity of
Gp, h(0) D h(z). So h(x) = h(1) C h(0), for each 0 # = € G,,.

Conversely, suppose h(z) = h(1) C h(0), for each 0 # = € G, and let x, y € G).
Then we have four cases: © #0,y#O0andx =yorx #0,y=0o0orz =0,y #0 or

x#0,y#0and z #y.
Case (i): Suppose x # 0, y # 0. Then by the hypothesis,

h(z) = h(y) = h(1) C h(0).

Thus h(z —y) = h(0) D h(z) N h(y).

Case (ii): Suppose z # 0, y = 0. Then clearly, z —y # 0. Thus by the hypothesis,
h(z —y) = h(x) = h(1) C h(0) = h(y). So h(x —y) D h(z) N h(y).

Case (iii): The proof is similar to Case (ii).

Case (iv): Suppose ¢ # 0, y # 0 and x # y. Then clearly, x —y # 0. Thus by the
hypothesis, h(z —y) = h(z) = h(y) = h(1) C h(0). So h(x —y) D h(x) N h(y).

In all cases, h(x — y) D h(z) Nh(y). Hence by Theorem 4.5, h € HFG(G,). O

Definition 4.17. Let G be a groupoid and let h € HS(G). Then h is called a:
(i) hesitant fuzzy left ideal (in short, HFLI) of G, if h(zy) D h(y), for any z, y € G,
(ii) hesitant fuzzy right ideal (in short, HFRI) of G, if h(xy) D h(z), for any
x, y €G,
(iil) hesitant fuzzy ideal (in short, HFI) of G, if it is both a HFLI and a HFRI.
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We will denote the set of all HFLIs [resp. HFRIs and HFIs] of a G as HFLI(G)
[resp. HFRI(G) and HFI(G)).

It is obvious that h € HFI(G) if and only if h(zy) D h(x)Uh(y), for any z, y € G.
Furthermore, a HFI [resp. HFLI and HFRI] is a HGP of G.

It is clear that for each h € HGP(G), H(x™) D h(x) for each v € G and if h is a
constant hesitant fuzzy set in G, then h is a HFI of G.

Example 4.18. Let G = {a,b,c,d} the groupoid in which - is given by:

a b ¢ d
ala b ¢ d
bl|b b d ¢
cle a ¢ b
dle b d d

Table 4.1

Let hy and ho be the hesitant fuzzy sets in G defined by, respectively:
hl(CL) = hl(b) = [0,06], hl(C) = hl(d) = [0,07),

ho(a) =[0.1,0.7], ha(b) = ha(c) = ha(d) = [0,0.7],
Then we can easily check that hy is a HFLI and hy is a HFRI of G.

Proposition 4.19. The HFLIs [resp. HFRIs and HFIs] of a group G are just
constant mappings.

Proof. Suppose h : G — P[0,1] be a constant mapping and let z, y € G. Then
clearly, h(zy) = h(z) = h(y). Thus h € HFLI(G) [resp. HFRI(G) and HFI(G)].

Suppose h € HFLI(G). Then h(zy) D h(y), for any z, y € G. In particular,
h(z) = h(ze) D h(x), for each z € G. On the other hand, h(e) = h(z~'x) D h(z),
for each x € G. Thus h(x) = h(e), for each x € G. So h is a constant mapping.
This completes the proof. O

Definition 4.20. Let G be a group and let h € HFG(G). Then h is called a
hesitant fuzzy normal subgroup (in short, HFNG) of G, if h(zy) = h(yz), for any
z, y €G.

We will denote the set of all HFNGs of G as HFNG(G). It is obvious that if G
is abelian, then h € HFNG(G), for each h € HFG(G).

Example 4.21. Consider the general linear group of degree n, GL(n,R). Then
clearly, GL(n,R) is not abelian. Let I,, be the unit matrix in GL(n,R). We define
the mapping h : GL(n,R) — PJ0, 1] as follows: for each I,, # M € GL(n,R),

h(M) = (%, 2], if M is not a triangular matrix,

h(M) = [4,3], if M is a triangular matrix
and

h(In) = [Ov 1]'
Then we can easily see that h € HFNG(GL(n,R)).
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Proposition 4.22. Let G be a group, let hy € HS(G) and let ha € HFNG(Q).
Then hl ] h2 = hg e} hl-

Proof. Let x € G. Then
(h1oho)(z) = Qx y2lP1(y) N ha(2)]
Ureyelin () 0 Ry 1)
- gw:(wy_l)y[hl(y) N ho(zy~1)] [Since hy € HFNG(G)]
= Une(ay-1yy P2 (zy™") N1 (y)]
= (hg 0 h1)(x)
Thus hy o ho = hg o hy. O

Proposition 4.23. Let G be a group, let hy € HFNG(G) and let ho € HFG(GQ).
Then hy o hy € HFG(Q).

Proof. From Definitions 3.6 and 3.9, we can easily see that hoohy € HGP(G). Then
it is sufficient to show that (haohy)(z™1) D (haohy)(z), for each x € G. Let x € G.
Then ~
(hz o h1)(@z™h) = U1y, [h2(y) N ha(2)]
=Up—o 1y [ha((y™) ") N ha((z7H) 7))
O Upeary1lha(y™h) N ha(z71)]
=(hyo hg)(x)
= (hg o hy)(z). [By Proposition 4.21]
Thus hy o hy € HFG(G). O

Proposition 4.24. Let G be a group and let hy, ho € HFNG(G). Then hyohy €
HFNG(G).

Proof. From Propositions 4.7, 4.22 and 4.23, it is clear that hy o hy € HFG(G).
Let a, b € G. Then there are z, y € G such that ab = zy. Since b = a~lay,
ba = (a"tza)(a"tya). Thus

(h1 o hz)(ab) = yab:xy[hl(x) N ha(y)]

= Uab:zy[hl(a_lxa) N ha(a=tya)] [Since hy, ho € HFNG(G)]

= Uba:(aflwa)(aflya) [hl (ailxa) N h2(a71ya)]
= (h1 © h2)(ba).
So hy o hy € HENG(G). O

Proposition 4.25. Let G be a group and let h € HFNG(G). Then G}, is a normal
subgroup of G.

Proof. From Proposition 4.8, it is obvious that G, is a subgroup of G and G}, # ¢.
Let x € G}, and let y € G. Then
h(yzy™) = h((yz)y™")
= h(y~(yx)) [Since h € HFNG(Q)]

e). [Since z € Gy]
Thus yxy~* € Gy. So G}, is a normal subgroup of G. O
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The converse of Proposition 4.25 need not to be true as shown in the following
example.

Example 4.26. Let G = {e,a, b, c} be the group in which - is given by:

e a b c
ele a b ¢
ala e b c
blb a e c
clec a b e

Table 4.2

Let h be the hesitant fuzzy set in X defined by:
h(e) = h(a) =[0,1], h(b) = (0,1], h(c) =10,1).

Then we can easily check that h is a hesitant fuzzy subgroup of G. Moreover,
Gy, = {e, a} is a normal subgroup of G. But h(ab) = (0, 1] # [0,1] = h(ba). Thus h
is not a hesitant fuzzy normal subgroup of G.

Definition 4.27. Let G be a group and let h € HFNG(G). Then the quotient
group G/G), is called the hesitant fuzzy quotient subgroup (in short, HFQG) of G
with respect to h.

Proposition 4.28. Let G be a group, let hy € HFNG(QG), let ho € HS(G) and let
7: G — G/Gy be the natural mapping. Then =1 (m(ha)) = Gp, o hs.

Proof. Let x € G. Then
[r = (m(h2)))(x) = 7 (ha)(n(2))
= Ur(@)=r(h2(v)
= Uzy‘leGhl ha(y)

and _
(Ghoh2)(@) = U,y [Ghi(2) N h2(y)]
= Uz:my71€Gh1 [h1(e) N ha(y)] [By the definition of G, ]
— Oz:w_leGhl ha(y). [By proposition 4.4 (2)]
Thus 7= 1(7(h2)) = G, © ha. O

5. HESITANT FUZZY SUBRINGS

Definition 5.1. Let (R, +,) be a ring and let ¢ # h € HS(R). Then h is called a
hesitant fuzzy subring (in short, HFR), if it satisfies the following conditions:

(i) h€e HFG(R,+),

(ii) h € HGP(R, ).

We will denote the set of all HFRs of R as HF R(R).
Example 5.2. Consider the ring (Zg,+,-), where Zo = {0,1}. We define the
mapping h : Zs — P[0.1] as follows: h(0) =[0.2,0.7] and h(1) = [0.4,0.7). Then we

can easily see that h € HFR(Zs).
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The following is the immediate result of Definition 3.12 and Theorem 4.5.

Theorem 5.3. Let R) be a ring and let ¢ # h € HS(R). Then h € HFR(R) if and
only if for any x, y € R,

(1) iz —y) D h(z) N A(y),

(2) h(zy) > h(z) N h(y).

Definition 5.4. Let R) be a ring and let ¢ £ h € HFR(R). Then h is called a:
(i) hesitant fuzzy left ideal (in short, HFLI) of R, if h(zy) D h(y), for any z, y € R,
(ii) hesitant fuzzy right ideal (in short, HFRI) of R, if h(xy) D h(x), for any
r, y € R,
(iii) hesitant fuzzy ideal (in short, HFI), if it is both a HFLI and a HFRI of R.

We will denote the set of all HFLIs [resp. HFRIs and HFIs] of R as HFLI(R)
[resp. HFRI(R) and HFI(R)].

Example 5.5. Consider the ring (Z4,+, ), where Zs = {0,1,2,3}. We define the
mapping h : Zy — P[0.1] as follows:

h(0) = [0.2,0.8), (1) = (0.3,0.7) = h(3) and h(2) = [0.4,0.5].
Then we can easily see that h € HFI(Zy).
The following is the immediate result of Theorem 5.3 and Definition 5.4.

Theorem 5.6. Let R) be a ring and let ¢ # h € HS(R). Then h € HFI(R) [resp.
HFLI(R) and HFRI(R)] if and only if for any x, y € R,

(1) h(z —y) > h(z) N h(y),

(2) h(zy) D h(xz)Uh(y) [resp. h(zy) D h(y) and h(xy) D h(zx)/.

Theorem 5.7. Let R) be a skew field (also a division ring) and let ¢ # h € HS(R).
Let O BE the identity of R for “+7 and let e be the identity of R for “”. Then the
followings are equivalent:

(1) h e HFI(R) [resp. HFLI(R) and HFRI(R)],

(2) for each 0 # x € R, h(z) = h(e) C h(0).

Proof. (1)=(2): Suppose h € HFLI(R) and let 0 # 2 € R. Then

h(z) = h(ze) D h(e) and h(e) = h(z™ x) D h(z).
Thus h(z) = h(e). On the other hand, h(0) = h(e —e) D h(e) Nh(e) = h(e). So
h(z) = h(e) C h(0).

(2)=(1): Suppose h(x) = h(e) C h(0), for each 0 # = € R and let z, y € R.
Then we have four cases: © # 0, y ZO0and x Zyorz # 0, y # 0 and x = y or
x#0,y=0o0rxz=0,y#0.

Case (i): Suppose x # 0, y # 0 and x # y. Then clearly, z — y # 0 and zy # 0.
Thus by the hypothesis,

h(z —y) = h(e) D h(z) Nh(y) and h(zy) = h(e) D h(z) U h(y).
Case (ii): Suppose z # 0, y # 0 and z = y. Then clearly, z — y = 0 and xy # 0.
Thus by the hypothesis,
h(z —y) = h(0) D h(x) Nh(y) and h(zy) = h(e) D h(z) U h(y).
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Case (iii): Suppose xz # 0, y = 0. Then clearly, x —y # 0 and xy = 0. Thus by
the hypothesis,

h(z —y) = h(z) = h(e) D h(z) N h(y) and h(zy) = h(0) D h(z) U h(y).

Case (iv): Suppose z = 0, y # 0. Then the proof is similar to case (iii).
So in all cases, h € HFI(R). This completes the proof. d

Remark 5.8. Proposition 5.7 shows that a HFLI [resp. HFRI] is a HFI in a skew
field.

The following gives a characteristic of a (usual) field by a HFL.

Proposition 5.9. Let R be a commutative ring with a unity e. Suppose for each
h € HFI(R) and each 0 # x € R, h(z) = h(e) C h(0). Then R is a field.

Proof. Let A be a ideal of R such that A # R. Then we can consider A as A = x4,
where x4 : R — {0,1} C [0,1] is the characteristic function of A. Thus A € HS(R).
Moreover, we can easily see that A € HFI(R) such that A # h'. So thereis y € R
such that y € A and thus x4(y) = {0}. By the hypothesis, xa(z) = xa(e) C xa(0),
each 0 # x € R. Hence x4(0) = {1}, i.e., A = {0}. Therefore R is a field. O

6. CONCLUSIONS

We introduced the concepts of a hesitant fuzzy subgroupoid, a hesitant fuzzy
subgroup, a hesitant fuzzy normal subgroup, a hesitant fuzzy subring and a hesitant
fuzzy ideal and obtained some of its properties, respectively. In particular, we gave
a characteristic of a (usual) field by a hesitant fuzzy ideal (See Proposition 5.9). In
the future, we will apply the concept of hesitant fuzzy set to BCK/BCI-algebras,
d-algebras, B-algebras, etc.
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