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1. Introduction and preliminaries

In 1999, Molodtsov [12] introduced the concept of soft set which is completely
new approach for modelling uncertainties. Applications of soft set theory in other
disciplines and real life problems are now catching momentum. Molodtsov [12]
successfully applied the soft set theory into several directions, such as smoothness
of functions, game theory, Riemann integration, theory of measurement, and so
on. Maji et al. [11] gave first practical application of soft sets in decision making
problems. They have also introduced the concept of fuzzy soft set, a more generalized
concept, which is a combination of fuzzy set and soft set and also studied some of its
properties. Ahmed and Kharal [4, 9] also made further contribution to the properties
of fuzzy soft sets and fuzzy soft mappings. Soft set and fuzzy soft set theories have a
rich potential for applications in several directions, a few of which have been shown
by some authors [12, 13]. Moreover, Shabir and Naz [18] presented soft topological
spaces and defined some concepts based on soft sets. Tanay and Kandemir [20]
initially introduced the concept of fuzzy soft topological space using fuzzy soft sets,
and studied the basic notions by following Chang’s fuzzy topology [6]. Pazar Varol
and Aygun [21] defined the fuzzy soft topology in sense of Lowen. A. Abdülkadir
et al. [3] defined fuzzy soft topology in Šostak’s sense [19]. G. Senel made a wide
research on soft sets and its applications in [14, 15, 16, 17].
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In this paper, we introduce the notions of fuzzy soft interior spaces and fuzzy
soft closure spaces. We show the existence of initial fuzzy soft interior structures
and initial fuzzy soft closure structures. From this fact, the category FSC is a
topological category over SET. Furthermore, we can define the products of fuzzy
soft interior spaces and fuzzy soft closure spaces. In particular, an initial structure
of fuzzy soft topological spaces could be obtained by the initial structure of fuzzy
soft closure spaces.

Throughout the paper, X refers to an initial universe, IX is the set of all fuzzy
sets on X (where I = [0, 1], I0 = (0, 1] and I1 = [0, 1), I01 = (0, 1)). For α ∈ I,
α(x) = α for all x ∈ X, E is the set of all parameters. fE : E → IX is called a

fuzzy soft set on the universe X. For e ∈ E then fe is a fuzzy subset of X. (̃X,E)
denotes the collection of all fuzzy soft sets on X. A fuzzy soft set fE is a fuzzy soft
subset of a fuzzy soft set gE , denoted by fE v gE , if fe ≤ ge ∀e ∈ E. fE is fuzzy
soft equal to gE if fE v gE and gE v fE . The intersection fE u gE of fuzzy soft
sets fE , gE is defined as the soft set hE such that he = fe ∧ ge ∀e ∈ E, and the
union fE t gE is defined as the soft set hE such that he = fe ∨ ge ∀e ∈ E. Let
x ∈ X, denote a fuzzy soft point by xE for which xe = x1 ∀e ∈ E where x1 is the
fuzzy point with value 1 at x and 0 otherwise. A fuzzy soft point xE is contained
in a fuzzy soft set fE if 1 = fe(x) ∀e ∈ E, and thus xE does not belong to fE if
1 6= fe(x) for some e ∈ E. The fuzzy soft set fE is called a null fuzzy soft set if

fe = 0 for any e ∈ E. The null fuzzy soft set will be denoted by Φ̃. The soft set fE
is called an absolute fuzzy soft set if fe = 1 for any e ∈ E. The absolute fuzzy soft
set is denoted by Ẽ. The fuzzy soft complement f cE of a fuzzy soft set fE is defined

by: (fe)
c(x) = 1 − fe(x) ∀x ∈ X for any e ∈ E. It is evident that (Ẽ)c = Φ̃ and

(Φ̃)c = Ẽ. A fuzzy soft set fE on X is called α-absolute fuzzy soft set denoted by

Ẽα, if fe = α for each e ∈ E. Clearly (Ẽα)c = Ẽ1−α. All definitions and properties
of fuzzy soft sets on X are found in [4, 20, 3, 7, 10, 5, 8, 1]. Connectedness in fuzzy
soft topological spaces has been introduced by S.E. Abbas et al. in [2].

Definition 1.1 ([1]). A map I : E × (̃X,E) × I0 → (̃X,E) is called a fuzzy soft
interior operator on X, if I satisfies the following conditions for each e ∈ E, fE , gE ∈
(̃X,E), r, s ∈ I0:

(I1) I(e, Ẽ, r) = Ẽ,
(I2) I(e, fE , r) v fE ,
(I3) if fE v gE and r ≤ s, then I(e, fE , r) v I(e, gE , s),
(I4) I(e, fE u gE , r ∧ s) w I(e, fE , r) u I(e, gE , s).

The pair (X, I) is called a fuzzy soft interior space.
A fuzzy soft interior space (X, I) is called topological provided that

I(e, I(e, fE , r), r) = I(e, fE , r).

A fuzzy soft interior space (X, I) is called weakly stratified, if for each e ∈ E,

I(e, Ẽα, r) w Ẽα ∀Ẽα ∈ (̃X,E), r ∈ I0.

Let (X, (I1)E) and (Y, (I2)F ) be fuzzy soft interior spaces. A function φψ :

(X, (I1)E)→ (Y, (I2)F ) is called fuzzy soft I-map, if for all fE ∈ (̃Y, F ), e ∈ E, r ∈
176
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I0,

I1(e, (φψ)−1(fE), r) w (φψ)−1(I2(ψ(e), fE , r)).

Let (I1)E and (I2)E be fuzzy soft interior operators on X. We say that (I1)E is
finer than (I2)E ((I2)E is coarser than (I1)E), denoted by (I2)E v (I1)E , if

I2(e, fE , r) v I1(e, fE , r) ∀fE ∈ (̃X,E), e ∈ E, r ∈ I0.

Definition 1.2 ([1]). A map C : E × (̃X,E) × I1 → (̃X,E) is called a fuzzy soft
closure operator on X if C satisfies the following conditions for each e ∈ E, fE , gE ∈
(̃X,E), r, s ∈ I1:

(C1) C(e, Φ̃, r) = Φ̃,
(C2) C(e, fE , r) w fE ,
(C3) if fE v gE , then C(e, fE , r) v C(e, gE , r),
(C4) C(e, fE t gE , r) = C(e, fE , r) tC(e, gE , r),
(C5) C(e, fE , r) v C(e, fE , s), if r ≤ s.

The pair (X,C) is called a fuzzy soft closure space.
A fuzzy soft closure space (X,C) is called topological provided that

C(e,C(e, fE , r), r) = C(e, fE , r).

Let (X, (C1)E) and (Y, (C2)F ) be fuzzy soft closure spaces. A function φψ :

(X, (C1)E) → (Y, (C2)F ) is called fuzzy soft C-map, if for all fE ∈ (̃X,E), e ∈
E, r ∈ I1,

C2(ψ(e), φψ(fE), r) w φψ(C1(e, fE , r)).

Let (τ1)E and (τ2)E be fuzzy soft topologies on X. We say that (τ1)E is finer
than (τ2)E ((τ2)E is coarser than (τ1)E), denoted by (τ2)E v (τ1)E , if

(τ2)e(fE) ≤ (τ1)e(fE) ∀e ∈ E, ∀fE ∈ (̃X,E).

Let (C1)E and (C2)E be fuzzy soft closure operators on X. We say that (C1)E
is finer than (C2)E ((C2)E is coarser than (C1)E), if

C2(e, fE , r) w C1(e, fE , r) ∀fE ∈ (̃X,E), e ∈ E, r ∈ I1.

Definition 1.3 ([3]). A mapping τ : E → I (̃X,E) is called a fuzzy soft topology on
X, if it satisfies the following conditions for each e ∈ E:

(O1) τe(Φ̃) = τe(Ẽ) = 1,

(O2) τe(fE u gE) ≥ τe(fE) ∧ τe(gE) for all fE , gE ∈ (̃X,E),

(O3) τe(
⊔
j∈J

(fE)j) ≥
∧
j∈J

τe((fE)j) for all (fE)j ∈ (̃X,E), j ∈ J .

Let (X, τ) and (Y, τ∗) be fuzzy soft topological spaces. A fuzzy soft mapping φψ

from (̃X,E) into (̃Y, F ) is called a fuzzy soft continuous mapping, if

τe(φ
−1
ψ (gE)) ≥ τ∗ψ(e)(gE) ∀gE ∈ (̃Y, F ), e ∈ E.
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Theorem 1.4 ([1]). Let (X, τE) be a fuzzy soft topological space. For each fE ∈
I (̃X,E), e ∈ E, r ∈ I0, we define an operator Cτ : E × (̃X,E) × I0 → (̃X,E) as
follows:

Cτ (e, fE , r) = u{gE ∈ (̃X,E) : fE v gE , τe(gcE) ≥ r}.
Then, (X, (Cτ )E) is a topological fuzzy soft closure space, and if r = ∨{s ∈ I :
Cτ (e, fE , s) = fE}, then Cτ (e, fE , r) = fE.

Theorem 1.5. Let (X,CE) be a fuzzy soft closure space. Define the function τC :

E → I (̃X,E) on X by: For each e ∈ E,

(τC)e(fE) =
∨
{r ∈ I : C(e, f cE , r) = f cE}.

Then

(1) (τC)e is a fuzzy soft topology on X,
(2) We have C = CτC iff a fuzzy soft closure space (X,CE) satisfies the following

conditions:
(a) it is topological,
(b) if r = ∨{s ∈ I : C(e, fE , s) = fE}, then C(e, fE , r) = fE.

Proof. Direct. �

Example 1.6. Let X = {x, y, z}, E = {e1, e2}, fE = {(e, x1 ∨ y1) : e ∈ E} and
gE = {(e, z1) : e ∈ E}.

Define C : E × (̃X,E)× I0 → (̃X,E) for all e ∈ E as follows:

C(e, hE , r) =


Φ̃ if hE = Φ̃, r ∈ I0
fE if hE = xet ∈ fE , t ∈ I0, 0 < r ≤ 1

2
gE if hE = zes ∈ gE , s ∈ I0, 0 < r ≤ 1

2

Ẽ otherwise.

Then (X,CE) is a fuzzy soft closure space. Since C(e, xet ,
1
3 ) = fE and C(e, fE ,

1
3 ) =

Ẽ, C(e,C(e, xet ,
1
3 ), 13 ) 6= C(e, xet ,

1
3 ). Thus (X,CE) is not topological fuzzy soft clo-

sure space.

From Theorem 1.5, we obtain τC : E → I (̃X,E) for all e ∈ E as follows:

(τC)e(hE) =

 1 if hE = Φ̃ or hE = Ẽ
1
2 if hE = fE
0 otherwise

and so

CτC(e, hE , r) =

 Φ̃ if hE = Φ̃, r ∈ I0
gE if hE = zes ∈ gE , s ∈ I0, 0 < r ≤ 1

2

Ẽ otherwise.

Hence C 6= CτC .

Theorem 1.7. Let τE be a fuzzy soft topology and Cτ a fuzzy soft closure operator
on X. Then τCτ is a fuzzy soft topology on X such that τ = τCτ .

Proof. Clear. �
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Definition 1.8 ([3]). A mapping β : E → I (̃X,E) is called a fuzzy soft base on X,
if it satisfies the following conditions: for each e ∈ E,

(B1) βe(Φ̃) = βe(Ẽ) = 1,

(B2) βe(fE u gE) ≥ βe(fE) ∧ βe(gE), for all fE , gE ∈ (̃X,E).

Theorem 1.9 ([3]). Let β be a fuzzy soft base on X. Define a map τβ : E → I (̃X,E)

as follows:

(τβ)e(fE) =
∨
{
∧
j∈J

βe((fE)j) : fE =
⊔
j∈J

(fE)j}, ∀e ∈ E.

Then τβ is the coarsest fuzzy soft topology on X for which (τβ)e(fE) ≥ βe(fE), for

all e ∈ E, fE ∈ (̃X,E).

Theorem 1.10 ([3]). Let {(Xj , (τj)Ej )}j∈J be a family of fuzzy soft topological
spaces, X be a set, E be a parameter set and for each j ∈ J , φj : X → Xj and

ψj : E → Ej be maps. Define β : E → I (̃X,E) on X by:

βe(fE) =
∨
{
n∧
j=1

(τkj )ψkj (e)((fE)kj ) : fE =

n⊔
j=1

(φψ)−1kj ((fE)kj )},

where
∨

is taken over all finite subsets K = {k1, k2, · · · , kn} ⊆ J . Then
(1) β is a fuzzy soft base on X,
(2) the fuzzy soft topology τβ generated by β is the coarsest fuzzy soft topology on

X for which all (φψ)j , j ∈ J are fuzzy soft continuous maps,
(2) a map φψ : (Y, δF ) → (X, (τβ)E) is fuzzy soft continuous iff for each j ∈ J ,

(φψ)j ◦ φψ : (Y, δF )→ (Xj , (τj)Ej ) is a fuzzy soft continuous map.

2. Initial fuzzy soft interior spaces

Theorem 2.1. Let {(Xj , (Ij)Ej )}j∈J be a family of fuzzy soft interior spaces, X be
a set, E,Ej are parameter sets and for each j ∈ J , φj : X → Xj and ψj : E → Ej

be maps. Define a map I : E × (̃X,E)× I0 → (̃X,E) on X by:

I(e, fE , r) =
⊔

unk=1(φψ)
−1
jk

((fE)jk )vfE

{unk=1(φψ)−1jk (Ijk(ψjk(e), (fE)jk , r))},

for all finite subsets K = {j1, j2, · · · , jn} ⊆ J . Then I is the coarsest fuzzy soft
interior operator on X for which each j ∈ J , (φψ)j is a fuzzy soft I-map.

Proof. (I1) Since I(e, Ẽ, r) w (φψ)−1j (Ij(ψj(e), Ẽj , r)) = Ẽ, we have I(e, Ẽ, r) = Ẽ.

(I2) For all finite subsets K = {j1, j2, · · · , jn} ⊆ J , we have

I(e, fE , r) =
⊔

unk=1(φψ)
−1
jk

((fE)jk )vfE

{unk=1(φψ)−1jk (Ijk(ψjk(e), (fE)jk , r))}

v
⊔

unk=1(φψ)
−1
jk

((fE)jk )vfE

{unk=1(φψ)−1jk ((fE)jk)}

v fE .
179
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(I3) It is easily proved from the definition of I.
(I4) For all finite subsets K = {k1, k2, · · · , kp}, L = {l1, l2, · · · , lq} of J such that

upt=1(φψ)−1kt ((fE)kt) v fE and uqt=1(φψ)−1lt ((gE)lt) v gE , we have

(upt=1(φψ)−1kt ((fE)kt)) u (uqt=1(φψ)−1lt ((gE)lt)) v fE u gE .

Furthermore, we have for each t ∈ K ∩ L,

(φψ)−1t ((fE)t) u (φψ)−1t ((gE)t) = (φψ)−1t ((fE)t u (gE)t),

(φψ)−1t (It(ψt(e), (fE)t, r)) u (φψ)−1t (It(ψt(e), (gE)t, s))

v (φψ)−1t (It(ψt(e), (fE)t u (gE)t, r ∧ s)), e ∈ E.

Put M = K ∪ L = {m1,m2, · · · ,mr} with

(hE)mj =

 (fE)mj u Ẽ : mj ∈ K − (K ∩ L)

(gE)mj u Ẽ : mj ∈ L− (K ∩ L)
(fE)mj u (gE)mj : mj ∈ (K ∩ L).

If mj ∈ K − (K ∩ L), then

(φψ)−1mj (Imj (ψmj (e), (fE)mj , r)) = (φψ)−1mj (Imj (ψmj (e), (fE)mj , r)) u Ẽ

= (φψ)−1mj (Imj (ψmj (e), (fE)mj , r)) u

(φψ)−1mj (Imj (ψmj (e), Ẽ, s))

v (φψ)−1mj (Imj (ψmj (e), (fE)mj u Ẽ, r ∧ s))

v (φψ)−1mj (Imj (ψmj (e), (hE)mj , r ∧ s)).

Similarly, if mj ∈ L− (K ∩ L), then

(φψ)−1mj (Imj (ψmj (e), (gE)mj , s)) v (φψ)−1mj (Imj (ψmj (e), (hE)mj , r ∧ s)).

Thus ⊔
upt=1(φψ)

−1
kt

((fE)kt )vfE
{upt=1(φψ)−1kt (Ikt(ψkt(e), (fE)kt , r))} u⊔

uqt=1(φψ)
−1
lt

((gE)lt )vgE
{upt=1(φψ)−1lt (Ilt(ψlt(e), (gE)lt , s))}

v
⊔

urt=1(φψ)
−1
mt ((hE)mt )vfEugE

{urt=1(φψ)−1mt(Imt(ψmt(e), (hE)mt , r ∧ s))}

v I(e, fE u gE , r ∧ s).
So

I(e, fE , r) u I(e, gE , s) v I(e, fE u gE , r ∧ s).

For each (fE)j ∈ ˜(Xj , Ej) and a family {(φψ)−1j ((fE)j)}j∈J , we have

I(e, (φψ)−1j ((fE)j), r) w (φψ)−1j (Ij(ψj(e), (fE)j , r)).

Hence for each j ∈ J , (φψ)j : (X, I)→ (Xj , Ij) is a fuzzy soft I-map.
Let (φψ)j : (X, I∗)→ (Xj , Ij) be a fuzzy soft I-map for each j ∈ J . Since for each

j ∈ J and (fE)j ∈ ˜(Xj , Ej),

I∗(e, (φψ)−1j ((fE)j), r) w (φψ)−1j (Ij(ψj(e), (fE)j , r))
180
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for all finite subsets K = {k1, k2, · · · , kn} of J , we have

I(e, fE , r) =
⊔

unt=1(φψ)
−1
kt

((fE)kt )vfE

{unt=1(φψ)−1kt (Ikt(ψkt(e), (fE)kt , r))}

v
⊔

unt=1(φψ)
−1
kt

((fE)kt )vfE

I∗(ψkt(e),unt=1(φψ)−1kt ((fE)kt),

n∧
t=1

r)

=
⊔

unt=1(φψ)
−1
kt

((fE)kt )vfE

I∗(ψkt(e),unt=1(φψ)−1kt ((fE)kt), r)

v I∗(e, fE , r) ( where r =

n∧
t=1

r).

�

The category of fuzzy soft interior spaces and fuzzy soft I-maps is denoted by
FSI.

Theorem 2.2. The forgetful functor W : FSI → SET defined by W(X, I) = X
and W(φψ) = φ is topological.

Proof. From Theorem 2.1, every W-structured source ((φψ)j : X →W(Xj , (I)j)j∈J)
has a unique W-initial left ((φψ)j : (X, I)→W(Xj , (I)j)j∈J), where I is defined as
in Theorem 2.1. �

Using Theorem 2.1 and Theorem 2.2, we can obtain the following definition.

Definition 2.3. Let {(Xj , (Ij)Ej )}j∈J be a family of fuzzy soft interior spaces, for
each j ∈ J , X = Πj∈JXj and E = Πj∈JEj . Let pj : X → Xj and qj : E → Ej be
projection maps for all j ∈ J . The initial fuzzy soft interior operator I, as given in
Theorem 2.1, with respect to the parameter set E is the coarsest fuzzy soft interior
operator on X for which all (pq)j , j ∈ J are fuzzy soft I-maps.

Corollary 2.4. Let {(Xj , (Ij)Ej )}j∈J be a family of fuzzy soft interior spaces for
each j ∈ J , φj : X → Xj and ψj : E → Ej be maps for all j ∈ J and I is the fuzzy
soft interior operator as in Definition 1.1. Then

(1) if there exists j ∈ J such that Ij is weakly stratified, then I is also weakly
stratified on X,

(2) if {(Xj , (Ij)Ej )}j∈J is a family of topological fuzzy soft interior spaces, then
(X, IE) is a topological fuzzy soft interior space,

(3) a map φψ : (Y, I∗F )→ (X, IE) is fuzzy soft I-map iff for each j ∈ J , (φψ)j ◦φψ :
(Y, I∗F )→ (Xj , (Ij)Ej ) is fuzzy soft I-map.

Proof. (1) Let (Ij)Ej be weakly stratified onX, for some j ∈ J . Since I(ψj(e), Ẽ
α, r) w

Ẽα, for each α̃ ∈ ˜(Xj , Ej), e ∈ E, r ∈ I0 and (φψ)−1j (Ẽα) = Ẽα, we have for each
181



Ibedou et al./Ann. Fuzzy Math. Inform. 17 (2019), No. 2, 175–189

Ẽα ∈ (̃X,E), e ∈ E, r ∈ I0,

I(e, Ẽα, r) =
⊔

unk=1(φψ)
−1
jk

((fE)jk )vẼα
{unk=1(φψ)−1jk (Ijk(ψjk(e), (fE)jk , r))}

w (φψ)−1j (Ij(ψj(e), Ẽ
α, r))

w Ẽα.

Thus I is also weakly stratified on X.
(2) For all finite subsets K = {k1, k2, · · · , kn} of J , we have

I(e, fE , r)
=

⊔
unt=1(φψ)

−1
kt

((fE)kt )vfE
{unt=1(φψ)−1kt (Ikt(ψkt(e), (fE)kt , r))}

=
⊔

unt=1(φψ)
−1
kt

((fE)kt )vfE
{unt=1(φψ)−1kt (Ikt(ψkt(e), Ikt(ψkt(e), (fE)kt , r), r))}

v
⊔

unt=1(φψ)
−1
kt

(Ikt (ψkt (e),(fE)kt ,r))vI(e,fE ,r)
{unt=1(φψ)−1kt (Ikt(ψkt(e), Ikt(ψkt(e), (fE)kt , r), r))}

v I(e, I(e, fE , r), r),
because unt=1(φψ)−1kt ((fE)kt) v fE implies that

unt=1(φψ)−1kt (Ikt(ψkt(e), (fE)kt , r)) v I(e, fE , r).

(3) For all finite subsets K = {k1, k2, · · · , kn} of J , we have for each e ∈ F ,

(φψ)−1(I(ψ(e), fE , r))

= (φψ)−1[
⊔

unt=1(φψ)
−1
kt

((fE)kt )vfE
{unt=1(φψ)−1kt (Ikt(ψkt(ψ(e)), (fE)kt , r))}]

=
⊔

unt=1(φψ)
−1
kt

((fE)kt )vfE
{(φψ)−1[unt=1(φψ)−1kt (Ikt(ψkt(ψ(e)), (fE)kt , r))]}

=
⊔

unt=1(φψ)
−1
kt

((fE)kt )vfE
{unt=1(φψ)−1(φψ)−1kt (Ikt(ψkt(ψ(e)), (fE)kt , r))}

v
⊔

unt=1(φψ)
−1
kt

((fE)kt )vfE
{unt=1I∗(ψkt(ψ(e)), (φψ)−1(φψ)−1kt (fE)kt , r)}

v
⊔

unt=1(φψ)
−1
kt

((fE)kt )vfE
{I∗(ψkt(ψ(e)), (φψ)−1(unt=1(φψ)−1kt (fE)kt),

n∧
t=1

r)}

=
⊔

unt=1(φψ)
−1
kt

((fE)kt )vfE
{I∗(ψkt(ψ(e)), (φψ)−1(unt=1(φψ)−1kt (fE)kt), r)}

v I∗(ψkt(ψ(e)), (φψ)−1(fE), r). �

From Theorem 2.1, we can prove the following corollaries.

Corollary 2.5. Let I be a fuzzy soft interior operator on Y , φ : X → Y and

ψ : E → F be maps. We define a map I : E × (̃X,E)× I0 → (̃X,E) as

I(e, fE , r) =
⊔

(φψ)−1(gE)vfE

(φψ)−1(I∗(ψ(e), gE , r)).
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Then I is the coarsest fuzzy soft interior operator on X for which φψ is a fuzzy soft
I-map.

Corollary 2.6. Let {(Ij)Ej )}j∈J be a family of fuzzy soft interior operators on X.

Define a map I : E × (̃X,E)× I0 → (̃X,E) by:

I(e, fE , r) =
⊔

(fE)k1u(fE)k2u···u(fE)kn v fE

Ik1(ψk1(e), (fE)k1 , r)u· · ·uIkn(ψkn(e), (fE)kn , r),

for all finite subsets K = {k1, k2, · · · , kn} of J .
Then I is the coarsest fuzzy soft interior operator on X finer than Ij, for each j ∈ J .

3. Initial fuzzy soft closure spaces

Theorem 3.1. Let {(Xj , (Cj)Ej )}j∈J be a family of fuzzy soft closure spaces, X
be a set, φj : X → Xj and ψj : E → Ej be maps for each j ∈ J . Define a map

C : E × (̃X,E)× I1 → (̃X,E) on X by:

C(e, fE , r) = u{
n⊔
j=1

(uj∈J(φψ)−1j (Cj(ψj(e), (φψ)j((fE)j), r)))},

for all fE ∈ (̃X,E), e ∈ E, r ∈ I1, where the first u is taken over all finite families

{(fE)j : fE =
n⊔
j=1

(fE)j}. Then

(1) C is the coarsest fuzzy soft closure operator on X, for which all (φψ)j are
fuzzy soft C-maps,

(2) if {(Xj , (Cj)Ej )}j∈J is a family of topological fuzzy soft closure spaces, then
(X,CE) is a topological fuzzy soft closure space,

(3) a map φψ : (Y,C∗F ) → (X,CE) is a fuzzy soft C-map iff for each j ∈ J ,
(φψ)j ◦ φψ : (Y,C∗F )→ (Xj , (Cj)Ej ) is a fuzzy soft C-map.

Proof. (1) Firstly, we will show that C is a fuzzy soft closure operator on X.
(C1), (C2) and (C5): it is easily proved from the definition of C.

(C3): Let fE v gE be given. For each family {(gE)j : gE =
n⊔
j=1

(gE)j}, there

exists a finite family {fE u (gE)j : fE =
n⊔
j=1

(fE u (gE)j)} such that

C(e, fE , r) v
n⊔
j=1

[uj∈J(φψ)−1j (Cj(ψj(e), (φψ)j(fE u (gE)j), r))]

v
n⊔
j=1

[uj∈J(φψ)−1j (Cj(ψj(e), (gE)j , r))].

Then C(e, fE , r) v C(e, gE , r).
(C4): From (C3), we have

C(e, fE , r) t C(e, gE , r) v C(e, fE t gE , r).
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Now we prove that C(e, fE , r)tC(e, gE , r) w C(e, fEtgE , r). For all finite families

{(fE)j : fE =
m⊔
j=1

(fE)j} and {(gE)j : gE =
n⊔
j=1

(gE)j}, there exists a finite family

{(fE)j , (gE)j : fE t gE = (
m⊔
j=1

(fE)j) t (
n⊔
j=1

(gE)j)} such that

C(e, fE t gE , r) v [

m⊔
j=1

(uj∈J(φψ)−1j (Cj(ψj(e), (φψ)j((fE)j), r)))] t

[

n⊔
j=1

(uj∈J(φψ)−1j (Cj(ψj(e), (φψ)j((gE)j), r)))].

Put hE =
n⊔
j=1

(uj∈J(φψ)−1j (Cj(ψj(e), (φψ)j((gE)j), r))) Then

C(e, fE t gE , r) v u[

m⊔
j=1

(uj∈J(φψ)−1j (Cj(ψj(e), (φψ)j((fE)j), r))) t hE ]

= [u(

m⊔
j=1

(uj∈J(φψ)−1j (Cj(ψj(e), (φψ)j((fE)j), r)))) t hE ]

= C(e, fE , r) t hE ,

where u is taken over all finite families {(fE)j : fE =
m⊔
j=1

(fE)j}. Again,

C(e, fE t gE , r) v u(C(e, fE , r) t hE)

= C(e, fE , r) t [u(

n⊔
j=1

(uj∈J(φψ)−1j (Cj(ψj(e), (φψ)j((gE)j), r))))]

= C(e, fE , r) t C(e, gE , r),

where u is taken over all finite families {(gE)j : gE =
n⊔
j=1

(gE)j}.

Secondly, from the definition of C, we have the following, for a family {fE : fE =
n⊔
j=1

(fE)j},

C(e, fE , r) v uj∈J(φψ)−1j (Cj(ψj(e), (φψ)j(fE)j , r))

v (φψ)−1j (Cj(ψj(e), (φψ)j(fE)j , r)).

It implies that

φψ(C(e, fE , r)) v (φψ)j((φψ)−1j (Cj(ψj(e), (φψ)j(fE)j , r)))

v Cj(ψj(e), (φψ)j(fE)j , r).

Thus for each j ∈ J , (φψ)j : (X,CE)→ (Xj , (Cj)Ej ) is a fuzzy soft C-map.
If (φψ)j : (X,C∗F ) → (Xj , (Cj)Ej ) is a fuzzy soft C-map for every j ∈ J, e ∈ F ,

then we have

(φψ)j(C∗(e, fE , r)) v Cj(ψj(e), (φψ)j(fE)j , r).
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It implies that

C∗(e, fE , r) v (φψ)−1j ((φψ)j(C∗(e, fE , r)))

v (φψ)−1j (Cj(ψj(e), (φψ)j(fE)j , r)).

So we have

C∗(e, fE , r) v u(φψ)−1j (Cj(ψj(e), (φψ)j(fE)j , r)).

We have the following, for all finite families {(fE)j : fE =
m⊔
j=1

(fE)j},

C(e, fE , r) = u[

m⊔
j=1

(uj∈J(φψ)−1j (Cj(ψj(e), (φψ)j((fE)j), r)))]

w u[

m⊔
j=1

C∗(e, (fE)j , r)]

= u[C∗(e,
m⊔
j=1

(fE)j , r)]

= C∗(e, fE , r).

Hence C is the coarsest fuzzy soft closure operator on X.

(2) We will show that C(e,C(e, fE , r), r) = C(e, fE , r), for all fE ∈ (̃X,E), e ∈
E, r ∈ I1.

For all finite families {(fE)j : fE =
m⊔
j=1

(fE)j}, we have

C(e, fE , r) = u[

m⊔
j=1

(uj∈J(φψ)−1j (Cj(ψj(e), (φψ)j((fE)j), r)))]

= u[

m⊔
j=1

(uj∈J(φψ)−1j (Cj(ψj(e),Cj(ψj(e), (φψ)j((fE)j), r), r)))]

w u[

m⊔
j=1

(uj∈J(φψ)−1j (Cj(ψj(e), (φψ)j(C(e, (fE)j , r)), r)))]

w C(e,C(e, fE , r), r).

From (C2) in (1), we have C(e,C(e, fE , r), r) = C(e, fE , r).
(3) Necessity of the composition condition is clear since the composition of fuzzy

soft C-maps is a fuzzy soft C-map.

Conversely, suppose (φψ)j ◦φψ is a fuzzy soft C-map, for each gE ∈ (̃X,E). Then
we have

(φψ)j(φψ(C∗(e, (φψ)−1(gE), r))) v Cj(ψj(e), (φψ)j(φψ(φ−1ψ (gE)))j , r)

v Cj(ψj(e), (φψ)j(gE)j , r).

It follows, for all j ∈ J , that

φψ(C∗(e, (φψ)−1(gE), r)) v (φψ)−1j (Cj(ψj(e), (φψ)j(gE)j , r)).
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Thus we have

φψ(C∗(e, (φψ)−1(gE), r)) v uj∈J(φψ)−1j (Cj(ψj(e), (φψ)j(gE)j , r)).

For all finite families {(gE)j : φψ(fE) =
m⊔
j=1

(gE)j}, we have

φψ(C∗(e, fE , r)) v φψ(C∗(e, (φψ)−1(φψ(fE)), r))

= φψ(C∗(e, (φψ)−1(

m⊔
j=1

(gE)j), r))

= φψ(C∗(e,
m⊔
j=1

(φψ)−1((gE)j), r))

= φψ(

m⊔
j=1

(C∗(e, (φψ)−1((gE)j), r)))

=

m⊔
j=1

φψ(C∗(e, (φψ)−1((gE)j), r))

v
m⊔
j=1

[uj∈J(φψ)−1j (Cj(ψj(e), (φψ)j((gE)j), r))].

So φψ(C∗(e, fE , r)) v C(ψ(e), φψ(fE), r), for all fE ∈ (̃Y, F ), e ∈ E, r ∈ I1. Hence
φψ : (Y,C∗F )→ (X,CE) is a fuzzy soft C-map. �

The category of fuzzy soft closure spaces and fuzzy soft C-maps is denoted by
FSC.

Theorem 3.2. The forgetful functor W : FSC → SET defined by W(X,C) = X
and W(φψ) = φ is topological.

Proof. The proof is straightforward from Theorem 3.1, and every W-structured
source ((φψ)j : X →W(Xj , (C)j)j∈J) has a unique W-initial left ((φψ)j : (X,C)→
W(Xj , (C)j)j∈J), where C is defined as in Theorem 3.1. �

Using Theorem 3.1 and Theorem 3.2, we obtain the following definition.

Definition 3.3. Let {(Xj , (Cj)Ej )}j∈J be a family of fuzzy soft closure spaces, for
each j ∈ J , X = Πj∈JXj and E = Πj∈JEj . Let pj : X → Xj and qj : E → Ej be
projection maps for all j ∈ J . The initial fuzzy soft closure operator C as given in
Theorem 3.1, with respect to the parameter set E is the coarsest fuzzy soft closure
operator on X for which all (pq)j , j ∈ J are fuzzy soft C-maps.

Using Theorem 3.1, we have the following corollary.

Corollary 3.4. Let {(Xj , (Cj)Ej )}j∈J be a family of fuzzy soft closure spaces. Let
X = Πj∈JXj and E = Πj∈JEj be the product sets and for each j ∈ J , pj : X → Xj

and qj : E → Ej are projections. The structure C = ⊗Cj on X is defined for each
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e ∈ E by:

C(e, fE , r) = u[

m⊔
j=1

(uj∈J(pq)
−1
j (Cj(qj(e), (pq)j((fE)j), r)))],

where u is taken over all finite families {(fE)j : fE =
m⊔
j=1

(fE)j}. Then

(1) C is the coarsest fuzzy soft closure operator on X for which all (pq)j , j ∈ J
are fuzzy soft C-maps,

(2) A map φψ : (Y,C∗) → (X,C) is fuzzy soft C-map iff (pq)j ◦ φψ : (Y,C∗) →
(Xj ,Cj) is a fuzzy soft C-map for each j ∈ J .

Definition 3.5. Let X = Πj∈JXj , E = Πj∈JEj be the product of sets from the
family {(Xj , (Cj)Ej )}j∈J of fuzzy soft closure spaces. The initial fuzzy soft closure
structure C = ⊗Cj on X with respect to the families of all projection maps pj :
X → Xj and qj : E → Ej , j ∈ J is called the product fuzzy soft closure structure
of (Cj)Ej : j ∈ J , and (X,⊗Cj) is called the product fuzzy soft closure space.

From the following theorem, an initial structure of fuzzy soft topological spaces
could be obtained by the initial structure of fuzzy soft closure spaces.

Theorem 3.6. Let {(Xj , (τj)Ej )}j∈J be a family of fuzzy soft topological spaces.
Let X be a set, and for each j ∈ J , φj : X → Xj and ψj : E → Ej are functions.

Define the map C : E × (̃X,E)× I1 → (̃X,E) on X by:

C(e, fE , r) = u{
m⊔
t=1

(uj∈J(φψ)−1j (Cτj (ψj(e), (φψ)j((fE)t), r)))},

for all fE ∈ (̃X,E), e ∈ E, r ∈ I1, where u is taken over all finite families {(fE)t :

fE =
m⊔
t=1

(fE)t}. Then we have τC = τβ where the fuzzy soft topology τC is induced

by C and the fuzzy soft topology τβ is defined as in Theorem 1.9.

Proof. Suppose that there exists fE ∈ (̃X,E) such that for each e ∈ E,

(τβ)e(fE) 6≥ (τC)e(fE).

By the definition of τC from Theorem 1.5, there exists r0 ∈ I1 such that

C(e, f cE , r0) = f cE and (τβ)e(fE) 6≥ r0.
Since C(e, f cE , r0) = f cE , we have

fE = (C(e, f cE , r0))c

= (u{
m⊔
t=1

(uj∈J(φψ)−1j (Cτj (ψj(e), (φψ)j((gE)t), r0)))})c

= t{umt=1(tj∈J(φψ)−1j (Cτj (ψj(e), (φψ)j((gE)t), r0)))}c

= t{umt=1(tj∈J((φψ)−1j (Cτj (ψj(e), (φψ)j((gE)t), r0)))c)}
= t{umt=1(tj∈J(φψ)−1j ((Cτj (ψj(e), (φψ)j((gE)t), r0))c))},
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where the first t is taken over all families {(gE)t : f cE =
m⊔
t=1

(gE)t}. Since

Cτj (ψj(e), (φψ)j((gE)t), r0) = Cτj (ψj(e),Cτj (ψj(e), (φψ)j((gE)t), r0), r0),

for each j ∈ J , t = 1, 2, · · · ,m, and using the result τj = τCτj in Theorem 1.7, we

have
(τj)ψj(e)((Cτj (ψj(e), (φψ)j((gE)t), r0))c) ≥ r0.

Put
(hE)jt = (φψ)−1j ((Cτj (ψj(e), (φψ)j((gE)t), r0))c).

Then from Theorem 1.10, we have

βψj(e)((hE)jt) ≥ (τj)ψj(e)((Cτj (ψj(e), (φψ)j((gE)t), r0))c) ≥ r0 ∀j ∈ J.
Thus by the definition of τβ from Theorem 1.9, we have

(τβ)e(
⊔
j∈J

(hE)jt) ≥
∧
j∈J

βe((hE)jt) ≥ r0.

So (τβ)e(fE) ≥ r0 from (O2) and (O3) of Definition 1.3. It is a contradiction.

Hence (τβ)e(gE) ≥ (τC)e(gE), for all gE ∈ (̃X,E).

We show that (τβ)e(gE) ≤ (τC)e(gE), for every gE ∈ (̃X,E), equivalently, the
identity function (idX)idE : (X, (τC)E)→ (X, (τβ)E) is fuzzy soft continuous. From
Theorem 1.10, we only show that (φψ)j ◦ (idX)idE : (X, (τC)E) → (Xj , (τj)Ej ) is
fuzzy soft continuous, that is,

(τj)ψ(e)((gE)j) ≤ (τC)e((φψ)−1j ((gE)j)),

for every (gE)j ∈ ˜(Xj , Ej). If (τj)ψ(e)((gE)j) ≥ r for r ∈ I01, then by Theorem 1.4,
we have Cτj (ψj(e), (gE)cj , r) = (gE)cj . Thus from the definition of C, it follows that:

C(e, ((φψ)−1j ((gE)j))
c, r) v (φψ)−1j (Cτj (ψj(e), (φψ)j((φψ)−1j ((gE)j))

c, r))

v (φψ)−1j (Cτj (ψj(e), (φψ)j((φψ)−1j ((gE)j)
c), r))

v (φψ)−1j (Cτj (ψj(e), ((gE)j)
c, r))

= (φψ)−1j ((gE)j)
c.

So from (C2) of Definition 1.2, we have

C(e, ((φψ)−1j ((gE)j))
c, r) = ((φψ)−1j ((gE)j))

c.

Hence by Theorem 1.5, (τC)e((φψ)−1j ((gE)j)) ≥ r. �

4. Conclusions

The dual concept of Final fuzzy soft closure spaces is a typical study and system-
atically ensured following the same results proved in this paper, and we think that
no need to add special study for the final fuzzy soft closure structures.
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