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ABSTRACT.

We define a bipolar fuzzy point and obtain some of its properties. Also
we introduce the concepts of a bipolar fuzzy topology, bipolar fuzzy base
and subbase and find some properties of each concept. Second, we define a
bipolar fuzzy neighborhood and continuity and obtain bipolar fuzzy ana-
logues of many results concerning to classical neighborhood and continuity.
Third, we introduce the concepts of a bipolar fuzzy subspace and a bipolar
fuzzy quotient space and find some properties of each concept. In partic-
ular, we prove the existence of the bipolar fuzzy initial topology Finally,
we define a compactness in bipolar fuzzy topological spaces and investi-
gate some of its properties. In particular, we obtain ‘Alexander Subbase
Theorem’ in the sense of bipolar fuzzy sets.
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1. INTRODUCTION

In 1994, Zhang [19] introduced the notion of a bipolar fuzzy set (Refer to [11, 12,

). After then, Jun and Park [6], Jun et al. [7] and Lee [10] applied bipolar fuzzy
sets to BCK/BCI-algebras. Moreover, Akram and Dudek [1] studied bipolar fuzzy
graph, and Majumder [14] introduced bipolar fuzzy I'-semigroup. Moreover, Talebi
et al [10] investigated operations on bipolar fuzzy graph. In particular, Azhagappan
and Kamaraj [3] investigated bipolar fuzzy topological spaces. Recently, Kim et al.
[9] constructed the category consisting of bipolar fuzzy set and preserving mappings
between them and studied it in the sense of a topological universe.
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In this paper, first, we define a bipolar fuzzy point and obtain some of its proper-
ties. Also we introduce the concepts of a bipolar fuzzy topology, bipolar fuzzy base
and subbase and find some properties of each concept. Second, we define a bipolar
fuzzy neighborhood and continuity and obtain bipolar fuzzy analogues of many re-
sults concerning to classical neighborhood and continuity. Third, we introduce the
concepts of a bipolar fuzzy subspace and a bipolar fuzzy quotient space and find
some properties of each concept. In particular, we prove the existence of the bipolar
fuzzy initial topology (See Proposition 6.2). Finally, we define a compactness in
bipolar fuzzy topological spaces and investigate some of its properties. In particu-
lar, we obtain ‘Alexander Subbase Theorem’ in the sense of bipolar fuzzy sets (See
Proposition 7.7).

2. PRELIMINARIES

In this section, we list some concepts related to bipolar fuzzy sets (for examples,
the complement of a bipolar fuzzy set, the inclusion between two bipolar fuzzy sets,
the union and the intersection of two bipolar fuzzy sets, the intersection and union
of arbitrary bipolar fuzzy sets) and some properties needed later sections.

Definition 2.1 ([11]). Let X be a nonempty set. Then A pair A = (A1, A7) is
called a bipolar-valued fuzzy set (or, bipolar fuzzy set) in X, if AT : X — [0, 1] and
A~ : X — [-1,0] are mappings.

In particular, the bipolar fuzzy empty set [resp. the bipolar fuzzy whole set] (See
[3]), denoted by 0y, = (0 0,,) [resp. 1y, = (1b+p, 1,,)], is a bipolar fuzzy set in X

bp>
defined by: for each x € X,

OZ;J(x) =0= Ob_p(ac) [resp. 1;};(@ — 1 and 1b—p(x) = —1].
We will denote the set of all bipolar fuzzy sets in X as BPF(X).

For each z € X, we use the positive membership degree AT (z) to denote the
satisfaction degree of the element x to the property corresponding to the bipolar
fuzzy set A and the negative membership degree A~ (z) to denote the satisfaction
degree of the element x to some implicit counter-property corresponding to the
bipolar fuzzy set A.

If A¥(z) # 0 and A= (z) = 0, then it is the situation that x is regarded as
having only positive satisfaction for A. If A*(z) = 0 and A~ (z) # 0, then it is
the situation that z does not satisfy the property of A, but somewhat satisfies the
counter-property of A. It is possible for some z € X to be such that A*(z) # 0
and A~ (z) # 0 when the membership function of the property overlaps that of its
counter-property over some portion of X.

Definition 2.2 ([11]). Let X be a nonempty set and let A, B € BPF(X).
(i) We say that A is subset of B, denoted by A C B, if for each z € X,

At (x) < BT(x) and A (2) > B~ (z).
206
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(ii) The complement of A, denoted by A¢ = ((A°)T, (A°)7), is a bipolar fuzzy set
in X defined as: for each z € X, A°(x) = (1 — At (z),—1— A~ (2)), L.e.,
(A)" (@) =1 - AT(2), (A9 (2) = -1 A (a).
(iii) The intersection of A and B, denoted by A N B, is a bipolar fuzzy set in X
defined as: for each x € X,

(AN B)(z) = (AT (x) A Bt (2), A" (x) vV B~ (z)).

(iv) The union of A and B, denoted by AU B, is a bipolar fuzzy set in X defined
as: for each z € X,

(AUB)(z) = (AT (2) v BY(2), A" (x) A B™ (z)).

Definition 2.3 (See [3, 11]). Let X be a nonempty set and let A, B € BPF(X).
We say that A is equal to B, denoted by A= B, if AC B and B C A.

Result 2.4 (][9], Proposition 3.5). Let A, B, C € BPF(X). Then
(1) (Idempotent laws): AUA=A, ANA=A4,
(2) (Commutative laws): AUB=BUA, ANB=BNA,
(3) (Associative laws): AU(BUC)=(AUB)UC, AnN(BNnC)=(AnB)NnC,
(4) (Distributive laws): AU(BNC)=(AUB)N(AUC),
AN(BUC)=(ANB)U(ANCQO),

(5) (Absorption laws): AU(ANB)=A, An(AUB) = A.

(6) (DeMorgan s laws): (AUB)® = A°NB° (AN B)°= A°U B¢,
(7) (A%)° =

(8) AﬁBCA and AN B C B,

(9) ACAUB and B C AU B,

(10) if AC B and BC C, then AC C,

(11) if AC B, then ANC CBNC and AUC C BUC.

Result 2.5 ([9], Corollary 3.6). Let A, B € BPF(X). Then the followings are
equivalent:

(1) AcC B,
(2) ANB = A4,
(3) AUB = B.

Definition 2.6 ([9]). Let X be a nonempty set and let (4;);e; C BPF(X).
(i) The intersection of (A;);e s, denoted by (¢ ; A;, is a bipolar fuzzy set in X
defined by: for each x € X,

(ﬂ@) AA* VA
JjeJ jeJ jeJ

(ii) The union of (A;),c s, denoted by |J
by: for each x € X,

e 7 Aj, is a bipolar fuzzy set in X defined

(JA)@) =\ Af @), \ 45 (=
= jeJ jeJ
Result 2.7 ([9], Proposition 3.8). Let A € BPF(X) and let (A;)jes C BPF(X).
Then
(1) (Generalized distributive laws): AU ((;c; 45) = ;e (AU 4;),
207
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AN (Ujes 4j) = Uje (AN Aj),
(2) (Generalized DeMorgan’s laws): (U;c; 47)° = ;e 45, (Njes 45)° = U,es A5

From Results 2.4 and 2.7, it is obvious that (BPF(X),U,N,°, 0pp, 1;,) is a com-
plete distributive lattice satisfying the DeMorgan’s laws.

Definition 2.8. Let X and Y be a nonempty sets, let Ay € BPF(X) and Ay €
BPF(Y) and let f: X — Y be a mapping. Then

(i) The image of Ax under f, denoted by f(Ax) = (f(A%), f(A%)), is a bipolar
fuzzy set in Y defined as follows: for each y € Y,

[(F(AD)] () = { (\)/xef—wy) AL (@) if 7 (y) # ¢

otherwise

and

(F(A)]W) ={ Asersn Ax@) 11 ) # 6

otherwise.
(ii) The preimage of Ay under f, denoted by f~1(Ay) = (f~1(A4F), F71(A})),
is a bipolar fuzzy set in Y defined as follows: for each x € X,
[fHAY)](x) = AT o f(z) and [f~H(A7)](z) = Ay o f(2).

Result 2.9 ([9], Proposition 3.10). Let f : X — Y be a mapping, and let A, Ay, Ay €
BPF(X), (Aje;) C BPF(X), B, By, By € BPF(Y) and (Bje;) C BPF(Y).
Then

(1) if A1 C As, then f(A1) C f(A2),

(2) f(A1UA2) = F(AD) U f(A2), f(Ujes 45) = Ujes F(4)),

(3) f(A1NA2) C f(A) N f(A2), F(Njes Aj) CNjes F(A4)),

(3)' if f is injective, then f(A1NAs) = f(A1)Nf(As), F(Njes Aj) = Njes F(45),
(4) f(A) =0y if and only if A= Obp,

(5) if By C Ba, then f~Y(B1) C f~1(Ba),

(6) f7Y(B1UBy) = f~Y(B1) U f~(Ba) fﬁl(UjeJ Bj) =Ujes f1(B;),

(7) 71 (B1N Ba) = f~H(B1) N f~H(B2), ' (Njes Bi) = Njes FH(By),

(8) f~ 1( ) = 0y, if and only if BN f(1pp) = Opp,

(9) AC f~to f(A); in particular, A = f~Yo f(A), if f is injective,

(10) f f YB) C B; in particular, f o f~1(B) = B, if f is sujective.

(11) f-4(B C) -i(B),

(12)if f: X — Y g:Y — Z are mappings, then (go f)(A) = g(f(A)), for each

if
A€ BPF(X),
(13) if f: X =Y, g:Y — Z are mappings, then (go f)~1(C) = f~1(g~*(C)),
for each C € BPF(Z).

3. BASES AND SUBBASES IN A BIPOLAR FUZZY TOPOLOGICAL SPACE

In this section, we introduce the concepts of bipolar fuzzy point, bipolar fuzzy
topology, base and subbase, and study some of their properties. Also we give some
examples.
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Definition 3.1. Let z € X, («,3) € (0,1] x [-1,0) and let A € BPF(X). Then
(i) 2(a,p) is called a bipolar fuzzy point in X with the value («, 3) and the support
x, if for each y € X,
(,8) fy==x
[x(aﬁ)](y) = { (0’0)

otherwise ,
(ii) Z(a,p) is said to belong to A, denoted by x4, gy € A4, if
AT (z) > aand A~ (z) < B.

We will denote the set of all bipolar fuzzy points in X as BPFp(X).
It is clear that A = (J{#(a,3) € BPFp(X) : (4,5) € A}, for each A € BPF(X).

Theorem 3.2. Let A, B € BPF(X). If AC B, then 1,8y € B for all x(, 5y € A.

Proof. Suppose A C B and let z(, ) € A. Then A% (2) > o and A~ (z) < . Since
AC B, AT (z) < BT(x) and A~ (x) > B~ (x). Thus BY(z) > a and B~ (z) < . So
(a,8) € B- 0

But the converse of Theorem 3.2 does not hold.

Example 3.3. Let X = {a,b}, A(a) = (1,0), A(b) = (0,—0.1), B(a) = (0.5, —-0.5),
and B(b) = (0.2,—0.1). Suppose a4,y € A. Then A (a) < 3, and hence 8 > 0.
Since 3 € [—1,0), this is a contradiction. Suppose b(, ) € A. Then At (b) > a,
and hence a < 0. Since a € (0,1], this is a contradiction. Thus for all z € X,
T(a,8) & A. Therefore the statement “x(, g) € B, Vr(4,p) € A” is a tautology. But
A ¢ B because At (a) =1 > 0.5 = B*(a).

Theorem 3.4. Let A, B € BPF(X) and let (o 5y € BPFp(X). Then
(1) 2(a,p) € A and x(q.5) € B if and only if v(q.5) € AN DB,
(2) If v(a,5) € A 0T 2(a,p) € B, then x(q 3 € AUB.

Proof. (1) Suppose x(q3) € AN B. Then (AN B)t(x) =
and (AN B) (x) = A (z) V B (x) < 8. Thus A*(z) >
Bt (z) > a, B~ (x) < . S0 Z(a,3) € A and z(4,5) € B.

The converse is proved similarly.

(2) Suppose x(q,3) € A or (o3 € B. Then [A*(z) > a and A~ (z) < f] or
[BT(x) > @ and B~ (z) < ]. This implies that

[AT(z) > aor BY(z) > a] and [A™(z) < B or B~ (z) < f].
So AT (x) VBt (x) > a and A~ (x) AB~(z) < 8. Thus x4, € AU B. O
Theorem 3.5. Let (Aj)je; C BPF(X) and let x4 ) € BPFp(X). Then

(1) z(ap) € ﬂjeJ Aj if and only if x(o,py € A; for each j € J,
(2) if there is a j € J such that (4 5) € Aj, then x(q p) € UjeJAj'

At (z) AN B (z) > «
a, A7 (z) < B and

Proof. (1) Suppose Z(a,5) € (1;c; A;. Then ((;c; At(z) = Njes A;‘(aj) > « and
(Njes4i)~ (@) = Ve A5 (x) < B. Thus A;'(x) > a, A;(x) < B for each j € J.
S0 #(q,5) € Aj for each j € J.
The converse is proved similarly.
(2) It is immediate from A; C ;e s 4;- O
209
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The converses of Theorem 3.4 (2) and 3.5 (2) do not hold.

Example 3.6. Let X be the closed unit interval [0,1] and let A, B € BPF(X) such
that for each z € X,

At (z) = 22, (z) = —a?
1
Bt(z) = ——, B (z)=-0.52"
(0) =~ B(@) = —05a
Then
AT(0.5)=0.25<03, A (05)=-025<-0.2
BT(0.5) =2/3 > 0.3, B7(0.5) = —0.0625 > —0.2
and

(AU B)T(0.5) = AT(0.5) v BT (0.5) =2/3 > 0.3
(AUB)™(0.5) = A=(0.5) A B~(0.5) = —0.25 < —0.2.
Therefore we have 0.5(0_37_042) cAU B, 0.5(0.3,_0.2) g A, and 0.5(0‘37_0_2) ¢ B.

Definition 3.7 ([3]). Let X be a nonempty set and let 7 C BPF(X). Then 7 is
called a bipolar fuzzy topology on X, if it satisfies the following axioms:

(BPFO].) Obp, ]-bp eT,

(BPFO2) AnNB e forany A, Be,

(BPFO3) U,c; Aj € 7 for any (4;)es C 7.

In this case, the pair (X, 7) is called a bipolar fuzzy topological space and each
member of 7 is called a bipolar fuzzy open set (in short, BPFOS)in X. A € BPF(X)
is said to be closed in X, if A€ € 7.

We will denote the set of all bipolar fuzzy topologies on X as BPFT(X).

It is obvious that for any bipolar fuzzy topological space (X, 7), the following
families

rt={Ute0,1]¥:Uer}, 7~ ={-U €[0,1]X:Uer}

are fuzzy topological spaces in Chang’s sense (See [1]). Then (X, 71, 77) is a bifuzzy
topological space.

Example 3.8. (1) Let X be a nonempty set and let 70 = {0,, 1, }. Then clearly,
70 is a bipolar fuzzy topology on X. In this case, 70 is called the indiscrete bipolar
fuzzy topology on X and the pair ((X,7°) is called the indiscrete bipolar fuzzy space.
(2) Let X be a nonempty set and let 71 = BPF(X). Then clearly, 7! is a bipolar
fuzzy topology on X. In this case, 7! is called the discrete bipolar fuzzy topology
on X and the pair (X, 7!) is called the discrete bipolar fuzzy space.
We will denote the set of all bipolar fuzzy topologies on X as BPFT(X).

(3) Let X be a nonempty set. Then for any A € BPF(X), the set
S(A)={reX:A"(x) >0, A (z) <0}

is called the support of A. If S(A) is finite [resp. countable], then A is said to be
finite [resp. countable].

Let 7 = {A € BPF(X) : A = 0y, or A° is finite}. Then clearly, 7 is a bipolar
fuzzy topology on X. In this case, 7 is called the bipolar fuzzy cofinite topology on
X and is denoted by Cofy,(X).
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(4) Let 7 = {A € BPF(X) : A = 0, or A¢ is countable}. Then clearly, 7 is a
bipolar fuzzy topology on X. In this case, 7 is called the bipolar fuzzy cocountable
topology on X and is denoted by Cocp,(X).

(5) Let (X, 7) be a fuzzy topological space in Chang’s sense, where 7 = {0,1} U
{A; : j € J}. Then we can construct two bipolar fuzzy topologies on X as follows:

71 = {0pp, Lpp} U{(A4;,0,,) : A; € 7} and 72 = {04y, 1pp} U {(Ozrp, —-Aj)Aj et}

(6) Let (X, 7) be a bipolar fuzzy topological space. Then we can also construct
two bipolar fuzzy topologies on X as follows:

Top ={(AT,-AT): Aer}and oo = {(-A7, A7) : Ae 1}

Let 71, 72 € BPFT(X). Then we say that 7 is weaker (or coarser) than 7o,
denoted by 71 < 7o, if 71 C 72. In this case, we say that 7o is stronger (or finer)
then 71, denoted by 75 = 71. In particular, if 7y # 7o, then we say that 7 is strictly
coarser than 7o or 7o is strictly finer than 7.

We can easily see that 7° < 7 < 7!, for each 7 € BPFT(X).

Proposition 3.9. Let (7;)jes C BPFT(X). Then (\;c;7j € BPFT(X) and thus
(BPFT(X),=) is a meet complete lattice with the smallest 7° and the largest !,
where ‘meet’” denotes the ‘intersection’.

Proof. 1t is straightforward. O

Remark 3.10. The following does not hold, in general: 71 U € BPFT(X), for
any 71, 7o € BPFT(X).

Example 3.11. Let X = {a,b,c} and let 7y = {Opp, 1pp, A}, 72 = {Opp, 14p, B},
where A(a) = (0.7,-0.6), A(b) = (0.4,—-0.7), A(c) = (0.6,—0.3),

B(a) = (0.8,-0.5), B(b) = (0.3,—0.8), B(c) =(0.7,—0.5).
Then 71 U g = {Opp, Lpp, 4, B} and (AU B)(a) = (0.8, —0.6). Thus AUB & 71 U Ts.
So 7 Uty ¢ BPFT(X).

Proposition 3.12. Let (X, 7) be a bipolar fuzzy topological space and let F be the
collection of all bipolar fuzzy closed sets in X. Then

(1) Obpa ]-bp Gf:

(2) AUFEy, € F, for any Fy, Fy € F,

(3) Njes Ejs for any (Fy)jes C F.

Proof. Tt is straightforward. O

Proposition 3.13. Let (X, 7) be a bipolar fuzzy topological space and let A €
BPF(X). If for each x5y € A, there is U ) € T such that x(q ) € Ua,py C A,
then A € 7.

Proof. Suppose the sufficient condition holds. Then clearly, A = Ur(a e Ula,p)-
Thus by the condition (BPFO3), A € . O

Definition 3.14. Let (X, 7) be a bipolar fuzzy topological space.
(i) B C 7 is called a base for 7, provided that for each U € 7, U = Oy,; or for
each z(,p) € U, there is B € B such that z(, 3 € B CU.
211
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(ii) S C 7 is called a subbase for 7, if the family of all finite intersections of
members of S forms a base for 7.

Theorem 3.15. Suppose that B C BPF(X) satisfies the following:

(i) Ly =UB,
(ii) if By, Bz € B and x(q,5) € B1 N B, then there is B € B such that x4 g) €
B C B1NBs,.

Then B is a base for a bipolar fuzzy topology T on X.
Proof. Let
T ={0pp} U{U € BPF(X) : U is a union of members of B}.

(BPFO1) From the definition of 7 and the hypothesis, it is clear that Op,, 14, € 7.

(BPFO3) Let (Uj)jes C 7. Then by the definition of 7, for each j € J, there is
Bj C B such that U; = U B;. Thus U, Uj =U,c; UBj. So U, Uj is a union of
member of B. Hence J,c; U; € 7.

(BPFO2) Let Uy, Uy € 7. Then there are B; C B and B2 C B such that U; = |J By
and Uy = |JBa. Thus Uy NU; = U(B1 N Ba). Let x(q5 € Uy NUz. Then there
are By € By and By € By such that x4,y € B1 N By C Up NUz. By the condition
(i), there is B € B such that x(,g) € B C By N By. Thus there is B € B such that
T(a,8) € B CU1NUz. So UyNU; is a union of members of B. Hence U1NU; € 7. [J

But the converse of Theorem 3.15 does not hold as we see the following example.
Example 3.16. For a singleton X = {z}, let
7 ={00p} U{Ai;, Bij, Cij, Dij:i,j € N}
where for each positive integers i, j,
2 - 1)

a1 = (5735 E )
2i—1" 2j—1

1 1
Cij(z) = <2i — 172].) )

One can show easily that D; ; = 1, and 7 € BPFTS(X). Denote
B = {Bi,j,Cw- 11,] € N}
Since A; ; = B U Cy; if 2k — 1 > max{2¢,2j} and since D; ; = By ; U C; if
2k > max{2i — 1,2j — 1}, we obtain that B is a base for 7.
But B does not satisfy Theorem 3.15 (ii). For, (B12NCa21)(z) = (3,—3) and
T(0.3,-0.3) S BLQQC’QJ. But for all B,’J' € B such that BiJ C BLQQCQJ, (0.3,—0.3) 6{
B j because 3+ > 0.3 > 1 >1... Forall C;; € B, we have the same argument.

Proposition 3.17. Let (X, 7) be a bipolar fuzzy topological space. Suppose B C T
satisfies the following condition: for each x(q5) € BPFp(X) and each U € T such
that x4 p) € U, there is B € B such that x(o,5) € B C U. Then B is a base for T.

Proof. Let x(,3) € BPFp(X). Since 1;, € 7, by the hypothesis, there is B € B
such that x4 3y € B C 1p,. Then 1;, = |JB. Thus the condition (i) of Theorem
3.15 holds.
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Suppose By, By € B and (4,3 € B1 N By. Since B C 7, By, Ba € 7. Then
BN B; € 7. Thus by the hypothesis, there is B € B such that T(a,p) € B C B1NBs.
So the condition (ii) of Theorem 3.15 holds. Hence by Theorem 3.15, B is a base for
T. Il

Proposition 3.18. Let S C BPF(X) such that 1y, = |JS. Then there is a unique
T € PFT(X) such that S is a subbase for T.
In this case, 7 is called the bipolar fuzzy topology on X induced by S.

Proof. The proof is similar to Theorem 3.15. g
Example 3.19. Let X ={a,b,c,d, e} and let S = {51,52,53,54}, where

Si(a) = (1, -1), 51( ) = Si(c) = S1(d) = Si(e) = (0,0),
Sa(a) = S2(b) = Sa(c) = (1, =1), Sa(d) = Sa(e) = (0,0),
S3(b) = Ss(c) = S3(d) = (1, —1), S3(a) = 53( ) = (0,0),
Sa(c) = Sa(e) = (1,—1), Sa(a) = Sa(b) = Sa(d) = (0,0).

Then clearly, | JS = S1US2US3USs = 1p,. Moreover, B = {Obp, Sy, 8S2,83,54, By, Ba},
where B;(b) = Bi(c) = (1,—1), Bi(a) = B1(d) = Bl(e) = (0,0),

BQ(C) = (17 —1)7 BQ(G) = Bg(b) = Bg(d) = BQ(@) = (0,0)
Thus T = {Obp? 1bpa Sl, 523 537 547 Bl7 BQ; Ul7 U2a U37 U47 U5) UG} Where

Ui(a) = Ui(c) = (1, 1), Ur(b) = Us(d) = U1( )= (0,0),
Us(a) = Uz(c) = Uz(e) = (1, 1), Ua(b) = U2(d) = (0,0),
Us(b) = Us(c) = Us(e) = (1, 1), Us(a) = Us(d) = (0,0),
Us(a) = Us(b) = Us(c) = Us(d) = (1, 1), Us(e) = (0,0),
Us(a) = Us(b) = Us(c) = Us(e) = (1,-1), Us(d) = (0,0),
Us(b) = Us(c) = Us(d) = Us(e) = (1, 1), Us(a) = (0,0).

Definition 3.20. Let (X
BPFp(X). Then B
conditions hold:

(i) if B € By, 4, then a p) € B,

(ii) if U € 7 and a(q,5) € U, then there is B € B

\_/

be a bipolar fuzzy topological space and let a(,,g) €

a(aipha.sy C T 18 called a local base at a(q,p), if the following

o) such that B C U.

Definition 3.21. Let BPF,-(X)={A € BPF(X): AT < —A"} (See [9], Propo-
sition 3.15). Then 7, C BPF}-(X) is called a bipolar fuzzy bounded topology on
X, if it satisfies the following axioms:
( ) Obpa 1bp € To,
(i) if A, B € 1, then AN B € 7,
(iii) if (Aj)jesAj C 7, then ;e ; A4 € 7.
In this case, the pair (X, 7,) is called a bipolar fuzzy bounded topological space.

Remark 3.22. Let (X, 7,) be a bipolar fuzzy bounded topological space. Let
1 ={(UT,1+U"):U €n}
and
Tp2 = {[U+,—U_] :U € Tb}.
Then 73,1 is an intuitionistic fuzzy topology on X in Coker’s sense (See [5]) and
The = {[UT,=U"]: U € 7} is an interval-valued fuzzy topology on X in the sense

of Mondal and Samanta (See [15]).
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4. CONTINUITIES IN A BIPOLAR FUZZY TOPOLOGICAL SPACE

We define a bipolar fuzzy neighborhood and continuity and study bipolar fuzzy
analogues of many results concerning to classical neighborhood and continuity.

Definition 4.1. Let (X, 7) be a bipolar fuzzy topological space and let A € BPF(X).
Then A is called a neighborhood (in short, nbd) of x(, g € BPFp(X), if there is
U € 7 such that x(,,3) € U C A.

We will denote the set of all bipolar fuzzy nbds at (4 gy as Nup((a,g))-

Lemma 4.2. Let (X, 7) be a bipolar fuzzy topological space and let A € BPF(X).
Then A € 7 if and only if for each x(o gy € A, there is U € Nyy(x(a,p)) such that
U cC A

Proof. Suppose A € 7 and let x(, g) € A. Then clearly, A € Ny,(2(a,8))-
Conversely, suppose the necessary condition holds and let z(, gy € A. Then there

ISUp,, €T such that x4 g) € Us(as C A. Thus A € T by Proposition 3.13. O

Proposition 4.3. Let (X, 7) be a bipolar fuzzy topological space. Then
(BPFN1) 14, € Nbp(l‘(a’ﬁ)), V.l?(aﬁ) € BPFp(X) and if A € ./\/'bp(l‘(a,[g)), then

T(a,p) S A,

(BPFN2) if A, B € Nyp(2(a,5)), then AN B € Nyy(2(a,5)).
(BPFN3) if AC B and A € Nip(2(a,5)), then B € Nip(2(a,p)),
(BPFN4) if A € Nip(2(a,)), then there is B € Nyp(2(a,p)) such that

BC Aand B e ./\/'bp(y((;m)), Vy((;m) € B.

Proof. The proofs of (BPFN1) and (BPFN3) are straightforward.

(BPFN2) Suppose A, B € Ny,(2(a,p)). Then there are U, V € 7 such that
Ta,p) EUCAand 245 €V CB. Thus zap € UNV CANBand UNV € 71.
So AN B € Nbp(-f(a,g))~

(BPFN4) Suppose A € Nyp(Z(a,5)). Then there is U € 7 such that 25,4y € U C
A. Thus by Lemma 4.2, U € Nyp(y(s,)), for each ys,,,) € U. So the result holds. [

Definition 4.4. Let (X, 7) be a bipolar fuzzy topological space and let S C N (z(q,3))-
Then § is called a fundamental system of bipolar fuzzy neighborhoods of z(, ) €
BPFp(X), if for each U € N((q,3)), there is V € S such that V C U.

Theorem 4.5. Let (X,7) be a bipolar fuzzy topological space and let B C 7. Then
B is a bipolar fuzzy base for T if and only if for each x4y € BPFp(X), the set
{B € B: x4p € B} is a fundamental system of bipolar fuzzy neighborhoods of
T(a,B)-

Proof. Suppose B C 7 is a bipolar fuzzy base for 7 and for each z(, g) € BPFp(X),
let us consider the set S = {B € B : x(4p) € B}. Let U € N(x(q,)). Then there
is O € 7 such that z(,,3) € O CU. Since B C 7 is a bipolar fuzzy base for 7, there
is B € B such that z(,,3) € B C O. So by the definition of S, B € § and B C U.
Hence the necessary condition holds.

Conversely, suppose the necessary condition holds. Let U € 7 and let z( 5y € U.
Then by the hypothesis, there is By, , € B such that z(, ) € By, ,) C U. Thus
U= Urm,,;)eU Bz, - So B is a bipolar fuzzy base for 7. O
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Definition 4.6 ([3]). Let (X, 7) be a bipolar fuzzy topological space and let A €
BPF(X). Then the bipolar fuzzy closure of A, denoted by bel(A) (in short, bel(A)),
is a bipolar fuzzy set in X defined by

bel-(A) = {F € BPF(X): F°er, AC F}.

Result 4.7 ([3], Theorem 1.8). Let (X,7) be a bipolar fuzzy topological space and
let A, B€ BPF(X). Then

(1) bel(A) is the smallest bipolar fuzzy closed set containing A,
(2) A is bipolar fuzzy closed in X if and only if A = bcl(A),

(3) bel(01,) = Onp,

(4) bel(bel((A)) = bel((A)

(5) bel(AU B) = bel(A) Ubel(B),

(6) bcl(AN B) C bel(A) Nbel(B).

A mapping bel : BPF(X) — BPF(X) satisfying (1), (3), (4) and (5) of Result
4.7 is called a bipolar fuzzy closure operator on a set X. Then we have the similar
one to the property induced by an ordinary closure operator on X.

Proposition 4.8. Let bel™ be a bipolar fuzzy closure operator on a set X. Let
F ={F € BPF(X) : bcl*(F) = F} and let T = {U € BPF(X) : U¢ € F}. Then
T € BPFT(X). Moreover, if bcl is the bipolar fuzzy closure operator defined by T,
then bel*(A) = bel(A), for each A € BPF(X).

Proof. The proof is similar to ordinary closure operator. O

Definition 4.9 ([3]). Let (X, 7) be a bipolar fuzzy topological space and let A €
BPF(X). Then the bipolar fuzzy interior of A, denoted by bint.(A) (in short,
bint(A)), is a bipolar fuzzy set in X defined by

bint.(A) = {U € BPF(X): U er, UC A}.

Result 4.10 ([3], Theorem 1.10). Let (X, 7) be a bipolar fuzzy topological space and
let A, Be€ BPF(X). Then
(1) bint(A) is the largest bipolar fuzzy open set contained in A,

) A is bipolar fuzzy open in X if and only if A = bint(A),

) if A C B, then bint(A) C bint(B),

) bint(bint((A)) = bint((A),

) bint(AN B) = bint(A) N bint(B),

) bint(AU B) D bint(A) U bint(B),

) bint(A°) = (bel(A))C,

(2
(
(
(
E
(8) bel(A°) = (bint(A))".

3
4
5
6
7
8

The following is an immediate result of Definition 4.9.

Proposition 4.11. Let (X, ) be a bipolar fuzzy topological space. Then bint(1y,) =
Ly,p.

Remark 4.12. A mapping bint : BPF(X) — BPF(X) satisfying (1), (4) and (5)
of Result 4.10 and Proposition 4.11 is called a bipolar fuzzy interior operator on a

set X. Then as one might expect, a proposition analogous to Proposition 4.8 holds
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for the bipolar fuzzy interior. Thus a bipolar fuzzy interior completely determines a
bipolar fuzzy topology (a bipolar fuzzy set is open iff it equals its own interior) and
in that topology, the operator is the bipolar fuzzy interior.

Definition 4.13. Let (X, 71), (Y, 72) be two bipolar fuzzy topological spaces. Then
a mapping f : (X,71) — (Y, 72) is said to be continuous, if f~1(V) € 7, for each
Vem

The following is an immediate result of the above definition.
Proposition 4.14. The identity mapping 1x : (X,7) = (X, 1) is continuous.

Proposition 4.15. If mappings f : (X, 1) = (Y, 72) and g : (Y, 72) = (Z,713) are
continuous, then go f: (X, 1) — (Z,73) is continuous.

Proof. Let W € 73 and let € X. Then by Result 2.9 (13),

(go f)THW) = fHg 1 (W)).
Since g : (Y, 72) = (Z,73), g~ (W) € 72. Since f: (X,71) = (Y, 72), [~ (g7'(W)) €
71. So (go f)~Y(W) € 71. Hence g o f is continuous. O

Remark 4.16. Let BPFTop be the collection of all bipolar fuzzy topological spaces
and continuous mappings. Then we can easily see that BPFTop forms a concrete
category from Propositions 4.14 and 4.15.

From Definition 2.8, it is obvious that for a mapping f : X — Y and each
T(a,8) € BPFp(X), f((a,8)) = (%) (a,8) € BPFp(Y).

Definition 4.17. Let (X, 71), (Y, 72) be two bipolar fuzzy topological spaces. Then
a mapping f : (X,71) — (Y,72) is continuous at a5 € BPFp(X), if for each

V€ Nip(f(aa,8)) = Nop(f(@)(a,p)s F7HV) € Nip(aa,p))-

Lemma 4.18. A mapping [ : (X,71) = (Y, 72) is continuous if and only if f is
continuous at each a(, ) € BPFp(X).

Proof. Tt is simple to verify. O

Theorem 4.19. Let f : (X,71) — (Y, 72) be a mapping. Then the followings are
equivalent:
(1) f is continuous,
) f7Y(F) is closed in X, for each bipolar fuzzy closed set F in'Y,
) f71(S) € 71, for each member S of the subbase S for T3,
) [ is continuous at each a4,y € BPFp(X),
) for each aop € BPFp(X) and each V. € Nyp(f(a)(a,p)), there is U €
A(a,3)) such that f(U) CV,
) f(bcl( )) C bel(f(A)), for each A€ BPF(X),
(7) bel(f~1(B)) C f~(bel(B)), for each B € BPF(Y).

(2
(
(
(
Nop
(

3
4
5
(a
6

Proof. (1)< (2): Suppose f is continuous and let F' be any bipolar fuzzy closed set
in Y. Then clearly, F¢ € 7. By Result 2.9 (11), f~%(F¢) = f~Y(F)°. Since f is
continuous, f~1(F)¢ € 71. Thus f~1(F) is closed in X.
The proof of the converse is similar.
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(1)= (3): It is obvious.

(3)= (4): Let a(apy € BPFp(X) and let V. € Nyy(f(a)(a,p). Then there
is a finite subcollection &’ = {S1,S2, -+ ,S,} of the subbase S for 75 such that
f(@)a,p € NS" C V. Since f~HNS’) = N, f~(S;) and since f~(S;) € 7 for
each i by (3), we obtain f~!(NS’) € 1. It also follows from f(a)(,,s € NS’ C V
that Q(a,B) € fﬁl(ﬂsl) C fﬁl(V). So fﬁl(V) S Nbp(a(%,g)).

(4)= (5): It is obvious.

(5)= (1): It is obvious.

(2)= (6): Let A € BPF(X). Then clearly, bel(f(A)) is closed in Y. By (2),
F7L(bel(f(A))) is closed in X. Since f(A) C bel(f(A)), A C f=(bel(f(A))). Thus

bel(A) C bel[f~H(bel(f(A)))] = [ (bel(f(A))).
So f(bel(A)) C bel(f(A)).

(6)= (7): For any B € BPF(Y), let A = f~1(B). Then by (6), f(bcl(A)) C
bel(f(A)). Thus f(bel(f~1(B))) C bel(f(f~1(B))), i.e., f(bel(f~1(B))) C becl(B).
So bel(f~Y(B))  f~(bcl(B)).

(7)= (2): Let F be any bipolar fuzzy closed set in Y. Then clearly, F' = bcl(F).
Thus by (7), bel(f~1(F)) € f~Ybcl(F)) = f~YF). So f~YHF) = bel(f~1(F)).
Hence f~1(F) is closed in X. O

The following is an immediate result of Result 4.10 and Theorem 4.19.

Corollary 4.20. A mapping [ : (X,71) = (Y,72) is continuous if and only if
I (bint(B)) C bint(f~1(B)).

From Definition 4.13, we have the following lemma.

Lemma 4.21. Let 1, 7o € BPFT(X). Then 11 < 72 if and only if the identity
mapping 1x : (X, 72) = (X, 71) is continuous.

The following is an immediate result of Definition 4.13, Theorem 4.19 and Lemma
4.21.

Theorem 4.22. Let 71, 72 € BPFT(X). Then the followings are equivalent:
(1) 71 is coarser than T,
(2) for each T(a,p) € BPFP(X)7 Nbp,ﬁ (x(a,ﬁ)) C Nbp,Tz (Cc(a,ﬁ))7
(3) for each A € BPF(X), bcl.,(A) C bel,, (A),
(4) if F is closed in (X, 1), then F is closed in (X, 1),
(5) if F is open in (X, 1), then F is open in (X, 7).

Remark 4.23. (1) The finer bipolar fuzzy topology, the more bipolar fuzzy open
sets, bipolar fuzzy closed sets and bipolar fuzzy neighborhoods; the finer the bipolar
fuzzy topology, the smaller (resp. the larger) bipolar fuzzy closure (resp. bipolar
fuzzy interior) of a bipolar fuzzy set.

(2) Let f: X — Y is a continuous mapping. Then the continuity is preserved
when the bipolar fuzzy topology of X is replaced by the finer bipolar fuzzy topology
and the bipolar fuzzy topology of Y is replaced by the coarser one. In other words,
the finer bipolar fuzzy topology of X and the coarser bipolar fuzzy topology of Y,
there are the more continuous mappings of X to Y.

217



Lee et al./Ann. Fuzzy Math. Inform. 17 (2019), No. 3, 205-229

Definition 4.24. Let (X, 1), (Y, 72) be two bipolar fuzzy topological spaces. Then
a mapping f : (X,71) — (Y, 72) is said to be:

(i) open, if f(U) € 1, for each U € 7y,

(ii) closed, if f(F) is closed in Y for each bipolar fuzzy closed set F in Y.

Proposition 4.25. Let f : (X, 1) = (Y, 72) and g : (Y, ) = (Z,73) be mappings.
If f and g are open [resp. closed], then so is go f.

Proof. Suppose f and g are open and let U € 71. Then by Result 2.9 (12),

(go f)U) = g(f(U)).

Since f is open, f(U) € 5. Since g is open, (g(f(U)) € 73. Thus go f is open.
The proof of the second part is similar. O

Theorem 4.26. Let [ : (X,11) — (Y, 72) be a mapping. Then f is open if and only
if f(bint(A)) C bint(f(A)), for each A € BPF(X).

Proof. Suppose f is open and let A € BPF(X). Since bint(A) € 11, f(bint(A)) € 1o
and f(bint(A)) C f(A). Moreover, bint(f(A)) is the largest bipolar fuzzy open set
contained in f(A). Thus f(bint(A4)) C bint(f(A)).

Conversely, suppose the necessary condition holds and let U € 7. Then clearly,
U = bint(U). Thus by the hypothesis, f(U) = f(bint(U)) C bint(f(U)). Since
bint(f(U)) C f(U), f(U) = bint(f(U)). Hence f is open. O

Proposition 4.27. Let f: (X, 71) = (Y, 72) be a injective mapping. If f is contin-
uous, then bint(f(A)) C f(bint(A)), for each A € BPF(X).

Proof. Suppose f is continuous and let A € BPF(X). Then clearly, bint(f(A)) € 7.
Since f is continuous, f~1(bint(f(A))) € 7. Since bint(f(A)) C f(A) and f is
injective, by Result 2.9 (5) and (9),
FHbint(f(A))) € f7Hf(A) = A
Since bint(A) is the largest bipolar fuzzy open set contained in A,
fL(bint(f(A))) C bint(A).
Therefore bint(f(A)) C f(bint(A)). O

The following is an immediate result of Theorem 4.26 and Proposition 4.27.

Corollary 4.28. Let f : (X,71) — (Y,72) be a continuous, open and injective
mapping. Then f(bint(A)) = bint(f(A)) for each A € BPF(X).

Theorem 4.29. Let f : (X,71) — (Y,72) be a mapping. Then f is closed if and
only if bel(f(A)) C f(bel(A)) for each A € BPF(X).

Proof. Suppose f is closed and let A € BPF(X). Then clearly, A C bcl(A) and
bel(A) is closed in Y. Thus f(A) C f(bcl(A)). Since f is closed, f(bcl(A)) is a
bipolar fuzzy closed set containing f(A). So bel(f(A)) C f(bel(A)).

Conversely, suppose the necessary condition holds and let F' be any bipolar fuzzy
closed set in X. Then clearly, F' = bcl(F'). Thus by the hypothesis,

bel(f(F)) C f(bcl(F)Q)I; F(F) Cbel(f(F)).
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So bel(f(F)) = f(F), ie., f(F) is a bipolar fuzzy closed set in Y. Hence f is
closed. O

The following is an immediate result of Theorems 4.19 and 4.29.

Corollary 4.30. Let f: (X,71) — (Y, 72) be a mapping. Then f is continuous and
closed if and only if bel(f(A)) = f(bel(A)) for each A € BPF(X).

Definition 4.31. A mapping f : (X,71) — (Y, 72) is called a homeomorphism if it
is bijective, continuous and open.

A few useful facts about continuity are collected in the following.

Proposition 4.32. Let f: (X, 1) — (Y, 72) be a mapping.

(1) If (X, 1) is the discrete bipolar fuzzy space, i.e., 71 = T, then f is continuous.

(2) If (Y, 7o) is the indiscrete bipolar fuzzy space, i.e., T2 = 7°, then f is contin-
Uous.

(3) If both (X,m1) and (Y,T2) are the discrete bipolar fuzzy spaces, then f is
continuous and open.

(4) For the discrete bipolar fuzzy spaces (X, 11) and (Y, T2), f is a homeomorphism
if and only if f is bijective.

5. BIPOLAR FUZZY SUBSPACES AND BIPOLAR FUZZY QUOTIENT SPACES

In this section, we define the concepts of a bipolar fuzzy subspace and a bipolar
fuzzy quotient space, and investigate some properties of each concept.

Definition 5.1. Let (X, 7) be a bipolar fuzzy topological space, let A € BPF(X)
be fixed and let § C BPF(X). Then § is called a bipolar fuzzy topology on A, if it
satisfies the following axioms:

(i) if B € ¢, then B C A,

( ) Obpv Ae 5

(iii) if B, C€5 then BNC €4,

(iv) if (Bj)jes C 0, then U, ; Bj € 4.

It is clear that the set 74 = {UN A : U € 7} is a bipolar fuzzy topology on A.
In this case, 74 is called the bipolar fuzzy subspace topology or the bipolar fuzzy
relative topology induced by A, and a pair (A4, 74) is called a bipolar fuzzy subspace.

Example 5.2. (1) Let X be a discrete bipolar fuzzy space and let A € BPF(X).
Then 7} is the discrete bipolar fuzzy topology on A, ie., 75 = {BNA: B €
BPF(X)}.

(2) Let X be an indiscrete bipolar fuzzy space and let A € BPF(X). Then 79 is
the indiscrete bipolar fuzzy topology on A4, i.e., 74 = {0y,, A}.

Proposition 5.3. Let (X,7) be a bipolar fuzzy topological space and let A, B €
BPF(X) such that A C B. Then 14 = (T)a-

Proof. Let C € 14. Then there is U € 7 such that C = U N A. Since A C B,
A=ANB. ThusC=UNANB)=UnNB)NAand UNB e 1. So C € (15) 4.
Hence 74 C (1) 4.
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Now let D € (75)a. Then there is V' € 75 such that D = V N A. Since V € 75,
there is U € 7 such that V.=UNDB. Thus D=(UNB)NA=UNA. So D € 74.
Hence ()4 C 7. Therefore 74 = (75) 4. O

Proposition 5.4. Let (X, 7) be a bipolar fuzzy topological space and let A € 7. If
U€rty, thenU € 7.

Proof. Suppose U € 74. Then there is V € 7 such that U = V N A. Since A € 7,
VNnAer. ThusU e 7. O

Proposition 5.5. Let (X, 7) be a bipolar fuzzy topological space, let A € BPF(X)
and let B be a base for 7. Then B4 ={BNA: B € B} is a base for T4.

Proof. Let U € 74 and let x( 3y € U. Then there is V' € 7 such that U = VN A4,
T(a,8) €V and x4 3) € A. Since V' € 7, there is B € B such that x(, 3 € B C V.
Thus z(4,3) € BNACV NA. So by Theorem 3.15, B4 is a base for 74. O

Remark 5.6. Let (X, 7) be a bipolar fuzzy topological space, let A € BPF(X)
and let x(4,5) € A. Then Nyp a(2(a,5)) = {UNA:U € Nypp(2(a,8))} is the set of all
neighborhoods of x4 5) in (A, 74).

For any A € BPF(X), the set {x € X : AT(z) > 0, A~ (x) < 0} is called the
support of A and denoted by S(A).

Definition 5.7. Let X, Y be nonempty sets, let A € BPF(X), B€ BPF(Y) and
let f: S(A) — S(B) be a mapping. Then f is called a mapping from A to B,
denoted by f: A — B, if for each z € S(A),

Bt o f(x) > AT (x) and B o f(z) < A™ (=).

Definition 5.8. Let X, Y be nonempty sets, let A € BPF(X), B € BPF(Y)
and let f: A — B. Let Py,(A) be the set of all bipolar fuzzy subsets of A and let
X € Puy(A), 11 € Poy(B).

(i) The image of A under f, denoted by f(A) = (f(A1), f(A7)), is a bipolar fuzzy
subset of B defined as: for each y € S(B),

(FON) = { Vaer 1 N (@) if 72y) # 0

0 otherwise
and

otherwise.

(ii) The preimage of y under f, denoted by f~!(u) = (f~*(u*), [~ (u7)), is a
bipolar fuzzy set in X defined as: for each z € S(A),

[f7H (D)) (2) = AT (2) A (1T o f(2)) and [f~H (n7))(2) = A7 (2) V (17 o f(2)).
Proposition 5.9. Let X, Y be nonempty sets, let A € BPF(X), B € BPF(Y)
and let f : A — B. Let \, M\, X2 € Py,(A), (Aj)jes C Pop(A) and p, p1, po €
Pbp(B)a (k) werx C Pbp(B>- Then

(1) f(N) € B, f7H(u) C 4,

(2) f(Ujes M) =Ujes F(A)),
(3) if Ax C Ag, then f(A1) C f(A2),

~(z) if f1
[(f()\—)}(y):{ é\mef*%y))‘ (z) if f~H(y) # o
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(4) " (Urex tr) = Urer £~ )y F7 (Moere ) = Niere £ )
(5) fof Hp) Cp,
6) AT ftof(N)

Proof. We will prove only (2) and (4).
(2) Let y € S(B) such that f~!(y) # ¢. Then

[f(Uje,] )‘j)]+(y) = f((UjeJ )‘j)+)(y)
= Vaes-1()Ujes Ai) T (@)
= \/xeffl(y) \/jGJ )\j(i’?)
= Vjes Vaes1) A (@)
=Vies FONW)
= [UjGJ f()\j)](y)

Similarly, we have [f(U;c; A)]™ (%) = [U;jes f(A;)](y). Thus the result holds.

(4) Let x € S(A). Then
[ Urer )T (@) = AT (@) A (Uper )t o f(a)
= AT (@) A (Vyer i © f())
= Viex[AT(@) A (1 o f(2))]
= \/keK[f_l(Mb](x)
= [Upex [~ Hw)(x)

[f ™ (Uker )]~ (@) = A7 () V (Ugex 1r)~ 0 f(2)
= A7) V (Apex e © f(2))
= Niex A~ (@) V (g © f())]
= NierlfFH(i)](2)
= Ukex [~ ()(@).

Thus f~ (Upese 1) = Uper £ (1)
The proof of the second part is similar.

and

0

Let f: X — Y be a mapping, let A € BPF(X), B = f(A) € BPF(Y) and let

fa=f|S(A). Then clearly, for each z € S(A),
BT o f(z) > AT(z) and B™ o f(z) < A™ ().

Thus f4 is a mapping from A to B, i.e., f4: A — B. So we have following.

Proposition 5.10. Let (X,7), (Y,d) be two bipolar fuzzy topological spaces, f :
(X,7) = (Y,6) be a mapping and let A € BPF(X), B= f(A) € BPF(Y). If f is

continuous, then fa : (A,74) — (B,dp) is continuous.

Proposition 5.11. Let (X, 7) be a bipolar fuzzy topological space and let f : X —Y

be a mapping. Let § ={U € BPF(Y): f~Y(U) € 7}. Then
(1) 0 is a bipolar fuzzy topology on'Y,
(2) f:(X,7) = (Y,0) is continuous,

(3) if  is a bipolar fuzzy topology on'Y such that f : (X, 7) = (Y,n) is continuous,

then § is finer than n, i.e., n < 9.
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Proof. (1) (BPFOL1) Let 0y, x [resp. 13, x| denotes the bipolar fuzzy empty [whole]
set in X. Then clearly, f~(0p,y) = Opp x and f~1(1ppy) = 1pp x. Thus

Obpﬁy € 6 and ]_bpyy € 0.
(BPFO2) Let U, V € 4. Then f~Y(U), f~1(V) € 7. Thus
Fronvy=tonftv)er

SoUNV €.
(BPFO3) Let (U;)jcs C 8. Then clearly, (f~(U;))jes C 7. Thus

Ju=Usrtwyer
JjeJ jeJ
So U,es Uj € 6. Hence 4 is a bipolar fuzzy topology on Y’
(2), (3) The proofs are straightforward. O

Definition 5.12. Let (X, 7) be a bipolar fuzzy topological space, let Y be a set and
let f: X — Y be a sujective mapping. Then

§={U e BPF(Y): fY(U)er}

is a bipolar fuzzy topology on Y (See Proposition 5.11). In this case, ¢ is called the
bipolar fuzzy quotient topology on Y induced by f, (Y,0) is called a bipolar fuzzy
quotient space of X and f is called a quotient mapping.

Proposition 5.13. Let (X, 1), (Y,n) be two bipolar fuzzy topological spaces and let
f: (X, 1) = (Y,n) be sujective and continuous. Let 0 be the bipolar fuzzy quotient
topology on Y induced by f. If either f is open or closed, then 6 = 1.

Proof. Suppose f is open. Since f : (X,7) — (Y,n) is continuous, by Proposition
5.11,7 < 8. Let U € 6. Then by the definition of 6, f~1(U) € 7. Since f: (X,7) —
(Y,n) is surjective and open, U = f o f~1(U) € n. Thus § <n. So § = 7.

When f is closed, we also have § = n by the same argument. 0

Remark 5.14. From Definition 5.12 and Proposition 5.13, we can easily see that
if f:(X,7) = (Y,n) is open (or closed), surjective and continuous, then f is a
quotient mapping.

Proposition 5.15. If f : (X,7) — (Y,n) and g : (Y,n) — (Z,0) are quotient
mappings, then g o f is a quotient mapping

Proof. 1t is straightforward. O

Theorem 5.16. Let (X,7), (Z,7n) be bipolar fuzzy topological spaces, let Y be a
set, f : X = Y be a sujective mapping and let § be the bipolar fuzzy quotient
topology on'Y induced by f. Then g : (Y,0) — (Z,n) is continuous if and only if
gof:(X,7) = (Z,n) is continuous.

Proof. Suppose g : (Y,8) — (Z,n) is continuous. Since § be the bipolar fuzzy
quotient topology on Y induced by f, f: (X,7) — (Y,d) is continuous. Then g o f
is continuous.

Conversely, suppose go f is continuous and let V' € n. Then (go f)~1(V) € 7 and
(go £)~Y(V) = f~Y(g~Y(V)). Thus by the definition of the bipolar fuzzy quotient
topology, g~ 1 (V) € §. So g is continuous. O
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6. BIPOLAR FUZZY INITIAL TOPOLOGIES

Definition 6.1. Let X be a set, let (Y}, 7;);ecs be a family of bipolar fuzzy topo-
logical space and let let (f; : X — (Y;,7;))jes be a family of mappings. Let

S={f;'(U;) e BPF(X):U; €1, j€ J}.

Then the topology 7 generated by the subbase S is called the bipolar fuzzy initial
topology on X induced by (f;),es and ((Y;,7))jes-

In fact, let B be the set of all finite intersections of members of S. Then B is a
base for 7 and 7 is the set of all unions of members of 5.

Proposition 6.2. Let T be the bipolar fuzzy initial topology on X induced by (f;),es
and (Y;,7j)jes. Then T is the coarsest topology on X for which

[i(X,7) = (Yj,75) is continuous for each j € J.

Furthermore, for any bipolar fuzzy topological space (Z,0), g : (Z,8) — (X, 1) is
continuous if and only if f; o g is continuous for each j € J.

Proof. 1t is straightforward. O

Remark 6.3. From Proposition 6.2, we can see that the category BPFTop forms
a topological category.

Example 6.4. (1) (Inverse image of a bipolar fuzzy topology) Let X be a set,
let (Y, ) be a bipolar fuzzy topological space and let f: X — (Y,6) be a mapping.
Then by Proposition 6.2, there is the bipolar fuzzy initial topology 7 on X for which
f:(X,7) = (Y,6) is continuous.

In fact, the set S = {f~}(U) € BPF(X) : U € 4} is a subbase for 7.

In this case, 7 is called the inverse image under f of 4.

In particular, f : (X,7) — (X ,) is continuous if and only if 7 is finer than the
inverse image 7x under f of 4.

(2) (bipolar fuzzy product topology) Let (X;,7;)jes be a family of bipolar fuzzy
topological spaces and let X = II;c;X; be the product set of (X;);ecs. Then by
Proposition 6.2, there is the bipolar fuzzy initial topology 7 on X for which the
projection pr; : (X, 7) = (X;,7;) is continuous for each j € J.

In fact, the set S = {prj_l(U) € BPF(X):U € 7;} is a subbase for 7.

In this case, 7 is called the bipolar fuzzy product topology on X and denoted by
T =II;e 7; and the pair (X, 7) is called a bipolar fuzzy product space.

Proposition 6.5. Let (7j)je; C BPFT(X). Then there is a bipolar fuzzy topology
on X for which is the coarsest among all the bipolar fuzzy topologies on X which are
finer than each 7, i.e., (1j)jes has the least upper bound in (BPFT(X),=).

Proof. For each j € J, let (Yj,7;) = (X, 7;) and f; be the identity mapping X —
(Y;,7;). Then by by Proposition 6.2, there is a bipolar fuzzy initial topology T on
X for which all the mappings f; : (X,7) — (¥j, 7;) are continuous. Since each f; is
the identity mapping, by Lemma 4.21, 7; < 7. Thus 7 is finer than each 7;. So 7 is
the least upper bound in (BPFT(X), =<). O

Remark 6.6. In Example 6.4 (2), the projection mappings are not necessarily open.
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Example 6.7. Let X; = {a,b} = X5 and let

= {Obp,Xu 1bp7X17A}v T2 = {Obp,Xza 1bp,XzaB}7

where

A(a) = (0.4,-0.7), A(b) =(0.6,—0.5)
and

B(a) = (0.8, -0.3), B(b) = (0.3,—0.6).
Let 7 = {Obp,XlxX27 1bp,X1><X2a Ui,U, Uy NUy,U; U UQ}, where Uy = prl(A) and
U, = pr2_1(B). Then clearly, 7 = 71 X 72 € BPFT(X; x X3) and pro(Uy) &
7o, pri(Us) € 1. Thus pry and pro are not open.

Let the bipolar fuzzy set in X whose value is (a, b) € [0, 1] x[—1, 0] for each z € X,
be denoted by (a,b)pp. In particular, we will denote (a, —a)pp as app.

Definition 6.8. Let (X, 7) be a bipolar fuzzy topological space. Then 7 is said to
be Lowen-type (See [13]), if (a,b)s, € T, for each (a,b) € [0,1] x [—1,0].

Proposition 6.9. Let (X;,7;)es be a family of be Lowen-type bipolar fuzzy topolog-
ical spaces and let X =11,c;X;, 7 =1I;c 7;. Then each projection pr; : (X,7) —
(Xj,7;) is open.
Proof. Let V =, prj_il(Uji), where Uj, € 75, fori=1, 2,---, n.
Suppose k(# j;) € J,i=1, 2,---, n and let 2}, € Xj. Then
[pre(V)]* (2) = VIEPT’:1(zk) V*(x)
= Vmeprgl(xk)[mzl:l pr;l(Uj7)]+(x)
= \/l’eka_l(ﬂik)[/\?zl U]—i_ Oprji (x)]
= /\?:1[\/5@(“ U;({)]
=a € [0,1] (say).
Similarly, we have [pry,(V)] ™ (zr) = ViZ1[A¢ex, Us, (§)] = b € [-1,0] (say). Thus
pre(V) = (a,b)pp.
Suppose k = j;, € J, 50 =1, 2,---, n and let x; € Xj;. Then
[ore(V)]* (1) = \/xeprgl(mk) V*(z)
= \/prrlzl(mk)[/\?:l U]T O Pprj; (37)]
= /\lgi(;éio)gn[vgeri Uj(f))] A Uzt(xk)
=a AU (),
where a = /\lgi(;éio)gn[\/feri U;(f))]
Similarly, we have [pry,(V)]* (zx) = b V Uy, (w),
where b = Vlgi(;éio)gn[/\gexji Uj: 3)IE

Thus pri(V) = (a’ A U;g(xk.),b/ V U (wk)pp- So either cases, pri(V) € 7. Hence
pri is open. O

7. COMPACTNESS IN A BIPOLAR FUZZY TOPOLOGICAL SPACE

Definition 7.1. Let (X, 7) be a bipolar fuzzy topological space and let C C BPF(X).
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(i) C is called a cover of X, if 1;, C JC, i.e.,
(Jot @) =1and (| JO) (x) = -1, Vz € X.

(ii) Let C be a cover of X. Then D C C is a subcover of C, if D is a cover of X.
(iii) C is called an open cover of X, if C is a cover of X and C C 7.

Definition 7.2. A bipolar fuzzy topological space (X, 7) is said to be compact, if
each open cover of X has a finite subcover.

Proposition 7.3. Let (X,7) be a bipolar fuzzy compact space, (Y,0) be a a bipolar
fuzzy topological space and let f : (X, 1) — (Y, 0) be surjective and continuous. Then
(Y,0) is compact.

Proof. Let C be any open cover of Y. Then clearly, Y = {f~1(V): V € C} is an
open cover of X. Since (X, 7) is compact, there is a finite subcover

V={f1tVi):ViecC, 1<i<n}.
Thus for each z € X,

(Uwﬂmzvfﬂwmm:vmm

and

3
3

UV) @) = A F V)@ = A Vi o fla) < 1.
i=1 i=1
Let y € Y. Since f is surjctive, f~1(y) # ¢, say y = f(x). Then
Ui Vi) () = Vi, Vit ()

=V Vi (f(=))

=V Vit o f(z) > 1.
Similarly, we have (U, V;)~(y) < —1. Thus A ={V; € C: f~(V;) € V} is a finite
subcover of C. So (Y, ) is compact. O

Definition 7.4 (See [8]). Let C € BPF(X). Then
(i) C is said to be inadequate, if it fails to cover X,
(ii) C is said to be finitely inadequate, if no finite subfamily of C covers X.

Definition 7.5 ([8]). A family A of ordinary sets is said to be of finite character, if
each finite subset of a member of A is a member of A.

Result 7.6 ([3], Tukey Lemma of Theorem 0.25). There is a mazimal member of
nonempty family of finite character.

Now we will prove the Alexander Theorem on compactness (See Theorem 5.6 in
[8]) in bipolar fuzzy setting.

Proposition 7.7 (Alexander Subbase Theorem). Let (X, 7) be a bipolar fuzzy topo-
logical space and let S be a subbase for 7. If every cover of X by members of S has
a finite subcover, then (X, T) is compact.
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Proof. By Definition 7.4, (X, 7) is compact iff each finitely inadequate family of
bipolar fuzzy open sets in X is inadequate. Observe that the class of finitely in-
adequate families of bipolar fuzzy open sets in X is of finite character and thus
each finitely inadequate family of bipolar fuzzy open sets in X is contained in a
maximal finitely inadequate family A by Result 7.6. Then A has a special prop-
erty which is established as follows: If C' ¢ A and C' € 7, then by the maximality,
there is a finite subfamily {Uy,Us,--- ,U,} of A such that {Uy,Us,---,U,,C} is
a cover of X, ie., 1, C CUU; U---UU,. Thus no bipolar fuzzy open set con-
taining C' belongs to A. Similarly, if D ¢ A and C € 7, then there is a finite
subfamily {V1,Va,---,V,,} of A such that {Vi,Va,--- | V,,, D} is a cover of X. So
{U1,Us, -+ ,Up, V1, Vo, ,V,,, CN D} is a cover of X. Hence C N D ¢ A. There-
fore if no member of a finite family of bipolar fuzzy open sets belongs to A, then
no bipolar fuzzy open set containing the intersection belongs to A, i.e., if a member
of A contains a finite intersection C; N Cy--- N C), of bipolar fuzzy open sets, then
some C; € A.

Suppose S is a subbase for 7 such that every cover of X by members of S has a
finite subcover (i.e., each finitely inadequate subfamily is inadequate). Let B be a
finitely inadequate family of bipolar fuzzy open sets in X. Then there is a maximal
finitely inadequate family A of bipolar fuzzy open sets such that B C A. If A is
inadequate, then the family S .A of all members of A which belongs to S is finitely
inadequate. Thus §() A is inadequate, i.e., S[).A does not cover X. Now let us
show that A is inadequate.

Assume that A is not inadequate. Then A covers X, i.e., 1, C |JA. Let z € X.
Then 1 = 1;;(33) <VaeaAt(z) and =1 =1, (2) > Ayc g A™(2). Let € > 0. Then
there is A € A such that AT (z) > 1 — 5. Since A € 7, there is {B;}ica such that
A = U,;en Bi, where {B;}ica is a set of basic open sets. Since each B; is a basic
open set, there is a finite index set J; such that B; = njeJi S;, where S; € § and
B; C A. Since A € A, there is j; € J; such that B; =) S; C Cj, € ANS. Since
A =J,ca Bi, there is By, such that

JEJi

B (x) > A*(x) — %

2
L Similarly A¢icsnaCy (2) < =1 So 1y, € U(S N A). Hence S[)A is not
inadequate. This is a contradiction. This completes the proof. O

Thus C’;ZO (x) > Bl‘g(w) >1— 5 — 5. Since € > 0 is arbitrary, \/CjeSmA Cj‘(x) >

Definition 7.8. Let A € BPF(X) and let C C BPF(X). Then C is said to be
cover of A, if A C |JC.

Definition 7.9. Let (X, 7) be a bipolar fuzzy topological space, let A € BPF(X)
and let u € Py,(A). Then p is said to be compact in (A, 74), if every open cover of
1 by members of 74 has a finite subcover.

Definition 7.10. Let (X,7), (Y,d) be two bipolar fuzzy topological spaces, let
A € BPF(X), B€ BPF(Y) and let f : A — B be a mapping. Then f is said to
be continuous, if f~1(u) € 74, for each p € 7p.
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Proposition 7.11. Let (X,7), (Y,9) be two bipolar fuzzy topological spaces, let
A € BPF(X), B € BPF(Y) and let f : (A,7a) — (B,7p) be continuous. If
X € Pyy(A) is compact in (A, 74), then f(X) is compact in (B, Tg).

Proof. Let C be any open cover of f(A) and let z € S(A), y = f(z) € S(B). Then
oty 10) € UC. i JO)" () < (U0 0) and 0)"(0) > (U0 o). for e
y € S(B).

Case (i): Suppose f(A)T(y) = 0. Then clearly, f(\)*(y) < U™ (y), for each U € C.
Thus V,ep-1() AT (@) U o f(2) = [f71{U)]"(2). So A (2) < [fHU)]*(2).

Case (ii): Suppose f(A)*(y) > 0 and let € > 0 such that f(\)*(y) —e > 0. Then
there is p. € C such that uZ(

[ (no)]* () = A¥(x)
= At Ex) A (y)
(

> AT (@) A (fFNT () — e

= AT (@) AN [(Vagpry AT(2) — €]
> At (z) AN (AT (z) —¢)

=A\"(z) —¢

Similarly, we have
U £ (@) < 27 (@),
pnel
So f7XC) = {f () : p € C} is an open cover of A. Since \ is compact in (A, 74),
there is a finite subfamily {f~1(u1), f~1(p2), -+, f " (un)} of f~1(C) which covers
A. Let y € S(B).
Case (1): Suppose f~!(y) = ¢. Then f(A\)T(y) =0 = f(A)~(y). Thus
U A7 wal* ) = F)* ().
i=1

Similarly, we have

=

£ )l () < F) ().

i=1
Case (2): Suppose f~'(y) # 6. Then f(\) C F(UL, /= (u)). Thus F() C
Uiy £F7 () So Uiy i O Uiy fF 7 (a) O f(N). Hence {p, o, =<+, pin} is
a cover of f(A) which is a finite subfamily of C. Therefore f(X) is compact in
(BvTB)° O

8. CONCLUSIONS

We dealt with some properties of bipolar fuzzy topology, neighborhood, conti-
nuity, base (subbase), subspace, quotient space and compactness. In particular, we
proved that analogues to classical neighborhood system and Alexander Subbase The-
orem hold in bipolar fuzzy topological spaces (See Proposition 4.3 and Proposition
7.7).
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In the future, we try to study separation axioms and connectedness in bipolar

fuzzy topological space. Also we will investigate the degree of openness of any
ordinary set in the sense of bipolar fuzzy sets.
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