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ABSTRACT. In this paper, we introduce the concept of o-fuzzy ideals
in distributive p-algebras. It is proved that the set of all o-fuzzy ideals
forms a complete distributive lattice. Moreover, the class of all o-fuzzy
ideals of a distributive p-algebra is isomorphic to the class of fuzzy ideals
of the lattice of all booster ideals. Finally, we prove that the image and
pre-image of o-fuzzy ideals are also o-fuzzy ideals.
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1. INTRODUCTION

The theory of pseudo-complemented was introduced and extensively studied in
semi-lattices and particularly in distributive lattices by O. Frink [3] and G. Birkhoff
[2]. In recent time A. E. Badawy and M. S. Rao [l] introduced the concept of
boosters and o-ideals in a distributive p-algebra.

On the other hand, many papers on fuzzy algebras have been published since
A. Rosenfeld [8] introduced the concept of fuzzy group in 1971. Many papers on
fuzzy sets appeared showing the importance of the concept and its applications to
logic, set theory, group theory, ring theory, real analysis, topology, measure theory
etc. Uncertain data in many important applications in the areas such as econom-
ics, engineering, environment, medical sciences and business management could be
caused by data randomness, information incompleteness, limitations of measuring
instrument, delayed data updates etc. W. J. Liu [5] initiated the study of fuzzy
subrings, and fuzzy ideals of a ring. B. Yuan and W. Wu [10] introduced the notion
of fuzzy ideals and fuzzy congruences of distributive lattices. U. M. Swamy and D.
V. Raju [9] studied properties of fuzzy ideals and congruences of lattices.

In this paper, we introduce the concept of o-fuzzy ideal in a distributive p-algebra.
It is proved that the set of all o-fuzzy ideals forms a complete distributive lattice.
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Moreover, the class of all o-fuzzy ideals of a distributive p-algebra is isomorphic to
the class of fuzzy ideals of the lattice of all booster ideals. Finally, we prove that
the image and pre-image of o-fuzzy ideals are also o-fuzzy ideals.

2. PRELIMINARIES
We refer to G. Birkhoff [2] for the elementary properties of lattices.

Definition 2.1 ([4]). An algebra (L;A,V,*,0,1) is a distributive p-algebra (or a
pseudo-complemented lattice), if (L;A,V,0,1) is a distributive lattice and * is the
unary operation of pseudocomplementation.

Definition 2.2 ([1]). For any element a of a distributive lattice L with 0, the
pseudo-complement a* of a is an element satisfying the following property, for any
r €L,

aNz=0a*Nz=2z<a*.

Remark 2.3. The pseudo-complement a* of an element «a is the greatest element
disjoint from a, if such an element exists.

A distributive lattice L in which every element has a pseudo-complement is called
a pseudo-complemented lattice.

Theorem 2.4. [1]
For any two elements a,b of a pseudo-complemented lattice, we have the following:

(1) 0** =0 and 1** =1,

(aVb)* =a* Nb*

An element z of a p-algebra L is called closed, if ** = x and the set of all closed
elements of L is denoted by B(L).

Definition 2.5 ([1]). Let L be a distributive p-algebra. Then for every a € L, define
the booster of a as follows:

(a)» ={z € L:xANa* =0}

(a)® is an ideal of L containing a. It is obvious that that (0)® = {0} and
(1) = L. For any a € L, (a)® = (a**)® = (a**]. The set of all boosters of a
distributive p-algebra of L is denoted by B, (L).

B.(L)={(x)?:2 € L}y ={(z2*)? : 2 € L}.

In [1], Badawy and Rao observed the following. In a distributive p-algebra L with
least element 0 the set of all ideals of the form (x)® can be made into a Boolean
algebra (B, (L),N, V). For two boosters ()® and (y)* their supremum in B, (L) is
(2)2V(y)® = (z Vy)* and also their infimum in B, (L) is (z)® N (y)* = (z Ay)>.

For an ideal I in L,
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o(I)={(x)?:z €I}
is an ideal in B, (L) and the set
) ={zreLl:(x)>eJ}
is an ideal of L, when J is any ideal in B,(L). An ideal I of L is called a o-ideal if
b= _
co(I)=1.
Remember that, for any set A, a function p: A — ([0,1], A, V) is called a fuzzy

subset of A, where [0, 1] is a unit interval, a A § = min(a, 8) and oV 8 = maz(a, 8)
for all o, B8 € [0,1].

Definition 2.6 ([3]). Let p and 6 be fuzzy subsets of a set A. Define the fuzzy
subsets U6 and p N 6@ of A as follows: for each x € A,

(U 0)(z) = p(z) v O(z) and (uN0)(z) = p(x) A0(z).
Then p U@ and p N6 are called the union and intersection of p and 6, respectively.
For any collection, {u; : ¢ € I'} of fuzzy subsets of X, where I is a nonempty index

set, the least upper bound | J;.; p; and the greatest lower bound (7, p; of the p;’s
are given by for each = € X,

(Uier #i)(@) = Vier pilz) and (Mg i) (@) = Njey pi(2),
respectively.
For each t € [0,1] the set
pe =A{z € A: p(z) >t}

is called the level subset of p at ¢ [11].
Regarding fuzzy ideals and fuzzy filters of lattices, we refer [9].

Definition 2.7 ([9]). A proper fuzzy ideal u of L is called prime fuzzy ideal of L,
if for any two fuzzy ideals §,n of L, 6 Nn Cu=0 C porn C p.

Definition 2.8 ([7]). Let L be a lattice, € L and « € [0, 1]. Define a fuzzy subset

oy of L as:
1,if y<z
am(y):{a,if y£ax
is a fuzzy ideal of L.

Remark 2.9 ([7]). «, is called the a-level principal fuzzy ideal corresponding to z.
Similarly, a fuzzy subset o of L defined

o (y) = 1,if z<y
Y7Va Jf x Ly
is the a-level principal fuzzy filter corresponding to x.
Note that a fuzzy subset p of L is nonempty, if there exists x € L such that
pu(x) # 0. The set of all fuzzy ideals and fuzzy filters of L are denoted by FI(L)

and FF (L) respectively.
291
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3. 0-FUZZY IDEALS

In this section, we study o-fuzzy ideals of a distributive p-algebra and its proper-
ties. Throughout this section L denotes a distributive p-algebra.

Definition 3.1. For any fuzzy ideal p of L, define a fuzzy subset o(u) of B.(L) as
o(u)((2)*) = sup{u(y) : (y)* = ()%, y € L}.
Definition 3.2. For any fuzzy ideal 6 of B, (L), define a fuzzy subset 7 () of L as:
T () (x) = 0((2)").
Lemma 3.3. For any fuzzy ideal p of L, o(u) is a fuzzy ideal of By(L).

Proof. Let y be a fuzzy ideal of L. Then clearly o(u)((0)2) = 1. For any (x)2, (y)* €
B.(L),
() ((2)2) Aa()((1)?)

sup{u(a) : (a)® = (2)°, a € L} A sup{u(b) : (b)* = (y)*, be L}
= sup{u(a) Apd) : (a)* = (2)°, (b)) = (1)}
< sup{p(aVb): (avb)® = (zVvy)~}
< sup{u(c): (0)® = (zVy)°}
= o(w((x)*v®)*)
Again,
o(p)((x)®) = sup{p(a): (a)* = (2)°}
< sup{p(any): (@) A(y)® = (@) A1)}
< sup{pu(c) : () = (x Ay)™}

I
2
=
&
>
>
S
\B

a (1) () A (y)2) = o) ((2)2) Vo (u)(y)>).
So o(u) is a fuzzy ideal of B.(L). O
Lemma 3.4. For any fuzzy ideal 0 of B.(L), T (0) is a fuzzy ideal of L.

Proof. Let 6 is a fuzzy ideal of B,(L). Since (0)* is the least element of B, (L),
% (6)(0) = 1. Then for any x,y € L,

F(0) (2 v y) = 6((2)>v(1)®) = 6((2)>) A 0((1)>) = F(O)(x) A F(0) ().
Thus, 7 (0) is a fuzzy ideal of L. O
Lemma 3.5. If u and 0 are fuzzy ideals of L, then u C 0 implies o(u) C o(6).
Lemma 3.6. If u, 0 are fuzzy ideals of B.(L), then u C 0 implies ?(M) - <5(9),

Lemma 3.7. For any fuzzy ideal 0 of B,(L), o7 (0) = 6.
292



Alaba and Norahun /Ann. Fuzzy Math. Inform. 17 (2019), No. 3, 289-301

Proof. Since 6 is a fuzzy ideal of B.(L), T (0) is a fuzzy ideal of L and ¢%7 () is a
fuzzy ideal of B,(L). On the other hand,

o7 (0)((x)2) = sup{T (0)(a) : (a)® = (v)>}
= sup{0((a)?) : (a)* = (x)*}
=0((z)?).
Then the result holds. O

The proof of the following lemma is quite routine and will be omitted.

Lemma 3.8. For any fuzzy ideals u, 0 of L, we have the following:

(1) nCTo(p),

(2) pCO=To(u) < To(0),

(3) Fo(Fo(u) = Folu).
Theorem 3.9. The set FI(B.(L)) of all fuzzy ideals of B.(L) forms a complete
distributive lattice, where the infimum and supremum of any family {p : v € I} of
fuzzy ideals is given by:

Apy =Ny and \ py = (U py)-
Theorem 3.10. The mapping o is a homomorphism of FI(L) into FI(B.(L)).
Proof. Let i, 6 be two fuzzy ideals of L. It is enough to prove that
o(pnb)=c(p)No(d) and o(pV 0) = o(p)Vo(H).
Since o is an isotone, we get (N @) C o(p) N o (). Then for any (z)> € B, (L),
(1)((@)2) Ao (O)(2)2) = sup{u(a) : (@)> = ()} A sup{6(b) : (B)> = ()2}
sup{p(a AD) : (a AD)> = (2)°}
A sup{B(a Ab) : (a AD)® = (2)°}
sup{p(a Ab) AB(aAD): (a Ab)> = (2)°}
sup{(N0) (@ Ab): (a B> = (2)°}
sup{(pN0)(c) : () = (2)°}
o1 0)(()2)
) =

Thus o(u)No(0) C o(uN). So, o(p)No(d
o(uV 0). Now for any (x)> € B.(L),

I IA

[ VARI|

o(uNé). Again, clearly o(u)Vvo(0) C

a(uVvo)(2)®) = sup{(nVO)(a): (@) = (2)°}
= sup{sup{p(y) AO(2) :a=yVz}:(yV2)>=(2)
< sup{sup{p(b1) AO(bs) : (01)° = (1), (b2)° = ()} : (yV 2)* =
= sup{sup{u(br) : (1) = (y)*}
A sup{f(bs) : (b2)® = (2)2}, (yV 2)® = ()2}
= sup{o(u)(y)® N a(0)(2)" : (y v 2)° = (2)°}
= sup{o(n)(y)> Ao (0)(2)" : (1) V(2)" = (2)°}
= (o(p)Vo(0)((x)®)

Then o(uV0) C o(u)Vo(8). Thus o(pV ) = o(u)Vo(h). So, o is a homomorphism.
O
293
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Corollary 3.11. For any two fuzzy ideals p and 0, we have
To(unb) =%o(p)NTo).

Proof. Forany z € L, & o(unb)(x) = o(un)((x)?). Since a(uﬂﬂ) o(p)No (), we
have & o(1N6)(z) = To(u)(2) AT o(0)(x). Then To(unb) = To()NT o). O

Definition 3.12. A fuzzy ideal of y of L is called o-fuzzy ideal, if 1 = T o (p).

Example 3.13. Consider the distributive lattice L = {0, a, b, ¢,1} whose Hasse di-
agram is given below.

0

Define a fuzzy subset p of L as follows: p(0) = 1, p(a) = 0.5 and u(b) = u(c) =
(1) = 0.4 . Then it can be easily verified that p is a o-fuzzy ideal of L.

Theorem 3.14. For a nonempty fuzzy subset u of L , p is a o-fuzzy ideal if and
only if each level subset of u is a o-ideal of L.

Proof. Let pu be a o-fuzzy ideal of L. Then p; = (5 o(p));. To prove each level
subset of u is a o-ideal of L, it is enough to show To(u;) = (To(u));. Since
e € To(w), (To(w): € To(u). Let x € To(u). Then (z)2 € o(uy) and there
is y € p; such that ()2 = (y)©. Which implies sup{u(a) : (z)> = (y)>} > t. This
shows that z € (T o(1))e. Thus py = To(is). So each level subset of p is a o-ideal
of L.

Conversely, assume that each level subset of u is a o-ideal. Then clearly, u C
o). Let t = To(u)(x) = sup{u(y) : (y)> = (x)}. Then for each e > 0, there
isa € L, (a)® = (z)* such that u(a) > t—e. This implies that 2 € Ba(us—c) = fi—e.
Thus x € (o Mt—e = - SO Y o(p) C p. Hence, p is a o-fuzzy ideal of L. O

Lemma 3.15. For a nonempty subset I of L, I is a o-fuzzy ideal if and only if xr
s a o-fuzzy ideal of L.

Proof. Take a o-ideal I of L. Then Go(I)={z e L: (z)* € o(I)} =I. Let z € L.
If 2 € I, then To(xs)(®) =1 = xr(x). Let = ¢ I. Assume that & o(x;)(z) = 1.
Then there is y € I such that (y)® = (z)® € o(I). Since I is a o-ideal, = € I.
Which is contradiction. Thus, T o(x7)(z) = 0. So, xs is a o-fuzzy ideal.
Conversely, assume that y; is a o-fuzzy ideal of L. Then clearly, I C ?U(I ). Let
x € To(I). Since x; is a o-fuzzy ideal, To(xr)(z) =1 = x7(x). Thus z € I. So I
is a o-ideal of L. O

Theorem 3.16. For a fuzzy ideal p of L. p is a o-fuzzy ideal if and only if p(x) =
u(y) for each x,y € L such that (z)* = (y)>.

Let us denote the set of all o-fuzzy ideals of L by FI,(L).
294
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Theorem 3.17. The class FI,(L) of all o-fuzzy ideals of L forms a complete dis-
tributive lattice with respect to set inclusion.

Proof. Clearly (FI,(L),C) is a partially ordered set. For pu,0 € FI,(L), define
pAO=pn0and pvo = To(uVe).

Then clearly p A6, uve € FI,(L). We need to show puV6 is the least upper bound
of {u, 6}. Since 8, u C pV O C uVvl, uve is an upper bound of {u, 6}. Let n
be any upper bound for {x, 0} in FI,(L). Thus V6 C . Which implies that
Go(uv ) C 5o =n So, To(uVe) is the supremum of {u, 6} in FI,(L).
Hence (FI,(L),A,V) is a lattice.

Now we prove the distributivity. Let u, 6 € FI,(L). Then

pv(@nn) = Go((nve)n (uvn)
= TouvonTol(uvn)
= (nv0) N (uvn).

Thus, FI,(L) is a distributive lattice.
Next we prove the completeness. Since {0} and L are o-ideals, x (o} and xr are
least and greatest elements of F'I,(L) respectively. Let {p; : ¢ € I} C FI,(L). Then

Micr i is a fuzzy ideal of L and (), s € (Ea(ﬂiel 1)

ﬂ,uig,ui, Viel = ?U(ﬂui)gui, Viel

iel iel
= Fa(ﬂ i) € mﬂi-
el el
Thus Fa(ﬂiel pi) = Nier ti- So (FI5(L),A,V) is a complete distributive lattice.

O

Theorem 3.18. The class FI,(L) of all o-fuzzy ideals of L are isomorphic to the
class FI(By(L)) of all fuzzy ideals of Bi(L).

Proof. Define f : FI,(L) — FI(B.(L)), f(n) = o(u), Vu € FI,(L). Let u,0 €
FI,(L) and f(u) = f(#). Then o(p) = o(6). Thus To(u) = To(6). So pu = 6.
Hence f is one to one.

Let n € FI(By(L)). Then & (n) is a fuzzy ideal of L. We show that & (1) is
a o-fuzzy ideal of L. Let # € L. Then T o(% (n))(z) = 0% (n)((x)2). Then by
Lemma 3.7,

T ((2)2) = n((2)2) = T () (@),

Thus T (n) = To(T(n)). So for each n € FI(B,(L)), f(%7 (1)) = n. Hence, f is
onto.

Now for any 1,0 € FI, (L), f(uv8) = f(5o(uVv) = o(Ta(uve)) = o(uVve) =

o(p) Vo) = f(u) Vv f(6). Similarly f(un8) = f(u) N f(6). Therefore, f is an
isomorphism of F'I,(L) onto the lattice of fuzzy ideals of B, (L) O

Lemma 3.19. Let p be a fuzzy ideal of L. Then the fuzzy subset u* of L defined
by:

i (x) = sup{u(a) s a* <z, a e L}
295
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s a fuzzy filter of L.
Proof. Let u be a fuzzy ideal of L. Since 0* = 1, we get p*(1) = 1. For any =,y € L,
pr@)Apt(y) = sup{p(a):a” <z, a € L} Asup{u(b) : 0" <y, be L}
— suplu(a) A u(b) s a* <o, b <)
Since a* < x and b* <y, we get (a VvV b)* < x Ay. Using this fact, we have
i) Apt(y) < sup{u(aVvd):(aVvd)" <z Ay}
< supfp(c): " <z Ay}
pi(z Ay)

Again, p*(z) = sup{p(a ) ca* <z oa€ L} <sup{u(a):a* <zVy}=p*(zVy).
Similarly, p*(y) < p*(x Vy). Then p*(z Vy) > p*(x) V u*(y). Thus p* is a fuzzy

filter of L. O
Lemma 3.20. Let p be a fuzzy ideal of L. Then the fuzzy subset p. of L defined
by:

pionlz) = suplp(a) : 2 < @™, a € I}

is a fuzzy ideal of L.
Proof. Let pu be a fuzzy ideal of L. Since 0 < 0**, we get p.(0) = 1. For any
z,y €L,
fax (T) A pras(y) = sup{p(a) : @ < a™, a € L} Asup{u(b) : y <b™, be L}
= suplp(a) Ap(b) : % < @, y < )

supl{p(a Vv b) 2 Vy < (v B)™}
sup{u(c) x vy < ™}

= (@ VY)
Again, p.o(x) = sup{p(a) : x < a**, a € L} < sup{u(a) : Ay < a**} = p(z A Yy).
Similarly, ps(y) < fhx(z A y). Then prs(z AY) > pas(2) V pan (y). Thus pre is a
fuzzy ideal of L. O

Theorem 3.21. Let p be a fuzzy ideal of L. Then

(1) = pies if and only if p(a) = p(a**) for each a € L,
(2) pis o-fuzzy ideal if and only if g = foss-

Proof. Let p be a fuzzy ideal of L. Then

(1) Let gt = pys. Since z < x**, for each x € L and pu is a fuzzy ideal, we get
w(x) > p(x™). For any x € L, p(z**) = sup{u(a) : 2** < o™, a € L} > p(z).
Then pu(x) = p(z**), for each z € L.

Conversely, assume that p(a) = p(a**), for each a € L. Clearly p C iy Let
x € L. Then p..(x) = sup{p(a) : x < a**, a € L}. For each a € L which satisfies
x < a**, we have pu(x) > p(a*). Since p(a) = p(a™), we get p(x) > p(a**), for
each a € L such that z < ¢**. This implies p(z) is an upper bound of {u(a) : x <
a**, a € L}. Which implies p(z) > prux(x). This shows that g = ..

(2) Let jt = fisy. Then clearly 4 C T o(u). For any z € L,

To(u)(x) = sup{p(a) : (a)® = (2)*, a € L} < sup{p(a) : & < a™} = p().
296
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Thus p is a o-fuzzy ideal.
Conversely, suppose that u = T o(i). Now we prove p(a) = pu(a**), for each
a€ L. Forany z € L,

p(@™) = sup{u(a) : (@) = ()°} = sup{n(a) : (2)* = (@)} = p(a).

Then by (1), we get p = fiyx. O

Lemma 3.22. The a-level principal fuzzy ideal o, is a o-fuzzy ideal if and only if
a is a closed element of L.

Proof. Let ”a” be a closed element. For any = € L,

Fo(0n)(z) = sup{aa(®) : (0)° = (2)°}.

If 2 < a, then ay(z) = To(a,)(z) = 1. If 2 £ a, then a,(r) = . Assume that
o(ag)(z) = 1. Then there exists b € L such that b < a and (b)® = (2)®. This
implies that b** < a and b** = z**. This shows that z < a. Which is a contradiction.
Thus 7 o(ag)(x) = a. Hence ay is a o-fuzzy ideal.

Conversely, suppose that o, is a o-fuzzy ideal. Then by theorem (3.21(1)), a, =
(0tg)s+. This implies that a,(a**) = 1. This shows that a** < a. Thus ¢** = a. So
a is a closed element. g

Theorem 3.23. Let i be a o-fuzzy ideal of L and X be a fuzzy filter of L such that
puNA<a,a€l0,1). Then there exists a prime o-fuzzy ideal 0 of L such that u C 6
and 6N < «a.

Proof. Put P = {n € FI,(L) : p € n and n N A < «a}. Since p € P, P is
nonempty and it forms a poset together with the inclusion ordering of fuzzy sets.
Let A = {j;}ier be any chain in P. We need to prove |J;c; pi € A. Then clearly

(Use; 1)(0) = 1. For any a,y € L,

(Uwm)@)A(Jwdw) = sup{pi(x):ie I} Asup{u;(y):j €I}
icl el

= sup{pi(z) A pj(y) 1 i,5 € I}

< sup{(pi U py) (@) A (i U p)(y) 4,5 € T}

Since A is a chain, either p; C p; or p; C p;. Without loss of generality, we can
assume that p; C p;. Thus p; U gy = pj. This shows that

(Unrd@)AUu)w) < suplp(@) Aply):j €I}
el el
= sup{u;j(zVy):jel}
(Jmi)vy).
el
Again (U;er pa) (@) = sup{pi(x) - i € I} < sup{pi(x Ay) 1i € I} = (U;ep i) (@ Ay).

Similarly, (U;c; i) (y) < (Ujer pi)(@ Ay). Thus J;cp i is a fuzzy ideal of L. It
297
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remains to show | J;.; i is a o-fuzzy ideal.

FoJn@) = sul(Jn@: @> = @)}
i€l iel
= sup{sup{pi(a) :i €I} : (a)® = (2)*}
= sup{sup{pi(a) : (a)® = ()2} :i € I}
= sup{u;(z):iel}
— Unm@.

iel

Then (J;; pi is a o-fuzzy ideal. Since p; N < a, for each i € I,

(Uwonn@ = (Jum)@) An)
el i€l
= sup{pi(z) An(z) i€}
= sup{(p;Nn)(z):iel} <a.

Thus (U;eypi) N < a. So U;er i € A. By applying Zorn’s lemma, we get a
maximal element, let say 6 € P, that is, 0 is a o-fuzzy ideal of L such that yu C 0
and 0Nn < a.

Now we proceed to show € is a prime fuzzy ideal. Assume that 6 is not prime
fuzzy ideal. Let v1 Ny2 C 6 such that 1 € 6 and v € 0, v, 72 € FI(L).
If we put 6, = To(y1 V) and 6 = To(y2 V 6), then both 6; and 6, are o-
fuzzy ideals of L properly containing 6. Since 6 is maximal in P, we get 6, ¢ P
and 6> ¢ P. This shows that 6; N £ «a and 62 N7 £ «. This implies there
exist z,y € L such that (61 Nn)(x) > « and (62 N n)(y) > « Which implies
(O O) Nz Ay)>a= (Ta@V (v Ay))(xAy) An(zAy) > a. This shows
that (6 Nn)(x Ay) > «. Which is a contradiction. Hence 6 is prime o-fuzzy ideal of
L. O

Corollary 3.24. Let p be a o-fuzzy ideal of L, a € L and o € [0,1). If pu(a) < «,
then there exists a prime o-fuzzy ideal 0 of L such that pn C 0 and 6(a) < .

Corollary 3.25. FEvery proper o-fuzzy ideal of L is the intersection of all prime
o-fuzzy ideals containing it.

Proof. Let u be a proper o-fuzzy ideal of L. Consider the following.
o = ({n : n is a prime o-fuzzy ideal and u C n}.

Clearly p C po. Suppose pg € p. Then there is a € L such that po(a) > p(a). Let

p(a) = a. Consider the set P = {n € FI,(L) : p C nand n(a) < a}. By the above

corollary, we can find a prime o-fuzzy ideal § of L such that u C 6 and 6(a) < a.

This implies pg C 6. This shows that pg(a) < a. Which is a contradiction. Thus

po € p- S0 po = fi. O
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4. 0-FUZZY IDEALS AND HOMOMORPHISM

In this section, some properties of the homomorphic images and the inverse images
of o-fuzzy ideals are studied. Throughout this section L and M denotes distributive
p-algebras with least elements 0 and 0 respectively.

In [6], Rao obsered that, let L and L' be two pseudo-complemented distributive
lattices with pseudo-complementation * and f : L — M an onto homomorphism
and Kerf = {0}. Then f(z*) = (f(x))*, for all x € L.

Theorem 4.1. Let f : L — M be an onto homomorphism and Kerf = {0}. Then
the image of a o-fuzzy ideal of L is a o-fuzzy ideal of M.

Proof. Let pu be a o-fuzzy ideal of L. Then f(u) is a fuzzy ideal of M. Now we
prove f(u)(y) = f(p)(y**), for each y € M. Since f(u) is a fuzzy ideal and y < y**,
we get f(u)(y) > f(n)(y™), for each y € M. Again, f(u)(y™) = sup{u(a) : a €
7Y (y*), a € L} > p(b**), for each b € f~1(y). Since p is a o-fuzzy ideal, we have
w(x) = p(x**), for each € L. Based on this fact we have, f(u)(y*™*) > u(b), for
each b € f~1(y). This implies f(u)(y**) is an upper bound of {u(b) : b € f~1(y)}.
This shows that f(u)(y™") = f(u)(y), for each y € M. Thus f(u)(y™) = f(u)(y),
for each y € M and by Theorem 3.21, f(u) = f(pt)sx- So f(p) is a o-fuzzy ideal of
M. 0

Example 4.2. Consider the distributive p-algebras L = {0,a,b,¢,1} and M =
{0",a’,b",1"} given by the following diagrams.
1

c

Define f : L — M, such that f(0) =0, f(a) =da’, f(b) =b and f(c) =1 = f(1).
Then f is an onto homomorphism and Ker f = {0}. If we define a fuzzy subset u
of L as p1(0) = 1, p(a) = 0.5 and p(b) = p(c) = u(1) = 0.4, then by Example 3.13, p
is a o-fuzzy ideal of L. Since u is a fuzzy ideal of L, f(u) is a fuzzy ideal of M. Now

’

To(f(p)(0) = suplf(u)(2) : (@) = (0), w € M} = f(u)(0), To(f(u)(a) =

7

F0)(@), Fo(f)E) = F()) and Fo(f()(1) = F()(1'). This shows that
S o(f(p) = f(p). Thus f(u) is a o-fuzzy ideal of M.

Theorem 4.3. Let f : L — M be a homomorphism. Then the pre-image of a
o-fuzzy ideal of M is a o-fuzzy ideal of L.

Proof. Let 6 be a o-fuzzy ideal of M. Then (y) = 0(y**), for all y € M and f~1(9)
is a fuzzy ideal of L. Now we prove f~1(0)(a) = f~1(0)(a**), for all @ € L. For
any any a € L, f-(0)(a) = 0(/()) = 0(f(a)"") = f~1(6)(a™). Thus [~ (9)(a) =
f71(0)(a**), for all a € L. So f~1(#) is a o-fuzzy ideal of L. O

Theorem 4.4. Let f : L — M be an onto homomorphism and Kerf = {0}. Then
there is a homomorphism between FI,(L) and FI,(M).
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Proof. Define g : FI,(L) — FI,(M) by g(u) = f(u), for each p € FI,(L). Clearly,
X{o}, xr € FI;(L). Since Kerf = {0} and f is onto, we get f(x{0}) = X{¢'} and
f(xz) = xar. This implies g(x{0}) = Xj¢'y and g(xr) = xm- Let p, 0 € FI;(L).
Then p N6 and pVo are o-fuzzy ideals. Thus f(pN0) and f(uVe) are o-fuzzy ideals
of M. Since pN6 C pand pN6 C 0, we have f(uN6) C f(O)N f(u). For any y € M,
(f(w) N f(0))(y) = sup{p(a) s a € f~(y), a € L} A sup{8(b) : b€ f~'(y), be L}.
Since f is a homomorphism and f(a) =y, f(b) =y, we get f(a Ab) = y. Using this
fact, we have

(f()NFO))y) < sup{u(anb):anbe fH(y)}
A sup{f(anb):anbe fi(y)}
sup{u(a AD) AO(aAD):anDE fF(y)}
= sup{(pNO)(anb):arnbe f1(y)}

< sup{(pN0)(c): ce [ (y)}
= f(pno)(y).
So f(u) N f(0) = f(uN0). Again, clearly f(u)Vf(6) C f(uv). For any y € M,
fuvd)(y) = sup{(uvO)(z):x € f~'(y), z € L}

= sup{To(uVvo)(z):ze f(y), zeL}
= sup{sup{(nV0)(a): a” =2} : f(z) = y}
= sup{sup{sup{p(ai) AO(az) : a1 Vazs=a}:a" =z"}: f(z) =y}

(FVf@)(y) = Sup{(f(p)V f(0))®):b" =y}
= Sup{f(nVO)(b): 0" =y}
= Sup{Sup{(uV 0)(c) : c€ fLB)} b =y}
= Sup{Sup{Sup{p(ci) NO(ca) :c1Vea=c}: f(c)=b}:b" =y*}.

Now, put A = {(a1,a2) € LX L: (a1 Va2)* = z*, f(z) = y} and B = {(¢1,¢2) €
LxL:f(ciVer)=0b, b* =y*}. If (a1,a2) € A, then (a1 Vaz)* =2z* and f(z) =y.
This implies (f(a1Vag))* = y*. Put b = f(a1Vaz). Then b* = y*. Thus (a1,az2) € B
and A C B. So f(11v0) € f(u)Vf(6). Hence f(uv8) = f(u)Vf(6). O

5. CONCLUSIONS

In this work, we studied the concept of o-fuzzy ideals in distributive p-algebras.
We prove that the set of all o-fuzzy ideals forms a complete distributive lattice. We
also show that every proper o-fuzzy ideal is the intersection of all prime o-fuzzy
ideals containing it. Finally, we prove that the image and pre-image of o-fuzzy
ideals are also o-fuzzy ideals. Our future work will focus on o-fuzzy ideals in a 0-1
distributive lattice.
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