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1. INTRODUCTION AND PRELIMINARIES

In 1999, Molodtsov [12] introduced the concept of soft set which is completely
new approach for modelling uncertainties. Applications of soft set theory in other
disciplines and real life problems are now catching momentum. Molodtsov [12]
successfully applied the soft set theory into several directions, such as smoothness
of functions, game theory, Riemann integration, theory of measurement, and so
on. Maji et al. [11] gave first practical application of soft sets in decision making
problems. They have also introduced the concept of fuzzy soft set, a more generalized
concept, which is a combination of fuzzy set and soft set and also studied some of its
properties. Ahmed and Kharal [4, 9] also made further contribution to the properties
of fuzzy soft sets and fuzzy soft mappings. Soft set and fuzzy soft set theories have a
rich potential for applications in several directions, a few of which have been shown
by some authors [12, 13]. Moreover, Shabir and Naz [18] presented soft topological
spaces and defined some concepts based on soft sets. Tanay and Kandemir [20]
initially introduced the concept of fuzzy soft topological space using fuzzy soft sets,
and studied the basic notions by following Chang’s fuzzy topology [6]. Pazar Varol
and Aygun [21] defined the fuzzy soft topology in sense of Lowen. A. Abdiilkadir
et al. [3] defined fuzzy soft topology in Sostak’s sense [19]. G. Senel made a wide
research on soft sets and its applications in [14, 15, 16, 17].
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In this paper, we introduce the notions of fuzzy soft interior spaces and fuzzy
soft closure spaces. We show the existence of initial fuzzy soft interior structures
and initial fuzzy soft closure structures. From this fact, the category FSC is a
topological category over SET. Furthermore, we can define the products of fuzzy
soft interior spaces and fuzzy soft closure spaces. In particular, an initial structure
of fuzzy soft topological spaces could be obtained by the initial structure of fuzzy
soft closure spaces.

Throughout the paper, X refers to an initial universe, IX is the set of all fuzzy
sets on X (where I = [0,1], Iy = (0,1] and I = [0,1), Jo; = (0,1)). For o € I,
a(r) = a for all z € X, E is the set of all parameters. fg : E — IX is called a

fuzzy soft set on the universe X. For e € E then f. is a fuzzy subset of X. (X, E)
denotes the collection of all fuzzy soft sets on X. A fuzzy soft set fg is a fuzzy soft
subset of a fuzzy soft set gg, denoted by fr C gg, if fo < g. Ve € E. fg is fuzzy
soft equal to gg if fg C gg and gg C fg. The intersection fg M gg of fuzzy soft
sets fg,gp is defined as the soft set hg such that he = f. A g. Ve € E, and the
union fg U gg is defined as the soft set hg such that h, = f. Vg Ve € E. Let
x € X, denote a fuzzy soft point by zg for which z. = ;1 Ve € E where z; is the
fuzzy point with value 1 at z and 0 otherwise. A fuzzy soft point zg is contained
in a fuzzy soft set fg if 1 = f.(z) Ve € E, and thus xg does not belong to fg if
1 # fe(z) for some e € E. The fuzzy soft set fg is called a null fuzzy soft set if
f.=0for any e € E. The null fuzzy soft set will be denoted by ®. The soft set fx
is called an absolute fuzzy soft set if f. = 1 for any e € E. The absolute fuzzy soft
set is denoted by E. The fuzzy soft complement fg of a fuzzy soft set fg is defined
by: (fo)(z) =1 — fo(z) Vo € X for any e € E. It is evident that (E)¢ = & and
(®)¢ = E. A fuzzy soft set fz on X is called a-absolute fuzzy soft set denoted by
E“, if f, =@ for each e € E. Clearly (E*)° = E'~®. All definitions and properties
of fuzzy soft sets on X are found in [4, 20, 3, 7, 10, 5, 8, 1]. Connectedness in fuzzy
soft topological spaces has been introduced by S.E. Abbas et al. in [2].

—_~—

Definition 1.1 ([1]). AmapI: E x (X,E) x Iy = (X, E) is called a fuzzy soft
in/tgfpr operator on X, if I satisfies the following conditions for each e € F, fg,gp €
(X, E), r,s €l

(1) e, E,r) = E,

(12) I(ea fEaT) E fEa

(13) if fE C JE and 7 < S, then I(evavr) C I(enga 8)7

(14) 1(67 fE r 9,7 A S) 3 1(67 fE7 7’) M 1(67 9E, S)
The pair (X,I) is called a fuzzy soft interior space.

A fuzzy soft interior space (X, I) is called topological provided that

I(e,I(e,fE,T),’I’) = I(eva7T)'
A fuzzy soft interior space (X, I) is called weakly stratified, if for each e € E,

I(e, E“,r) J E* YE* € (X,E), r € I.
Let (X,(I1)g) and (Y, (I2)r) Dbe fuzzy soft interior spaces. A function ¢ :

(X,(I)e) = (Y, (I2)F) is called fuzzy soft I-map, if for all fp € (Y, F), e€ E,r €
176
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IO7
Li(e, (¢) "' (fE),r) 2 (4) 7' (T2(¥(e), f5, 7).

Let (I;)g and (Io)g be fuzzy soft interior operators on X. We say that (I)g is
finer than (Iz)g ((I2)g is coarser than (I;)g), denoted by (Iz)g C (I)g, if

—~—

IQ(EafEa'r) C Il(evavr) va € (XaE)v GGE,TGI().

Definition 1.2 ([I]). Amap C: E x (X,F) x I, — (X, E) is called a fuzzy soft
closure operator on X if C satisfies the following conditions for each e € E, fgr,gp €

—_~—

(X,E), r,s € I:
(C1) Cle,®,7) = ®,
(C2) C(e, fE,7) 2 fB,
(C3) if fp C g, then Cle, fg,7) C Cle, g, 1),
(04) C(e’fE U gEar) = C(evavr) U C(eagEar)a

(C5) Cle, fg,r) C Cle, fg,s), if r < s.

The pair (X, C) is called a fuzzy soft closure space.
A fuzzy soft closure space (X, C) is called topological provided that

C(ea C(ea fE7T)>r> = C(eu fE7 T)'
Let (X, (C1)g) and (Y,(Cqz)r) be fuzzy soft closure spaces. A function ¢, :

—_~—

(X,(C1)E) = (Y,(Ca)p) is called fuzzy soft C-map, if for all fg € (X, E), e €
E,rel,
Ca(¥(e), ¢y (fE),7) 3 dy(Cile, fr,7)).

Let (m1)g and (72)p be fuzzy soft topologies on X. We say that (m)g is finer
than (72)g ((72)g is coarser than (71)g), denoted by (12)g C (71) g, if

(12)e(fE) < (11)e(fE) Ve € E, Vfp € (X, E).

Let (C1)g and (Cs)g be fuzzy soft closure operators on X. We say that (C1)g
is finer than (C3)g ((C2)g is coarser than (Cy)g), if

—_~—

C2(eafEaT) g Cl(ea fE‘vT) va' € (Xv E)» ee E,?“ € Il~
Definition 1.3 ([3]). A mapping 7: E — I(;?/fE) is called a fuzzy soft topology on
X, if it satisfies the following conditions for each e € E:
(01) Te((i)) = Te(E) =1,
(02) 7e(feNge) > 7elfe) Arelge) for all fz,g5 € (X, B),

>
(03) (U (fp);) = A 7e((fp);) forall (fp); € (X, E), j€J.
jed jeJ
Let (X, 7) and (Y, 7*) be fuzzy soft topological spaces. A fuzzy soft mapping ¢,

—_—~— =~

from (X, E) into (Y, F) is called a fuzzy soft continuous mapping, if

—_~—

Te(¢y, ' (98)) = T)(9E) YoB € (Y,F), e € .
177
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Theorem 1.4 ([1]). Let (X,7g) be a fuzzy soft topological space. For each fg €

IXE) e c Er € Iy, we define an operator C, : E x (X,E) x Iy — (X, E) as
follows:

CT(eafE7T) = m{gE € (X7 E) : fE C gEaTe(ch) > T}.
Then, (X, (C:)g) is a topological fuzzy soft closure space, and if r = V{s € I :
CT(e7fE7S) = fE}; then CT(E,fE,T') = fE
Theorem 1.5. Let (X, Cg) be a fuzzy soft closure space. Define the function ¢ :
E — IX%E) on X by: For each e € E,

(ro)e(fe) = \/{r e I: Cle, f,7) = fi}-
Then
(1) (7¢)e is a fuzzy soft topology on X,
(2) We have C= C,. iff a fuzzy soft closure space (X, Cg) satisfies the following
conditions:
(a) it is topological,
(b) ifr=V{sel: (e, fr,s)= fr}, then Cle, fg,7) = fE.
Proof. Direct. O

Example 1.6. Let X = {z,y,2}, £ = {e1,e2}, fe = {(e,z1 Vy1) : e € E} and
ge ={(e,21) : GGE}\.—/ o
Define C : Ex (X,E) x Iy — (X, E) for all e € E as follows:

d ifhp=orel

_ fe fhg=af¢c frtel,0<r<
Cle,hp,r) = gp ifhp=2°cgpsely,0<r<
E  otherwise.

INIEENIES

Then (X, Cg) is a fuzzy soft closure space. Since C(e, zf, 3) = fg and C(e, fg, 5) =
E, C(e,Cle,x§,3), %) # Cle,x¢, ). Thus (X, Cp) is not topological fuzzy soft clo-
sure space.

From Theorem 1.5, we obtain 7¢ : £ — I()?E) for all e € E as follows:

1 lfhE:éOYhE:E
(TC)e(hE> = % if hE = fE
0 otherwise

and so
(i) if hg = (i),r el
CTC(G,/’LE,’I’) = JE if hE:,Z:EgE,SGI(),O<T§
E  otherwise.

1
2

Hence C # C,..

Theorem 1.7. Let g be a fuzzy soft topology and C, a fuzzy soft closure operator
on X. Then 1c_ is a fuzzy soft topology on X such that T = 7¢, .

Proof. Clear. O
178
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—

Definition 1.8 ([3]). A mapping 8 : E — IXF) is called a fuzzy soft base on X,
if it satisfies the following conditions: for each e € F,

(Bl) ﬂe(é) = IBE(EN) =1, o
(B2) /Be(fE HQE) > ﬁe(fE) /\/Be(gE)a for all fg,g9r € (X7 E)

Theorem 1.9 ([3]). Let 8 be a fuzzy soft base on X. Define a map 753 : E — IXE)
as follows:

(m8)e(fe) = VAN Be((f6))) : fo=||(fB);}, Ve € E.
jed jed
Then 1 is the coarsest fuzzy soft topology on X for which (73)c(fr) > Be(fr), for
dlec E, fpe (X,E).

Theorem 1.10 ([3]). Let {(Xj;,(7))E,)}jes be a family of fuzzy soft topological
spaces, X be a set, E be a parameter set and for each j € J, ¢; : X — X; and

—_—

v; 1 B — E; be maps. Define B: E — IOE) on X by:
Be(fE) = \/{/\(Tkj)wkj(e)((fE)kj) D JE= |_|(¢¢);;1((fE)kj)},
Jj=1 j=1

where \/ is taken over all finite subsets K = {k1,ka,--+ ,kn} C J. Then

(1) B is a fuzzy soft base on X,

(2) the fuzzy soft topology 15 generated by 3 is the coarsest fuzzy soft topology on
X for which all (¢y);, j € J are fuzzy soft continuous maps,

(2) a map ¢y : (Y,0r) — (X, (78)E) is fuzzy soft continuous iff for each j € J,
(dp)jody : (Y,0r) = (X, (75)E;) is a fuzzy soft continuous map.

2. INITIAL FUZZY SOFT INTERIOR SPACES

Theorem 2.1. Let {(X;, (I;)E;)}jes be a family of fuzzy soft interior spaces, X be
a set, E,E; are parameter sets and for each j € J, ¢;: X — X; and ¢;: E — E;
be maps. Define a map |: E x (X, E) x Iy — (X, E) on X by:

e, fm,r) = L (M1 (60)5 (L (W (€), (F)i ™)},
Mp_y (66)5,1((f£)3,)ESp

for all finite subsets K = {j1,jo, - ,jn} € J. Then | is the coarsest fuzzy soft
interior operator on X for which each j € J, (¢y); is a fuzzy soft I-map.

Proof. (I1) Since l(e, E,r) 3 (¢¢);1(Ij(¢j(e),E~‘j,r)) = E, we have l(e, E,r) = E.
(I2) For all finite subsets K = {j1,j2, -+ ,jn} C J, we have

(e, f,7) = || {1 (00)7, @ (B e), (FE)je 7))}
Mry (90)5, (fE)3,)EfE
= L] (Mo (60)5 ((F)30)}
Mry (90)5, (fE)3,)EfE
C fe.

179
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(I3) It is easily proved from the definition of I.
(I4) For all finite subsets K = {k1, ko, - ,kp}, L = {l1,l2,--- ,l4} of J such that

M—1(¢0), (fe)e,) E fr and MLy (6y);," ((96)1,) E gp, we have
(M7=1(00)5, (FE)k)) T (M1 (60);, (96)1) E f& Mg

Furthermore, we have for each t € K N L,

(D) ((fE)e) M (D) ((9E)e) = (¢4)i ' (FE)e N (g8)e),

(00)7 ' Le(e(e), (f)em)) T (S0)y (Le(ile), (9m)e, 9))
C (o) @e(we(e), (fe)e M (gB)esm A 8)), e € E.
Put M =KUL={mj,mg,--- ,mT} with

{ (fE)m; M E :mje K — (KNL)
(hEe)m; = (98)m, nE s m;eL—(KNL)
(fE)m] (9B)m, :mj € (KNL).
If mj €e K- (KNL), then
(D) s Loy Wy (€), (F)mys 7)) = (D) Ty (Y, (€), (f)my 7)) T E
= (04)m; L, (P, (€), (fE)m, 7)) T
(66 )y (L, (¥, (€), E 5))
T (¢)ms (T, W, (€), (fE)m, M E,7 A s))
C  (p)m, Ty (Ym, (€), (hp)my, 7 A 5)).

Similarly, if m; € L — (K N L), then

(¢¢);§ (ImJ‘ (wm_,» (6)7 (gE)mj ) 8)) C (¢w);117 (Imj ("/)mj (e); (hE)mj , T A S))
Thus
L {1 (D), T, (P, (€), (FE)r,5 7))} 1T
n$:1(¢w);;1((fE)kt)EfE
L (M1 (du)y, (T, (W1, (€), (9B, 5)) }
n?_(é4);, ((98)1,)Egs

L {M=1 (S0 )y Ton, (Y, (€), (h)m, 7 A 5))}

M7_y (69)ms (hE)m, ) CfENgE
C (e, feMNgg,r As).

M

So
( fe,m)N(e,g9r,8) C (e, fEMgr,rAs).

For each (fz); € (X;, E;) and a family {(64)7 1 ((f5)j)}jes, we have
(e, (6y); ((F);),) D (99);  (Li(w5(e), (Fr)5:7))-

Hence for each j € J, (¢y); : (X,1) = (Xj,1;) is a fuzzy soft -map.
Let (¢y); : (X,1") = (X;,I;) be a fuzzy soft I-map for each j € J. Since for each

j€Jand (fg); € (Xj, Ej),

(e, (69); ((fE);),m) 2 (d0); X (W5(e), (fE)s,m))
180
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for all finite subsets K = {ky, ko, -+ ,kn} of J, we have

(e, fe,r) = | ] {721 (005, Te, (r, (), (FB) R, 7))}

NPy ($0)5, (FE)k ) EfE

- | | (k. (€), Ty (D) (F)k)s [\ )
NP1 ($0)i, ((FE)k ) EfE t=1

= |_| " (¢, (€), M7= (P0) e (FE)R,)57)
My (¢0)y, (fE)R)ESE

C I"(e,fg,r) (wherer = /\ r).

t=1

O

The category of fuzzy soft interior spaces and fuzzy soft l-maps is denoted by
FSI

Theorem 2.2. The forgetful functor W : FSI — SET defined by W(X,l) = X
and W (¢y) = ¢ is topological.

Proof. From Theorem 2.1, every W-structured source ((¢y); : X — W(X;, (I);)jer)
has a unique W-initial left ((¢y); : (X,1) = W(X;, (I);)jes), where | is defined as
in Theorem 2.1. O

Using Theorem 2.1 and Theorem 2.2, we can obtain the following definition.

Definition 2.3. Let {(Xj, (I;)g,)}jes be a family of fuzzy soft interior spaces, for
each j € J, X =1Il;c;X; and E =1l E;. Let p; : X — X; and ¢; : E — E; be
projection maps for all j € J. The initial fuzzy soft interior operator I, as given in
Theorem 2.1, with respect to the parameter set F is the coarsest fuzzy soft interior
operator on X for which all (p,);, j € J are fuzzy soft l-maps.

Corollary 2.4. Let {(X;,(I)E,)}jes be a family of fuzzy soft interior spaces for
each j€J, ¢; : X = X; and 1/); : B — Ej be maps for all j € J and | is the fuzzy
soft interior operator as in Definition 1.1. Then

(1) if there exists j € J such that I; is weakly stratified, then I is also weakly
stratified on X,

(2) if {(Xj, (Lj)E,)}jes is a family of topological fuzzy soft interior spaces, then
(X, Ig) is a topological fuzzy soft interior space,

(3) amap ¢y : (Y, ) = (X, Ig) is fuzzy soft I-map iff for each j € J, (dy)j0dy :
(Y, Ip) = (X, (I))E,) is fuzzy soft I-map.

Proof. (1) Let (1) g, be weakly stratified on X, for some j € J. Since I(¢;(e), E~r)3

E°, for each & € (X, Ej), e € E,r € Iy and (¢¢);1(E0‘) = E°, we have for each
181
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—_~—

E“ e (X,E), ec E,r € I,
(e, B, 1) = || {1 (09)7, @ (@i (e), (FE)ju )}
Moy (89)5, (fE)3 )EE®
3 (6y); @i (W5(e), E%,r))
3 Ee
Thus | is also weakly stratified on X.
(2) For all finite subsets K = {ky, ko, -+ ,kn} of J, we have

|(€, fE7 T)
= L {1y (D)) (T, (o, (), (fE)k, 7))}
My (60)5, ((Fe)ey Efe
= L {1y (D)) (T, (o, (€), T, (P, (€), (FE )R> 7) 7))}

My (¢0)r, (fE)R)ESE

I

{21 (D)5, Tk, (o, (€), T, (U, (€), (FE)R, 1), 7))}
”Ll(@b);;l Ty (Y1 (€)5(fE) Ry 7)) ENe, fE2,T)

cE |(6, I(ea fEa T)7 T)a
because I_Ile(cbw);tl((fE)k,) C fg implies that

ﬂ?:1(¢w)1;1(1kt (¢kt (6)7 (fE)kuT)) C |(67 fE7 T)'
(3) For all finite subsets K = {kq, ko, ,k,} of J, we have for each e € F,

(6w) " (I(d(e), fE,7))

= (oy)7 L {71 (D), (e, (i, ((e)), (FE)k,s)))]
Mieq ((bw)]:tl((fE)kt)ng

= L {(&9) M Moy (D)7, T (W, ((€))s (fE)k,s )]}
My (w)y, (FB)r )CfE

= L] {71 (00) ™ (D), T (W, (0()), (FE)r,s 7))}
My (w), (FE)r )CfE

= L {1 (Wn, (0(€)) (D)~ (0)i, (fE ke )}
My (fw), (FB)r )CfE

c L {1 (Wr, (), (d0) M (Mot (D)5 (fE))s A 1)}
My (w), (FB) )EfE t=1

= L {1 (r, (W (), ($0) ™ (M1 (P0)r, (FE)R)s )}
My (w), (FB)r )CfE

C 1" (4w, (¥(e)), (60) " (fE), 7). O

From Theorem 2.1, we can prove the following corollaries.

Corollary 2.5. Let | be a fuzzy soft interior operator on Y, ¢ : X — Y and
Y : E — F be maps. We define a map I: E x (X,E) x Iy — (X, E) as
I(e,fE,T) = |_| (¢’¢J)_1(I*(w(e)79E7T)>

(¢y) "' (gp)EfE
182
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Then I is the coarsest fuzzy soft interior operator on X for which ¢y is a fuzzy soft
I-map.

Corollary 2.6. Let {( j) ) }ies bea famzly of fuzzy soft interior operators on X.
Define a map I: E><(X E)><I0—>(X E) by:

I(e, fp,7) = | ] Lo, (Yry (€) (fE )y, 7)1 - T, (ks (€), (fE )k,
(fE) ik, WfE) kDN fE)K, E fE

for all finite subsets K = {k1,ko,- -+ ,kn} of J.
Then I is the coarsest fuzzy soft interior operator on X finer than I;, for each j € J.

3. INITIAL FUZZY SOFT CLOSURE SPACES

Theorem 3.1. Let {(X;,(Cj)g,)}jes be a family of fuzzy soft closure spaces, X
be a set, ¢; : X — X; and op; : B — E; be maps for each j € J. Define a map

—_—~

C:Ex(X,E)xI; = (X,E) on X by:

Cle, fror) = || (Mes (60); (G5 (W5(e), (60); ((f);): 7))}

j=1
for all fg € ( E), e € E,r € I, where the first 1 is taken over all finite families

{(fe)j: f Izl( fE)j}. Then

(1) Cis the coarsest fuzzy soft closure operator on X, for which all (¢y); are
fuzzy soft C-maps,

(2) if {(X;,(Cj)E,)}jes is a family of topological fuzzy soft closure spaces, then
(X,Cg) isa topologzcal fuzzy soft closure space,

(3) a map ¢y : (Y,Cp) — (X, Cg) is a fuzzy soft C-map iff for each j € J,
(Pp)j 0 by : (Y, Cp) = (X;,(Cj)g,) is a fuzzy soft C-map.

Proof. (1) Firstly, we will show that C is a fuzzy soft closure operator on X.
(C1), (C2) and (Cb): it is easily proved from the definition of C.
(C3): Let fg C gg be given. For each family {(gg); : gr = |_| (9E);}, there
=1
exists a finite family {fg M (9r); : f& = |_| (fe M (ge);)} such that
Jj=1
n

Cle, fe,r) E |_| et (dv); (Ci(v;(e), (dy);(f2 M (98);),7))]

C

Mjes(oy); (Cj(i(e), (9r);.7))]-

H'|:: H

Then C<e7 fEa T) E C(@, 9gE, T)-
(C4): From (C3), we have

C(eavar) U C(@,gEJ") E C(eafE ugE7T)'
183
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Now we prove t that C(e, fg,r)UC(e, gg,7) 3 C(e, feUgg,r). For all finite families

{(f); : fe = l_l (fe);} and {(g9g); :

j=1

ge
(U (92)s  JUge = (U (21 U (G0

Jj=

C
[_| (9E);}, there exists a finite family
E)j

)} such that

—

.ES

o
Il
—

C(eval—lgEvr) C

(Mies(9p); (Ci(w5(e), (dy); ((fE);),m)))] U

=

(Mies(d0); (Ci(¥5(e), (d0);((92);),m)))]-

<.
Il
—

Put h = [ (Nies(06)7(C;(05(e), (64);((g8),), 7)) Then

Jj=1

|:3

Cle, feUgr,r) C Mjes(dp); (C;(i(e), (9p); ((fE)j): 7)) U hEl
= ['_'(|_|( jer(00); 1 (Ci(vi(e), (04);((f8);),7) U I

j=1
= C(eavar) U hE'7

where MM is taken over all finite families {(fg); : fe = | (fr);} Again,
j=1

Cle, frUggr,v) T T1(C(e, fr,7) U hg)

n

= Cle, fe,r) U N (Mjea(d0); (C;(w5(e), (84)i((9£)5), 7))

j=1

= Cle, fe,r) U Cle,gm,7),

where MM is taken over all finite families {(g9g); : g = || (9&);}-
j=1
Secondly, from the definition of C, we have the following, for a family {fg : fr =

| (fe)i},

H[::

Cle, fe,7) Mies(¢); ' (C;(wi(e), (94);(fE)s7))

(60); 1 (C;(W5(e), (dy); (fE);:7))-

1 1M

It implies that

¢y (Cle, fE,7)) (60);((00); " (Ci(W5(e), (60);(fE)s,7)))

I 1

C;(Wj(e), (9y)i(fr)jsT)-
Thus for each j € J, (¢y); : (X,Cr) = (X}, (C;)E;) is a fuzzy soft C-map.
If (py); : (X,Ch) = (X;,(Cj)E,) is a fuzzy soft C-map for every j € J, e € F,

then we have

(¢9);(C(e, fE, 7)) E Cj(¥j(e), (by);(fE)j: 7).
184
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It implies that
C*(e’fE7T) E (¢¢)j_1((¢¢)j(c*(evfE'aT)))
T (¢u); (Ci(¥5(e), (09);(fr)j,7))-
So we have

C*(e, o) T M(ey); (Cy(w5(e), (D) (f)5:7))-
We have the following, for all finite families {(fg); : f& = ﬁ (fE)j}s

Jj=1

=
=

Cle, fe,r) = (Mies(dp); H(C(¥5(e), (dy); ((fE);),m)))]

-
I
A

I
=,
[ s

C (e, (fB)s:7)]

<.
I
A

3

= NIC (e, || (Fr)s:7)]
J
= C (67 fE7 T)'
Hence C is the coarsest fuzzy soft closure operator on X.
(2) We will show that C(e,C(e, fg,7),7) = Cle, fg,7), for all fr € (X,E), e €
E.rel.
m
For all finite families {(fr); : f& = U (fr);}, we have

Jj=1

Il
-

[
=
[

Cle, fu,7) (Mjes(d0); (Ci(¥5(e), (60); ((fE);),7)))]

<.
Il
—

[
=
[

(Mjes(9); ' (Ci(5(e), Ci(wj(e), (94); ((fr);), ). 7)))]

<.
[

3

3 Nl (Mjer(@) 7 (C5(w5(e), (90);(Cle, (f5)5:m)),m)))]

<.
—

J C(e,Cle, fy,r),r).

From (C2) in (1), we have C(e, C(e, fg,r),r) = C(e, fE, 7).
(3) Necessity of the composition condition is clear since the composition of fuzzy
soft C-maps is a fuzzy soft C-map.

Conversely, suppose (¢y); © ¢y is a fuzzy soft C-map, for each gg € (X, E). Then
we have

(60); (6 (C* (e, (Dy) " (9E),7))) Cj(v;(e), (¢0);(du(dy" (92)))5,7)

I 1M
Q
S
<
<
—
(9]
~—
—~
hSH
<
>
—~
s}
&3]
~—
<
<
~—

It follows, for all j € J, that
0y (C (e, (0p) " (gm), 1)) T (04)7 (Cj(wj(e), (04)(9m);57))-
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Thus we have

¢ (C* (e, (¢) " (g8),7)) T Mie

<

(60); 1 (C(W5(e), (¢0)i(gr)5,7))-

For all finite families {(9g); : ¢4 (fe) = Ll (9r);}, we have

s

by (C*(e, fu,m) B dp(C (e, (dy) (P (fr)),T))
= (ﬁw(C*(&(¢w)_1(u(9E)j)aT))

= 0u(C (e, | (0) " ((9m)5): 7))

3
S

<.
Il
—

c

[Mies(Dp);  (Ci(w5(e), (D) ((98);),m))]-

[

<.
Il
—

—_~

So ¢y (C*(e, f,7)) T C((e), ¢y (fE),7), for all fp € (Y, F), e € E,r € I;. Hence
oy (Y,Cp) — (X, Cg) is a fuzzy soft C-map. O

The category of fuzzy soft closure spaces and fuzzy soft C-maps is denoted by
FSC.

Theorem 3.2. The forgetful functor W : FSC — SET defined by W(X,C) = X
and W (¢y) = ¢ is topological.

Proof. The proof is straightforward from Theorem 3.1, and every W-structured
source ((¢y)j : X = W(X;,(C);)jes) has a unique W-initial left ((¢4); : (X,C) —
W(X;,(C);)jes), where C is defined as in Theorem 3.1. O

Using Theorem 3.1 and Theorem 3.2, we obtain the following definition.

Definition 3.3. Let {(X}, (C;)g,)}jes be a family of fuzzy soft closure spaces, for
each j € J, X:HjEJXj andE:HjeJEj. Letpj X—)Xj and qj E—)Ej be
projection maps for all j € J. The initial fuzzy soft closure operator C as given in
Theorem 3.1, with respect to the parameter set E is the coarsest fuzzy soft closure
operator on X for which all (pg);, j € J are fuzzy soft C-maps.

Using Theorem 3.1, we have the following corollary.

Corollary 3.4. Let {(X},(C))Eg,)}jes be a family of fuzzy soft closure spaces. Let

X =1ljc;X; and E =1le;E; be the product sets and for each j € J, pj : X — X

and q; : E — E; are projections. The structure C = ®C; on X is defined for each
186
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e F by:

3

e fe,r) |_| jes(Pa); (Cj(g5(e); (Pq);((fE)5),m)))];

where M is taken over all finite families {(fg); : fe = | (f);}. Then
j=1
(1) C is the coarsest fuzzy soft closure operator on X for which all (pg);, j € J
are fuzzy soft C-maps,
(2) A map gy : (Y, C) = (X, C) is fuzzy soft C-map if (pg); 0 by : (¥, C) =
(Xj, Cj) is a fuzzy soft C-map for each j € J.

Definition 3.5. Let X = Il;c;X;, E = IljcsjE; be the product of sets from the
family {(X;, (Cj)E;)}jes of fuzzy soft closure spaces. The initial fuzzy soft closure
structure C = ®C; on X with respect to the families of all projection maps p; :
X — Xjand q; : E — Ej, j € J is called the product fuzzy soft closure structure
of (Cj)g, : j € J, and (X,®C;) is called the product fuzzy soft closure space.

From the following theorem, an initial structure of fuzzy soft topological spaces
could be obtained by the initial structure of fuzzy soft closure spaces.

Theorem 3.6. Let {(X;,(7j)r,)}jes be a family of fuzzy soft topological spaces.
Let X be a set, and for each j e J, (/)J X — X; and ; : E = E; are functions.

Define the map C: E x (X E)xI — (X E) on X by:

Cle, fp.r) = ﬂ{l_l(ﬂjEJ<¢w>;1(CTj (¥5(e), (D) ((F)e); )},

for all fE € (X,E), e€ E,r € I, where N is taken over all finite families {(fg): :

fE = |_| (fe)t}. Then we have Tc = 13 where the fuzzy soft topology T¢ is induced
t=

by C and the fuzzy soft topology Ts is defined as in Theorem 1.9.

Proof. Suppose that there exists fg € (X, E) such that for each e € E,
(18)e(fE) Z (7¢)e(fE).
By the definition of 7¢ from Theorem 1.5, there exists rq € I; such that
Cle, f,m0) = [ and (78)e(fE) Z To.
Since C(e, f&,70) = [§, we have
fe = (Cle fg,m0))°
= (M (Mes(d0); (Cry (¥5(e), (60); ((gm)e), 70))) 1)

t=1

= U{MZ 1 (Wjes(94); 1 (Cry (¥5(e), (64);((98)e). 70)))}°
= {2y (Wjes((09); (Cry (W5(e), (4)((9E)t),70)))%)}

= UL (Wjer(dw); (1( 771( i(€), (04);((98)1),m0))))},
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where the first Ul is taken over all families {(gg): : f |_| (9)t}. Since

Cr; (5(e), (94); ((9E)1)s 7o) = Cr; (1;(e), Cr, (¥5(e), (d0) ((92)1): 70),70),
for each j € J,t =1,2,--- ,m, and using the result 7; = C,, in Theorem 1.7, we
have

(7)) ((Cry (¥ (), (64)((9E)t),70))) = 0.
(h)j, = (¢4);  ((Cry (j(€), (04); ((9E)1), 70))°)-

Then from Theorem 1.10, we have
By, (hE)j) = (75)y,;e)(Cry (¥5(€), (94);((9E)1), 10))C) = 0 Vj € J.
Thus by the definition of 73 from Theorem 1.9, we have
(m8)e(| ] (he)s) = N Be((hr)i) > o
Jj€J JjeJ
o (18)e(fr) > 710 from (02) and (O3) of Definition 1.3. It is a contradiction.
Hence (78)e(9E) > (7¢)e(9E), for all gg € (X, E).

We show that (75)c(9) < (7¢)e(gE), for every gp € (X, E), equivalently, the
identity function (de)sz (X, (7c)E) — (X, (18)g) is fuzzy soft continuous. From
Theorem 1.10, we only show that (¢y); o (idx)ids : (X, (7c)e) — (Xj, (75)E,) is
fuzzy soft continuous, that is, '

( Do ((95);) < (10)e((00); ' ((95)5),

Put

for every (gg); € ( Ej). If (75)y(e)((9E);) > 7 for r € Iny, then by Theorem 1.4,
we have C, (1;(e), (gE)j, r) = (98)5- Thus from the definition of C, it follows that:
Cle, ((Bp); ' ((gm)i))%r) T (6); (Cr, (Wi(e), (d);((94); " ((92);))%,7))

T (60); (Cr, (¥(e), (64);((96)7 " ((9£);)%) 7))
T (60); ' (Cr, (¥5(e), ((9r)5)%, 7))
= (69); ((gm)s)".

So from (C2) of Definition 1.2, we have
Cle, ((90)5 ' ((g):)) ) = ((80)5 " ((92);))"-
Hence by Theorem 1.5, (¢)e((dy); Y(gr);)) > r. O

4. CONCLUSIONS

The dual concept of Final fuzzy soft closure spaces is a typical study and system-
atically ensured following the same results proved in this paper, and we think that
no need to add special study for the final fuzzy soft closure structures.
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