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1. Introduction

The non trivial example of semiring first appeared in the work of German math-
ematician Richard Dedikind in 1894 in connection with the algebra of ideals of a
commutative ring. The notion of semiring was introduced by American mathemati-
cian Vandiver [35] in 1934. Semiring is a well known universal algebra. Semiring have
been used for studying optimization theory, graph theory, matrices, determinants,
theory of automata, coding theory, analysis of computer programmes, etc.

The concept of incline was first introduced by Cao et al. [3] in 1984. Inclines are
additively idempotent semirings in which products are less than or equal to either
factor. Products reduce the values of quantities and make them go down which is
why the structures were named inclines. Idempotent semirings and Kleene algebras
have recently been established as fundamental structures in computer sciences. An
incline is a generalization of Boolean algebra, fuzzy algebra and distributive lattice
and incline is a special type of semiring. An incline has both semiring structure and
the poset structure. Every distributive lattice and every Boolean algebra is an in-
cline but an incline need not be a distributive lattice. Set of all idempotent elements
in an incline is a distributive lattice. Yao and Han studied the relations between
ideals, filters and congruences in inclines and it is shown that there is a one to one
correspondence between the set of all ideals and the set of all regular congruences.
Kim and Rowsh have studied matrices over an incline. Many research scholars have
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been researched the theory of incline matrices. Few research scholars studied the
algebraic structure of incline. Inclines and matrices over inclines are useful tools in
diverse areas such as automata theory, design of switching circuits, graph theory,
information systems, modeling, decision making, dynamical programming, control
theory, classical and non classical path finding problems in graphs, fuzzy set theory,
data analysis, medical diagnosis, nervous system, probable reasoning, physical mea-
surement and so on.
The notion of Γ-ring was introduced by Nobusawa [29] as a generalization of ring in
1964. Sen [31] introduced the notion of Γ-semigroup in 1981. The notion of ternary
algebraic system was introduced by Lehmer [12] in 1932. Lister introduced ternary
ring. Dutta and Kar [4] introduced the notion of ternary semiring which is a gen-
eralization of ternary ring and semiring. In 1995, Murali Krishna Rao [15, 16, 17]
introduced the notion of Γ-semiring which is a generalization of Γ-ring, ternary
semiring and semiring. After the paper [15] was published, many mathematicians
obtained interesting results on Γ-semirings. Murali Krishna Rao and Venkateswarlu
[26] introduced the notion of regular Γ-incline and field Γ-semiring.

Ahn et al. [1, 2] studied ideals in incline and quotient incline. Ideals play an
important role in advance studies and uses of algebraic structures. Generalization of
ideals in algebraic structures is necessary for further study of algebraic structures.
Many mathematicians proved important results and characterization of algebraic
structures by using the concept and the properties of generalization of ideals in
algebraic structures. The notion of ideals was introduced by Dedekind for the theory
of algebraic numbers and it was generalized by Noether for associative rings. The
one and two sided ideals introduced by her, are still central concepts in ring theory
and the notion of a one sided ideal of any algebraic structure is a generalization
of notion of an ideal. In 1952, the concept of bi-ideals was introduced by Good
and Hughes [5] for semigroups. Henriksen [6] studied ideals in semigroups. The
notion of bi-ideals in rings and semirings were introduced by Lajos and Szasz [11].
Quasi ideals are generalization of right ideals and left ideals whereas bi-ideals are
generalization of quasi ideals. In 1956, Steinfeld [33] first introduced the notion of
quasi ideals for semigroups and then for rings. Iseki [7] introduced the concept of
quasi ideal for a semiring. Quasi ideals in Γ-semirings were studied by Jagtap and
Pawar [8]. Murali Krishna Rao [24] introduced the concept of bi-interior ideal for a
semigroup.

The fuzzy set theory was developed by Zadeh [36] in 1965. Many papers on fuzzy
sets appeared showing the importance of the concept and its applications to logic, set
theory, group theory, ring theory, real analysis, topology, measure theory etc. The
fuzzification of algebraic structure was introduced by Rosenfeld [30] with the notion
of fuzzy subgroups in 1971. Swamy and Swamy [34] studied fuzzy prime ideals in
rings in 1988. In 1982, Liu [13] defined and studied fuzzy subrings as well as fuzzy
ideals in rings. Applying the concept of fuzzy sets to the theory of Γ-ring, Jun and
Lee [9] introduced the notion of fuzzy ideals in Γ-ring and studied the properties of
fuzzy ideals of Γ-ring. Murali Krishna Rao and Venkateswarlu [27] studied L-fuzzy
ideals in Γ-semirings. Mandal [14] studied fuzzy ideals and fuzzy interior ideals
in an ordered semiring. Murali Krishna Rao [18, 19, 20, 21, 22, 23, 25, 28] studied
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fuzzy soft Γ-semiring, fuzzy soft k-ideal, T -fuzzy ideals,left bi-quasi ideals, bi interior
ideals in semigroups and Γ-semirings. Kuroki [10] studied fuzzy interior ideals in
semigroups. Srinivas and Nagaiah [32] studied some results on T−Fuzzy ideals of
Γ-near-rings.

In this paper, we introduce the notion of ideal, k-ideal, r-ideal, fuzzy ideal, fuzzy
r-ideal and fuzzy k-ideal in Γ-incline. We study the properties of fuzzy ideal, fuzzy
r-ideal and fuzzy k−ideal in Γ-incline and relations between them.

2. Preliminaries

In this section, we will recall some of the fundamental concepts and definitions
which are necessary for this paper.

Definition 2.1. A commutative incline M with additive identity 0 and multiplica-
tive identity 1 is a non-empty set M with operations addition (+) and multiplication
(·) defined on M ×M → M such that satisfying the following conditions: for all
x, y, z ∈M,

(i) x+ y = y + x,
(ii) x+ x = x,

(iii) x+ xy = x,
(iv) y + xy = y,
(v) x+ (y + z) = (x+ y) + z,
(vi) x(yz) = x(yz),

(vii) x(y + z) = xy + xz,
(viii) (x+ y)z = xz + yz,

(ix) x1 = 1x = x,
(x) x+ 0 = 0 + x = x,
(xi) xy = yx.

Definition 2.2. Let (M,+) and (Γ,+) be commutative semigroups. Then we call
M as a Γ-semiring, if there exists a mapping M × Γ ×M → M (x, α, y) is written
as xαy such that it satisfies the following axioms: for all x, y, z ∈M and α, β ∈ Γ,

(i) xα(y + z) = xαy + xαz,
(ii) (x+ y)αz = xαz + yαz,
(iii) x(α+ β)y = xαy + xβy,
(iv) xα(yβz) = (xαy)βz.

Every semiring R is a Γ-semiring with Γ = R and ternary operation xγy as the
usual semiring multiplication.

Definition 2.3. Let (M,+) and (Γ,+) be commutative semigroups. If there exists
a mapping M × Γ ×M → M

(
(x, α, y) → xαy

)
such that it satisfies the following

axioms: for all x, y, z ∈M and α, β ∈ Γ,

(i) xα(y + z) = xαy + xαz,
(ii) (x+ y)αz = xαz + yαz,
(iii) x(α+ β)y = xαy + xβy,
(iv) xα(yβz) = (xαy)βz,
(v) x+ x = x,
(vi) x+ xαy = x,
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(vii) y + xαy = y.

Then M is called a Γ-incline.

Every incline M is a Γ-incline with Γ = M and ternary operation xγy as the
usual incline multiplication.

In an Γ-incline define the order relation such that for all x, y ∈ M,y ≤ x if and
only if y + x = x. Obviously ≤ is a partially order relation over M.

Definition 2.4. A Γ−incline M is said to have zero element, if there exists an
element 0 ∈M such that 0 + x = x = x+ 0 and 0αx = xα0 = 0, for all x ∈M.

Definition 2.5. A Γ-incline M is said to be commutative Γ-incline, if xαy = yαx,
for all x, y ∈M.

Definition 2.6. A Γ-subincline I of a Γ-incline M is a non-empty subset of M
which is closed under the Γ-incline operations addition and ternary operation.

Definition 2.7. An element a ∈ M is said to be idempotent of M , if there exists
α ∈ Γ such that a = aαa and a is also said to be α-idempotent.

Definition 2.8. If every element of M is an idempotent of M then M is said to be
an idempotent Γ-incline M.

Definition 2.9. If every element of M is a regular element of M then M is said to
be a regular Γ-incline M.

Example 2.10. If M = [0, 1] and Γ = N, a binary operation + is defined as
a + b = max{a, b} and ternary operation is defined as xry = min{x, r, y}, for all
x, y ∈M, r ∈ Γ, then M is a Γ-incline .

Example 2.11. If M = [0, 1],Γ = {0, 1}, binary operation + is maximum, ternary
operation aαb is usual multiplication, for all a, b ∈ M,α ∈ Γ, then M is Γ-incline
with unity 1.

Definition 2.12. Let M and N be Γ-inclines. A mapping f : M → N is called a
homomorphism, if

(i) f(a+ b) = f(a) + f(b),
(ii) f(aαb) = f(a)αf(b), for all a, b ∈M,α ∈ Γ.

Definition 2.13. Let M be a non-empty set. A mapping µ : M → [0, 1] is called a
fuzzy subset of M.

Definition 2.14. If µ is a fuzzy subset of M and t ∈ [0, 1], then the set µt = {x ∈
M | µ(x) ≥ t} is called a level subset of M with respect to the fuzzy subset µ.

Definition 2.15. A fuzzy subset µ : M → [0, 1] is a non-empty fuzzy subset, if µ is
not a constant function.

Definition 2.16. For any two fuzzy subsets λ and µ ofM, λ ⊆ µmeans λ(x) ≤ µ(x),
for all x ∈M.

Definition 2.17. Let A be a non-empty subset of M. The characteristic function
of A is a fuzzy subset of M is defined by:

χ
A

(x) =

{
1, if x ∈ A;
0, if x /∈ A.
250
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Definition 2.18. Let φ : M →M ‘ be a homomorphism of Γ-semirings and f be a
fuzzy subset of M. We define a fuzzy subset φ(f) of M ‘ by:

φ(f)(x) =

 sup
y∈φ−1(x)

f(y), if φ−1(x) 6= ∅,

0, otherwise
.

Definition 2.19. Let φ : M → N be a homomorphism of Γ-semiringsM,N and µ be
a fuzzy subset of M. Then µ is said to be φ-homomorphism invariant, if φ(a) = φ(b),
then µ(a) = µ(b), for all a, b ∈M.

Definition 2.20. Let M be a Γ-semiring. A fuzzy subset µ of M is said to be fuzzy
Γ-subsemiring of M , if it satisfying the following conditions:

(i) µ(x+ y) ≥ min {µ(x), µ(y)},
(ii) µ(xαy) ≥ min {µ(x), µ(y)}, for all x, y ∈M,α ∈ Γ.

Definition 2.21. A fuzzy subset µ of a Γ-semiring M is called a fuzzy left (right)
ideal of M , if it satisfying the following conditions:

(i) µ(x+ y) ≥ min{µ(x), µ(y)},
(ii) µ(xαy) ≥ µ(y) (µ(x)), for all x, y ∈M,α ∈ Γ.

Definition 2.22. A fuzzy subset µ of a Γ-semiring M is called a fuzzy ideal of M ,
if it satisfying the following conditions:

(i) µ(x+ y) ≥ min{µ(x), µ(y)},
(ii) µ(xαy) ≥ max {µ(x), µ(y)}, for all x, y ∈M,α ∈ Γ.

3. Fuzzy ideals, fuzzy r-ideals and fuzzy k-ideals in Γ-incline

In this section, we introduce the notion of ideal, r−ideal, k−ideal, fuzzy ideal,
fuzzy r−ideal and fuzzy k-ideal in Γ-inclines. We study the properties of fuzzy ideals,
fuzzy k-ideals and fuzzy r-ideals in Γ-incline.

Definition 3.1. A Γ-subincline I of a Γ-incline M is a non-empty subset of M
which is closed under the Γ-incline operations addition and ternary operation.

Definition 3.2. A Γ-subincline I of a Γ-incline M is called an ideal, if it is a lower
set, i.e., for any x ∈ I, y ∈M and y ≤ x⇒ y ∈ I.

Definition 3.3. A Γ-subincline I of a Γ-incline M is said to be left (right) r-ideal
of M , if MΓI ⊆ I (IΓM ⊆ I).

Definition 3.4. If I is both left and right r-ideal then I is called a r-ideal of a
Γ-incline M.

Definition 3.5. A Γ-subincline I of a Γ-incline M is said to be k-ideal, if x ∈
M, x+ y ∈ I, y ∈ I, then x ∈ I.

Definition 3.6. A Γ-incline M is said to be r-simple, if it has no proper r-ideals of
M.

Theorem 3.7. Let I be a subincline of a Γ-incline M. Then I is an ideal of M if
and only if I is a k-ideal of M.
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Proof. Let I be an ideal of the Γ-incline M, x ∈M, x+ y ∈ I and y ∈ I. Then

x+ y =(x+ x) + y

=x+ (x+ y)

⇒ x ≤ x+ y.

Thus by definition of an ideal, x ∈ I. So I is a k-ideal of M.
Conversely, suppose that I is a k-ideal of the Γ-incline M. Let y ∈ M,x ∈ I and

y ≤ x. Then y+x = x. Thus y+x ∈ I. Since I is a k-ideal of the Γ-incline M, y ∈ I.
So I is an ideal of the Γ-incline M. �

Theorem 3.8. If I is a r−ideal of an idempotent Γ-incline M , then I is a k-ideal
of M.

Proof. Suppose x + y ∈ I, y ∈ I and x ∈ M. Then x + xβy = x, for all β ∈ Γ and
there exists α ∈ Γ such that xαx = x. We have x+ yαx = x.

(x+ y)αx ∈ I
⇒xαx+ yαx ∈ I
⇒x+ yαx ∈ I
⇒x ∈ I.

Suppose x ≤ y, y ∈ I. Then x + y = y. Thus x ∈ I. So I is a k-ideal of the
Γ-incline M. �

Theorem 3.9. Let M be a Γ-incline. If I is an ideal of a Γ-incline M , then I is a
r-ideal of M.

Proof. Suppose I is an ideal of the Γ-incline M, x ∈ I, y ∈ M and α ∈ Γ. Then
xαy ≤ x and yαx ≤ x. Since I is an ideal, xαy, yαx ∈ I. Thus I is a r-ideal of the
Γ-incline M. �

The following example shows that converse of the Theorem 3.9 need not be true.

Example 3.10. Let I = [0, 1] be a set of real numbers between 0 and 1 with
x + y = max{x, y} and x · y = xy, where · is a usual multiplication for all x, y ∈ I.
Then I is a incline.

Let M be the set of all 2 × 2 matrices whose elements be in I and Γ = M. Now
we define as

A+B = (aij + bij) and A×B = (aijbij),

where A = (aij)andB = (bij) are in M. Then M is a Γ−incline.

LetB =

{(
a b
0 0

)
| a 6= b, a, b ∈ I

}
. Suppose

(
a b
0 0

)
∈ B,

(
x y
z w

)(
p q
r s

)
∈

M. Then

(
a b
0 0

)(
x y
z w

)(
p q
r s

)
=

(
apx bqy
0 0

)
∈ B.

Suppose A = (aij) and B = (bij) ∈ M. We define A ≤ B if and only if aij ≤ bij ,

for all i, j. Then we have

(
0.5 0.5
0 0

)
≤
(

0.5 0.6
0 0

)
∈ B but

(
0.5 0.5
0 0

)
/∈ B.

Thus B is a r−ideal but not an ideal of the Γ-incline M.
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Definition 3.11. A fuzzy subset µ of a Γ−incline M is called a fuzzy Γ-subincline
of M , if the fuzzy subset µ satisfies:

(i) µ(x+ y) ≥ min{µ(x), µ(y)},
(ii) µ(xαy) ≥ min{µ(x), µ(y)}, for all x, y ∈M and α ∈ Γ.

Definition 3.12. A fuzzy Γ-subincline µ of a Γ−incline M is called a fuzzy ideal
of M , if it satisfies

µ(x) ≥ µ(y), if x ≤ y, for all x, y ∈M.

Definition 3.13. Let M be a Γ-incline and µ be a fuzzy ideal of a Γ-incline M.
Then µ is called a fuzzy k-ideal of a Γ-incline M , if it satisfies

µ(x) ≥ min{µ(x+ y), µ(y)}, for all x, y ∈M.

Definition 3.14. A fuzzy ideal µ of a Γ-incline M is called a fuzzy r-left (right)
ideal, if µ(xαy) ≥ µ(y) (µ(x)), for all x, y ∈M and α ∈ Γ.

Definition 3.15. A fuzzy ideal µ of a Γ-incline M is called a fuzzy r-ideal of M , if
µ is a left and right fuzzy r-ideal of M.

Example 3.16. Let M be a Γ-incline. Then set I = {a | a ≤ x} is an ideal of M.
Define a fuzzy subset µ of M by:

µ(x) =

{
0.8, if x ∈ I,
0.3, otherwise.

Then it is obvious that µ is a fuzzy ideal of Γ-incline.

Definition 3.17. For any r−ideal I of a Γ-incline M, the fuzzy subset defined by

µ(x) =

{
s, if x ∈ I
t, otherwise,

for all s, t ∈ [0, 1] with s > t.

Theorem 3.18. Let M be a Γ-incline and µ be a fuzzy Γ-subincline of M. Then µ
is a fuzzy ideal of M if and only if µ is a fuzzy k-ideal of M.

Proof. Suppose µ is a fuzzy ideal of the Γ-incline M. Let x, y ∈ M and x + y = z.
Then z = x+ y = x+ x+ y = x+ z. Thus x ≤ z. So µ(x) ≥ µ(z) = µ(x+ y). Hence
µ(x) ≥ min{µ(y), µ(x+ y)}. Therefore µ is a fuzzy k-ideal of M.

Conversely, suppose that µ is a fuzzy k-ideal of M. Let x, y ∈M and x ≤ y. Then
x+ y = y and

µ(x) ≥ min{µ(y), µ(x+ y)}
= min{µ(y), µ(y)}
= µ(y).

Thus µ is a fuzzy ideal of M. �

Let µ be a fuzzy subset of a Γ-inclineM. Then the set {x ∈M | µ(x) ≥ t, t ∈ [0, 1]}
is called a level subset of M and it is denoted by µt.

Theorem 3.19. A fuzzy subset µ of a Γ-incline M is a fuzzy ideal of M if and only
if µt is an ideal of M.

253



Murali Krishna Rao et al. /Ann. Fuzzy Math. Inform. 17 (2019), No. 3, 247–263

Corollary 3.20. A fuzzy subset µ of a Γ-incline M is a fuzzy r-ideal of M if and
only if µt is a r-ideal of M.

Theorem 3.21. A fuzzy subset µ of M is a fuzzy r-left ideal of a Γ-incline M if
and only if the non-empty level subset µt is a r-left ideal of M.

Proof. Suppose µ is a fuzzy r-left ideal of the Γ-incline M. Let x ∈ M,a ∈ µt and
α ∈ Γ. Then µ(xαa) ≥ µ(a) ≥ t. Thus xαa ∈ µt. So level subset µt is a r-left ideal
of M.

Conversely, suppose that level subset µt 6= ∅ is a r-left ideal of M, for all t ∈
[0, 1]. Assume that there exists x, y ∈ M,α ∈ Γ such that µ(xαy) < µ(y). Then
µ(xαy) < t0 < µ(y), where t0 = 1

2 (µ(xαy) + µ(y)). Thus y ∈ µt0 but xαy /∈ µt0 ,
which is a contradiction. So µ(xαy) ≥ µ(y), for all x, y ∈ M. Hence µ is a fuzzy
r-left ideal of M. �

Corollary 3.22. A fuzzy subset µ of a Γ−incline M is a fuzzy r-right ideal of M
if and only if the non-empty level subset µt is a r-right ideal of M.

Corollary 3.23. A fuzzy subset µ of a Γ-incline M is a fuzzy r-ideal of the Γ-incline
M if and only if the non-empty level subset µt is a r-ideal of M.

Theorem 3.24. Let I be any r-left ideal of M. Then there exists a fuzzy r-left ideal
µ of M such that µt = I, for some t ∈ [0, 1].

Proof. Let µ be a fuzzy subset of M defined by:

µ(x) =

{
t ∈ (0, 1], if x ∈ I,
0, otherwise.

Then it is clear that µt = I.
Suppose s ∈ [0, 1]. Then

µs =

 µ0 = M, if s = 0,
µt = I, if 0 < s ≤ t,
∅, if t < s ≤ 1.

Thus µs is a r-left ideal. Therefore µ is a fuzzy r-left ideal of M, by Theorem
3.21. �

Theorem 3.25. Let N be a non-empty subset of M. A fuzzy subset µ of a Γ-incline
M is defined by:

µ(x) =

{
s, if x satisfies aα(aαx) = 0, for all a ∈ N and α ∈ Γ,
t, otherwise,

where s > t, s, t ∈ [0, 1]. Then µ is a fuzzy r-right ideal of M.
254



Murali Krishna Rao et al. /Ann. Fuzzy Math. Inform. 17 (2019), No. 3, 247–263

Proof. Let x, y ∈M and aα(aαx) = 0, aα(aαy) = 0, for all a ∈ N and α ∈ Γ. Then

aα(aα(x+ y)) = aα(aαx+ aαy))

= aα(aαx) + aα(aαy)

= 0.

aα(aα(xαy)) = aα(aαx)αy

= 0αy

= 0.

µ(x+ y) = s, µ(xαy) = s

µ(x+ y) = min{µ(x), µ(y)}.
µ(xαy) = min{µ(x), µ(y)}.

Thus µ is a fuzzy Γ−subincline of M.
Let x, y ∈M,x ≤ y and a ∈ N and y ∈ Annl(N). Then x+ y = y

0 = aα(aαy)

= aα(aα(x+ y))

= aα(aαx) + aα(aαy)

= aα(aαx)

⇒ x ∈ Annl(N).

Thus µ(x) = µ(y) = s.
Suppose y /∈ Annl(N). Then µ(y) = t ≤ µ(x). Thus µ is a fuzzy ideal of M.
Suppose x, y ∈ M, α ∈ Γ and x ∈ Annl(N). Then aα(aαxαy) ≤ aα(aαx) = 0.

Thus xαy ∈ Annl(N). So µ(xαy) = s = µ(x). Otherwise, µ(xαy) = t ≤ µ(x). Hence
µ is a fuzzy r-right ideal of M. �

Definition 3.26. A function f : M → N where M and N are Γ-inclines is called a
homomorphism of Γ-inclines, if
f(a+ b) = f(a) + f(b), f(aαb) = f(a)αf(b) and a ≤ b⇒ f(a) ≤ f(b), for all a, b ∈
M,α ∈ Γ.

Definition 3.27. Let φ : M → M ‘ be a homomorphism of Γ-inclines and f be a
fuzzy subset of M. We define a fuzzy subset φ(f) of M ‘ by:

φ(f)(x) =

 sup
y∈φ−1(x)

f(y), if φ−1(x) 6= ∅,

0, otherwise.

Definition 3.28. Let a function φ : M → N be a homomorphism of Γ-inclines M,N
and µ be a fuzzy subset of M. Then µ is said to be φ-homomorphism invariant, if
φ(a) ≤ φ(b), then µ(a) ≤ µ(b), for all a, b ∈M.

Theorem 3.29. Let M and N be Γ-inclines and φ : M → N be an onto homomor-
phism. If f is a homomorphism φ-invariant fuzzy k-ideal of M , then φ(f) is a fuzzy
k-ideal of N.
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Proof. Let M and N be Γ-inclines, φ : M → N be an onto homomorphism, f be a
homomorphism φ-invariant fuzzy ideal of M and a ∈M. Suppose x ∈ N, t ∈ φ−1(x)
and x = φ(a). Then a ∈ φ−1(x) ⇒ φ(t) = x = φ(a),

φ(aαb) =φ(a)αφ(b)

=xαy

φ(f)(xαy) =f(aαb)

≤min{f(a), f(b)}
= min{φ(f(x)), φ(f(y))}.

Since f is a φ-invariant, f(t) = f(a). Thus φ(f)(x) = sup
t∈φ−1(x)

{f(t)} = f(a). So

φ(f)(x) = f(a).
Let x, y ∈ N. Then there exist a, b ∈ M such that φ(a) = x and φ(b) = y. Thus

φ(a+ b) = x+ y. So

φ(f)(x+ y) = f(a+ b) ≤ max{f(a), f(b)} = min{φ(f)(x), φ(f)(y)}.

Since f is a fuzzy k-ideal, we have

f(a) ≤ max{f(a+ b), f(b)}.

Hence φ(f)(x) ≤ max{φ(f)(x+ y), φ(f)(y)}, for all x, y ∈M.
Let x, y ∈ N and x ≤ y. Then there exist a, b ∈ M such that φ(a) = x, φ(b) = y

and φ(f)(x) = f(a), φ(f)(y) = f(b). Thus

x ≤ y ⇒φ(a) ≤ φ(b)

⇒f(a) ≤ f(b)

⇒φ(f)(x) ≤ φ(f)(y).

So φ(f) is a fuzzy k-ideal of N. Hence the theorem holds. �

Definition 3.30. Let M and N be be a Γ-inclines and f be a function from M into
N. If µ is a fuzzy ideal of N then the pre-image of µ under f is the fuzzy subset of
M, defined by f−1(µ)(x) = µ(f(x)), for all x ∈M.

Theorem 3.31. Every homomorphic pre-image of a fuzzy r-ideal of a Γ-incline is
a fuzzy r−ideal.
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Proof. Let f : M → N be a homomorphism of Γ-inclines and µ be a fuzzy ideal of
N. Suppose x, y ∈M,α ∈ Γ. Then

f−1(µ)(x+ y) = µ[f(x+ y)]

= µ(f(x) + f(y)]

≥ min{µ(f(x)), µ(f(y))}
= min{f−1(µ)(x), f−1(µ)(y)}

f−1(µ)(xαy) = µ[f(xαy)]

= µ(f(x)αf(y)]

≥ min{µ(f(x)), µ(f(y))}
= min{f−1(µ)(x), f−1(µ)(y)}.

Thus f−1(µ) is a Γ-subincline of M.
Suppose x, y ∈ M,x ≤ y and α ∈ Γ. Then x + y = y. Thus f(y) = f(x + y) =

f(x) + f(y). So f(x) ≤ f(y). Hence f−1(µ)(x) = µ(f(x)) ≥ µ(f(y)) = f−1(µ)(y)
and so f−1(µ)(xαy) = µ[f(xαy)] = µ(f(x)αf(y)] ≥ µ(f(y)) = f−1(µ)(y).

Similarly, f−1(µ)(xαy) ≥ f−1(µ)(x). Therefore f−1(µ) is a fuzzy r-ideal ofM. �

Definition 3.32. A fuzzy r-ideal µ of a Γ-incline M is called a characteristic fuzzy
ideal of M , if µ(f(x)) = µ(x), for all x ∈M and for all f ∈ Aut(M).

Definition 3.33. A r-ideal I of a Γ-incline M is said to be characteristic r−ideal,
if f(I) = I, for all f ∈ Aut(M).

Theorem 3.34. Let I be a non-empty subset of a Γ-incline M. Then I is a charac-
teristic r−ideal of M if and only if its characteristic function χI is a characteristic
fuzzy r-ideal of M.

Proof. Let I be a characteristic r-ideal of M. Then I is a r-ideal of M.
If x ∈ I, then χI(x) = 1. Thus for all f ∈ Aut(M), f(I) = I ⇒ χI(f(x)) = 1.
If x /∈ I, then χI(x) = 0. Thus f(x) /∈ f(I), χI(f(x)) = 0.

So χI is a characteristic fuzzy r-ideal of M..
Conversely, suppose that χI is a characteristic fuzzy r-ideal of M. Then I is a

r-ideal of M.
Suppose x ∈ I and f ∈ Aut(M). Then χI(x) = 1. Thus χI(f(x)) = χI(x) = 1.

So f(x) ∈ I. Hence f(I) ⊆ I.
Suppose a ∈ I, f ∈ Aut(M). Then there exists b ∈M such that f(b) = a.
Suppose b /∈ I. Then χI(a) = 0 and χI(f(b)) = χI(b) = 0. Thus a /∈ I, which is a

contradiction. So b ∈ I. Hence a = f(b) ∈ f(I). Therefore I ⊆ f(I). �

Definition 3.35. A fuzzy r-left (right) ideal of a Γ-incline M is called a normal, if
µ(0) = 1.

Theorem 3.36. Let µ be a fuzzy r-left (right) ideal of M. If µ+(x) = µ(x)+1−µ(0),
for all x ∈M , then µ+ is a normal fuzzy r-left ideal and µ ⊆ µ+.

Theorem 3.37. Let µ+(x) = µ(x) + 1−µ(0), where µ is a fuzzy r-left (right) ideal
of a Γ-incline M. Then
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(1) µ++

= µ,
(2) If µ+(x) = 0 then µ(x) = 0,
(3) If µ is normal, then µ+ = µ.

Theorem 3.38. If µ is a fuzzy ideal of a Γ-incline M , then µ(x+y) = min{µ(x), µ(y)},
for all x, y ∈M.

Proof. It is obvious that

(3.1) µ(x+ y) ≥ min{µ(x), µ(y)}, for all x, y ∈M.

Let x, y ∈M. Then

x+ (x+ y) = (x+ x) + y = x+ y,

y + (x+ y) = (y + x) + y = (x+ y) + y = x+ y + y = x+ y.

Thus x ≤ (x+ y), y ≤ (x+ y).
Since µ is a fuzzy ideal of M , we have

x ≤ (x+ y)⇒ µ(x) ≥ µ(x+ y)

y ≤ (x+ y)⇒ µ(y) ≥ µ(x+ y).

So

(3.2) µ(x+ y) ≤ min{µ(x), µ(y)}.

From (3.1) and (3.1), µ(x+ y) = min{µ(x), µ(y)}. This completes the proof. �

Definition 3.39. If µ is a fuzzy r-ideal of a Γ-incline M and δ is an endomorphism
of M , then we define a mapping µδ : M → [0, 1] by µδ(x) = µ(δ(x)), for all x ∈M.

Theorem 3.40. If µ is a fuzzy r-ideal and δ is an endomorphism of a Γ-incline M,
then µδ is a fuzzy r-ideal of M.

Proof. Suppose x, y ∈M and α ∈ Γ. Then

µδ(x+ y) = µ(δ(x+ y))

= µ(δ(x) + δ(y))

≥ min{µ(δ(x)), µ(δ(y))},

µδ(xαy) = µ(δ(xαy))

= min{µ(δ(x)), µ(δ(y))}
= µ(δ(x)αδ(y))

≥ min{µ(δ(x)), µ(δ(y))}.

Thus µ is a fuzzy Γ-subincline of M.
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Let µ be a fuzzy r-ideal of M , x, y ∈M and α ∈ Γ. Then

µδ(x+ y) = µ(δ(x+ y))

= µ(δ(x) + δ(y))

≥ min{µ(δ(x)), µ(δ(y))}

= min{µδ(x), µδδ(y)},

µδ(xαy) = µ(δ(xαy))

= µ(δ(x)αδ(y))

≥ max{µ(δ(x)), µ(δ(y))}

= max{µδ(x), µδδ(y)}.

Thus µδ is a fuzzy r-ideal of M. �

Theorem 3.41. Let M be a Γ−incline. Then µ is a characteristic fuzzy r− ideal
of M if and only if each level subset µt of M is a characteristic r−ideal of M.

Proof. Let µ be a characteristic fuzzy r-ideal of M. Then µt, t ∈ Im(µ) is a r-ideal
of M.

Suppose δ is an automorphism of M and x ∈ µt. Since µ is a fuzzy characteristic,
we have µ(δ(x)) = µ(x) ≥ t. Thus δ(x) ∈ µt. So δ(µt) ⊆ µt.

Let y ∈ µt. Then there exists x ∈M such that δ(x) = y. Thus

µ(x) = µ(δ(x)) = µ(y) ≥ t.
So x ∈ µt and thus y = δ(x) ∈ δ(µt) ⇒ µt ⊆ δ(µt). Hence δ(µt) = µt. Therefore µ
is a characteristic r-ideal of M.

Conversely, suppose that the level subset µt of M is a characteristic r-ideal of
M,x ∈ M, δ is an automorphism of M and µ(x) = t. Then x /∈ µs, for all s > t.
Thus we have

δ(µt) = µt

⇒ δ(x) ∈ δ(µt) = µt

⇒ µ(δ(x)) ≥ t = µ(x).

Suppose µ(δ(x)) = s and s > t. Then δ(x) ∈ µs = δ(µs). Thus x ∈ µs, since δ
is an automorphism. This a contradiction. So µ(δ(x)) = t = µ(x). Hence µ is a
characteristic fuzzy r-ideal of M. This completes the proof. �

The following theorem can be verified easily.

Theorem 3.42. Let M,S be Γ-inclines. If we define
(1) (x, y) + (z, w) = (x+ z, y + w),
(2) (x, y)α(z, w) = (xαz, yαw), for all (x, y), (z, w) ∈M × S, α ∈ Γ,

then M × S is a Γ-incline M.

Definition 3.43. Let µ and γ be fuzzy subsets of X. The cartesian product of µ
and γ is defined by µ× γ(x, y) = min{µ(x), γ(y)}, for all (x, y) ∈ X ×X.

Definition 3.44. Let µ and γ be fuzzy k−ideals of a Γ-incline M. Then µ × γ is
said to be fuzzy left (right) k-ideal of M ×M , if
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(i) µ× γ((x, z) + (y, w)) ≥ min{µ(x+ y), γ(z + w)},
(ii) µ× γ((x, z)α(y, w)) ≥ min

{
µ× γ(y, w), µ× γ(x, z)

}
,

(iii) if (x, z) ≤ (y, w), then µ× γ(x, z) ≥ µ× γ(y, w),
(iv) µ× γ(x, z) ≥ min{µ× γ(x+ y, z + y), µ× γ(y, y)}, for all (x, z), (y, w) ∈

M ×M,α ∈ Γ.

Theorem 3.45. Let µ be a fuzzy subset of a Γ-incline M. If µ is a fuzzy k-ideal,
then µ× µ is a fuzzy k-ideal of a Γ-incline M ×M.

Proof. Suppose µ is a fuzzy k-ideal of a Γ-incline M and (x, x) ∈ M × M. It is
obvious that µ× µ is a fuzzy k-ideal of a Γ-incline M ×M. Then
µ× µ(x, z) = min{µ(x), µ(z)}

≥ min{min{µ(x+ y), µ(y)},min{µ(z + y), µ(y)}}
= min{min{µ(x+ y), µ(z + y)},min{µ(y), µ(y)}}
= min{µ× µ(x+ y, z + y), µ× µ(y, y)},

for all (x, z) ∈M ×M,y ∈M. Thus µ× µ is a fuzzy k-ideal of M. �

Theorem 3.46. Let µ and γ be fuzzy k-ideals of a Γ-incline M. Then µ × γ is a
fuzzy k-ideal of a Γ-incline M ×M.

Proof. Let µ and γ be fuzzy k-ideals of the Γ-incline M and (x1, x2), (y1, y2) ∈
M ×M,α ∈ Γ. Then

µ× γ((x1, x2) + (y1, y2)) = µ× γ(x1 + y1, x2 + y2)
= min{µ(x1 + y1), γ(x2 + y2)}
≥ min{min{µ(x1), µ(y1)},min{γ(x2), γ(y2)}}
= min{min{µ(x1), γ(x2)},min{µ(y1), γ(y2)}}
= min{µ× γ(x1, x2), µ× γ(y1, y2)},

µ× γ((x1, x2)α(y1, y2)) = µ× γ(x1αy1, x2αy2)
= min{µ(x1αy1), γ(x2αy2)}
≥ min{µ(y1), γ(y2)}
= µ× γ(y1, y2),

µ× γ(x, z) = min{µ(x), γ(z)}
≥ min{min{µ(x+ y), µ(y)},min{γ(z + y), γ(y)}}
= min{min{µ(x+ y), γ(z + y)},min{µ(y), γ(y)}}
= min{µ× γ(x+ y, z + y), µ× γ(y, y)},

for all (x, z) ∈M ×M,y ∈M.
Suppose (x1, x2) ≤ (y1, y2). Then

µ× γ(x1, x2) = min{µ(x1), γ(x2)}
≥ min{µ(y1), γ(y2)}
= µ× γ(y1, y2).

Thus µ× γ is a fuzzy k-ideal of the Γ-incline M ×M. �

Corollary 3.47. Let M1 and M2 be Γ-inclines. If µ1 and µ2 are fuzzy left k-ideals
of M1 and M2 respectively, then µ = µ1 × µ2 is a fuzzy left k-ideal of the Γ-incline
M1 ×M2.
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Definition 3.48. A fuzzy relation on any set X is a fuzzy subset, if µ : X ×X →
[0, 1].

Definition 3.49. Let γ be a fuzzy subset on a set M. Then the strongest fuzzy
relation µγ on M is a fuzzy relation which is defined by:

µγ(x, y) = min(γ(x), γ(y)), for all (x, y) ∈M ×M.

Theorem 3.50. Let γ be a fuzzy subset of a Γ-incline M. Then γ is a fuzzy left
k-ideal of M if and only if the strongest fuzzy relation µγ on M is a fuzzy left k-ideal
of the a Γ-incline M ×M.

Proof. Suppose γ is a fuzzy k-ideal of the Γ-incline M. Then
µγ(x1, x2) = min(γ(x1), γ(x2))

= min(min(γ(x1 + y1), γ(y1)),min(γ(x2 + y2), γ(y2)))
= min(min(γ(x1 + y1), γ(x2 + y2)),min(γ(y1), γ(y2)))
= min(µγ(x1 + y1, x2 + y2), µγ(y1, y2)),

min(µγ(x1, x2), µγ(x1, x2)) = min(min(γ(x1), γ(x2)),min(γ(x1), γ(x2)))
= min(min(γ(x1), γ(x1)),min(γ(x2), γ(x2)))
= min(γ(x1), γ(x2))
= µγ(x1, x2), for all (x1, x2), (y1, y2) ∈M ×M.

Suppose (x1, x2), (y1, y2) ∈ M ×M and (x1, x2) ≤ (y1, y2). Then x1 ≤ y1, x2 ≤
y2. Thus γ(x1) ≥ γ(y1), γ(x2) ≥ γ(y2). So min{γ(x1), γ(x2)} ≥ min{γ(y1), γ(y2)}.
Hence µγ(x1, x2) ≥ µγ(y1, y2). Therefore µγ is a fuzzy left k− ideal of the Γ−incline
M.

Conversely, suppose that µγ is a fuzzy k-ideal of the Γ-incline M, x, y ∈ M and
α ∈ Γ. Then
γ(x+ y) = min{γ(x+ y), γ(x+ y)}

= µγ(x+ y, x+ y)
= µγ((x, x) + (y, y))
≥ min{µγ(x, x), µγ(y, y)}
= min{min{γ(x), γ(x)},min{γ(y), γ(y)}}
= min{min{γ(x), γ(y)},min{γ(x), γ(y)}}
= min{µγ(x, y), µγ(x, y)}
= min{µγ(x, y)}
= min{γ(x), γ(y)},

γ(xαy) = min{γ(xαy), γ(xαy)}
= µγ(xαy, xαy)
= µγ((x, x)α(y, y))
≥ µγ(y, y)
= min{γ(y), γ(y)} = γ(y),

γ(x) = min{γ(x), γ(x)}
= µγ(x, x)
≥ min{µγ(x+ y, x+ y), µγ(y, y)}
= min{min{γ(x+ y), γ(x+ y)},min{γ(y), γ(y)}}
= min{γ(x+ y), γ(y)}.

Suppose x, y ∈ M and x ≤ y. Then (x, x) ≤ (y, y). Thus µγ(x, x) ≥ µγ(y, y).
So min{γ(x), γ(x)} ≥ min{γ(y), γ(y)}. Hence γ(x) ≥ γ(y). Therefore γ is a fuzzy
k-ideal of the Γ-incline M. �
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Conclusion

In this paper, we introduced the notion of fuzzy r-ideal and fuzzy k-ideal in Γ-
incline. We studied the properties of fuzzy k-ideals and fuzzy r−ideals. We proved
that every homomorphic image (pre image) of fuzzy r-ideal is fuzzy r-ideal.
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