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1. INTRODUCTION

A prime ideal in a poset was introduced by Hala$ and Rachtnek [9] in 1995.
Next in 2006, Erné [1] did a systematic investigation and comparison of various
prime and maximal ideal theorems in partially ordered sets. Also, the theory of
prime ideals in a poset has been further developed by Kharat and Mokbel [11] in
2009, Joshi and Mundlik [10] in 2013 and Erné and Joshi [5] in 2015.

On the other hand, Zadeh, in his pioneering paper [21], introduced the notion of
a fuzzy subset of a non-empty set X as a function from X into the unit interval [0, 1]
to describe, study and formulate mathematically those objects which are not well
defined. In 1971, Rosenfeld [14] applied this concept to study the concept of fuzzy
subgroup of a group. Since then many scholars have studied fuzzy sub algebras
of several algebraic structures. Goguen [0] observed that the interval [0,1] is not
enough to take the truth values of general fuzzy statements. U. M. Swamy and K.
L. N. Swamy [10] introduced the concept of prime L-fuzzy ideals in rings and U.
M. Swamy and D. V. Raju [17] in lattices with truth values in a complete lattice
satisfying the infinite meet distributive law and latter Koguep et al. [12] discussed
certain properties of prime fuzzy ideals of lattices when the truth values are taken
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from the interval [0, 1] of real numbers. The authors of this paper [1] introduced
several generalizations of L-fuzzy ideal of a lattice to an arbitrary poset. In this
work, by L- fuzzy ideal we mean the L- fuzzy ideal in the sense of Hala$ introduced
in[1].

In this paper, we introduce the notions of L- fuzzy prime ideals, prime and max-
imal L-fuzzy ideals of a poset whose truth values are in a complete lattice satisfying
the infinite meet distributive law by applying the general theory of algebraic fuzzy
systems introduced in [18] and [19]. We also study the existence of prime L-fuzzy
ideals in the lattice (FZ(Q), C) of L-fuzzy ideals of a poset.

2. PRELIMINARIES

We briefly recall certain necessary concepts, terminologies and notations from [2],
[3] and [7]. A binary relation ” < ” on a set @ is called a partial order if it is
reflexive, anti-symmetric and transitive. A pair (@, <) is called a partially ordered
set or simply a poset if () is a non-empty set and ” < ” is a partial order. Let A C Q.
Then the set A* ={zx € Q :2>aVae€ A} is called the upper cone of A and the
set Al ={zx €Q:2<aVac A} is called the lower cone of A. A% shall mean
{A"} and A™ shall mean {A'}* . Let a,b € Q. Then the upper cone {a}* is simply
denoted by a* and {a,b}" is denoted by (a,b)". Similar notations are used for lower
cones. We note that A C A" and A C A™ and if A C B in Q then A' O B! and
A% D B*. Moreover, Attt = Al Aulv = Av Lgull = gl and {a'}* = a*.

An element g in Q is called the least upper bound of A or supremum of A, denoted
by supA (receptively, the greatest lower bound of A or infimum of A, denoted by
infA)if zg € A" and g < z Vo € A" (respectively, if g € Al and z < zo Vo € Al
). For a,b € Q we write a Vb ( read as a join b) in place of sup{a, b} if it exists and
aAb (read as a meet b) in place of inf{a, b} if it exists. An element zg in @ is called
the largest (respectively, the smallest) element if @ < xq (respectively, ¢ < z) for
all z € @. The largest (respectively, the smallest) element if it exists in @ is denoted
by 1 (respectively, by 0). A poset (Q <) is called bounded if it has 0 and 1. Note
that if A = & we have A" = (@!)* = Q" which is either empty or consists of the
largest element 1 of @ alone if it exists and A = (@%)! = Q' which is either empty
or consists of the smallest element 0 of @ alone if it exists. An element m in @ is
said to be a maximal(respectively, minimal) element in @ if it is not contained in
any other element (respectively, if it does not contain any other element ) of Q. A
non empty subset A of a poset @ is said to be up-directed if AN (a,b)" # & for all
a,b € A. Dually we have the concept of down-directed set.

Throughout this paper, L stands for a non-trivial complete lattice satisfying the
infinite meet distributive law: a A supS = sup{a As : s € S} for any a € L and
S C L and @Q stands for a poset (@, <) with 0 unless otherwise stated.

Now we recall some definitions and terms from a literature that we use in this

paper.

Definition 2.1 ([8]). A subset I of a poset (@, <) is called an ideal in @ in the
sense of Hala, if (a,b)* C I, whenever a,b € I. Dually we have the concept of a
filter.

2
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Note that the set of all ideals Z(Q) of a poset @ forms a complete lattice with
respect to the inclusion order "C” with least element @ and greatest element @ in
which meets coincide with set intersection [9].

Definition 2.2 ([7]). Let A be any subset of a poset . Then the smallest ideal
containing A is called an ideal generated by A and is denoted by (A]. The ideal
generated by a singleton set {a}, denoted by (a], is called a principal ideal.

Definition 2.3 ([7]). An ideal I of a poset @ is called proper, if I # Q.

Definition 2.4 ([9]). A proper ideal P of a poset @ is called prime, if for all a,b € Q,
(a,b)! C P impliesa € Por b € P.

By an L-fuzzy subset u of a poset (), we mean a mapping from @ into L. Note
that if L is a unit interval of real numbers, then p is the usual fuzzy subset of X
originally introduced by Zadeh [21]. For each « € L, the a-level subset of 1 denoted
by pq is a subset of @ given by:

o = {2 (@) > a}.
For L-fuzzy subsets p and o of @), we write
1 C o to mean p(z) < o(x), for all x € Q in the ordering of L.
It can be easily verified that the relation ”C” is a partial order on the set LX of L-
fuzzy subsets of X and it is called the point wise ordering.

Definition 2.5 ([13]). Let p and o be L-fuzzy subsets of a non-empty set X.

(i) The union of fuzzy subsets p and o of X, denoted by pU o, is a fuzzy subset
of X defined by (uUo)(z) = p(z) Vo(x), for all z € X.

(ii) The intersection of fuzzy subsets p and o of X, denoted by uNo, is a fuzzy
subset of X defined by (uNo)(x) = u(x) Ao(z), for all z € X.

Definition 2.6 ([20]). For each x in a poset @ and 0 # « in L, the L- fuzzy subset
o of @ defined by: for each y € Q,

Ta(y) = {a Ty=v

0 if otherwise
is called the fuzzy point of Q.
A fuzzy point x,, of @ is said to be belongs to an L-fuzzy subset p @, written as
To € W, if o < p(x).

Definition 2.7 ([1]). An L- fuzzy subset p of @ is called an L- fuzzy ideal in the
sense of Halas, if it satisfies the following conditions:

(i) 1(0) = 1,

(ii) for any a,b € Q , pu(z) > p(a) A u(b) for all x € (a,b)™.

Lemma 2.8 ([1]). An L- fuzzy subset u of Q is an L- fuzzy ideal of Q if and only
if e 18 an ideal of Q in the sense of Hala$ for all o € L.

Lemma 2.9 ([1]). If u is an L- fuzzy ideal of Q, then for any x,y € Q, u(x) > uly),
whenever x < y. That is p is anti tone.

Theorem 2.10 ([1]). Let (Q, <) be a lattice. Then an L-fuzzy subset p of Q is an
L- fuzzy ideal in the poset Q if and only it an L-fuzzy ideal in the lattice Q.
3
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Definition 2.11 ([12]). The smallest L-fuzzy ideal of @ containing the L- fuzzy
subset p is called an L-fuzzy ideal of @ generated by p and is denoted by (p].

Definition 2.12 ([1]). Let g be an L-fuzzy subset of @ and N be a set of positive
integers. Define an L-fuzzy subset C1' of Q by Ct'(x) = sup{u(a)Au(d) : = € (a,b)*'}
Vz € Q. Inductively, let C%_, (z) = sup{C¥(a)AC%(b) : = € (a,b)"'} for each n € N.

The following three results are from the authors work in[1].

Theorem 2.13. Let y be an L-fuzzy subset of Q. Then the set {C# : n € N} defined
above forms a chain and the L-fuzzy ideal (u] generated by p is:

(u](z) = sup{C¥(z) : n € N}, for all z € Q

Theorem 2.14. The set FZ(Q) of all L-fuzzy ideal of Q forms a complete lattice, in
which the supremum sup;capt; and the inifimum inf;ea p; of any family {p; 1 i € A}
in FZ(Q) respectively are:

(supieaps)(@) = sup{C*e"(2) : n € N} and (infiea 13)(@) = (Myen w)(@),
forallxz € Q.

Corollary 2.15. For any pu and 0 € FIZ(Q) the supremum pV 0 and the infimum
wA0 of uand 0 respectively are:
(uV 0)(z) =sup{CH(z) : n € N} and (u A 0)(z) = (N ) (), for all z € Q.

3. MAJOR SECTION
Note that for any « in L, the constant L-fuzzy subset of () which maps all elements
of @ onto « is denoted by @.

Definition 3.1. An L-fuzzy ideal p of a poset @ is called proper, if u is not the
constant map 1, that is, u(x) # 1, for some z in Q.

Recall that a proper L-fuzzy ideal p of a lattice X is called L-fuzzy prime, if
u(a Ab) = p(a) or p(d) for any a,b € X (See [12]). Now we introduce the notion of
an L-fuzzy prime ideal of a poset Q.

Definition 3.2. A proper L-fuzzy ideal p of a poset @ is called L-fuzzy prime, if
inf{u(z):z € (a,b)'} = p(a) or u(b) for any a,b € Q.

The following result characterizes any L-fuzzy prime ideal of a poset in terms of
its level-subset.

Theorem 3.3. An L-fuzzy ideal p of a poset Q is an L-fuzzy prime if and only if
for any a € L, either o = Q or s a prime ideal of Q.

Proof. Suppose that p is an L-fuzzy prime ideal of @) and o € L. Since p is an
L-fuzzy ideal, clearly u, is an ideal of Q). Suppose that p, # Q. Now for any
a,beq,

w(x) > ava € (a,b)

inf{u(z): z € (a,b)'} > «

n(a) = aor u(b) = a

a € o 0T b E L.
4

(a,b)" C pia

P4
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Conversely, suppose that p, = Q or u, is a prime ideal of @, for each o € L. Let
r € (a,b)! and put o = inf{u(x) : x € (a,b)'}. Then clearly, z € u, Vr € (a,b)’,
that is, (a,b)! C jio. Thus, by hypothesis, we have either a € i, or b € .. This
implies that p(a) > a = inf{u(z) : © € (a,b)'}) or u(b) > a = inf{u(r) : z €
(a,b)!}. Also since yu is anti-tone, we have
u(@) = inf{u(z) = € (a,)'} or pu(b) = inf{u(z) : @ € (a,0)'}.
So pu is an L-fuzzy prime ideal of Q. O

Corollary 3.4. If u is an L-fuzzy prime ideal of Q, then the image pu(Q) of 1 is a
chain in L.

Proof. Let p be an L-fuzzy prime ideal of @ and a,b € Q. Then u(a), u(b) € u(Q).
Put o = p(a) V u(b). Now we show that (a,b)! C pq.
Now x € (a,b)l = z<aandz <b
= @) = p(a) and p(z) = pu(b)
= p() =2 pla) vV ub) =a
= T E g

Thus (a, b)l C . Again since p,, = @ or a prime ideal of @, we have either a € u, or
b € pa. This implies pi(a) > a = p(a)Vu(b) > pu(b) or p(b) > a = p(a)Vu(b) = u(b).
So p(@Q) is a chain in L. O

Remark 3.5. The converse of the above corollary is not true. For example consider
the poset (@, <) depicted in the figure 2 on page 12 . Define a fuzzy subset p :

Q — [0,1] by: p(0) =1, p(a) = u(b) = % and p(1) = 0. Then p(Q) is a chain but

not an L-fuzzy prime ideal of Q.
The following result also characterizes an L-fuzzy prime ideals of a poset Q.

Corollary 3.6. Let p be a proper L-fuzzy ideal of a poset Q such that u(Q) is
a chain in L. Then u is an L-fuzzy prime ideal if and only if for any a,b € @

(@) V u(b) = inf{pu(z) : 3 € (a, b)),
Lemma 3.7. Let pu be an L- fuzzy ideal of Q. Then for any a,b € Q,
infiu(z):z € (a,b)'} = uland),
whenever a A b exists in Q.
Proof. Put X = {u(z) : z € (a,b)'}.
Now x € (a,b)l = x<aandz<b

= x<aAbd

= p(x) = pla AD)
Then p(x) > p(a Ab) for all z € (a,b)'. Thus u(a Ab) is a lower bound of X. Let

a be any lower bound of X. Then a < u(z), for all z € (a,b)!. Since a A b € (a,b)!,
we have a < pu(a Ab). Thus inf{u(x): z € (a,b)'} = pla A b). O

Corollary 3.8. Let (Q, <) be a lattice. Then an L-fuzzy ideal pu of Q is an L- fuzzy
prime ideal in the poset Q if and only it an L-fuzzy prime ideal in the lattice Q.
5
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Now we introduce a prime L- fuzzy ideal of a poset (Q which is a prime element
in the lattice FZ(Q) of L-fuzzy ideals of Q. Recall that an element o # 1 in L is
said to be prime if for any ¢,s € L, t A s < a implies either s < a or t < a.

Definition 3.9. A proper L-fuzzy ideal p of a poset @ is called a prime L-fuzzy
ideal, if for any L-fuzzy ideals ¢ and 6 of Q,

oNO C pimplies o C por 6 C p.

Lemma 3.10. Let v € Q and a € L. Define an L- fuzzy subset («,0)(, of Q by

1 ify=0
(,0)2)(y) = if y € (z] - {0}
0 ifyé(zl,

forally € Q. Then (a,0)(y] = (za], which is an L-fuzzy ideal of Q generated by the
fuzzy point x4 .

Proof. We claim that («,0)(,) is the smallest L-fuzzy ideal containing the fuzzy point
7. By the definition of (a,0)(,, it is clear that (a,0)(,)(0) = 1. Let a,b € Q and
y € (a,b)". Let a,b € (2] — {0}. Then we have (a,b)* C (z]. Thus (o, 0)((y) > o
Since a # 0 and b # 0, we have (a,0))(a) = a = (a,0)4(b). So (a,0)))(y) >
a=ala=(a,0)y)(a)A(a,0))(0b).

If a = 0 or b =0, then we have y € (a,b)* = {0,a} or{0,b}. Thus (c,0))(y) >
(@,0)(a3)(0) or (0, 0))(®) = (@ 0)(ap)(b)- 50 (0, 0) 1) (1) > (3, 0))(@)A(cr, 0) ) ().
If a ¢ (2] or b ¢ (], then we have (a,0)()(a) A (a,0))(b) = 0. Tl)nus

>

(@,0)(2)(y) > 0= (a,0)z)(a) A(a,0)(5)(b). So in all cases, we have (a,0)(4)(y
(r,0) (1) (@) A (v, 0)(5) (D), for all y € (a,b)". Hence (a,0), is an L-fuzzy ideal.

Again since z € (2], we have o < (a,0)(z))(2). Then zo € (o,0). Let p
be any L-fuzzy ideal of @ such that z, € p. Then o < p(z). Now we show
(a’o)(m]> C p. Now for any y € Q, if y ¢ (LE], then (a?o)(z])(y) =0< M(y)
Let y € (z]. Then if y = 0, then (,0)(;7)(y) = 1 = u(y) and if y # 0, then
(@,0)(q)(y) = a < p(z) < p(y). Thus in all cases, we have (a,0),1)(y) < p(y), for
ally € Q. So (,0)(y)) € p. Hence the claim is true. Therefore («,0)(y) = (zo). O

In the following theorem we characterize prime L-fuzzy ideals using fuzzy points
of a poset Q.

Theorem 3.11. A proper L-fuzzy ideal i of a poset Q is prime L- fuzzy ideal if
and only if for any fuzzy points xo and yg of Q:

Ta NYg € = either xo € L oryg € 1
6
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Proof. Suppose that p is a prime L- fuzzy ideal of (). Let x, and yg be L-fuzzy
points in @) such that z, Ays € p. Then

To NYpl C 1

aAB,0) ey C 1

@, 0) () N (B;0) ¢y € 1

@,0) ) € por (63 0)y) € 1

To € (0,0)(;) Cpor ys € (B,0)y S
To € QO Yz € L.

Toa NYg €U =

o~ o~ o~ o~

A

Conversely, suppose that the given condition holds. Let ¢ and € be fuzzy ideals
of Q such that 0 ¢ pand 0 € p. Then there exist z,y € @ such that o(z) £ p(x)
and 0(y) £ pu(y). If we put o = o(z) and 8 = 0(y), then z, and ys are fuzzy points
of Q such that xa € o but z, ¢ pand yg € 0 but yg ¢ p. Thus o Ay € cNG. By
hypothesis, we have x4 Ayg ¢ p. So o N ¢ p. Hence p is a prime L- fuzzy ideal

O

Definition 3.12. An L-fuzzy subset n of @ is said to be L fuzzy down directed, if
for any a,b € Q, there exists € (a,b)! such that

n(x) > n(a) An(bd).

Now we prove the following theorem which is analogous to Stone’s Prime ideal
Theorem in distributive lattices[15].

Theorem 3.13. Let the lattice (FZ(Q), <) of all L-fuzzy ideals of Q is distributive,
w € FI(Q) and X is a prime element in L. If n be an L-fuzzy down directed subset
of Q such that such that uN\n C X, then there exists a prime L-fuzzy ideal 0 of Q
such that p C 0 and&ﬂngx.

Proof. Let S = {0 € FI(Q) : 4 C o and o Nn C A}. Since u € S, S is non empty, it
forms a poset under the point wise ordering ” C 7 of fuzzy sets. By applying Zorn’s
lemma, we can choose a maximal element say 6 in S. Now we show 6 is a prime
L-fuzzy ideal of ). Let z,, and yz be L-fuzzy points in () such that x, Ayg € 6. This
implies (a A 3,0) (5,1 € 0. Suppose that x, ¢ 6 and yg ¢ 0. Put 6, = 0V (a,0)(y
and 0 = 6V (3,0),. Then clearly, 6; and 6, are L-fuzzy containing ¢ properly.
Thus by maximality of 6, both #; and 92 do not belong to §. So there exist a, b €qQ
such that (Glﬂn ) £ X and (f2 N A)(b) £ A. Let z € (a,b)!. Then ( 01077 ) LA
and (62 N A)(z) £ A. Since A a prime element in L, we have (61 N 62) Nn)(z) £ A
Thus z, A yg € 6 implies

((01no2)Nm)(z) £X = ((OV (,0)) N(OV(B,0)¢y)) N0)(2) £ A
= ((OV(aAB,0)yy)) N0)(2) £ A
= (00n)(2) £ A (since (a A B,0)(5,y C0)
which is a contradiction to the fact that 6 Ny C X. So x4 Ays € 0§ implies x, € 6 or

yg € 0. Hence by theorem 3.11, 0 is a prime L-fuzzy ideal. O
7
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Corollary 3.14. Let p be in the distributive lattice (FZ(Q), <) of all L-fuzzy ideals
of Q and a € Q. If u(a) < A, where X is a prime element in L, then there exists a
prime L-fuzzy ideal 0 of Q such that ;i C 0 and 6(a) < A.

In the following we characterize a prime L-fuzzy ideal of a poset @ in terms of
prime ideals of @ and prime elements of L.

Lemma 3.15. Let I be an ideal of a poset Q and 1 # o € L. Then the L-fuzzy
subset ay of a poset QQ defined by

o (z) = 1 ifxel
N a iferg¢l’
for all x € Q is an L-fuzzy ideal of Q.

We call the L-fuzzy ideal a; defined above as the a-level L-fuzzy ideal of @
corresponding to the ideal I.

Corollary 3.16. If I and J are ideals in Q and 1 # «, 3 € L, then ay C By if and
only if I C J and a < 3.

Theorem 3.17. Let P be an ideal of a poset Q and 1 # « € L. Then ap is a prime
L-fuzzy ideal of Q if and only if P is a prime ideal of Q and « is a prime element
in L.

Proof. Suppose that ap is a prime L-fuzzy ideal of ). We show that P is a prime
ideal of @ and « is a prime element in L. Since ap is proper, we have P # () and
a # 1. Let a,b € Q such that (a,b)! C P.

Now (a, b)l CP = agu Cap

= Qe € ap

= Qg Naoag Cap

= Qg C ap or Qp] C ap
= (a)CPor(bCP

= a€PorbeP.

Then P is a prime ideal of Q.
Again let 5,7 € L such that S Ay < a.

Now BAy<a = (BAY)pCap
= ppNypCap
= BpCaporyp Cap
= pf<aorvy<La.
Thus « is a prime element in L.

Conversely, suppose that P is a prime ideal of () and « is a prime element in L.
Then clearly, ap is an L-fuzzy ideal of Q). Let u and o be any L-fuzzy ideals of @
such that 4 ¢ ap and o € ap. Then there exist a,b € Q such that p(a) £ ap(a)
and o(b) £ ap(b), This implies p(a) £« a and o(b) £ a and a ¢ P and b ¢ P. Since
« is prime element in L and P is a prime ideal of @, we have pu(a) A o(b) £ o and
(a,b)! ¢ P. Thus there exists y € (a,b)! such that y ¢ P. So we have (u A o)(y) =

8
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pw(y) A a(y) > p(a) Ao(b). Hence (uAo)(y) £ o = ap(y). Therefore uNo ¢ ap
and hence ap is a prime L-fuzzy ideal of Q. O

Theorem 3.18. Let pu be an L-fuzzy ideal of Q. Then p is a prime L-fuzzy ideal of
Q if and only if there exist prime ideal of P of @ and prime element o in L such
that 4 = ap.

Proof. Suppose that p is a prime L-fuzzy ideal of ). Since p is proper it assumes
at least two values. Since u(0) =1, 1 is necessarily in I'm(u). Suppose that a, 8 €
Im(u) other than 1. Now we claim o« = 8. Now «, 8 € Im(u) implies there exist
a,b € @ such that p(a) = o and p(b) = 8. Now put P = p; = {z € Q : p(z) = 1}.
Now for all z € Q, define L-fuzzy subsets of Q by;

X(a](ﬂ«”) _ {1 if x € (d]

0 ifx¢l(d

and
_J1 ifxeP
G(x){a if x ¢ P.

Then clearly, x(, and 6 are L-fuzzy ideals of Q). Now we show x(, N0 C p. Let
x € Q. If x € (a], then @ = p(a) < p(z). Now in this case, if + € P, then
O(z) =1 = p(x). Thus (x@ NO)(2) = x@@) ANO(x) =1A1=1=p(z). Ifx ¢ P,
then (x(q)N0)(z) = X(a)(x) NO(z) = 1A = a < p(x) and hence (x (o) N0)(z) < p(x)
if z € (a]. Again if x ¢ (a], then we have (x (o) N0)(z) = x(q)(z) AO(x) =0A0(2) =
0 < p(z). Thus in either cases, we have (x () N 0)(r) < p(z), for all z € Q. So
X(a) MO C p. Since p is a prime L-fuzzy ideal of @, we have either x(,) € por 6 C p.
But since x(q)(a) =1 # a = pu(a), X(a] € p- Hence 6 C p. In particular, since b ¢ P,
we get that a = 6(b) < u(b) = 5. Then a < . Similarly, we can show 8 < 6. Thus
a = . So i assumes exactly one value other than 1 and hence yu = ap.

Now we remain to show that « is a prime element in L and P a prime ideal of Q.
Let 8,7 € L such that B A~y < «. This implies SpNyp = (BAY)p C ap = p . Since
w is a prime L-fuzzy ideal, we have either Sp C p or vp C p and since p(a) = a # 1,
a ¢ P. Then we have 8 = Bp(a) < u(a) = a or v = vp(a) < p(a) = a. Thus a a
is a prime element in in L. Again to show P is a prime ideal, let a,b € @ such that
(a,b)! C P. Then X(a,p)t © Xp- This implies X(q) N X3 = X(a,pyt € XP € i, Where
X(a) @and X () are the characteristic maps of (a] and (b] respectively. Since y is prime,
we have either x () € p or x(;) € p which imply that (a] C py = Por (b] Sy = P
that is, either a € P or b € P. Thus P is a prime ideal of @. The converse part of
this theorem follows from theorem 3.17. This completes the proof. d

Corollary 3.19. Let L =[0,1]. Then a proper ideal P of Q is prime if and only if
its characteristic map xp is a prime L-fuzzy ideal of Q.

Note that we write ap for the prime L-fuzzy ideal of Q) corresponding to the pair
(P,a) and PFZ(Q) for the set of all prime L-fuzzy ideal of Q. Now the following
result from the above theorem.

9
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Corollary 3.20. There is a one-to-one correspondence between the class PFL(Q)
of all prime L-fuzzy ideals of Q and the collection of all pairs (P, «), where P is a
prime ideal of Q and « is a prime element in L.

Example 3.21. Consider the poset (Q, <) depicted in the figure below. Define a

fuzzy subset 1 : Q@ — [0,1] by: p(0) = p(a) = pu(b) =1, u(c) = p(d) = ple) =
(1) = 0.5. Then p is a prime L-fuzzy ideal of Q.

1

e

a

0
Figure 1

Theorem 3.22. FEvery prime L-fuzzy ideal of a poset is an L-fuzzy prime ideal.

Proof. Let p be a prime L-fuzzy ideal of a poset ). Then there exist a prime ideal
P of @ and a prime element « of L such that 1 = ap. Since u(Q) = {a,1} and
a <1, u(Q) is a chain and p is proper. Let a,b € Q. If (a,b)! C P, then u(z) = 1,
for all x € Q. Again since P is prime (a,b)! C P implies either a € P or b € P,
either ;(a) = 1 or u(b) = 1. Thus p(a) vV u(b) = 1 = inf{u(z) : v € (a,b)'}. Again
if (a,b)! ¢ P, then there exists y € (a,b)! such that y ¢ P. Thus u(y) = a =
inf{u(z) : = € (a,b)'}. Again (a,b)' ¢ P implies a ¢ P and b ¢ P. Otherwise if
either a € P or b € P, then y € P which is a contradiction. Thus p(a) = u(b) = a.
So w(a) V u(b) = . hence in either cases, p(a) V u(b) = inf{u(x) : = € (a,b)'}.
Therefore, by corollary 3.6, u is an L-fuzzy prime ideal. O

Remark 3.23. The converse of the above theorem is not true. For example consider
the poset (Q <) depicted in the figure 1 above and define a fuzzy subset p: Q —
0,1] by (0) = 1, a(a) = u(b) = 08, p(c) = pa(d) = ple) = pa(1) = 0. Then y is an
L-fuzzy prime ideal but not a prime L-fuzzy ideal.

Now we introduce the notion of maximal L-fuzzy ideal of a poset which is a
maximal element in the set of all proper L-fuzzy ideals of Q.

Definition 3.24. A proper L-fuzzy ideal p of a poset @ is said to be a maximal
L-fuzzy ideal, if p is a maximal element in the set of all proper L-fuzzy ideals of @
under point wise ordering ”C”. That is, if there is no proper L-fuzzy ideal 6 of @
such that p G 6.

Lemma 3.25. Let p be an L-fuzzy ideal of Q and o € L. Then pUa is an L-fuzzy
ideal of Q containing .
10
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Proof. Clearly p C pU@. Since (uU@)(0) = p(0) Va = 1V a = 1, we have
(nU@)(0) = 1. Again let a,b € Q and z € (a,b)*!. Then

(nua)(z) = p(x)Va
> (u(a) A p(®) Va
= (u(a) Vo) A (p(d)) V@)
= (wua)(a) A (pUa)(b).
Thus p U@ is an L-fuzzy ideal of @) containing p. O

Lemma 3.26. Let v be a maximal L-fuzzy ideal of Q. Then Im(u) is a chain.

Proof. Let o, f € Im(u). Then there exist a, b € @ such that p(a) = a and p(b) = 5.
By the lemma 3.25 | p U@ is an L-fuzzy ideal of Q. Since p is maximal L-fuzzy
ideal and ¢ C p U@, we have either p = pUa@ or pUa@ = 1. If p = p U@, then
we have 3 = u(b) = (nU@)(b) = u(b) Va =B Vaand hence a < 3. If puva =1,
then we have (pU@)(a) =1 = (pU@)(b). This implies pu(a) Vo = u(b) V a, that is,
a=fVa. Thus g < a. So Im(p) is a chain. O

Lemma 3.27. Let p be a maximal L-fuzzy ideal of Q. Then u attains exactly one
value other than 1.

Proof. Since p is an L-fuzzy ideal of @), we have p(0) = 1. Let a,b € Q such that
p(a) # 1 and p(b) # 1. Put p(a) = a and u(b) = B. Then p U@ and pu U B are
L-fuzzy ideals of @ containing u. Since (pUa)(a) = p(a)Va =aVa=a #1=1(a)
and (pU B)(b) = u(b) VB =BV B =B #1=1(b), by maximality of u, we have
p=pUa=pUpB. In particular, 8 = u(b) = (nU@)(b) = u(b) Va =BV aand
a=pla) = (nUB)(a) =pula) VB =aVp. Thus a = 3. So p assumes exactly one
value other than 1. 0

Recall that an element o € L is said to be a dual atom if there is no g € L such
that & < f < 1. Now we give a characterization of a maximal L-fuzzy ideal of a

poset Q.

Theorem 3.28. An L-fuzzy subset p of Q is a maximal L-fuzzy ideal of Q if and
only if there exist a mazimal ideal M of Q and a dual atom « in L such that pp = apy.

Proof. Suppose that p is a maximal L-fuzzy ideal of Q. Put M = {z € Q : p(z) =
1}. Then by lemma 3.27, p assumes exactly one value, say a other than 1. Thus
w = apr. Now we remain to show that M is a maximal ideal of ) and « is a dual
element in L. Since p is proper, it is clear that @ # M ; Q. Let I be a proper ideal
of @ such that M C I. Then pu = ap C ay C 1. By maximality of u, we have that
apy = ay. Thus M = 1. So M is a maximal ideal of Q.

Again let 8 € L such that o« < 8 < 1. Then u = ay € Bar C 1. Thus by the
maximality of p, we have apy = Byr. So o = 5. Hence « is a dual atom in L.

Conversely, suppose u = aypr, where M is a maximal ideal in @ and « is a
dual atom in L. Since M is proper, there exists a € @ such that a ¢ M. Then
w(a) = apr(a) = a < 1. Thus p is proper. Let 6 be any proper L-fuzzy ideal of @
such that p € § C 1. Then M = p; C 6; C Q. Thus by the maximality of M, we
have M =61 ={r €@ :0(x) =1}. Let z € Q. If z € M, then p(x) =1=0(z). If

11
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x ¢ M, then we have pu(z) = a < §(z) < 1. Since « is a dual atom in L, we have
w(x) = a=6(x). Thus p = ap = 6. So u is a maximal L-fuzzy ideal of Q. O

Corollary 3.29. There is a one-to-one correspondence between the class of all maz-
imal L-fuzzy ideals of Q and the collection of all pairs (M, ), where M is a maximal
ideal of QQ and « is a dual atom in L.

Example 3.30. Consider the poset (@, <) depicted in the figure 1 above and the
distributive lattice L in the figure 2 below. Define a fuzzy subset p : Q — L by:
1(0) = p(a) = u(d) = p(c) = p(d) = p(e) =1 and p(1) = a. Then u is a maximal
L-fuzzy as p = aypy, where a = a is a dual atom in L and M = {0,a,b,c,d, e} is a
maximal ideal of Q.

0 Figure 2

Since L is a distributive lattice, every dual atom in L is prime and hence we have
the following.

Corollary 3.31. If Q is a poset in which every mazimal ideal is a prime ideal then
every mazximal L-fuzzy ideal is a prime L-fuzzy ideal.

Remark 3.32. The converse of the above corollary is not true. Example 3.18, which
is given above, is a prime L-fuzzy ideal but not a maximal L-fuzzy ideal of the given
poset as there is no dual atom in L = [0, 1].

4. CONCLUSIONS

In this paper, we have studied the notions of L-fuzzy prime ideals, prime L-fuzzy
ideals and maximal L-fuzzy ideals of a poset, which generalize the notions of these
terms in lattices. This study can be extended to other concepts of fuzzy sub algebra
of a lattice to an arbitrary poset.
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