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1. Introduction

A prime ideal in a poset was introduced by Halaś and Rach̊unek [9] in 1995.
Next in 2006, Erné [4] did a systematic investigation and comparison of various
prime and maximal ideal theorems in partially ordered sets. Also, the theory of
prime ideals in a poset has been further developed by Kharat and Mokbel [11] in
2009, Joshi and Mundlik [10] in 2013 and Erné and Joshi [5] in 2015.

On the other hand, Zadeh, in his pioneering paper [21], introduced the notion of
a fuzzy subset of a non-empty set X as a function from X into the unit interval [0, 1]
to describe, study and formulate mathematically those objects which are not well
defined. In 1971, Rosenfeld [14] applied this concept to study the concept of fuzzy
subgroup of a group. Since then many scholars have studied fuzzy sub algebras
of several algebraic structures. Goguen [6] observed that the interval [0, 1] is not
enough to take the truth values of general fuzzy statements. U. M. Swamy and K.
L. N. Swamy [16] introduced the concept of prime L-fuzzy ideals in rings and U.
M. Swamy and D. V. Raju [17] in lattices with truth values in a complete lattice
satisfying the infinite meet distributive law and latter Koguep et al. [12] discussed
certain properties of prime fuzzy ideals of lattices when the truth values are taken
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from the interval [0, 1] of real numbers. The authors of this paper [1] introduced
several generalizations of L-fuzzy ideal of a lattice to an arbitrary poset. In this
work, by L- fuzzy ideal we mean the L- fuzzy ideal in the sense of Halaś introduced
in[1].

In this paper, we introduce the notions of L- fuzzy prime ideals, prime and max-
imal L-fuzzy ideals of a poset whose truth values are in a complete lattice satisfying
the infinite meet distributive law by applying the general theory of algebraic fuzzy
systems introduced in [18] and [19]. We also study the existence of prime L-fuzzy
ideals in the lattice (FI(Q),⊆) of L-fuzzy ideals of a poset.

2. Preliminaries

We briefly recall certain necessary concepts, terminologies and notations from [2],
[3] and [7]. A binary relation ” ≤ ” on a set Q is called a partial order if it is
reflexive, anti-symmetric and transitive. A pair (Q,≤) is called a partially ordered
set or simply a poset if Q is a non-empty set and ” ≤ ” is a partial order. Let A ⊆ Q.
Then the set Au = {x ∈ Q : x ≥ a ∀ a ∈ A} is called the upper cone of A and the
set Al = {x ∈ Q : x ≤ a ∀ a ∈ A} is called the lower cone of A. Aul shall mean
{Au}l and Alu shall mean {Al}u . Let a, b ∈ Q. Then the upper cone {a}u is simply
denoted by au and {a, b}u is denoted by (a, b)u. Similar notations are used for lower
cones. We note that A ⊆ Aul and A ⊆ Alu and if A ⊆ B in Q then Al ⊇ Bl and
Au ⊇ Bu. Moreover, Alul = Al, Aulu = Au, {au}l = al and {al}u = au.

An element x0 inQ is called the least upper bound ofA or supremum of A, denoted
by supA (receptively, the greatest lower bound of A or infimum of A, denoted by
infA ) if x0 ∈ Au and x0 ≤ x ∀x ∈ Au (respectively, if x0 ∈ Al and x ≤ x0 ∀x ∈ Al
). For a, b ∈ Q we write a ∨ b ( read as a join b) in place of sup{a, b} if it exists and
a∧ b ( read as a meet b) in place of inf{a, b} if it exists. An element x0 in Q is called
the largest (respectively, the smallest) element if x ≤ x0 (respectively, x0 ≤ x) for
all x ∈ Q. The largest (respectively, the smallest) element if it exists in Q is denoted
by 1 (respectively, by 0). A poset (Q ≤) is called bounded if it has 0 and 1. Note
that if A = ∅ we have Alu = (∅l)u = Qu which is either empty or consists of the
largest element 1 of Q alone if it exists and Aul = (∅u)l = Ql which is either empty
or consists of the smallest element 0 of Q alone if it exists. An element m in Q is
said to be a maximal(respectively, minimal) element in Q if it is not contained in
any other element (respectively, if it does not contain any other element ) of Q. A
non empty subset A of a poset Q is said to be up-directed if A ∩ (a, b)u 6= ∅ for all
a, b ∈ A. Dually we have the concept of down-directed set.

Throughout this paper, L stands for a non-trivial complete lattice satisfying the
infinite meet distributive law: a ∧ supS = sup{a ∧ s : s ∈ S} for any a ∈ L and
S ⊆ L and Q stands for a poset (Q,≤) with 0 unless otherwise stated.

Now we recall some definitions and terms from a literature that we use in this
paper.

Definition 2.1 ([8]). A subset I of a poset (Q,≤) is called an ideal in Q in the
sense of Halaš, if (a, b)ul ⊆ I, whenever a, b ∈ I. Dually we have the concept of a
filter.
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Note that the set of all ideals I(Q) of a poset Q forms a complete lattice with
respect to the inclusion order ”⊆” with least element ∅ and greatest element Q in
which meets coincide with set intersection [9].

Definition 2.2 ([7]). Let A be any subset of a poset Q. Then the smallest ideal
containing A is called an ideal generated by A and is denoted by (A]. The ideal
generated by a singleton set {a}, denoted by (a], is called a principal ideal.

Definition 2.3 ([7]). An ideal I of a poset Q is called proper, if I 6= Q.

Definition 2.4 ([9]). A proper ideal P of a poset Q is called prime, if for all a, b ∈ Q,
(a, b)l ⊆ P implies a ∈ P or b ∈ P .

By an L-fuzzy subset µ of a poset Q, we mean a mapping from Q into L. Note
that if L is a unit interval of real numbers, then µ is the usual fuzzy subset of X
originally introduced by Zadeh [21]. For each α ∈ L, the α-level subset of µ denoted
by µα is a subset of Q given by:

µα = {x : µ(x) ≥ α}.
For L-fuzzy subsets µ and σ of Q, we write

µ ⊆ σ to mean µ(x) ≤ σ(x), for all x ∈ Q in the ordering of L.

It can be easily verified that the relation ”⊆” is a partial order on the set LX of L-
fuzzy subsets of X and it is called the point wise ordering.

Definition 2.5 ([13]). Let µ and σ be L-fuzzy subsets of a non-empty set X.
(i) The union of fuzzy subsets µ and σ of X, denoted by µ ∪ σ, is a fuzzy subset

of X defined by (µ ∪ σ)(x) = µ(x) ∨ σ(x), for all x ∈ X.
(ii) The intersection of fuzzy subsets µ and σ of X, denoted by µ ∩ σ, is a fuzzy

subset of X defined by (µ ∩ σ)(x) = µ(x) ∧ σ(x), for all x ∈ X.

Definition 2.6 ([20]). For each x in a poset Q and 0 6= α in L, the L- fuzzy subset
xα of Q defined by: for each y ∈ Q,

xα(y) =

{
α if y = x

0 if otherwise

is called the fuzzy point of Q.

A fuzzy point xα of Q is said to be belongs to an L-fuzzy subset µ Q, written as
xα ∈ µ, if α ≤ µ(x).

Definition 2.7 ([1]). An L- fuzzy subset µ of Q is called an L- fuzzy ideal in the
sense of Halaś, if it satisfies the following conditions:

(i) µ(0) = 1,
(ii) for any a, b ∈ Q , µ(x) ≥ µ(a) ∧ µ(b) for all x ∈ (a, b)ul.

Lemma 2.8 ([1]). An L- fuzzy subset µ of Q is an L- fuzzy ideal of Q if and only
if µα is an ideal of Q in the sense of Halaś for all α ∈ L.

Lemma 2.9 ([1]). If µ is an L- fuzzy ideal of Q, then for any x, y ∈ Q, µ(x) ≥ µ(y),
whenever x ≤ y. That is µ is anti tone.

Theorem 2.10 ([1]). Let (Q,≤) be a lattice. Then an L-fuzzy subset µ of Q is an
L- fuzzy ideal in the poset Q if and only it an L-fuzzy ideal in the lattice Q.

3



Derso Abeje et al./Ann. Fuzzy Math. Inform. 18 (2019), No. 1, 1–13

Definition 2.11 ([12]). The smallest L-fuzzy ideal of Q containing the L- fuzzy
subset µ is called an L-fuzzy ideal of Q generated by µ and is denoted by (µ].

Definition 2.12 ([1]). Let µ be an L-fuzzy subset of Q and N be a set of positive
integers. Define an L-fuzzy subset Cµ1 of Q by Cµ1 (x) = sup{µ(a)∧µ(b) : x ∈ (a, b)ul}
∀ x ∈ Q. Inductively, let Cµn+1(x) = sup{Cµn(a)∧Cµn(b) : x ∈ (a, b)ul} for each n ∈ N.

The following three results are from the authors work in[1].

Theorem 2.13. Let µ be an L-fuzzy subset of Q. Then the set {Cµn : n ∈ N} defined
above forms a chain and the L-fuzzy ideal (µ] generated by µ is:

(µ](x) = sup{Cµn(x) : n ∈ N}, for all x ∈ Q
.

Theorem 2.14. The set FI(Q) of all L-fuzzy ideal of Q forms a complete lattice, in
which the supremum supi∈∆µi and the inifimum infi∈∆ µi of any family {µi : i ∈ ∆}
in FI(Q) respectively are:

(supi∈∆µi)(x) = sup{C
⋃

i∈∆ µi

n (x) : n ∈ N} and (infi∈∆ µi)(x) = (
⋂
i∈∆ µi)(x),

for all x ∈ Q.

Corollary 2.15. For any µ and θ ∈ FI(Q) the supremum µ ∨ θ and the infimum
µ ∧ θ of µ and θ respectively are:
(µ ∨ θ)(x) = sup{Cµ∪θn (x) : n ∈ N} and (µ ∧ θ)(x) = (µ ∩ θ)(x), for all x ∈ Q.

3. Major section

Note that for any α in L, the constant L-fuzzy subset of Q which maps all elements
of Q onto α is denoted by α.

Definition 3.1. An L-fuzzy ideal µ of a poset Q is called proper, if µ is not the
constant map 1, that is, µ(x) 6= 1, for some x in Q.

Recall that a proper L-fuzzy ideal µ of a lattice X is called L-fuzzy prime, if
µ(a ∧ b) = µ(a) or µ(b) for any a, b ∈ X (See [12]). Now we introduce the notion of
an L-fuzzy prime ideal of a poset Q.

Definition 3.2. A proper L-fuzzy ideal µ of a poset Q is called L-fuzzy prime, if
inf{µ(x) : x ∈ (a, b)l} = µ(a) or µ(b) for any a, b ∈ Q.

The following result characterizes any L-fuzzy prime ideal of a poset in terms of
its level-subset.

Theorem 3.3. An L-fuzzy ideal µ of a poset Q is an L-fuzzy prime if and only if
for any α ∈ L, either µα = Q or µα a prime ideal of Q.

Proof. Suppose that µ is an L-fuzzy prime ideal of Q and α ∈ L. Since µ is an
L-fuzzy ideal, clearly µα is an ideal of Q. Suppose that µα 6= Q. Now for any
a, b ∈ Q,

(a, b)l ⊆ µα ⇒ µ(x) ≥ α ∀x ∈ (a, b)l

⇒ inf{µ(x) : x ∈ (a, b)l} ≥ α
⇒ µ(a) ≥ α or µ(b) ≥ α
⇒ a ∈ µα or b ∈ µα.

4
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Conversely, suppose that µα = Q or µα is a prime ideal of Q, for each α ∈ L. Let
x ∈ (a, b)l and put α = inf{µ(x) : x ∈ (a, b)l}. Then clearly, x ∈ µα ∀x ∈ (a, b)l,
that is, (a, b)l ⊆ µα. Thus, by hypothesis, we have either a ∈ µα or b ∈ µα. This
implies that µ(a) ≥ α = inf{µ(x) : x ∈ (a, b)l}) or µ(b) ≥ α = inf{µ(x) : x ∈
(a, b)l}. Also since µ is anti-tone, we have

µ(a) = inf{µ(x) : x ∈ (a, b)l} or µ(b) = inf{µ(x) : x ∈ (a, b)l}.
So µ is an L-fuzzy prime ideal of Q. �

Corollary 3.4. If µ is an L-fuzzy prime ideal of Q, then the image µ(Q) of µ is a
chain in L.

Proof. Let µ be an L-fuzzy prime ideal of Q and a, b ∈ Q. Then µ(a), µ(b) ∈ µ(Q).
Put α = µ(a) ∨ µ(b). Now we show that (a, b)l ⊆ µα.

Now x ∈ (a, b)l ⇒ x ≤ a and x ≤ b
⇒ µ(x) ≥ µ(a) and µ(x) ≥ µ(b)

⇒ µ(x) ≥ µ(a) ∨ µ(b) = α

⇒ x ∈ µα.
Thus (a, b)l ⊆ µα. Again since µα = Q or a prime ideal of Q, we have either a ∈ µα or
b ∈ µα. This implies µ(a) ≥ α = µ(a)∨µ(b) ≥ µ(b) or µ(b) ≥ α = µ(a)∨µ(b) ≥ µ(b).
So µ(Q) is a chain in L. �

Remark 3.5. The converse of the above corollary is not true. For example consider
the poset (Q,≤) depicted in the figure 2 on page 12 . Define a fuzzy subset µ :

Q −→ [0, 1] by: µ(0) = 1, µ(a) = µ(b) =
1

2
and µ(1) = 0. Then µ(Q) is a chain but

not an L-fuzzy prime ideal of Q.

The following result also characterizes an L-fuzzy prime ideals of a poset Q.

Corollary 3.6. Let µ be a proper L-fuzzy ideal of a poset Q such that µ(Q) is
a chain in L. Then µ is an L-fuzzy prime ideal if and only if for any a, b ∈ Q
µ(a) ∨ µ(b) = inf{µ(x) : x ∈ (a, b)l}.

Lemma 3.7. Let µ be an L- fuzzy ideal of Q. Then for any a, b ∈ Q,

inf{µ(x) : x ∈ (a, b)l} = µ(a ∧ b),
whenever a ∧ b exists in Q.

Proof. Put X = {µ(x) : x ∈ (a, b)l}.
Now x ∈ (a, b)l ⇒ x ≤ a and x ≤ b

⇒ x ≤ a ∧ b
⇒ µ(x) ≥ µ(a ∧ b)

Then µ(x) ≥ µ(a ∧ b) for all x ∈ (a, b)l. Thus µ(a ∧ b) is a lower bound of X. Let
α be any lower bound of X. Then α ≤ µ(x), for all x ∈ (a, b)l. Since a ∧ b ∈ (a, b)l,
we have α ≤ µ(a ∧ b). Thus inf{µ(x) : x ∈ (a, b)l} = µ(a ∧ b). �

Corollary 3.8. Let (Q,≤) be a lattice. Then an L-fuzzy ideal µ of Q is an L- fuzzy
prime ideal in the poset Q if and only it an L-fuzzy prime ideal in the lattice Q.

5
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Now we introduce a prime L- fuzzy ideal of a poset Q which is a prime element
in the lattice FI(Q) of L-fuzzy ideals of Q. Recall that an element α 6= 1 in L is
said to be prime if for any t, s ∈ L, t ∧ s ≤ α implies either s ≤ α or t ≤ α.

Definition 3.9. A proper L-fuzzy ideal µ of a poset Q is called a prime L-fuzzy
ideal, if for any L-fuzzy ideals σ and θ of Q,

σ ∩ θ ⊆ µ implies σ ⊆ µ or θ ⊆ µ.

Lemma 3.10. Let x ∈ Q and α ∈ L. Define an L- fuzzy subset (α, 0)(x] of Q by

(α, 0)(x](y) =


1 if y = 0

α if y ∈ (x]− {0}
0 if y /∈ (x],

for all y ∈ Q. Then (α, 0)(x] = (xα], which is an L-fuzzy ideal of Q generated by the
fuzzy point xα.

Proof. We claim that (α, 0)(x] is the smallest L-fuzzy ideal containing the fuzzy point
xα. By the definition of (α, 0)(x], it is clear that (α, 0)(x](0) = 1. Let a, b ∈ Q and

y ∈ (a, b)ul. Let a, b ∈ (x]−{0}. Then we have (a, b)ul ⊆ (x]. Thus (α, 0)(x](y) ≥ α.
Since a 6= 0 and b 6= 0, we have (α, 0)(x](a) = α = (α, 0)(x](b). So (α, 0)(x])(y) ≥
α = α ∧ α = (α, 0)(x])(a) ∧ (α, 0)(x])(b).

If a = 0 or b = 0, then we have y ∈ (a, b)ul = {0, a} or{0, b}. Thus (α, 0)(x])(y) ≥
(α, 0)(x])(a) or (α, 0)(x])(y) ≥ (α, 0)(x])(b). So (α, 0)(x])(y) ≥ (α, 0)(x])(a)∧(α, 0)(x])(b).

If a /∈ (x] or b /∈ (x], then we have (α, 0)(x])(a) ∧ (α, 0)(x])(b) = 0. Thus
(α, 0)(x])(y) ≥ 0 = (α, 0)(x])(a)∧ (α, 0)(x])(b). So in all cases, we have (α, 0)(x])(y) ≥
(α, 0)(x])(a) ∧ (α, 0)(x])(b), for all y ∈ (a, b)ul. Hence (α, 0)(x] is an L-fuzzy ideal.

Again since x ∈ (x], we have α ≤ (α, 0)(x])(x). Then xα ∈ (α, 0)(x]. Let µ
be any L-fuzzy ideal of Q such that xα ∈ µ. Then α ≤ µ(x). Now we show
(α, 0)(x]) ⊆ µ. Now for any y ∈ Q, if y /∈ (x], then (α, 0)(x])(y) = 0 ≤ µ(y).
Let y ∈ (x]. Then if y = 0, then (α, 0)(x])(y) = 1 = µ(y) and if y 6= 0, then
(α, 0)(x])(y) = α ≤ µ(x) ≤ µ(y). Thus in all cases, we have (α, 0)(x])(y) ≤ µ(y), for
all y ∈ Q. So (α, 0)(x]) ⊆ µ. Hence the claim is true. Therefore (α, 0)(x] = (xα]. �

In the following theorem we characterize prime L-fuzzy ideals using fuzzy points
of a poset Q.

Theorem 3.11. A proper L-fuzzy ideal µ of a poset Q is prime L- fuzzy ideal if
and only if for any fuzzy points xα and yβ of Q:

xα ∧ yβ ∈ µ⇒ either xα ∈ µ or yβ ∈ µ
6
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Proof. Suppose that µ is a prime L- fuzzy ideal of Q. Let xα and yβ be L-fuzzy
points in Q such that xα ∧ yβ ∈ µ. Then

xα ∧ yβ ∈ µ ⇒ (xα ∧ yβ ] ⊆ µ
⇒ (α ∧ β, 0)(x,y)l ⊆ µ
⇒ (α, 0)(x] ∩ (β, 0)(y] ⊆ µ
⇒ (α, 0)(x] ⊆ µ or (β, 0)(y] ⊆ µ
⇒ xα ∈ (α, 0)(x] ⊆ µ or yβ ∈ (β, 0)(y] ⊆ µ
⇒ xα ∈ µ or yβ ∈ µ.

Conversely, suppose that the given condition holds. Let σ and θ be fuzzy ideals
of Q such that σ * µ and θ * µ. Then there exist x, y ∈ Q such that σ(x) � µ(x)
and θ(y) � µ(y). If we put α = σ(x) and β = θ(y), then xα and yβ are fuzzy points
of Q such that xα ∈ σ but xα /∈ µ and yβ ∈ θ but yβ /∈ µ. Thus xα ∧ yβ ∈ σ ∩ θ. By
hypothesis, we have xα ∧ yβ /∈ µ. So σ ∩ θ * µ. Hence µ is a prime L- fuzzy ideal
. �

Definition 3.12. An L-fuzzy subset η of Q is said to be L fuzzy down directed, if
for any a, b ∈ Q, there exists x ∈ (a, b)l such that

η(x) ≥ η(a) ∧ η(b).

Now we prove the following theorem which is analogous to Stone’s Prime ideal
Theorem in distributive lattices[15].

Theorem 3.13. Let the lattice (FI(Q),⊆) of all L-fuzzy ideals of Q is distributive,
µ ∈ FI(Q) and λ is a prime element in L. If η be an L-fuzzy down directed subset
of Q such that such that µ ∩ η ⊆ λ, then there exists a prime L-fuzzy ideal θ of Q
such that µ ⊆ θ and θ ∩ η ⊆ λ.

Proof. Let S = {σ ∈ FI(Q) : µ ⊆ σ and σ∩η ⊆ λ}. Since µ ∈ S, S is non empty, it
forms a poset under the point wise ordering ” ⊆ ” of fuzzy sets. By applying Zorn’s
lemma, we can choose a maximal element say θ in S. Now we show θ is a prime
L-fuzzy ideal of Q. Let xα and yβ be L-fuzzy points in Q such that xα∧yβ ∈ θ. This
implies (α ∧ β, 0)(x,y)l ⊆ θ. Suppose that xα /∈ θ and yβ /∈ θ. Put θ1 = θ ∨ (α, 0)(x]

and θ2 = θ ∨ (β, 0)(y]. Then clearly, θ1 and θ2 are L-fuzzy containing θ properly.
Thus by maximality of θ, both θ1 and θ2 do not belong to S. So there exist a, b ∈ Q
such that (θ1 ∩ η)(a) � λ and (θ2 ∩ λ)(b) � λ. Let z ∈ (a, b)l. Then ((θ1 ∩ η)(z) � λ
and (θ2 ∩ λ)(z) � λ. Since λ a prime element in L, we have (θ1 ∩ θ2) ∩ η)(z) � λ.
Thus xα ∧ yβ ∈ θ implies

((θ1 ∩ θ2) ∩ η)(z) � λ ⇒ ((θ ∨ (α, 0)(x]) ∩ (θ ∨ (β, 0)(y])) ∩ η)(z) � λ

⇒ ((θ ∨ (α ∧ β, 0)(x,y)l)) ∩ η)(z) � λ

⇒ (θ ∩ η)(z) � λ (since (α ∧ β, 0)(x,y)l ⊆ θ)

which is a contradiction to the fact that θ ∩ η ⊆ λ. So xα ∧ yβ ∈ θ implies xα ∈ θ or
yβ ∈ θ. Hence by theorem 3.11, θ is a prime L-fuzzy ideal. �

7
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Corollary 3.14. Let µ be in the distributive lattice (FI(Q),≤) of all L-fuzzy ideals
of Q and a ∈ Q. If µ(a) ≤ λ, where λ is a prime element in L, then there exists a
prime L-fuzzy ideal θ of Q such that µ ⊆ θ and θ(a) ≤ λ.

In the following we characterize a prime L-fuzzy ideal of a poset Q in terms of
prime ideals of Q and prime elements of L.

Lemma 3.15. Let I be an ideal of a poset Q and 1 6= α ∈ L. Then the L-fuzzy
subset αI of a poset Q defined by

αI(x) =

{
1 if x ∈ I
α if x /∈ I

,

for all x ∈ Q is an L-fuzzy ideal of Q.

We call the L-fuzzy ideal αI defined above as the α-level L-fuzzy ideal of Q
corresponding to the ideal I.

Corollary 3.16. If I and J are ideals in Q and 1 6= α, β ∈ L, then αI ⊆ βJ if and
only if I ⊆ J and α ≤ β.

Theorem 3.17. Let P be an ideal of a poset Q and 1 6= α ∈ L. Then αP is a prime
L-fuzzy ideal of Q if and only if P is a prime ideal of Q and α is a prime element
in L.

Proof. Suppose that αP is a prime L-fuzzy ideal of Q. We show that P is a prime
ideal of Q and α is a prime element in L. Since αP is proper, we have P 6= Q and
α 6= 1. Let a, b ∈ Q such that (a, b)l ⊆ P .

Now (a, b)l ⊆ P ⇒ α(a,b)l ⊆ αP
⇒ α(a]∩(b] ⊆ αP
⇒ α(a] ∩ α(b] ⊆ αP
⇒ α(a] ⊆ αP or α(b] ⊆ αP
⇒ (a] ⊆ P or (b] ⊆ P
⇒ a ∈ P or b ∈ P.

Then P is a prime ideal of Q.
Again let β, γ ∈ L such that β ∧ γ ≤ α.

Now β ∧ γ ≤ α ⇒ (β ∧ γ)P ⊆ αP
⇒ βP ∩ γP ⊆ αP
⇒ βP ⊆ αP or γP ⊆ αP
⇒ β ≤ α or γ ≤ α.

Thus α is a prime element in L.
Conversely, suppose that P is a prime ideal of Q and α is a prime element in L.

Then clearly, αP is an L-fuzzy ideal of Q. Let µ and σ be any L-fuzzy ideals of Q
such that µ * αP and σ * αP . Then there exist a, b ∈ Q such that µ(a) � αP (a)
and σ(b) � αP (b), This implies µ(a) � α and σ(b) � α and a /∈ P and b /∈ P . Since
α is prime element in L and P is a prime ideal of Q, we have µ(a) ∧ σ(b) � α and

(a, b)l * P . Thus there exists y ∈ (a, b)l such that y /∈ P . So we have (µ ∧ σ)(y) =
8
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µ(y) ∧ σ(y) ≥ µ(a) ∧ σ(b). Hence (µ ∧ σ)(y) � α = αP (y). Therefore µ ∩ σ * αP
and hence αP is a prime L-fuzzy ideal of Q. �

Theorem 3.18. Let µ be an L-fuzzy ideal of Q. Then µ is a prime L-fuzzy ideal of
Q if and only if there exist prime ideal of P of Q and prime element α in L such
that µ = αP .

Proof. Suppose that µ is a prime L-fuzzy ideal of Q. Since µ is proper it assumes
at least two values. Since µ(0) = 1, 1 is necessarily in Im(µ). Suppose that α, β ∈
Im(µ) other than 1. Now we claim α = β. Now α, β ∈ Im(µ) implies there exist
a, b ∈ Q such that µ(a) = α and µ(b) = β. Now put P = µ1 = {x ∈ Q : µ(x) = 1}.
Now for all x ∈ Q, define L-fuzzy subsets of Q by;

χ(a](x) =

{
1 if x ∈ (a]

0 if x /∈ (a]

and

θ(x) =

{
1 if x ∈ P
α if x /∈ P.

Then clearly, χ(a] and θ are L-fuzzy ideals of Q. Now we show χ(a] ∩ θ ⊆ µ. Let
x ∈ Q. If x ∈ (a], then α = µ(a) ≤ µ(x). Now in this case, if x ∈ P , then
θ(x) = 1 = µ(x). Thus (χ(a] ∩ θ)(x) = χ(a](x) ∧ θ(x) = 1 ∧ 1 = 1 = µ(x). If x /∈ P ,
then (χ(a]∩θ)(x) = χ(a](x)∧θ(x) = 1∧α = α ≤ µ(x) and hence (χ(a]∩θ)(x) ≤ µ(x)
if x ∈ (a]. Again if x /∈ (a], then we have (χ(a] ∩ θ)(x) = χ(a](x)∧ θ(x) = 0 ∧ θ(x) =
0 ≤ µ(x). Thus in either cases, we have (χ(a] ∩ θ)(x) ≤ µ(x), for all x ∈ Q. So
χ(a]∩θ ⊆ µ. Since µ is a prime L-fuzzy ideal of Q, we have either χ(a] ⊆ µ or θ ⊆ µ.
But since χ(a](a) = 1 6= α = µ(a), χ(a] * µ. Hence θ ⊆ µ. In particular, since b /∈ P ,
we get that α = θ(b) ≤ µ(b) = β. Then α ≤ β. Similarly, we can show β ≤ θ. Thus
α = β. So µ assumes exactly one value other than 1 and hence µ = αP .

Now we remain to show that α is a prime element in L and P a prime ideal of Q.
Let β, γ ∈ L such that β∧γ ≤ α. This implies βP ∩γP = (β∧γ)P ⊆ αP = µ . Since
µ is a prime L-fuzzy ideal, we have either βP ⊆ µ or γP ⊆ µ and since µ(a) = α 6= 1,
a /∈ P . Then we have β = βP (a) ≤ µ(a) = α or γ = γP (a) ≤ µ(a) = α. Thus α a
is a prime element in in L. Again to show P is a prime ideal, let a, b ∈ Q such that
(a, b)l ⊆ P . Then χ(a,b)l ⊆ χP . This implies χ(a] ∩ χ(b] = χ(a,b)l ⊆ χP ⊆ µ, where
χ(a] and χ(b] are the characteristic maps of (a] and (b] respectively. Since µ is prime,
we have either χ(a] ⊆ µ or χ(b] ⊆ µ which imply that (a] ⊆ µ1 = P or (b] ⊆ µ1 = P
that is, either a ∈ P or b ∈ P . Thus P is a prime ideal of Q. The converse part of
this theorem follows from theorem 3.17. This completes the proof. �

Corollary 3.19. Let L = [0, 1]. Then a proper ideal P of Q is prime if and only if
its characteristic map χP is a prime L-fuzzy ideal of Q.

Note that we write αP for the prime L-fuzzy ideal of Q corresponding to the pair
(P, α) and PFI(Q) for the set of all prime L-fuzzy ideal of Q. Now the following
result from the above theorem.

9
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Corollary 3.20. There is a one-to-one correspondence between the class PFI(Q)
of all prime L-fuzzy ideals of Q and the collection of all pairs (P, α), where P is a
prime ideal of Q and α is a prime element in L.

Example 3.21. Consider the poset (Q,≤) depicted in the figure below. Define a
fuzzy subset µ : Q −→ [0, 1] by: µ(0) = µ(a) = µ(b) = 1, µ(c) = µ(d) = µ(e) =
µ(1) = 0.5. Then µ is a prime L-fuzzy ideal of Q.

Figure 1

Theorem 3.22. Every prime L-fuzzy ideal of a poset is an L-fuzzy prime ideal.

Proof. Let µ be a prime L-fuzzy ideal of a poset Q. Then there exist a prime ideal
P of Q and a prime element α of L such that µ = αP . Since µ(Q) = {α, 1} and
α � 1, µ(Q) is a chain and µ is proper. Let a, b ∈ Q. If (a, b)l ⊆ P , then µ(x) = 1,
for all x ∈ Q. Again since P is prime (a, b)l ⊆ P implies either a ∈ P or b ∈ P ,
either µ(a) = 1 or µ(b) = 1. Thus µ(a) ∨ µ(b) = 1 = inf{µ(x) : x ∈ (a, b)l}. Again
if (a, b)l * P , then there exists y ∈ (a, b)l such that y /∈ P . Thus µ(y) = α =

inf{µ(x) : x ∈ (a, b)l}. Again (a, b)l * P implies a /∈ P and b /∈ P . Otherwise if
either a ∈ P or b ∈ P , then y ∈ P which is a contradiction. Thus µ(a) = µ(b) = α.
So µ(a) ∨ µ(b) = α. hence in either cases, µ(a) ∨ µ(b) = inf{µ(x) : x ∈ (a, b)l}.
Therefore, by corollary 3.6, µ is an L-fuzzy prime ideal. �

Remark 3.23. The converse of the above theorem is not true. For example consider
the poset (Q ≤ ) depicted in the figure 1 above and define a fuzzy subset µ : Q −→
[0, 1] by µ(0) = 1, µ(a) = µ(b) = 0.8, µ(c) = µ(d) = µ(e) = µ(1) = 0. Then µ is an
L-fuzzy prime ideal but not a prime L-fuzzy ideal.

Now we introduce the notion of maximal L-fuzzy ideal of a poset which is a
maximal element in the set of all proper L-fuzzy ideals of Q.

Definition 3.24. A proper L-fuzzy ideal µ of a poset Q is said to be a maximal
L-fuzzy ideal, if µ is a maximal element in the set of all proper L-fuzzy ideals of Q
under point wise ordering ”⊆”. That is, if there is no proper L-fuzzy ideal θ of Q
such that µ $ θ.

Lemma 3.25. Let µ be an L-fuzzy ideal of Q and α ∈ L. Then µ∪α is an L-fuzzy
ideal of Q containing µ.

10
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Proof. Clearly µ ⊆ µ ∪ α. Since (µ ∪ α)(0) = µ(0) ∨ α = 1 ∨ α = 1, we have
(µ ∪ α)(0) = 1. Again let a, b ∈ Q and x ∈ (a, b)ul. Then

(µ ∪ α)(x) = µ(x) ∨ α
≥ (µ(a) ∧ µ(b)) ∨ α
= (µ(a) ∨ α) ∧ (µ(b)) ∨ α)

= (µ ∪ α)(a) ∧ (µ ∪ α)(b).

Thus µ ∪ α is an L-fuzzy ideal of Q containing µ. �

Lemma 3.26. Let µ be a maximal L-fuzzy ideal of Q. Then Im(µ) is a chain.

Proof. Let α, β ∈ Im(µ). Then there exist a, b ∈ Q such that µ(a) = α and µ(b) = β.
By the lemma 3.25 , µ ∪ α is an L-fuzzy ideal of Q. Since µ is maximal L-fuzzy
ideal and µ ⊆ µ ∪ α, we have either µ = µ ∪ α or µ ∪ α = 1. If µ = µ ∪ α, then
we have β = µ(b) = (µ ∪ α)(b) = µ(b) ∨ α = β ∨ α and hence α ≤ β. If µ ∨ α = 1,
then we have (µ∪ α)(a) = 1 = (µ∪ α)(b). This implies µ(a)∨ α = µ(b)∨ α, that is,
α = β ∨ α. Thus β ≤ α. So Im(µ) is a chain. �

Lemma 3.27. Let µ be a maximal L-fuzzy ideal of Q. Then µ attains exactly one
value other than 1.

Proof. Since µ is an L-fuzzy ideal of Q, we have µ(0) = 1. Let a, b ∈ Q such that
µ(a) 6= 1 and µ(b) 6= 1. Put µ(a) = α and µ(b) = β. Then µ ∪ α and µ ∪ β are
L-fuzzy ideals of Q containing µ. Since (µ∪α)(a) = µ(a)∨α = α∨α = α 6= 1 = 1(a)
and (µ ∪ β)(b) = µ(b) ∨ β = β ∨ β = β 6= 1 = 1(b), by maximality of µ, we have
µ = µ ∪ α = µ ∪ β. In particular, β = µ(b) = (µ ∪ α)(b) = µ(b) ∨ α = β ∨ α and
α = µ(a) = (µ ∪ β)(a) = µ(a) ∨ β = α ∨ β. Thus α = β. So µ assumes exactly one
value other than 1. �

Recall that an element α ∈ L is said to be a dual atom if there is no β ∈ L such
that α < β < 1. Now we give a characterization of a maximal L-fuzzy ideal of a
poset Q.

Theorem 3.28. An L-fuzzy subset µ of Q is a maximal L-fuzzy ideal of Q if and
only if there exist a maximal ideal M of Q and a dual atom α in L such that µ = αM .

Proof. Suppose that µ is a maximal L-fuzzy ideal of Q. Put M = {x ∈ Q : µ(x) =
1}. Then by lemma 3.27, µ assumes exactly one value, say α other than 1. Thus
µ = αM . Now we remain to show that M is a maximal ideal of Q and α is a dual
element in L. Since µ is proper, it is clear that ∅ 6= M $ Q. Let I be a proper ideal
of Q such that M ⊆ I. Then µ = αM ⊆ αI ⊂ 1. By maximality of µ, we have that
αM = αI . Thus M = I. So M is a maximal ideal of Q.

Again let β ∈ L such that α ≤ β < 1. Then µ = αM ⊆ βM ⊂ 1. Thus by the
maximality of µ, we have αM = βM . So α = β. Hence α is a dual atom in L.

Conversely, suppose µ = αM , where M is a maximal ideal in Q and α is a
dual atom in L. Since M is proper, there exists a ∈ Q such that a /∈ M . Then
µ(a) = αM (a) = α < 1. Thus µ is proper. Let θ be any proper L-fuzzy ideal of Q
such that µ ⊆ θ ⊂ 1. Then M = µ1 ⊆ θ1 ⊂ Q. Thus by the maximality of M , we
have M = θ1 = {x ∈ Q : θ(x) = 1}. Let x ∈ Q. If x ∈ M , then µ(x) = 1 = θ(x). If

11
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x /∈ M , then we have µ(x) = α ≤ θ(x) < 1. Since α is a dual atom in L, we have
µ(x) = α = θ(x). Thus µ = αM = θ. So µ is a maximal L-fuzzy ideal of Q. �

Corollary 3.29. There is a one-to-one correspondence between the class of all max-
imal L-fuzzy ideals of Q and the collection of all pairs (M,α), where M is a maximal
ideal of Q and α is a dual atom in L.

Example 3.30. Consider the poset (Q,≤) depicted in the figure 1 above and the
distributive lattice L in the figure 2 below. Define a fuzzy subset µ : Q −→ L by:
µ(0) = µ(a) = µ(b) = µ(c) = µ(d) = µ(e) = 1 and µ(1) = a. Then µ is a maximal
L-fuzzy as µ = αM , where α = a is a dual atom in L and M = {0, a, b, c, d, e} is a
maximal ideal of Q.

Figure 2

Since L is a distributive lattice, every dual atom in L is prime and hence we have
the following.

Corollary 3.31. If Q is a poset in which every maximal ideal is a prime ideal then
every maximal L-fuzzy ideal is a prime L-fuzzy ideal.

Remark 3.32. The converse of the above corollary is not true. Example 3.18, which
is given above, is a prime L-fuzzy ideal but not a maximal L-fuzzy ideal of the given
poset as there is no dual atom in L = [0, 1].

4. Conclusions

In this paper, we have studied the notions of L-fuzzy prime ideals, prime L-fuzzy
ideals and maximal L-fuzzy ideals of a poset, which generalize the notions of these
terms in lattices. This study can be extended to other concepts of fuzzy sub algebra
of a lattice to an arbitrary poset.
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