Annals of Fuzzy Mathematics and Informatics
Volume 18, No. 1, (August 2019) pp. 57-74 @FMH

ISSN: 2093-9310 (print version)

ISSN: 2287-6235 (electronic version) © Research Institute for Basic
http://www.afmi.or.kr Science, Wonkwang University
https://doi.org/10.30948 /afmi.2019.18.1.57 http://ribs.wonkwang.ac.kr

The category of hesitant H-fuzzy sets

J. Kim, Y. B. Jun, P. K. Lim, J. G. LEg, K. HUR

=
=L

® ©II
’ﬁ a:ﬁﬁm
Z =

(=]

MT

@F MI
@QF M I
@F MTI
@F MI

QF M
QF I
@F MI
@ MT

@F MI

©
= ®
®
= iisis elle
®

QFMI, @FMTI
Q@ ¥ M I

Reprinted from the

Annals of Fuzzy Mathematics and Informatics
Vol. 18, No. 1, August 2019



Annals of Fuzzy Mathematics and Informatics
Volume 18, No. 1, (August 2019) pp. 57-74 @FMH

ISSN: 2093-9310 (print version)

ISSN: 2287-6235 (electronic version) © Research Institute for Basic
http://www.afmi.or.kr Science, Wonkwang University
https://doi.org/10.30948 /afmi.2019.18.1.57 http://ribs.wonkwang.ac.kr

The category of hesitant H-fuzzy sets

J. KM, Y. B. Jun, P. K. Lim, J. G. LEg, K. Hur

Received 23 November 2018; Revised 17 February 2019; Accepted 26 February 2019

ABSTRACT. We redefine the hesitant fuzzy empty set, the hesitant fuzzy
whole set, the intersection and the union of two hesitant fuzzy sets, and
prove that the family HS(X) of all hesitant fuzzy sets in a set X is a
Boolean algebra. Next, we introduce the category HSet(H) consisting of
hesitant H-fuzzy spaces and preserving mappings between them and study
the category HSet(H) in the sense of a topological universe and prove that
it is Cartesian closed over Set, where Set denotes the category consisting
of ordinary sets and ordinary mappings between them.
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1. INTRODUCTION

I. 1965, Zadeh [34] introduced a fuzzy set as the generalization of an ordinary
set. After that time, many researchers [4, 7, 8, 12, 22, 26, 27| investigated fuzzy sets
in the sense of category theory, for instance, Set(H), Set¢(H), Setg(H), Fuz(H).
In particular, Carrega [4], Eytan [7], Goguen [8], Pittes [26], Ponasse [27] studied
Set(H) in topos view-point.

In 1984, Nel [23] introduced the concept of a topological universe which implies
quasitopos [1]. Its notion has already been put to effective use several areas of
mathematics in [19, 20, 24].

Hur [12] investigated Set(H) in topological universe view-point. Lim et al [22]

introduced the new category VSet(H) and investigated it in the sense of topological
universe. Moreover, by using the concept of an intutionistic fuzzy set introduced by
Atanasossov [2], Hur et al. [13] introduced the category ISet(H) and studied it
in a view point of topological universe. Recently, Hur et al [14, 15] studied the
categories NSet(H) of neutrosophic sets which were introduced by Smarandache
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[29] and NCSet(H) of neutrosophic crisp set defined by Salama and Smarandache
[28] in the sense of topological view-point, respectively. Moreover, Kim et al. [18]
investigated the category NCSet of intuitionistic sets introduced by Coker [5] in
the sense of topological universe. Also Lee et al. [21] studied the category BPSet
of bipolar fuzzy sets defined by Zhang [35] in the same sense.

In 2010, Torra [31] introduced the notion of a hesitant fuzzy set (Refer to [25, 30]).
After then, Jun et al. [9] studied hesitant fuzzy bi-ideals in semigroups. Xia and Xu
[32] applied hesitant fuzzy set for decision making. Furthermore, Deepark and John
[6] investigated hesitant fuzzy rough sets through hesitant fuzzy relations.

In this paper, we redefine the hesitant fuzzy empty set, the hesitant fuzzy whole
set, the intersection and the union of two hesitant fuzzy sets, and prove that the
family HS(X) of all hesitant fuzzy sets in a set X is a Boolean algebra. Next, we in-
troduce the category HSet(H) consisting of hesitant H-fuzzy spaces and preserving
mappings between them and study the category HSet(H) in the sense of a topo-
logical universe and prove that it is Cartesian closed over Set (See Theorem 4.15),
where Set denotes the category consisting of ordinary sets and ordinary mappings
between them.

2. PRELIMINARIES

In this section, we list some basic definitions and well-known results with respect
to category theory from [10, 17, 23, 31] which are needed in the next sections. Let
us recall that a concrete category is a category of sets which are endowed with an
unspecified structure.

Definition 2.1 ([17]). Let A be a concrete category and ((Y;,&;))s a family of
objects in A indexed by a class J. For any set X, let (f; : X — Y;)s be a source of
mappings indexed by J. Then an A-structure £ on X is said to be initial with respect
to (in short, w.r.t.) (X, (f;), ((Y;,€5))), if it satisfies the following conditions:

(i) for each j € J, f; : (X,&) = (Y},§;) is an A-morphism,

(ii) if (Z, p) is an A-object and g : Z — X is a mapping such that for each j € J,
the mapping f; 0 g: (Z,p) — (Y;,&;) is an A-morphism, then g : (Z,p) = (X, §) is
an A-morphism.

In this case, (f; : (X,&) = (Y;,&;))s is called an initial source in A.

Dual notion: cotopological category.

Definition 2.2 ([17]). Let A be a concrete category.
(i) The A-fibre of a set X is the class of all A-structures on X.
(ii) A is said to be properly fibred over Set, if it satisfies the following;:
(a) (Fibre-smallness) for each set X, the A-fibre of X is a set,
(b) (Terminal separator property) for each singleton set X, the A-fibre of X
has precisely one element,
(c) if £ and n are A-structures on a set X such that id : (X,€) — (X, n) and
id: (X,n) — (X, &) are A-morphisms, then £ = 7.

Definition 2.3 ([10]). A category A is said to be Cartesian closed if it satisfies the
following conditions:
(i) for each A-object A and B, there exists a product A x B in A,
o8
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(ii) exponential objects exist in A, i.e., for each A-object A, the functor A x —:
A — A has a right adjoint, i.e., for any A-object B, there exist an A-object B4
and a A-morphism e p : A x B4 — B (called the evaluation) such that for any
A-object C' and any A-morphism f: Ax C — B, there exists a unique A-morphism
f:C — BA such that eq g o (14 x f) = f, i.e., the diagram commutes:

A x BA can - B

g x f f

AxC

Definition 2.4 ([23]). A category A is called a topological universe over Set if it
satisfies the following conditions:

(i) A is well-structured, i.e. (a) A is concrete category; (b) fibre-smallness con-
dition; (c¢) A has the terminal separator property,

(ii) A is cotopological over Set,

(iii) final episinks in A are preserved by pullbacks, i.e., for any episink (g; : X; —
Y); and any A-morphism f : W — Y, the family (e; : U; — W), obtained by
taking the pullback f and g;, for each j € J, is again a final episink.

Definition 2.5 ([27]). A category A is called a topos, if the following conditions
hold:

(i) There is a terminal object U in A,

(ii) A has equalizers,

(iii) A is Cartesian closed,

(iv) There is a subobject classifier in A, i.e., there is an 2 and a morphism v
from U to 2 such that for each morphism m from A’ to A, there exists a unique
morphism ¢,, from A to 2 such that the diagram is a pullback:

’

A - U
m v
A - Q.
Pm

Definition 2.6 ([31]). Let X be a reference set and let P[0, 1] denote the power set
of [0,1]. Then a mapping h : X — P[0, 1] is called a hesitant fuzzy set in X.

The empty hesitant fuzzy set (denoted by hg) and the full hesitant fuzzy set
(denoted by hy) are defined by: for each z € X

ho(z) = {0} and hq(x) = {1}.

We will denote the set of all hesitant fuzzy sets in X as HFS(X).
59
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For each h € HFS(X), the lower bound and upper bound of h, denoted by h~
and AT, are defined by: for each x € X,

h™(x) = inf h(z) = \ h(z) and h*(2) = sup h(z) = \/ h(z)
Then clearly, h~ and h™ are fuzzy sets in X introduced by Zadeh [31].

Definition 2.7 ([31]). Let h € HFS(X). Then the complement of h, denoted by
he, is a hesitant fuzzy set in X defined as follows: for each x € X,

U {1-+}

v€h(z)
Result 2.8 ([31], Proposition 3.8). The complement is involutive, i.e.,
(k)¢ = h.
Definition 2.9 ([31]). Let hy, ho € HFS(X). Then
(i) the union of h; and hg, denoted by hy Uhs, is a hesitant fuzzy set in X defined
as follows: for each x € X,
(h1 Uhs)(@) = {y € (ha(x) Uha(x) : v = maz(hy (x), hy (2))}
= U’ylehl(z), erhz(z)(r}/l \ 72)7
(ii) the intersection of h; and hg, denoted by hq N hg, is a hesitant fuzzy set in X
defined as follows: for each z € X,
(ha N ho)(z) = {7 € (hi(z) Uha(x) : v < min(hi (z), hy (2))}
= U’y1€h1 (z), 'ygEhg(m)(’yl A 72)

Example 2.10. Let X = {a,b,c} and let hy, hy € HFS(X) given by:
hi(a) =10.3,0.7], hi(b) = {0.1,0.5}, hi(c) = {0.1,0.8}

and
ha(a) = {0.3,0.5}, ha(b) = [0.1,0.6], ha(c) = {0.4,0.8}.
Then
(hl U hg)(a) = U (’)/1 \Y ’}/2) = [03,07]
7 €hi(a), v2€h2(a)
and

(h1 N hs)(a) = U (1 A72) =[0.3,0.5].
v1€hi(a), y2€h2(a)
Similarly, we can calculate the following:
(h1 U ho)(b) =[0.1,0.6], (h1 Uhs)(c) ={0.4,0.8}
and
(hl n hg)(b) = [0.1,0.5], (hl N hg)(c) = {0.1, 04,08}

Remark 2.11. From Definition 2.9, we can easily see that for any hi, he €

HFS(X), if hi(z) = ¢ or ha(z) = ¢ for some = € X, then hy U hy and hy N he
are not defined.

Result 2.12 ([32], Theorem 1). Let hy, he € HFS(X). Then
(1) (h1 Nh)® = h{ UhS,
(2) (h1 Uhg)® = h§NhS.
60
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Definition 2.13 ([6]). Let hy, he € HFS(X). Then

we say that hy is a subset of hg, denoted by hy C hg, if hy(z) C ha(z), for each
T e X,

(ii) we say that h; is equal to hs, denoted by hy = ha, if by C hy and he C hy.

Definition 2.14 ([6]). Let hy, hy € HFS(X). Then we say that hy is a proper
subset of hy, denoted by hy C ho, if

hi(x) C ha(zx), for each x € X
and

hi(x) # ho(x), for some z € X.

Result 2.15 ([6], Lemma 2.15). Let h, hy, ha, hg € HFS(X). Then
(1) (hUhy) = ha, (b0 hy) = h,
2) (hUho) = h, (h N ho) = h,
) hUh® # hy, hNhE # hg, in general,
) (Commutative 1&WS)I h1 U hQ = hQ U hl, h1 N h2 = hQ N hl,
) (Associative laws): hlu(hguhg) = (hluhg)uhg, hlﬁ(hgﬂhg) = (hlth)mhg,
) (Distributive 1&W)2 hl N (hz @] hg) = (hl N h2) U (hl n hg),

Remark 2.16. For any hy, he € HFS(X), in general, the following do not hold:
hlﬁhg ghh hlﬂhg th and hl gh1Uh27 hg g hluhg.

(

(3
(4
(5
(5

Consider Example 2.10,
(h1 Nha)(a) =[0.3,0.5]  {0.3,0.5} = ha(a)
and
(h1 N hy)(b) =[0.1,0.5] € {0.1,0.5} = hy(b).
Also
hi(e) ={0.1,0.8} € {0.4,0.8} = (h1 U ha)(c).

Definition 2.17 ([31]). For a hesitant fuzzy set h in X, we define the intuitionistic
fuzzy set as the envelope of h, denoted by A, (h), is represented by the pair (u, )
defined as follows: for each z € X,

pu(x) =h"(z) and v(z) =1 — h' ().

The following is the relationship between hesitant fuzzy sets and fuzzy multisets
introduced by Yager [33].

Remark 2.18 ([31], Lemma 14). All hesitant fuzzy sets can be represented as fuzzy
multisets.

3. FURTHER PROPERTIES OF HESITANT FUZZY SETS

In this section, we find some properties of hesitant fuzzy sets, and redefine the
intersection and the union of hesitant fuzzy sets.

Proposition 3.1. Let hy, ho, hy € HFS(X). Then
(1) hy N (he U hg) = (hy N he) U (hy N h3),
(2) h1 U (he Nhs) = (hy Uhg) N (hy U hs).
61
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Proof. (1) The proof is well-known in [6]. But we will prove it differently.

Let z € X and let v € [hy N (ha U hg)](z). Then there are v, € hy(x), 12 €
(ha U hs)(z) such that v = 3 A 2. Since 72 € (hg U h3)(x), there are 7o, €
ha(x), 2, € hz(x) such that y5 = 72, V ¥2,. Thus

Y=7 A2 =7 A (2 Vz) = (1 Ay2,) V(71 A e,)-
Since y1 € hi(x), Y2, € ha(), Y2, € ha(z),
Y1 A2, € (h1 Nhe)(x) and 11 A2, € (h1 N h3)(x).
SO Yy S [(h1 ﬂhg) U (h1 mhg)}( ) Hence [hl n (hg Uhg)}(l‘) Q [(hl ﬂhg) U (hl ﬂhg)](ﬂf)

Similarly, we can show that [(h1Nha)U(h1Nhs)](x) C [k N(haUhs)](z). Therefore
the result holds.

(2) Let € X and let v € [hy U (he N h3)](z). Then there are 1 € hi(z), 2 €
(ha N h3)(z) such that v = 3 V 72. Since 75 € (hg N h3)(x), there are vo, €
ha(x), 2, € hz(x) such that y5 = v2, A v2,. Thus

Y= V=7V (2, Av2,) = (1 Vye,) AV ye,)-
Since 1 € hi(z), 72, € ha(x), 12, € h3(x),
Y1V Y2, € (hth2)< ) and Y1V Y2, € ( 1Uh3)(l’).

Sov € [(hl Uhg)ﬁ(hl Uhg)}( ) Hence [h1U(hgﬂh3)](a)‘ - [(hl th)ﬂ(hl Uhg)](i[})
Similarly, we can show that [(hq1Uhs)N(h1Uhs)](x) C [hiU(h2Nhg)](z). Therefore
the result holds. O

Definition 3.2. Let (h;)jcs C HFS(X). Then
(i) the union of (h;);es, denoted by |J
as follows: for each x € X,
Ur@= U Vu
jeJ vj€hj(x) i€
(ii) the intersection of (h;) ey, denoted by N
defined as follows: for each z € X,
(Nr)@= U Aw
jeJ ’Ythj(I) jed
Example 3.3. Let X = {a,b,c} and let hy, ho, hs, hy € HFS(X) given by:
hl( ) ={0.1} U [0.2,0.6], hy(b) ={0.3,0.7}, hi(c) =10,1],
a) = {0.3,0.7}, ha(b) = [04 0.6], ha(c) = {0.2,0.8},

e By, is a hesitant fuzzy set in X defined

e iy, is a hesitant fuzzy set in X

ha(a) =
hs(a) = {0.8}, h3() [0,1], hs(c) = {0.6},
ha(a) = 10,1], ha(b) = {0.2,0,8}, hy(c) = {0.1,0.6}.
Let y; € h;(a), (] =1, 2, 3, 4). Then
Ya :szﬂj =71 VY2 VsV
and
’7a€h1<)Uh2()Uh3()Uh4():[0 1]
Since 3 € hs(a), v3 = 0.8. Thus 7, € [0.8,0.1]. S (U;L 1 hj)(a) =[0.8,1].
Similarly, we can see that (U h;)(b) =[0.3,1], U hj)(e) =10.1,1]. Also we

can confirm that ('_ h7)(@) = ("' Ay)(8) = (s by)(e) = [0.0.6]
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Remark 3.4. For any hy, he € HFS(X), in general, the following does not hold:
h1 Nhy C hy U hs.
Let hy, he € HFS(X) in Example 3.3. Then clearly,
(h1 Nhg)(a) ={0.1} U[0.2,0.6] £ [0.3,0.6] U {0.7} = (hy U h2)(a).

Proposition 3.5 (Generalized Distributive Laws). Leth € HFS(X) and let (hj)jes C
HFS(X). Then

(1) AN (UjeJ hj) = UjeJ(h N hj)v

(2) hU(Njes hi) = MNjes (U hy).
Proof. (1) Let z € X and let v € [hN (U;c; hy)](2). Then there are 1 € h(z) and
Y2 € (Ujes hj)(x) such that v = v1 Ay2. Since v2 € (U hy)(2), for each j € J,
there is v; € h;(z) such that vo =V, ;v;. Thus

y=nAr=nA\ =V Ar%.
JjeEJ JjeJ

Furthermore, y1 Ay; € (AN hy)(z), for each j € J. So v € [U;c (RN Ry)](2), ie.,

[ (U ma)l() € [ (0 k)] ().

jeJ jeJg

Similarly, we can prove that [;c;(h N hy)l(z) € [h N (U,c; hy)l(x). Hence the
result holds.
(2) The proof is similar to (1). O

Proposition 3.6 (Generalized DeMorgan’s Laws). Let (h;);eq C HFS(X). Then
(1) Ujeshi)® = MNjes 15,
(2) (mjej hj)c = UjeJ h;'
Proof. (1) Let z € X and let 1 —v € (U;c; hj)°(z). Then v € (U;c s hy)(x). Thus
v = V,es7 and v; € hj(z), for each j € J. So 1 —1; € h§(x), for each j € J.
Moreover, 1 —v=1—V, ;7 = Ajc;(1 — ;). Hence 1 — v € (N;c; h)(2), ie.,

(U hri)e(@) < () 1) (@)
jeJd jeJ
Similarly, we can show that ((;c;h$)(z) € (U;es hy)¢(x). Therefore the result
holds.
(2) The proof is similar to (1). O

Definition 3.7. Let X and Y be a nonempty sets, let hx € HFS(X) and hy €
HFS(Y)) and let f: X — Y be a mapping. Then

(i) the image of hx under f, denoted by f(hx), is a hesitant fuzzy set in Y defined
as follows: for each y € Y,

F(hx)(y) = { gremm h (z) if £~ (y) # ¢

otherwise,
63
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(ii) the preimage of hy under f, denoted by f~!(hy), is a hesitant fuzzy set in
Y defined as follows: for each x € X,

7 hy) (@) = hy o f(x).

Proposition 3.8. Let f : X — Y be a mapping, and let hx, hxi, hxs € HFS(X),
(hx,)jes C HFS(X), hy, hy1, hys € HFS(Y) and (hy,)jc; C HFS(Y). Then

(1) if hx1 C hxa, then f(hx1) C f(hx2),
(2) f(hx1Uhx2) = f(hx1) U f(hx2), f(U;eshx;) = Uy fhx;),
(3) flhx1 Mhx2) C f(hx1) N f(hx2), f(Njeshx;) € Njes flhx;),

) if f is injective, then f(hx1 Nhxs) = f(hx1) N f(hxa), f(ﬂjeJhXj) =
Njes f(hx,),

4) f(A ) ho if and only ifA = hg,

(5) if hy1 € hyo, then f~'(hy1) C [~ (hy2),

(6) f~ (hy1 Uhy2) = f by ) U f (hy2), F (Ujes hy;) = Ujes £ (y;),
(7) £~ (hy1 Nhy2) € fHhy) N (hy2), £ (e hyy) € Njes f1 (),
(8) f~ (hy) = ho if and only if hy N f(hy) = ha,

(9) hx C f Lo f(hx); in particular, hx = f Yo f(hx), if f is injective,

(10) fo f~Y(hy) C hy; in particular, f o f=*(hy) = hy, if f is sujective.

Proof. (1) Suppose that hx; C hxo and let y € Y such that f~1(y) # ¢. Then
[f(hx1)l(y) = U hxi(z) € U hxa(z) = [f(hx2)](y)-

z€f~H(y) z€f~1(y)

ThUS f(th) Q f(hxg)
(2) Let y € Y such that f=1(y) # ¢ and let v € [f(hx1 Uhx2)](y). Since

[f(hx1Uhxo)ly) = | (hx1 Uhxo) (@),

zef~(y)

for each = € f~1(y), there is v, € (hx1 U hx2)(x) such that v = Vier-1(y) Yo
Since v, € (hx1 U hx2)(x), there are 7., € hxi(z) and v,, € hxa(x) such that
Yo = Yo, V Ya,- Then

v = \/ Yz = \/ (Var V Van) = ( \/ Yar) V ( \/ Vaz).

zef~1(y) z€f~1(y) zef~1(y) zef~1(y)

Furthermore,

V e U hxi@) = flhx)(y)
zef~1(y) zef~(y)
and
V o ve U hxal@) = flhxo)(y).
z€f~1(y) z€f~1(y)
Thus v € f(hx1)(y) U f(hx2)(y)- So [f(hx1Uhx2)(y) € f(hx1)(y) U f(hx2)(y).
Similarly, we can prove that f(hx1)(y) U f(hx2)(y) C [f(hx1 U hx2)](y). Hence
the result holds.
The proof of the second part also can be proved, similarly.

The proofs of the remainder are omitted. O
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For any ordinary subsets A, B of a set X, the following hold always:
ANBCA AnNBCBand ACAUB, BCAUB.

But from Remark 2.16, we can see that for any hesitant fuzzy sets hi, ho in X, the
following do not hold, in general:

(4].) hl n hz Q hl, hl N h2 Q h2 and hl Q hl N hg, hQ g hl th.
Then we will define newly the intersection and the union of hesitant fuzzy sets so
that (4.1) holds.

Definition 3.9. Let hi, he € HFS(X) and let (hj)je] C HFS(X) Then
(i) the intersection of h; and he, denoted by hiNhs, is a hesitant fuzzy set in X
defined as follows: for each = € X,
(h1ﬁh2)($) = hl(m) N hg(l‘),

(ii) the intersection of (h;);jcs, denoted by ﬁ
defined as follows: for each z € X,

(ﬂjeﬁj)(x) = hy(=),

jeJ

jeshj. is a hesitant fuzzy set in X

(iii) the union of k1 and hy, denoted by hiUhs, is a hesitant fuzzy set in X defined
as follows: for each xz € X,

(h10hy)(x) = hi(x) U ho(x),

(iv) the union of (h;);cs, denoted by OjEth’ is a hesitant fuzzy set in X defined
as follows: for each x € X,

U, @) = U hita).
jeJ
Example 3.10. (1) Let hy, ho be hesitant fuzzy sets in X given in Example 2.10.
Then
(hlﬁhg)(a) = hl(a) n hg(a) = {03,07}
and
(h1Uhs)(a) = hi(a) U he(a) = [0.3,0.7].
Similarly, we can calculate the following:
(h1Nha)(b) = {0.1,0.5}, (hiNhso)(c) = {0.8}
and
(h1Uhg)(b) = [0.1,0.6], (h1Uhs)(c) = {0.1,0.4,0.8}.
(2) Consider hy, ho hg hg be hesitant fuzzy sets in X given in Example 3.3. Then

—~4 4
(ﬂjzlhj)(a) = ﬂ hj(a) = ¢
and \ A
(U]:1 i)a) = U hj(a) = [0,1]

Similarly, we can calculate the following:
65
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~4 ~4

(ki) (®) = ((s_1hs) () = &
(Us_ihy)®) = (Ui hi)(e) = [0,1].

Remark 3.11 (Compare to Result 2.15 (1) and (2)). For each h € HFS(X), the
following do not hold, in general:

hOhy = hy, hihy = h

and

and

hUhg = hg, hNhg = hg.
Then we will redefine the hesitant fuzzy empty set and the hesitant fuzzy whole set
as follows.

Definition 3.12. Let X be a nonempty set. Then the hesitant fuzzy empty [resp.
whole] set, denoted by h® [resp. hl], is a hesitant fuzzy set in X defined as: for each
zeX,

hO(z) = ¢ [resp. h'(x) = [0,1]].
In this case, we will denote the set of all hesitant fuzzy sets in X as HS(X).

Definition 3.13. Let X be a nonempty set and let h € HS(X). Then the comple-
ment of h, denoted by h¢, is a hesitant fuzzy set in X defined as: for each x € X,

he(x) = h(z)® = [0,1] \ h(z).
The following are the immediate results of Definitions 2.13, 3.9, 3.12 and 3.13.

Proposition 3.14. Let X be a nonempty set, let h, hy, ho, hg € HS(X) and let
(hj)je] C HS(X) Then

(1) (Idempotent laws): hUh = h, hih = h,

(2) (Commutative laws): hyUhg = hoUhy, hiNhy = hoNhy,

(3) (ASSOCiatiVG laws): hlo(h20h3> = (hlohg)Ohg, hlﬁ(hgﬁhg,) = (hlﬁhg)ﬁhg,

(4) (Distributive laws): h1U(hoNhs) = (h1Uhg)N(h1Uhs),

hi0(hoUhg) = (hiNh2)O(hNhs),
(4)" (Generalized Distributive laws): hG(ﬂjeth) = ﬂjeJ(hGhj),

o hm(Ujghj)NZ Ujes (hNhy),

5) (AbSOI‘ptiOH laws): hlu(hlmhg) = hl, hlm(hluhg) = hl.
6) (DeMorgan’s laws): (h1Uhg)¢ = h§NhS, (hiNhy)¢ = h§UAS,

) (Generalized DeMorgan’s laws): (U, hi)¢ = ;e h: (Njeshi)® = Ujeshs,
(h)° = h,

hlﬁhg g h1 and hgﬁhl g hg,

h1 g thhl and hl g thhg,
) thl Q hg and hg Q h3, then hl Q h3,
) Zf h1 Q hQ, then hlﬁh Q hgﬁh and hlgh g hQOh,
) RO C h C hl,

From the above proposition, we can easily see that (HS(X),N,U,°) is a Boolean
algebra with the least element h° and the largest element h'.
Now we redefine the image of a hesitant fuzzy set under a mapping.
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Definition 3.15. Let X and Y be a nonempty sets, let hx € HS(X) and hy €
HS(Y) and let f: X — Y be a mapping. Then the image of hx under f, denoted
by f(hx), is a hesitant fuzzy set in Y defined as follows: for each y € Y,

flhx)(y) = { gwef—l(y)hX(l") if [~ (y) # ¢

otherwise.

From the above Definition, we have the same result of Proposition 3.8.

Proposition 3.16. Let f : X — 'Y be a mapping, and let hx, hxi, hxe € HS(X),
(hxj)]e] - HS( ) hy, hy1, hys € HS( ) and (hy'j)jej C HS(Y) Then
(1) if hx1 C hxa, then f(hx1) C f(hx2),

2) f(hx10hxs) = f(hx1)0f (hx2), f(gjeJhXj):Qjle(hxj),

)

)

) ~ ~
) if fis myectwe then f(thﬂhXQ) f(hx1)Nf(hx2), f(ﬂjEJhXj) = ﬂjejf(hxj),
4) f(A) = hO if and only zfA =hO,

5) if hy1 C hy, then f~'(hy1) C f~ (hy2), N

)

)

)

)

0

I(UJGJ Yj):UJle_l( j)7

“Hhy10hy2) = f7H(hy1)Of " Hhy2), f~
fl(n]eJ )Cﬂ]le (hy;),

“Hhy1Nhy2) € f~Hhy)Nf " hy2),
b

e
>—l

8) f~Y(hy) = h' if and only if hy N\ f(h ht,
9) hx C f LYo f(hx); in particular, hx = f o f(hx), if [ is injective,
10) fo f=Y hy) C hy; in particular, f o f=*(hy) = hy, if f is sujective.

4. PROPERTIES OF THE CATEGORY HSet(H)

Definition 4.1 ([3, 16]). A lattice H is called a complete Heyting algebra, if it
satisfies the following conditions:

(i) it is a complete lattice,

(ii) for any a,b € H, the set {x € H : x A a < b} has a greatest element denoted
by a — b (called the relative pseudo-complement of a in b), i.e., z Aa < b if and only
ifz <(a—0b).

In particular, if H is a complete Heyting algebra with the least element 0, then
for each @ € H, N(a) = a — 0 is called negation or the pseudo-complement of a.
Moreover, if H is a complete Heyting algebra with the least element 0 and largest
element 1, then for each a € H, a A N(a) = 0 but a V N(a) = 1 does not hold, in
general.

Result 4.2 ([3], Ex. 6 in p. 46). Let H be a complete Heyting algebra and a,b € H.
(1) If a < b, then N(b) < N(a).
In fact, N : H — H is an order reversing operation in (H,<).
(2) a < NN(a).
(3) N(a) = NNN(a).
(4) N(aVvb)=N(a) ANN(b) and N(a Ab) = N(a)V N(b).
Definition 4.3. Let X be a nonempty set. Then a mapping h : X — P(H) is called

an hesitant H-fuzzy set, where P(H) denote the power set of H. The pair (X, h) is
called a hesitant H-fuzzy space.
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Definition 4.4. Let (X, hyx) and (Y, hy) be two hesitant H-fuzzy spaces. Then a
mapping f : (X, hx) — (Y, hy) is a preserving mapping, if for each € X,

hx(z) C hy o f(x), ie., hx Chy o f.

Proposition 4.5. Let (X, hx), (Y,hy) and (Z, hy) be three hesitant H-fuzzy spaces.
(1) The identity mapping 1x : (X, hx) — (X, hx) is a preserving mapping.
(2) If f: (X,hx) = (Y,hy) and g : (Y, hy) — (Z,hz) are preserving mappings,
then go f : (X, hx) = (Z,hz) is a preserving mapping.

Proof. (1) The proof is clear.
(2) Suppose f : (X,hx) — (Y,hy) and g : (Y,hy) — (Z,hz) are preserving
mappings and let x € X. Then
hzo(go f)w) = hzo(go f(x)

D hy o(f(x)) [Since g is a preserving mapping]
= hy o f(x)
D hx(x). [Since f is a preserving mapping]

Thus g o f is a preserving mapping. O

We will denote the collection consisting of all hesitant H-fuzzy spaces and all
preserving mappings between any two hesitant H-fuzzy spaces as HSet(H). Then
from Proposition 4.5, we can easily see that HSet(H) forms a concrete category. In
the sequel, a preserving mapping between any two hesitant H-fuzzy spaces will be
called a HSet(H )-mapping.

Lemma 4.6. The category HSet(H) is topological over Set.

Proof. Let X be a set and let (X, hj)jecs be any family of hesitant H-fuzzy spaces
indexed by a class J. Suppose (f; : X — X;)s be a source of mappings. We define
a mapping hx : X — P(H) as follows: for each z € X,

hx(z) = [ﬂjle]-_l(hj)}(x) =y o f5(x).
jed
Then clearly, f; : (X, hx) — (X;,h;) is a HSet(H )-mapping, for each j € J.

For any object (Y, hy), let g : Y — X be any mapping for which fjof : (Y, hy) —
(X;,h;) is a HSet(H)-mapping, for each j € J and let y € Y. Then for each j € J,
hy (y) € hj o (fjo f)(y) = (hjo f;)og(y).

Thus by the definition of hx,
hy (y) € ([ hyo f3) o g9(y) = hx o g(y).
jed
Sog: (Y,hy) = (X, hx) is a HSet(H)-mapping. Hence (f; : (X,hx) — (Xj,h;))s
is an initial source in HSet(H). O
Example 4.7. (1) (Inverse image of a hesitant H-fuzzy set structure) Let X
be a set, let (Y, hy) be a hesitant H-fuzzy space and let f: X — Y be a mapping.

Then there exists a unique initial hesitant H-fuzzy set structure hx in X for which
f:(X,hx) = (Y,hy) is a HSet(H )-mapping. In fact,

hx = f~'(hy) =hy o f.
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In this case, hx is called the inverse image under f of the hesitant H-fuzzy set
structure hy in Y.

In particular, if X C Y and f : X — Y is the inclusion mapping, then the inverse
image hx of hy under f is called a hesitant H-fuzzy subset of (Y, hy). In fact,

hx(z) = hy (z), for each z € X.

(2) (Hesitant H-fuzzy product structure) Let ((Xj, h;));jes be any family of
hesitant H-fuzzy spaces and let X = Iljc;X;. Foreach j € J, let pr; : X — X
be the ordinary projection. Then there exists a unique hesitant H-fuzzy set hx in
X for which pr; : (X,hx) — (Xj,h;) is a HSet(H)-mapping, for each j € J. In
this case, hx is called the hesitant H-fuzzy product of (h;);cs and (X, hx) is called
the hesitant H-fuzzy product space of ((X;, h;))jes, and denoted as the following,
respectively:

hX = Hje]hj and ()(7 hx) - (HjEJXj,Hjeth).
In fact, hx(z) = ;e hy o prj(z), for each z € X.
In particular, if J = {1, 2}, then for each (z,y) € X7 x X,

(hl X hg)(1'7y) = hl(l') n hg(y)

The following is obvious from Lemma 5.4 and Theorem 1.6 in [17] or Proposition
in Section 1 in [11].

Corollary 4.8. The category HSet(H) is complete and cocomplete over Set.

It is well-known that a concrete category is topological if and only if it is co-
topological (See Theorem 1.5 in [17]). But we prove directly that HSet(H) is
cotopological.

Lemma 4.9. The category HSet(H) is cotopological over Set.

Proof. Let X be any set and let ((X;, h;))jes be any family of hesitant H-fuzzy
spaces indexed by a class J. Suppose (f; : X; = X),ecs is a sink of mappings. We
define a mapping hx : X — P(H) as follows: for each z € X,

hx(z) = U[Uz ef,l(m)hj](ﬂfj) =UJ U hi.
jeJ ’

jeJz;ef~1(w)
Then clearly, f; : (X;,A;) = (X, A) is a HSet(H)-mapping, for each j € J.
For any hesitant H-fuzzy space (Y, hy), let g : X — Y be any mapping such that
go fi: (Xj,hj) = (Y, hy) is a HSet(H)-mapping, for each j € J and let z € X.
Then for each each j € J and each z; € f~1(x),

hj(x;) € (hy o (g0 f;))(@;) = hy o (9(f;)(x;)) = hy o g(z).
Thus by the definition of hx, hx(xz) C hy og(z). So g : (X,hx) — (Y,hy) is a
HSet(H)-mapping. Hence HSet(H) is cotopological over Set. O

Example 4.10. (Hesitant H-fuzzy quotient structure) Let (X, hx) be a hesi-
tant H-fuzzy space, let ~ be an equivalence relation on X and let 7 : X — X/ ~ be
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the canonical mapping. We define a mapping hy I X/ ~— P(H) as follows: for
each [z] € X/ ~,

bt = U, X@) = U hx(@).
z’ er—1([z])
Then hx,. € HS(X/ ~). Furthermore, 7w : (X,hx) — (X/ ~,hx,.) is a HSet-
mapping. Thus hx,~ is the final hesitant H-fuzzy set in X/ ~.
In this case, hy,~ is called the hesitant H-fuzzy quotient set in X by ~.

Definition 4.11 ([l1]). Let A be a concrete category and let f,g : A — B be
two A-morphisms. Then a pair (E,e) is called an equalizer in A of f and g, if the
following conditions hold:

(i) e: E — A is an A-morphism,

(ii) foe=goe,

(iii) for any A-morphism ¢ : E' — A such that fo e = go e/, there exists a
unique A-morphism é : E — Esuchthate =ecoeé.

In this case, we say that A has equalizers.

Dual notion: Coequalizer.
Proposition 4.12. HSet(H) has equalizers.

Proof. Let f,g: (X,hx) — (Y, hy) be two HSet(H)-mappings. Let F ={a € X :
f(a) = g(a)} and define a mapping hg : E — P(H) as follows: for each a € E,
hg(a) = hx(a).

Then clearly, hg C hx and hg is a hesitant H-fuzzy set in E. Consider the inclusion
mapping i : E — X. Then clearly, i : (E,hg) — (X, hx) is a HSet(H )-mapping
and foi=goi.

Let k: (E',hy) — (X, hg) be a HSet(H)-mapping such that fok = gok. We
define a mapping k : E' — E as follows: for each ¢ € }E"7

k(e) =i ok(e).

Then clearly, k =i o k.

Let ¢ € E'. Since k: (E',hy) — (X, hg) is a HSet(H)-mapping,

hpok(e) = hgok(e)
=hgo(i"tok(e))

=hgok(e)

C hy(€).
Thus k : (E',hy) — (E,hg) is a HSet(H)-mapping. The uniqueness of k can be
easily proved. So HSet(H) has equalizers. O

Lemma 4.13. Final episinks in HSet(H) are preserved by pullbacks.

Proof. Let (g; : (X;,h;) = (Y,hy))jes be any final episink in HSet(H) and let
f: (W, hw) — (Y, hy) be any HSet(H )-mapping. For each j € J, let
Uj ={(w,zj) e W x X, : f(w) = gj(z;)},
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and let us consider a mapping hy, : U; — P(H) as follows: for each (w,z;) € U;
hUj (w,acj) = (hW X hj)(w,xj) = ]’Lw(w) n hj(.]?j), i.e., hUj = (hW X h]) |Uj><Uj .

For each j € J, let ¢; : U; — W and p; : U; — X; be the usual projections.
Then clearly, e; : (U, hy;) — (W, hw) and p; : (U;, hy,) — (Xj, h;) are HSet(H)-
mappings and g; o p; = f o e;, for each j € J. Thus we have the following pullback
square in HSet(H):

Uy, hu,) bi (Xj, hj)
€; gj
(W, hw) ~ (Y, hy).
f

We will prove that (e; : (U, hy,) — (W, hw))jes is a final episink in HSet(H).
Let w € W. Since (g;)jes is an episink in HSet(H), there is j € J such that
gj(z;) = f(w), for some z; € X;. Thus (w,z;) € U; and e;(w,z;) = w. So (e;);cs
is an episink in HSet(H).

Finally, let us show that (e;) is final in HSet(H). Let hj;, be the final structure
in W w.r.t. (ej)jes and let w € W. Then

hw(w) = hw(w) n hw(w)
C hw(w) Nhy o f(w)
[Since f: (W, hw) — (Y, hy) is a HSet(H )-mapping]
= hw (w) N [Uje] ijEg;l(f(w)) hi(x;)]
[Since (g; : (X;,h;) = (Y, hy));es is a final episink in HSet(H)]
- UjEJ Uzj€g;1(f(w))[hw(w) N hj(z;)]
=Ujes U(w,zj)ee].—l(w) [hw (w) N hj(;)]
= UjGJ U(w,a:j)Ee;l(w)[hUj (U}, aj])]
= hiy(w).
Thus hw (w) € (hjy)(w). So hw C hjy. Since (e; : (Uj, hy;) — (W, hw))jes is
final, 1y : (W, h{y,) = (W, hw) is a HSet(H)-mapping and thus hj;, C hy. Hence
hiy = hw. Therefore (e;);es is final. This completes the proof. O

For any singleton set {a}, since the hesitant fuzzy set hi,} in {a} is not unique,
the category HSet(H) is not properly fibred over Set. Then From Definitions 2.2
and 2.4, Lemmas 4.7 and 4.11, we have the following result.

Theorem 4.14. The category HSet(H) satisfies all the conditions of a topological
universe over Set except the terminal separator property.

Theorem 4.15. The category HSet(H) is Cartesian closed over Set.

Proof. From Lemma 4.4, it is clear that HSet(H) has products. Then it is sufficient
to prove that HSet(H) has exponential objects.
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For any hesitant H-fuzzy spaces X = (X,hyx) and Y = (X, hy), let Y be the
set of all ordinary mappings from X to Y. For each f € Y X, let

D(f) =4z € X : hx(z) D hy o f(z)}.
We define a mapping hyx : YX — P(H) as follows: for each f € YX,

_ [ NMuep(pyhy o f(a) if D(f) # ¢
hyx(f)_{ e Y D =0

Then clearly, hyx is a hesitant H-fuzzy set in YX.
Let YX = (Y, hyx) and let us define a mapping exy : X x YX — Y as follows:
for each (z, f) € X x VX,

exy(z, f) = f(z).

Let (z,f) € X x YX.
Case (i): Suppose D(f) = ¢. Then
hx X hyx(z, f) = hx(z) N hyx(f)
= hx(x) [Since D(f) = ¢, hyx(f) = H.]
C hy o f(z) [Since D(J) = g]
= hy o ex,y(a:, f)
Case (ii) Suppose D(f) # ¢. Then
hx X hyx(z, f) = hx(z) N hyx (f)
= hix() 1 [Naciyy by o F(@)] [Since D(F) # ]
C hy o f(x)
= hy ] €X’y(éL‘, f)
Thus in all cases, ex,y : X X YX 5Yisa HSet(H)-mapping, where X X YX =
(X x YX hx x hyx).
For any hesitant H-fuzzy space Z = (Z,hyz), let k: X x Z — Y be a HSet(H)-
mapping. We define a mapping k : Z — YX as follows: for each z € Z and each
zeX,

[E(2))(x) = k(x, 2).

Then by the similar arguments of proof of Theorem k is a HSet(H )-mapping. More-
over, we can see that k is a unique Het(H)-mapping such that ex y o (1x x k) = k.
This completes the proof. O

Remark 4.16. The category HSet(H) is not a topos, since it has no subobject
classifier.

Example 4.17. Let I = {0,1} be two points chain, respectively and let X = {a}.
Let hy and ho be the hesitant H-fuzzy sets in X defined by:

hi(a) = {0} and ho(a) = {1}.

Let 1x : (X,h1) — (X, h2) be the identity mapping. Then clearly, 1x is both
monomorphism and epimorphism in HSet(H). But 1x is not an isomorphism in
HSet(H). Thus HSet(H) has no subobject classifier.
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5. CONCLUSIONS

We constructed the category HSet(H) consisting of hesitant fuzzy spaces and
preserving mappings between them and studied it in a view of a topological universe.
In particular, we obtained an exponential objects in HSet(H) (See Theorems 4.15)
and we confirmed that HSet(H) is not a topos (See Remark 4.16 and Example
4.17).
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